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Summary. - I n  this paper we prove that the restriction o] the tangent bundle o] a nonsingular 
quadrix Q to a s~tbvariety X is ample i] and only i ] X  does not contain a straight line. This 
implies that the normal bundle o] a locally complete intersection, reduced and irreducible 
curve C is ample i] and only i] C is not a straight line. The result gives in]ormation also 
]or higher dimensional subvarieties o] Q. 

Introduction. 

This paper is a continuation and a generalization of our previous paper [1]. 
We work always over an MgebricMly closed field k with ch ( k ) ~  0. 

In  the first paragraph we consider a nonsingular quadric Q with tangent  
bundle TQ and a subvariety X of Q. We prove tha t  the restriction TQKx of TQ 
to X is an ample vector bundle if and only if X does not contain a straight line. 
This result implies in particular [1], theorem 1, but  applies also to singular curves 
and to a large class of subvarietics of Q. 

I t  implies tha t  a generically reduced, locally complete intersection curve C in 
a nonsingular quadric Q has an ample normM bundle He/Q if and only if it  is not  
a straight line. 

Fur thermore the normal bundle Hx/Q of a nonsingular subvariety X in a non- 
singular quad~ic Q is ample if x does not contain a straight line. I f  X is contained 
in a linear space contained in Q, then this condition is also necessary. In  fact it  is 
essential for the higher dimensional case to considerer all the singular curve C. 

The method used are similar to those of the previous paper [1]; by  reduction 
to the ease of a curve we apply the normalization and t ry  to repeat the proofs of [1]. 
Therefore some proofs are omitted. Similar results were proved by A. PAPA~O~O- 
POTYLO~ for grassmannians [9]. In  particular the main result is proved by A. P~P• 
~o~woeot~Lo~: for the ease of G(1, 3), the grassmannian of lines in P3, which is a 
nonsingular quadric of dimension four. His proof is different from our's, but  his 
paper inspired us, showing the possible applications. 

The ampleness of the normal bundle has m a n y  interesting applications for a 
complete variety. In  particular i t  applies to formal meromorphic functions [5], 
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corollary 6.8, and therefore to the r igidi ty problem. Therefore i t  seems worthwhile 
to s tudy direct ly the (( exceptional  case ~) of a strMght line L in a nonsingular qua- 
dric Q. This is done in the second paragraph.  We prove tha t  the ring of formal  
regular functions on the completion of Q in L is isomorphic to k if Q has dimension 
at  least three.  This is the expected result if Q has dimension at least three.  In  fact,  
over the field of complex numbers,  if dimQ>~3, L is a generat ing snbspaee of Q 
in the  sense of CHow [2] and therefore every  holomorphic funct ion on a complex 
trascendentM neighborhood of L in Q is constant  for [2]7 theorem 2. 

In  the th i rd  paragraph we s tudy the ampleness of the  normal  bundle of a curve 
in a product  of quadrics and project ive spaces. 

1. - Le t  /: be an algebraically closed field with ch ( k ) =  O. 

defined over k. 
We want  to prove the  following 

Ev e ry  var ie ty  is 

THEOlCE~ 1. -- Let Q be a nonsingular quadric and X a subvariety of Q. Then the 
restriction TQ] x o] TQ to X is an ample vector bundle i] X does not contain a straight 
line. 

P~ooF. - The scheme of the  proof is similar to the  scheme of the  proof of [1], 

theorem 1. 
Le t  L be a straight  line contained in Q. Since TQI L = 0 L G  0~(1) | if Q has 

dimension n, the  condition is obviously necessary. 
Since TQ is generated by  global sections, for a theorem of Gieseker [7], prog. 2.1~ 

TQjx is ampl.e if and only if TQIo is ample  for each curve C contained in X. There- 
fore it  is sufficient to t rea t  the  case X = C a curve. We m a y  suppose C reduced 

because a vector  bundle E on C is ample if and only if Eloro d is ample on Cre a [6], 
prop. 1.4, pug. 84. Fur thermore  we m ay  suppose C irreducible for the easy result  [6], 

propr. 1.5, pug. 84. 
We distinguish two caseS: 

a) C is contained in a l inear space contained in Q; 

b) C is not contained in a l inear space contained in Q. 

a) Le t  C be a reduced and irreducible curve contained in a maximM linear 

space P ,  contained in Q. In  [1], prop. 2, we proved tha t  the normal  bundle of P ,  
:n Q~ Np, IQ , is isomorphic to f2~,(2) if dim Q = 2s is even and tha t  hrp, iQ is iso- 

morphic to f2~,(2)@ 0e,(1) if dimQ = 2s q-1  is odd. 

F rom the exact  sequence 

O --> T P ,  -> T(,)lp" --,'- Np,/Q -~  O 

and the ampleness of TP~ we obtain tha t  TQIo is simple if and only if K2~,(2)[ c is 
ample. Therefore it  is sufficient for the proof of case a) to prove the  following 
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PaoPosimm~ 1. - Let C be a reduced and irreducible curve contained in a projective 
space P , .  Then z0~, (2)1 c is ample i] and only if  C is not a straight line. 

th~ooF. - We generalize the proof of [1], prop. 3, to the  ease of a singular carve C. 
We use induct ion on s. For  s = 1 the result is empty.  

Suppose s > 1 and tha t  D~,(2)l ~ is not  ample. Le t  p:  C'--> C be the normalization. 
A vector  bundle E on C is ample if and only if p*E is ample on C' (see [5], prop. 1.6, 
pug. 84). As D~,(2) is generated by  global sections, p*(Dl(2)lo) is generated by  
global sections. For  a criterion of ampleness of GIESEKE~-HAI~TSHO~E [7], prop. 2.1, 
p*(O~,(2)lc) has 0 o, as a t r ivial  quot ient  bundle. 

We pu t  Oo,(t) :----- p*(Oc(t) ) and d :~-- dog C : =  deg 0c(1 ) : =  deg 0c,(1 ). Dualiz- 
ing the give surjeetion i t e m  p*(/21,(2)ic) to 0 o, we obtain an exact  sequence on C': 

O -> 0c,(2 ) ~ p*(TP~ic) -~ E -~ 0 

in which E is a rank  ( s - -1 ) -bund le  on C' with d e g E - ~  ( s - - 1 ) d .  I f  we prove 
tha t  C is contained in a l inear space P~-I c P~, the  thesis will follow from the  exact  

p 

sequence 

o -~  op._,(1) -~  9~,(2)p,_ 1 -~  9 1 j 2 )  -~  0 

and the inductive hypotheses.  Therefore the thesis follows f rom the following 
useful 

I m ~ A  1. - ,Let C be a reduced and irreducible curve of degree d contained in a 
projective space P~ and p: C'---> C the normalization. I] E is a vector bundle of rank r 
on C' which is a quotient o] p*(TP~]o) ~ then h :-~ d e g E > r d  and i/  h-~ rd, then C 
is contained in a hyperplane o] P~. 

P~oor .  - I f  C is nonsingular, then  this is lemma 2 of [1]. The general case is 
similar and we sketch some details. We choose homogeneous coordinates z0~ ...,z~ 

on P , .  F rom the  exact  sequence 

O --> 0 C, ~ 0o,(1)e(8+~) --~ p*(TP~I c) ~ 0 

where z(]) := (]zo, ..., ]z~), we obtain a sarjective map from 0c,(1) | to E. This 
proves h>rd. We suppose h = rd. Any  section of E ( - -  1) gives a subline bundle L 
of E ( - - 1 ) w i t h  d e g L > 0 .  Therefore af ter  r - - 1  steps we arrive at  a surjective 
map f: 0v(1) e(~-l) --> 0c(1 ) where 0c,(1 ) is a quotient  of E. The ma, p f gives s -~ 1 
costants no, ..., a, such t ha t  the  section aop*(Zo)-~ . . .-~ asp*(z~)ofOc,(1)isthezero- 
section. Therefore C is contained in the hyperplane  

H : =  {(z0; ...; zs) e P , :  OoZe§ ... + a~z, = 0 } .  Q .E .D.  
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COrOLLArY. -- Let P~ be a maximal linear space contained in a nonsingular qua- 
drie Q and X be a nonsingular subvariety of P~. Then Nx/o is ample if and only if X 
does not contain a straight line. 

PROOF. - From the exact sequence 

[E.G.A. IV 16.2.7 and IV 16.9.13], the ampleness of 27x/I, ~ and the explicit form of 
2r , i t  follows tha t  Nx/o is ample if and only if ~ , (2 ) i  x is ample. As 9~,(2) is 
generated by global sections, for the cited criterion of Gieseker-Hartshorne [7], 
prop. 2.1, t ~ ( 2 )  is ample if and only if s c is ample for any  reduced and irre- 
ducible curve C contained in X i.e. for proposition 1 if and only if X does not  con- 
tain a straight line. Q.E.D. 

b) For any  var ie ty  X and any  coherent sheaf ~ on X,  we put  t(5) : =  tor- 
sion par t  of ~ .  Let  C be a reduce4 and irreducible curve and p: C'-> C the normal- 
ization map. We give an ad hoe definition. We say tha t  a coherent algebraic 
sheaf ~- on C is ample if the vector blmdle on C' 5 ' : =  p*( g)/t(p*( 5)) is ample; 
this definition is equivalent to the usual  ctefinitions if ~- is a locally free sheaf 

(see [6], prop. 1.6, pug. 84). 
1Xow let Q~_~ be an irreducible qnadrie contained in P, ;  let C be a reduced and 

irreducible curve contained in Q,_~ but  not contained in the singular locus S of Q~_~. 
The tangent  sheaf ~'X to a var ie ty  X is by  definition the dual  of Y2~. We have an 
exact sequence of sheaves on Q~_~ [E.G.A. IV 16.4.2!]: 

o - +  o o , _ , ( -  2)  ~ I2~o/o,_ ' ~ ~9~,_ . 

We dualize the exact sequence above, obtaining another expect sequence 

(1) 

In  fact Hom(~,lo~_ 1, 01%_,) is isomorphic to (Horn (t)~,, 0p~))jo~_ ~ because Y21P, is 
locally free. 

l%stricting to C, pulling back to C' and killing torsion we obtain a complex of 

vector bundles on C': 

(2) (rPslc)  - ~  p*(oc(2) )  ~ 0 

which is exact except for a finite number of points. 
The first map i is necessarly injeetive beeanse ker(i),  as a torsion-free sheaf 

with finite support, must  be zero. ~Te put  M~_I : =  I m u .  M~_I is an invertib]e 
sheaf on C' because it is torsion-free and C' is nonsingnlar. We put  d : =  deg C, 
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F rom proposit ion 1 i t  follows tha t  M~_~ has degree > d  and tha t  if we have 
degM~_~ = d, then  C is contained in a hyperplane.  

The sequence of vector  bundles on C' 

(3) 0 ---> (~Q]O)"-~ 1)$(~Psio)  --> ~//s--1 "--)" 0 

is exact  i.e. we have ~ c r  ( u ) =  Im( i ) .  In fact  we have an exact  sequence 

1)*(:rOlo) -~ 1)*(TP~Ic) -> 1)*(R) ~ o 

wi~h /~ : ~  Im(u ' ) .  We have Im(t(1)*(TQlo))) = 0 in 1)*(TP~[c) because 1)*(2#P~lc) is 
locally free. 

I f  Q~ is contained in P~+~ and Q~_~ = Q~ c3 P~, we obtain a commnta t ive  dia- 
gram of vector  bundles on C r with exact  rows and columns: 

(4) 

0 0 

o -~ (rO~_~i~)'-+ (TP~ c) ~ 

0 -+ o) ->  +iIo) 

o - .  ~ -~1)*(oA~)) 

0 0 

0 

-+ 2/~_ i -->0 

~ ->0  

Here  H~ is a line bnndle on C r because, in the same way as when we defined M,_I, 
it  is contained in t)*(0o(1)) and any  torsion-free algebraic coherent  sheaf on a non- 
singular curve is locally free. The maps f r o m / / ,  to 1)*(0o(1)) and f rom M,_I to M, 
are injective because they  are injective except  for a finite mtmber  of points. The 
exactness of the  first column in (TO, fc)' follows, with an easy diagram chasing, 
f rom the commuta t iv i ty  of the  diagram and the  exactness of the  rows and of the  
other  columns. F rom lemma 1 and the definitions we have d < deg M~_~ < deg M~ < 2d. 
Thus we obtain d e g H ~ = d e g M ~ _ ~ - - d e g M ~ - d .  Therefore d e g H , > 0  and d e g H , = 0 ,  
i.e. H ,  is not  ample, if and only  if degM,  = 2d and degM,_~ = d. F rom degM~_~ = d 
and lamina 1 it  follows tha t  C is contained in a hyperp lane  of P~. P a r t  b) of theo- 
rem 1 is a par t icular  case of the following 

P~oPosmmIo~ 2. - Let C be an irreducible, reduced curve contained in the irreducible 
quadrix Q but not contained in a linear space contained in Q. Then the vector bundle 
(TQjo)' is ample i.e. the shea] T@I c is ample. 

The proof of the  proposit ion above is a s t raightforward generalization of the  
proof of proposit iou 1 and lemma 4 of [1] and is therefore omitted.  

Now the proof of the  theorem is finished. Q.E.D. 
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COrOLLArY 1. - Let X be a nonsingular subvariety o/ a nonsingular quadrio Q. 
I] X does not contain a straight line, then Nxl Q is ample. 

Pl~OOF. - Since X is nonsingular,  the  na tura l  m a p  f rom TQI x to 2r is surjective. 
Therefore the  thesis follows f rom the theorem.  Q.E.D. 

Co~o~A~Y 2. - Zet C be a curve which is a locally complete intersection and gene- 
rically reduced in a nonsingular quadric Q. IJ Cre a does not contain a straight line as 
irreducible component, then 25el Q is ample. 

P~ooP. - The na tu ra l  m a p  f rom TQI e to 2r is surjective except  for a finite 

nv_mber of points,  the  singular points  of C. Therefore i t  is sufficient to p rove  the  

following useful 

L:Bm~A 2. - Zet C be a complete curve and .E, ~ vector bundles on C with a homo- 
morphism u: E --->.F which is surjective except Jot a linite number of points. I] E is 
ample, then .E is ample. 

P~oo~. - F i r s t  we m a y  suppose C reduced and  then,  passing to the  normalizat ion,  

we way  suppose C non singular. Le t  ~- be  a coherent  algebraic sheaf on C and 

to e N such tha t  for t> to  we have  Hi(C, SqE) | 5 )  = 0 b y  [6], t heo rem 1.1, pug. 83. 

We have  two exact  sequences, wi th  v~ induced b y  u, which define 9~ and  Rt 

8,(E) | ~" - ~  ~, - +  o ,  

0 ---> 9~ ~ 8*(F) | ~" -->R, - > 0  . 

H e r e / ~  has finite suppor t  and  thus  we have  Hi(C, Ir = O. ~ur the rmore  we have  

Hs(C, ~ ) =  0 for any  coherent  algebraic sheaf on C because C is a c~trve. There- 

fore f rom the  two exact  sequences we obta in  HI(C, SqE) |  ~ ) =  H~(C, 9~)= 0 
for t> t0 .  This proves  the  ampleness  of ~ b y  the  fundamen ta l  criterion of ample-  

hess [6], t heorem 1.1, pug. 83. Q.E.D. 

Iaemma 2 applies also to a curve in a project ive  space. 

CO]r 3. - Let V be a nonsingular subvariety o] the nonsingular quadric 
Q c P , .  Suppose that for any straight line .L contained in V there exists a straight 
line L ' c  V, intersecting L and such that the plane t t  containing L and JL' is not con- 
tained in Q. Then 2r ~ is an ample vector bundle on V. 

P~ooF. - Since Nvl • is genera ted  by  global  sections, the  cited criterion of ample-  

hess of Gieseker- I ta r t shorne  [7], prop. 2.1, shows t h a t  i t  is sufficient to prove  t h a t  
Nv/al c is a m p l e  for every curve C conta ined in V. F r o m  theorem 1 and  the  snr- 
jec t iv i ty  of the  nat~rM m a p  f rom TQI v to s i t  follows t h a t  it is sufficient to 
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prove tha t  Nv/QI L is an ample vector  bundle on Z for every  straight  line F con- 
ta ined in V. Le t  L '  be a s traight  line contained in V, intersecting L ~nd such tha t  
the plane H generated by  L and L '  is not  contained in V. Le t  X be the subvar ie ty  
of Q union of L and L '  with the reduced structure,  t ha t  is to say X :----H (~ Q = 

- ~ H n V .  
We have the following exact  sequence [E.G.A. IV 16.2.7]: 

0 - ~  2r ~ - ~  ~Vxj Q ~ -~v lo lx  �9 

Fur the rmore  2Yx/~ is ample and in fact  we have Nx/~ ~_ Ox(1) e(~-2). F ro m  this 
exact  sequence and lemma 2, we obtain the ampleness of ~Yv/Qlx and Nv/QIL, as 
restr ict ion of an ample vector  bundle to a closed subset, is ample,  too. Q.E.D. 

2. - The ampleness of the normal  bundle of a subvar ie ty  of a va r ie ty  has m a n y  

well-known applications, for example to formal  ra t ional  functions (see [5], [1]) and 
therefore to the  r igidi ty problem. 

Therefore i t  is na tura l  to s tudy direct ly the case of a s traight  line contained 

in a nonsingular quadric f rom the point  of view of formal  rat ional  functions. 
Here  we recall  some definitions. Le t  Z be a noether ian scheme, X a closed sub- 

scheme of Z defined by  the ideal sheaf. The formal  completion of Z along X is the  

r inged space (X, Oz/x) where we have Oz/x : =  inv lim Oz/~z. We say as in [2] 
t ha t  X is G-1 in Z if the  na tura l  map from S~ Oz) to So(X, Oz/x) is an isomor- 
morphism. 

Le t  Js be the  to ta l  quotient  sheaf of Ozt x and pu t  K(Z/X) :----H~ Jgz/x). 
We say as in [2] t ha t  X is G-3 in Z if the canonical map K(Z) -+ K(Z/X) is an iso- 
morphism. We say tha t  X is G-2 in Z if for the  canonical map K(Z) --~ K(Z/X),  
K(Z/X) is a finite module over K(Z). 

From the  results of the  first paragraph,  a theorem by  Har tshorne  and an explicit  
cMeulation for the  formal  completion of a s t ra ight  line in a nonsingular quadric, 
we obtain the following 

Tza:EO~E~ 2. - Zet X be a reduced and irreducible locally complete intersection in a 
nonsingular quadriv Q o] dimension at least three. Then X is G-1 in Q. ~'urthermore 
if X is not a straight line, then X is G-3 in Q. 

P~ooF. - I t  is well-known, see [8], Remark  2.10, t ha t  G-3 implies G-2 and G-2 
implies (/-1 because the  field k is algebrMeMly closed and we have H~ OQ) = k. 
Fur the rmore  if X contains C and C is G-3 in Q, then  X is G-3 in Q, too. I f  
d i m X  = 1 and X is not  a s traight  lin% then  its normal  bundles is ample for Corol- 
la ry  2 to Theorem 1. 

F rom a theorem of Har tshorne  [5], corollary 6.8, it  follows tha t  X is G-2 in Q; 
as x is also a generat ing subspace of Q, then  X is G 3 in Q (see [1], theorem 2). 
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I f  d i m X > 2 ,  let  H a generic l inear space on the  project ive space which contains Q 
and such tha t  X (3 H is an irreducible and reduced curve (Bertini 's  theorem).  
Then X (3 H is a locally complete intersection on Q. I f  X (3 H is not  a s traight  
line, we have proved the theorem in this case. I f  X Ch H is a s traight  line, then  X 
has degree 1 i.e. it  is a linear space and contains a lot of nonsingular curves which 
are not  s traight  lines. Therefore X is G-3 in Q. Now we have to prove t h a t  a s traight  
line L in @ is G-1 in @. 

The proof of the theorem is therefore reduced to the  proof of the  following 

PROPOSITION 3. - Let L be a straight line contained in  a nonsingular quadrie Q 

with dim@>3,  Then .L is G-1 in  O. 

PI~OOF (OF TIlE PI~OPOSITION). - Let  @ be a qnadrie hypersurface in P.  with 

n > 4. We choose a system of homogeneous coordinate (xo; ... ; m~) on P~ such tha t  L 
has equations m s -  --m~ = 0 and Q has equation 

�9 + + = o .  

This can be done because the  orthogonal  group O(n ~ 1) acts t rans i tevely  on 

the s traight  lines contained into @. In  fact i t  is easy to prove first t ha t  O(n -[- 1) 
acts t rans i tevely  on the set of maximal  l inear subspaee of Q. Le t  H be a maximal  
l inear space in @ containing L. Then it  is easy to prove tha t  the elements of O(n ~- 1) 

which leave H fixed act t ransi tevely  on the  set of lines contained into H. 
/5 is covered by  two affine open sets Bo = Q ca {Xo v e o} and B1 = 0 n {ml # 0}. 

We pa t  a, = xs/mo and b, = x j x l .  Then we have k[B0] = k[al, an, a~, ..., a,] and 
k[B~] = k[bo, b2, b , , . . . ,b~] .  B s : = B o  (hB~ is an affine open subset of Q wi th  
k[B~] ~-l~[a~, aTe]Ida, an, ..., a~]. We have a natural  injective map of restr ict ion 

i: k[Bo] --~ k[B2] induced from the  inclusion of B~ into Bo with i(a~) = a, .  We have 
also a na tura l  injective map j :  k[B~]-+ k[B~] induced from the  inclusion of B~ 

and j(b~) -= a,a-[ ~ for s > 4 .  Let A,,  into B~, with j(bo) = aT t, j(b~) = - -  a 3 -  a~a~2 
s = 4  

s = O, 1, 2, the  ring of coordinate of the  complet ion of B~ in L c3 B~. Vie have 

Ao -= lr a4, ..., a,~, A~ = k[bo]~bs, b4, ..., b~ and As = k[a~, aT~]~a3, a ' ,  ..., a ~ .  
We have inclusions i, j between the A~'s. We have k[Q/L] = i(Ao) n j (AI)  for the  

sheaves' axioms. 

i=~Pcd(bo)(b2)C(bj'... (bJ" 
cd 

with d = (d~, ...,d~) a mul t i index and P~ ' s  polynomials.  Therefore we have 

2 - - I  0 �9 - - I  d4 . . .  J(]) =C~d ~)cd(g:1)(--a3 - 8=~asal ) (a4al) (~4 ai-1) 'n . 
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Suppose j(f) ~ i(Ao), l~irst we have tha t  Po~ is a constant .  F ro m  the monomial  

PC0 a3 " we obta in  tha t  P0, is a costant,  l~rom the  monomial  eP~o aa~-~ a4 ~ az-1 we obtain 
P~0 ---- 0 for c > 0 because every  other  monomial  with a~ has at least a~ -2 as a factor  
(recall t ha t  k has oh(k) = 0). We prove by  induct ion on Idl = d, ~ . . .  -}- d~ 
tha t  every  t e rm P ~  with ld] > 0 vanishes. In  fact  the monomlal" P~aaa 4~ ~ ... a~a - l d l~  
can be deleted only  by  terms with a _P,~ as a factor  with u > c and therefore Ivl < Ig]- 

B y  induction we have P ~  ---- 0 and therefore P ~  = 0. Thus ] is costant.  Q.E.D. 

The proposit ion above is t rue  also if L is a s traight  line contained in a three 
dimensional nonsingular quadric contained in the singular quadric Q, while it  is 
false if the singular locus of Q is bigger. I do not  know if a s traight  lines is G-3 in a 
nonsingular qnadric. 

This result  is the  expected one. Consider the  problem over the  field of complex 
nmnbers.  Then it  is known tha t  a s traight  line L~ as any  subspaee, in a nonsingular 
quadrie Q of dimension at  least 3 is a generat ing snbspace in the  sense of [2]. We 
recall Chow's definition. Le t  G be an algebraic group and X be a project ive var ie ty  
which is homogeneous under  a regular action of G; let  17 be a closed connected sub- 
va r ie ty  of X;  let  p be a point  of 17. We p~lt ~ . y  = {g E G: gp aY}. The subgroup 
Gy Of G generate by  G,,y does not  depend upon the  choice of the point  p. We 

say [2] tha t  Y is a generat ing subspace of X if we have G r ----G. Then by  [2], 
theorem 2, any  holomorphie funct ion in a neighborhood of L in Q for the trascen- 
dental  topology is constant .  Therefore only  the  constants among the formal  regular 
functions on the  completion of L in Q can be extended to a complex neighborhood 
of L as holomorphic fnnctions;  therefore theorem 2 means tha t  any  formal  regular 
functions on the completion of L in Q converges. 

l ~ n x ~ K .  - The proof of theorem 2 works for every  connected subvar ie ty  of Q 
which contains a locally complete intersection curve which is not  a s traight  line. 
In  par t icular  this occur for Bert ini 's  theorem for any  connected subvar ie ty  which 
is non singular in codimension 1, e.g. for a connected normal  var ie ty  of dimension 
at  least two. 

3 .  - In  this paragraph we want  to s tudy the  ampleness of the normal  bundle 
of a curve in a product  of quadrics and project ive spaces. Le t  V =  X 1 X . . . X X ,  
be a product  of varieties;  we take an index i, l < i d r ,  and a point  x E X,;  the  slice 
of V corresponding to the point  x is simply X1 X ... X X~_I • {x} • X ... x X~ with 
the induced structure.  We recall  some nota t ion of the first paragraph.  Le t  C be a 
reduced carve;  we pu t  p:  C ' -+  C the normalizat ion map;  if E is a sheaf on C, 
E ' : =  p*(E)/t(p*(E)) i.e. p*(E) modulo the torsion part, is a vector  bundle on C'; 
for definition E is an ample sheaf if and only if ~ '  is an ample vector  bundle on C'. 
This definition is given only because it  is useful, for example in the  proof of theorem 3 
below, a l though probably  i t  is not  the good one or an interest ing one. 
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PaOr0SITIO~ 4. -- Zet C be an irreducible and reduced curve contained in the variety 
V : :  P~ •  with r.~ l ,  n ~ > l  for all index i. 

The following conditions are equivalent: 

i) TVie is ample vector bundle; 

if) hrc/V is an ample sheaf; 

iii) C is not contained in a slice o] Q. 

P ~ o o ~ . -  i ) ~  if). This assertion follows from the na tura l  map TVIv--> Nol v 
which is surjective except  for a finite number  of points and from lemma 2. 

if) ~ iii). I f  C is contained in a slice, then  TVIv and hro/v have a t r ivial  
quotient  bundle because all factors are positive-dimensional.  Therefore they  can- 

not  be ample. 

iii) ~ i). Sllppose t ha t  TVIc is not  ample and therefore  p*(TVIc) is not  ample, 

too. TVlo is generated by  global sections an4 therefore also p*(TVic) is generated 
by  global sections. Therefore for the  cited criterion of ampleness of GIESEKEI~- 
H A ~ m S ~ O ~  [7], prop. 2.1, (TVIc)' h~s 0 o, as a quot ient  line bundle.  We pu t  

p,:  V ~ P~, the projection. TV is a quot ient  bundle  of Gp*(Op. , (1))  "'+~ and there- 

�9 �9 * * * �9 

fore we  h a v e  an  ndex and a non   ero map p (p, (0 o -+ P mh s means  
�9 , 4 

t ha t  the phil-back to C' of the  rest r lc tmn to C of the  phil-back to V of any  homo- 
geneous form of degree one on P~, is costant.  This means tha t  there  exists a point  x 
in P~, such t ha t  C is contained in the slice of V corresponding to  the point  x. Q.E.D. 

PaorosI~iO~ 5. - Let V be a product of at ieas~ two among projective spaces and 
quadries {even singular). Le~ C be an irreducible and reduced curve eontained in V 
but not contained in a slice through a point of a factor P~, or in the product of a linear 
space contained in a quadrie factor and of the other factors. Then TVIo and -YcI7 are 
ample sheaves. 

P~ooF. - I f  TVjo is ample,  then  it  follows f rom lemma 2 tha t  2r is ample,  too. 
Suppose tha t  TVla is not  ample i.e. (TVIs)' is not  an ample vector  bundle  on C'. 
I f  V has no quadric as a factor, then  the  thesis is the proposit ion above. The general 
case is by  induct ion on the  sum t of the  dimension of the  quadrics which are 

factors of V. 
I f  t ~ :I, we have  only one qnadric Q. I f  Q is nonsingular,  t hen  i t  is isomorphic 

to a projective line and this case is covered by  the  proposit ion above. I f  Q is sin- 
gular then  it  is the union of two lines intersecting in a point.  C is contained in the  
product  of one of the  two lines for the  remaining factors because C is reduced and 

irreducible. Therefore this case cannot  occur. 
Mow suppose t > 1. TV is a quot ient  of a direct s~m of sheaves of the  type  

p*(TQ~), p*(TP,,) where pj's are the projections�9 We use a cri terion of ampleness 
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proved by  HAlCTS~OI%~ [7], theorem 2.4. Le t  C' be a non-singular~ complete curve 
and ~' be a vector  bundle on C'; t h e n / 7  is ample if and only if for every  quotient  

bundle  R o f / 7  we have deg/~ > 0. Suppose tha t  (TVIoY is not  ample. Le t  ~ be 
a quot ient  bmldle of (TVIo)' , with d e g R < 0  and rank  R >  0. I f  for ~ factor  P ~  

�9 @ t the  induced map from (p~ (TP,  a)Io) to R is not  zero, t hen  we obtain t h a t  C is con- 
ta ined in a slice corresponding to a point  of P . j  in the same way  as in the  proof of 
the  proposit ion above. Therefore there  exists a quadric Q which is a factor  of V 
and such tha t  the  induce map (p*(TQ)Ic)'-+/~ is not  zero. Here  p~ is the  project ion 

f rom V to Q. Suppose tha t  the quadric Q is a hypersurface of Ps.  On Q we h~ve the  
exact  sequence (1 )and ,  as C is not  contained in the  singular locus of V, we obtain 
an exact  sequence on C which looks like the  sequence (2): 

* r i * o (p, T0 o) (TPs o))jo) o 

which is exact  except  for a finite number  of points. We put  M : =  Ira(u). We obtain 

the following sequence which looks like the  exact  sequence (3) 

(7) 0--> (p*rOlo) --> p~(TP~lo))l c ---> M---> 0 

which is exact.  The proof of the exactness of (7) is the  same as the proof of the 
exactness of (3). ~htrthermore M, us a torsion-free sheaf on a nonsingular curve C 

is locally free. Therefore i injects as a map  of vector  bundles. We pu t  

d : =  deg0c(1  ) : =  degp (p~ 0Q(1)Io) . 

]~rom the quot ient  map  (p* TQtc ) --> R~ f rom the Enler 's  sequence defining TP~ 
and from the injeet ivi ty  of i as a map of vector  bundles,  we obta in  an exact  sequence 

of vector  bundles on C 

[s) p * f • *  (9 (1", ~i+l _+ E -~ 0 \ t ' i  0 ]iC] 

with rankE-- - -1  + r a n k R > 2  and d e g E < 2 d .  I f  we prove tha t  C is contained in 
the product  of a hyperplane  section of Q for the remaining factors, then  we will 

be gone for the  induct ive hypotheses and a na tura l  generalization of the diagram (4). 
The surjective map h induces a non zero section of E |  p*(0a(--1) lc)  which 

gives a eomlauta t ive  diagram with exact  rows and columns and which defines a 
line bundle E of positive degree 

0 

o (B| p*(oo(-  o.  

0 
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In  a finite nnmber  of steps we red~lce to the  case in which the vector  bundle E is a 
line bundle E of degree d, necessarly isomorphic to p*(p*(O~(1))l~). 

Now the  thesis follows as in the  last pa r t  of Lemma 1. Q.E.D. 

Tt:mo~]~ 3. - Let V be isomorphic to Q•  •215  with r>~l, n~>~l, and C 

be a reduced and irreducible curve contained in V. 

Then the following properties are equivalent: 

i) C is not contained in a slice of V; 

if) TV[o is an ample vector bundle; 

iii) ~Yc/v is an ample sheaf. 

PlCOOF. - The ~ssertion iii) ~ i) is obvious. 
F rom Lemma 2 it  follows in the  usual way tha t  if) ~ iii). 
We prove the  assertion i) ~ if). F ro m  proposit ion 5 it  follows tha t  i t  is suf- 

ficient to consider the following situation: C is contained in P~ • P~, • ... • P,~ where 
P~ is a maximal  linear space of Q. By  [1], prop. 2, we have Ne~/Q ~ ~Q~,(2) if 
dimQ ---- 2s is even and we have 2Veje ~_ ~2~(2) @ 0e~(1) if dim ---- 2s Jr 1 is odd. 

We have the exact  seq~lence 

0 --> p~ TP~ | p~ TP,~ @...  ~ Pn,. TP,~ ---> TVI~, ~ • • l,,~ --> N~,/~ -> 0 . 

The proof of proposition ~ shows tha t  (p*0e,(1))ic is ample if C is not  contained 

in a slice. Therefore the thesis in this case is equivalent  to prove tha t  p*(~Q~(2)ic ) 
is ample if C is not  contained in a slice. 

The proof of this assertioll is ~ straight  forward generalization of the proof of 

proposition 1 in the first paragraph and is therefore omitted.  Q.E.D. 
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