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Abstract In this paper, we apply the recently developed normal form theory for abstract
Cauchy problems with non-dense domain in Liu et al. (J Diff Equ 257:921-1011, 2014)
to study normal forms for an age structured model. We provide detailed computations for
the Taylor’s expansion of the reduced system on the center manifold, from which explicit
formulae are given to determine the direction of the Hopf bifurcation and the stability and
amplitude of the bifurcating periodic solutions.
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1 Introduction

In modeling some biological and epidemiological processes, the age variable (age of the
individual, chronological time since infection or time since cell division) plays a key role in
determining the birth, growth and death rates of the populations and their interactions with
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each other. Age structured models, described by hyperbolic partial differential equations,
have been studied by many researchers (see the monographs of Cushing [6], Diekmann and
Heesterbeek [7], Hoppenstead [14], lannelli [15], Metz and Diekmann [28], Thieme [35],
Webb [37], and the references cited therein). Various approaches have been developed to study
age structured models, such as (a) characteristics method (Webb [37], Metz and Diekmann
[28], Iannelli [15]), (b) variational method (Anita [1]), and (c) integrated semigroups method
(Thieme [33,34,36], Magal and Ruan [23,24]).

Classical results on age-structured models focus on the existence, bounded and stability of
solutions. Recently, great attention has been paid to the nonlinear dynamics of such models.
It has been shown that some age-structured models exhibit non-trivial periodic solutions
induced by Hopf bifurcation (see Priiss [30], Cushing [5], Swart [32], Kostavaand Li [17], and
Bertoni [2]). Since age-structured models can be rewritten as abstract semilinear equations
with non-dense domain (Thieme [33,34,36], Magal and Ruan [23,24]), Magal and Ruan
[25] developed the center manifold theory for abstract semilinear Cauchy problems with
non-dense domain and applied the results to consider Hopf bifurcation of a specific age-
structured model of the following form:

u(t,a) ou(t,a)
” Y = —uu(t,a), a € (0,+00),

u(,0) =ah (f0+°° y(a)ult, a)da) , (1.1

u(0,.) = g9 € L} ((0, +00); R)

where u(¢, a) denotes the density of a population at time ¢ with age a, © > 0 is the mor-
tality rate of the population, oy (a) is the fertility rate at @, and the function 4 (-) describes
some limitation for the reproduction. Based on this study, Liu et al. [19] established a Hopf
bifurcation theorem for abstract Cauchy problems with non-dense domain and, as an applica-
tion, obtained a Hopf bifurcation theorem for general age structured models. Center-unstable
manifolds for non-densely defined semilinear Cauchy problems were studied in Liu, Magal
and Ruan [20].

Normal form theory is very useful in simplifying the forms of equations restricted on the
center manifolds when study the nonlinear dynamics, such as the existence of bifurcations
and periodic solutions. Normal form theory has been well-developed for various types of
equations, including ordinary differential equations (Guckenheimer and Holmes [12], Chow
et al. [4]), partial differential equations (Kokubu [16], Eckmann et al. [9]), functional differ-
ential equations (Faria and Magalhdes [10, 11]), etc. More recently, a normal form theory has
been developed by Liu et al. [21] for the non-densely defined abstract Cauchy problems.

We already knew (Magal and Ruan [25]) that when t > 0, system (1.1) undergoes a
Hopf bifurcation at the positive equilibrium. The goal of this paper is to apply the normal
form theory developed in Liu et al. [21] to the age-structured model (1.1) to determine
the direction of the Hopf bifurcation and study the stability and amplitude of the bifurcating
periodic solutions. Note that two approaches were developed in Liu et al. [21]: (a) calculating
the Taylor expansion of the reduced system of (1.1) on the center manifold, and (b) evaluating
the normal forms of (1.1) restricted on the center manifold directly. Equation (1.1) was studied
in [21] by using the second approach. In this paper we will use the first approach to study
(1.1). Namely, we will calculate the Taylor expansion of the reduced system of (1.1) on the
center manifold, determine the direction of the Hopf bifurcation, and study the stability and
amplitude of the bifurcating periodic solutions.

At first, we make the following assumptions.
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Assumption 1.1 Assume that © > 0, > 0,y € L™ (0, +00) is a map defined by

(a—1)"e 5@ D ifa><t

_ _ \n ,—¢(a—1) —
y@=(@—-1)e Iz +00) (@) = [0, otherwise,

where T > 0, ¢ > 0,n € N, and assume that ¢ > 0 whenevern > 1. Themap h : R — R
is defined by
h (x) = xexp(—Bx), Vx e R,

where 8 > 0.

In order to explore the asymptotic behavior of system (1.1), we observe some basic facts.

Set
+00
g = (/ y (a) e_““da)
0

Then for each o > «, there exists a unique positive equilibrium

—1

ly(a) = e MC, Ya=>0,
with
In (a f0+oo y (a) e’““da)
B foﬂo y (@) e~Hada

So « is the first bifurcation point with respect to the parameter «.
Whenn = ¢ = t = 0, the above system can be rewritten as the following simple ordinary
differential equation

6:

dU(t)
dt
In this case the asymptotic behavior is fairly simple since the positive equilibrium is globally
asymptotic stable (when it exists) and no oscillations occur around the positive equilibrium.
This indicates that the oscillations around the positive equilibrium depend strongly on the
shape of the function y.
Set

=ah (U(0) — pU@).

+o00
X () ::/ (a — )% e S%(t, a)da, Yk =0, ..., n.
T

Then (by using classical time differentiability results for age structured models), we obtain
for t > 1 the following system of delay differential equations:

aXo(r) = e STMITah (57X, (1 — 1)) — (5 + 1) Xo(1),
d)?t(t) (1.2)
d"t =kXe1 (1) — (¢ + ) Xk (), Vk=1,....n.

The observation is interesting itself since we have reduced the scalar age structured model
into a class of cyclic feedback systems with delay. We refer to Mallet-Paret and Sell [26,27]
for a nice survey and more results on such systems. Here the feedback # is only locally
monotone, and theory of monotone cyclic feedback systems can probably be applied locally
around the positive equilibrium. We will not study the local oscillating properties of the
system (1.2). Nevertheless, this observation can probably be useful in understanding the

qualitative properties of system (1.1).
Now consider the map g (x) := n!% and define X,x € (0, +00) at which g(x)

attains its maximum. Then we can apply the theory of monotone delay differential equations
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to (1.2) (see Smith [31] for more results on the subject), or applying the same argument to
the age structured model (1.1) we obtain the following result (the proof is left to the reader).

Proposition 1.2 Let Assumption 1.1 be satisfied and assume that

+o00
X, ::/ (a — _[)n e_gaﬁ(a)da < Xmax-
T

Then the positive equilibrium of system (1.1) is globally asymptotically stable in Li_ (0, +00)\
{0}.

Therefore, in order to obtain some undamped oscillations for system (1.1), we need the
two following ingredients
T>0and 7’ (X,) <0.

From the results in Magal and Ruan [25, Chapter 5], we know that when t > 0, there exists
o] > g, such that the positive equilibrium u, undergoes a Hopf bifurcation (see also [3]
for more detailed computations). Now assume that we can compute the normal form for the
FDE (1.2) by using one of the above mentioned methods. Then the stability of the bifurcating
periodic orbits of system (1.1) for the L' topology will not follow from such a study. This
simple remark shows that we need to compute the normal form for system (1.1) in order to
derive some qualitative properties related to the original topology in L'.

The paper is organized as follows. In Sect. 2 we reformulate system (1.1) as an abstract non-
densely defined Cauchy problem and present the Hopf bifurcation results obtained in [3,25].
In Sect. 3, we apply the normal form theory to system (1.1) and compute the third Taylor’s
expansion of the reduced system on the center manifold, from which explicit formulae are
given to determine the direction of the Hopf bifurcation and the stability and amplitude of
the bifurcated periodic solutions.

2 Existence of Hopf Bifurcation

In this section, we reformulate the PDE (1.1) as a non-densely defined Cauchy problem.
Following the approach introduced by Thieme [34], we consider

X :=R x L' ((0, +00), R)

endowed with the product norm

X
= + .
H(ﬁD)H Ix1+ el

Let A: D(A) C X — X be the linear operator on X defined by
()27
2 —¢ — MKy

D(A) = {0g} x WH (0, +00) , R) .

with

Then A is non-densely defined and
D(A) = {0z} x L' ((0, +00) , R) := Xo.
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Let H : X9 — X be the map defined by

H(O)-( ),

Then by identifying u(z, .) to v(t) = u?tR ) € Xy, the system (1.1) can be reformulated
as the following non-densely defined abstract Cauchy problem
dv(1) 0 —
I = Av(t) +aH(v(t)), fort >0, v(0) = o € D(A). 2.1

Here the solution of system (2.1) is understood as an integrated solution, that is, v €
C ([O, 7], D(A)) and satisfies

(0
/0 (u(s, .))ds € D(A),
and for each ¢ € [0, 7],

(o) = Go) o) G ) [ (C)) o

p(A) ={r € C:Re(d) > —pu},

We have

and foreach A € p (A),

- (5)-()

& pa) = e MHmway fO” e~ A Hm@=s)y (s)ds.

It is readily checked that

A — A7 < VA > —u,
o1 =47 £ i =
so A is a Hille-Yosida operator. Now we consider Ag, the part of A in X¢, which is defined
by
0 0 0 0
A =A = Y € D(Ayp),
° (w) (@) (—w/ - W) («)) “o

and

D(Ap) = [(g) € (0} x W' (0, +00), B) : 9(0) = 0].

The linear operator Ag is the infinitesimal generator of a strongly continuous semigroup
{T4, (1)}, of bounded linear operators on Xo, which is defined by

0\ _ (0
T4 (w) N (Tx(t)w)

e Moa—t), ifa—t=>0,
0, otherwise.

with
T;(t) (¢) (@) = [
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Then we consider {Sa(t)};,59 C £ (X) the integrated semigroup generated by A. That is

the family of bounded linear operators on X, such that for each x = ( X ) € X, the map

v

t — Sa(t)x is an integrated solution of the Cauchy problem
dSx(t)x
dt
Thus, we deduce that

x)_ (0 ! 0
SA(t)(w) = (L(f)X)+/o TAO(I)(I/I)dl

0, ifa—1t>0,
e My, ifa—1t<0.

= ASs(t)x +x, fort >0, and S4(0)x = 0.

with
L) (x) (a) = ‘

Finally define a convolution
1
(Sa=* f) () :/ Sat —s) f(s)ds
0

for f € L! (0, ; X) . Then for each f € L', t; X), the map t — (Sa * f) (t) belongs
to C' ([0, 7], X0) N C ([0, 7], D(A)), and

d
(Sao @)= Z(SA*f)(t)
satisfies

t t
(Sao f) (1) = A/ (Sa o f)(Ddl +/ fdl, vt € [0, 1].
0 0

Then the integrated solution of system (2.1) is unique and is given by

v(1) = Tay (1) (2) + (Sa0aH())) (1), Vi = 0.
Set
Xo+ = {0} x L (0, +00).

Since & : [0, +00) — [0, +00) is Lipschitz continuous, we have the following results (see
Thieme [34] or Magal [22]).

Proposition 2.1 Let Assumption 1.1 be satisfied. Then for each a > 0, there exists a family
of continuous maps {Uy(t)},>0 on Xo4 such that for each x = (g) € Xo4, the map

t — Uy (t)x is the unique integrated solution of (2.1), that is,

' t
Uy(t)x =x + A/ Uy (s)xds +/ aH Uy (h)x)dl, YVt > 0,
0 0

or equivalently,
d
Uu(®)x = Ty (t)x + 7 (Sa xaHUq()x)) (1), Vt = 0.

Moreover, {Uy (1)}, is a continuous semiflow, that is,
Uy 1)Uy (s) = Uy (t +5), Vt,5 20, Uy(0) = Id,

and the map (t, x) — Uy (t)x is continuous from [0, +00) x Xoy into Xo+.
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The positive equilibrium solution of (2.1) is given for each « > «g by

ﬁa:(ga).

The linearized system of (2.1) around vy is

dw(t) B
5 = Aw®) +aDH@)w() fort = 0, v(1) € Xo,
where .
aDH(ﬁa) (0) = (T](O{) fO V(a)</’(a)da)
@ 0
and

+o0 1—1In ((x f0+oo v (a) e”‘“da)
n(a) = ah’ (/ V(a)ﬁa(a)da) = .
0

0+°o y (a) e "4da

To simplify the notation, we set
Byx = Ax + aDH (vy)x with D(By) = D(A).

Let {Tg, (t)};>0 be the linear Cy-semigroup on X generated by B,.
The essential growth bound wg ess (By) € [—00, +00) of By is defined by
In (| 75, )| oss)

@0, ess (By) = t_l)lr_"l_’loo %

To conclude this section we summarize some results obtained in Magal and Ruan [25] and
Chu et al. [3].

Lemma 2.2 Let Assumption 1.1 be satisfied. Then the linear operator By, : D(A) C X — X
is a Hille-Yosida operator and
@ ess (By) < — 1.
Set
Q:={ALeC:Re(A) > —u}.

Recall that the esolvent set of B, is defined by p (By) = {A € C: Al — B, is invertible} .
Denote by o (By) := C\p (By) the spectrum of B,. By using the above lemma, we know
that for each A € 2,

reo (By) & Aa,A) =0,

where the characteristic function is
+0oo
A, A):=1— n(a)/ y (@) e~ %M for each A € Q.
0

Moreover, by using the fact that y (a) = (@ — 7)" e @D 1[; 1o0)(a), for each A € Q, the
characteristic equation
A, A) =0

is equivalent to
e O

(¢ + A+ pymtt

In the following, we regard « as the bifurcation parameter in considering the Hopf bifurcation
of system (2.1).

1 =nn@) (2.2)
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Proposition 2.3 Let Assumption 1.1 be satisfied and assume that T > 0. Then the charac-
teristic equation (2.2) with @ = ax, k € N\ {0}, has a unique pair of purely imaginary roots

tiwy, where
n+1
(s +mw"*! Vs +w?+ o
o = ———€X _—

1
nle 1t Pt B+

and wy > 0 is the unique solution of

—(wr—l—(n—i—l)arctan @ ):n—an.
s+u

By proving in addition the transversality condition, we obtain the following result on Hopf
bifurcation (Magal and Ruan [25]).

Theorem 2.4 (Hopf Bifurcation) Let Assumption 1.1 be satisfied and assume that T > 0.
Then there exists a positive sequence {oy}, k = 1,2, ..., where oy is defined in Proposition
2.3, such that the age structured model (1.1) undergoes a Hopf bifurcation at the equilibrium
U = Ug,. In particular, anon-trivial periodic solution bifurcates from the equilibriumu = Uy,
when o = ay.

3 Direction and Stability of Hopf Bifurcation

In this section we study the direction and stability of the Hopf bifurcation by applying the
normal form theory developed in Liu, Magal and Ruan [21] to the Cauchy problem (2.1).

3.1 Spectral Decomposition

We first include the parameter « into the state variable. Consider the system

da(t) —o.
dzc)l(tt) 3.1
= Av(t) +a (1) Hw(®)), G-b

O{(O) =ap € R, U(O) =g € Xp.

Making a change of variables
V(1) = () + Va,

we obtain the system

da (1)
dr 0.
do(t) . . _ _
T Av(t) +a()HW(1) + Vo) — a () H (Ve).
Now set
o =a+ o,
we obtain R
da (1)
dr 0,
ao0) R _ (3.2)
S =AU+ H @, 7)),
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where R
H@,0) = (@ + ) [H(ﬁ(f) + V@atoy) — H(i(awk))] .
We have R
d5H (@, ) (w) = (@ + ax) DH@ + Vgtqy) (w)
and
H@7) (@ =a [H(ﬁ-l- Va+ap)) — HOG+ap))
~ o~ — dﬁ(ﬁﬂ»(xk)
+@+oar) | DHO + VGgtay)) ~da
- dV@+ay)
—DH(U@G+ay)) (% .
So R R
05H(0,0) = ax DH (vy,) and 35 H (0,0) = 0.
Set

X =R x X, X =R x D(A).
Consider the linear operator A : D(A) C X — X defined by

A(g) - (?Awwﬂ (m))a) = (%m)

D(A) = Rx D(A),
and the map F : D(A) — X defined by

with

where W : D(A) — X is defined by

W (%) 1= @+ o) [HO + T@tan) — HO@+an)] — @k DH (V) @) -

Then we have

0 0
F(O) :0andDF(0) =0.

Now we can reformulate system (3.2) as the following system
dw(t)

dt
The following three lemmas are obtained in Magal and Ruan [25].

=Aw(@)+ F (w(®)), w()=wye€ D(A).

Lemma 3.1 Let Assumption 1.1 be satisfied and assume that t > 0. Then

o (Bak |l:IL.(X)) ={iowg, —iwg}, o (Bak |(1—ﬁ£)(X)) =0 (Bak) \ {iwg, —iwy}

with

(3.3)

- B 0
| (]//) = ( dA(aaﬁiwk)*l I:(S + foJroo fs+oo 0) e_(iiwk"'/")(l_s)dllp(S)ds] e—(iiwk+ll)-)
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and
~ (1 0
I, 0 = dA(tZkA,iwk)_le—(iwk+u).+dA(aZ,A—iwk)—le_(_iwk.q.u), .

[ by i= e~ lanti: 4 o=(Cioxt). ( 26~ = by +iby
<

Set

by = ei(’ka)'_,-ei(iika)' 2¢Okt = p) — by,

We also have oo
A (@ i) = 0 & 7o) / y (@) ety = |
0

and

dA , : +00 .
dA (k. i) _ (o) / ay (@) e~ o
di 0

+00 .
= () / (a—7)y (@e " dg
0
+oo .
+ (o) / y (@) e~ 1 tiigq
0

+o00
= n(ak)/ (Cl _ .L.)Il-H e—§(0—T)e—(iwk+/L)ada +T
T

e—(iwk-‘r/L)‘E

=mn+Dn) ———= +°
( )n( )(§+iwk+u)”+2

__ (4D .
(¢ +iwg + w)
So
dA (ag,iop)  (n+1) (n+1)

= : b= (6w — i) + T
di (¢ +iwk+ 1) (g—i—,u)z—l—w,%

Therefore, we have

dA (o, i) (n+1)(g+w
Re 7 = + T,
(s +mw?+ o}
dA (ag, iwg) (n+1) o
Im T = e
(s +1)? + o}
and
dA (o, —iwx)  dA (g, iox)
di N dx '
Moreover

=

1) _|dA (e iwn) |7 (0 , |
o)™ an Re(dA((Zk):zwk))bl+Im(dA(¢Zk):zwk))b2 .

The set {(}?1 ), (}?2 )} is a basis of X, := I1. (X). Observe that by construction we have

B 0 _(0 — 4 0
@\ p—(Eiou). | T _(%jwl)e—(iiwkm). = TOk N\~ (Eiotp). )
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SO

0 0 0 0
Bak by = —Wg by s Bak by = Wk by )

and we obtain that the matrix of By, |ﬁc( X)with respect to basis {(l?l ), (bo2 )] is

0 Wy

ﬁh = (I—ﬁc).

Set

Lemma 3.2 Let Assumption 1.1 be satisfied and assume that T > 0. Then we have

~ 1 1
Y (0) = (_dA(ak,iww—le(inm. _ dA(ak,—iwk)—leuwﬁm.)
dxr dxr

1
= . -2 . . .
(_ ’dA((Zk)zlwk) [Re (dA(Uédk):lwk)) by +1Im (dm%,zww) bz] )

For each A € iR\ {—iwg, iwg},
—1 —~ 1
C
(-1 = B 1,00) T (o)

0
= dA(, J'w,)fl —(iwp+u). dA(og,—iw )71 —(—iop+p). 1 —0+w). |-
(_ T Tty T G “Omien tA( M) e OFw)

Moreover, if A = iwy, we have

-1 Y l
: C
(ioxt = BS Ia,00) Tl (0)

0
- . —(—iwp+p). . . .
| _dAag,—iwp) —-le dA(ag,iwg) -2 [_ dA(ag,ior) 1 dzA(otkz,la)k)] e*(iwk+ﬂ)~ ’
di 2iwy dir di 2 d
and if . = —iwy, we have

—1 1
. C
(=110 " 1)

0
=\ daeion el | A —ion TH [ dA—ion |1 PA@—ion | ~(—iot). |-
dr dx dh 2

2i wy 2 d\
Lemma 3.3 Let Assumption 1.1 be satisfied and assume that T > 0. Then
o (A) =0 (By) U{0}.
Moreover, we have for . € p (A)NQ =Q\ (0 (Bak) U {O}) that

r

.
ar—A"(s\]|=|"* )
()~ om0 (3)

and the eigenvalues 0 and Liwy of A are simple. The corresponding projectors g, 4y, :
X +iX — X +iX are defined by

@ Springer



J Dyn Diff Equat

r r r 0 r .
10 () = (6) - moe (1) = () (1) i

Note that we have

i, (x) = M_j, X), Yx € X +iX.
In this context, the projectors I1. : X — X and I, : X — X are defined by

1-IC (x) = (HO + Hiwk + l-[—iwk) ()C) s Vx € X,
Iy (x) := U —Tl;) (x), Vx e X,

and we denote by
X =TI, (X)), &, =11, (X)), A, = A IX(,Ah =A |Xh .
Then by Lemmas 3.1 and 3.3, we have
Or Or Or

n( (1 (=~ (1 ~ 1 T
(OLI) Hior (OL1 ) e (OLI) e (OLI)

Define the basis of X, = R (I1.) by

1 O]R Or

er=10r |,e20= Or — Or ’
071 by e~ (ntiwg). + e~ (n—iwy).
Or Or

ez = O]R = O]R ) )
bZ ef(”+“"k)-fe’(l‘”wk)‘
]

We can readily check the following lemma.

Lemma 3.4 For A € iR we have
0 0

W —An~', | (1 = c -1~ (1
(0) (“_Ba 'ﬁhuo) i\ o

3.2 Computation of the Normal Form

We apply the method described in Liu et al. [21, Theorem 4.2] for k = 2. The main point is to
compute Ly € Ly (X2, X, N D(A)) by solving the following equation for each (wy, wy) €
X2

d Act Act 1 2

o [La(e " wy, e”'w)) ] (0) = ApLa(wi, wa) + 5nhD F(0) (wr, wa). (34)
Note that
d
= [La(e? wi, eA'w2)] (0) = Ly (Acwi, wa) + Lo (wi, Acws) .

So system (3.4) can be rewritten as

1
Lo (Acwy, w) + Lo (wi, Acwz) = Ay Ly(wy, w) + E“thF ) (wi, wp).  (3.5)
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We first observe that

D2F(0) (wy, wy) = Uk
DTN D2w0) (i wo)

D3F(0) (wy, wa, w3) = O
PEREIT D3W0) (. wa. ws)

_ (o (% B\ e
wi .—(Ul),w2.—(v2),w3.—(v3)€D(A),

with v; = ((g)oR) .1 =1,2,3, where

and

for each

L

D>*W(0) (wy, wo)

~owo((2).(%))

=oD*H (iak) (vi,v2) + 0 DH (Uak) (v1) +o1DH (iozk) (v2)

)

) , (3.6)
=0

di&—&-(xk
da

di&—&-(xk
da

+a2aszH (ﬁak) (vl,

+&1akD2H (Uak) (Uz,

and

D3W(0) (w1, wa, w3)

— DW(0) ((ff) : (322) ’ (333))

=@ D*H (Va,) (v2,v3) + @2 D*H (V) (v1, v3) + @3 D?H (Vg ) (v1, v2)

~ _ dvg PR _ dVg1a,
+26,03D* H (Vy) (vl, canl ) +2a1a3D*H (V) (vz, o )
o~ — dﬁ&\—ﬁ-ak ~ 2 — d26&+ak
+20l10{2D2H v (U3, _— + arazar D°H (v vy, ————=—
(F) da  |g=0 () d @7 lg—0
PN d26&+a ~ o~ 2 d2§a+a
+@1a3o D* H (Tg, (1)2, —t + a0 D7 H (v, vy, —— %
( DlA) d@)? oo ( Otk) d @) .

di&+ak
da

+akD3H (fak) (vl,vz, U3) +&3akD3H (iak) (vlﬁvz,

)

~ dvg R - dvs
+a@a D H (ﬁak) (vl, U3, a+ok ) + @i D3 H (Uak) (Uz, vs, G-Fog i )
o=

de |5 da
~ ~ _ dvg dVg1q,
+ OtzOl3OlkD3H (vak) (Ul, aiozk ) aiak )
da Jg—o da |g—9
PN _ dVgta, dvg
+ @@z D’ H (vy,) (vz, L , etk )
da |g—o da |g—9
P _ dVg 4, dvg
+@1@20x D H (vy;) (v3, L , ) , 3.7
da lg—o da |g—9
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with (k = 1,2, 3)

Pt (() ()

k
W (7 y @i @da) T [y @ @i (@)da

0

hV(x) = (1 — Bx) exp (—Bx).,

h®(x) = (B%x — 2B) exp (—Bx) .

RO (x) = (=B7x + 38) exp (—Bx) .

0
0
Vo, = | _ = | n(w [[*y@eHda
‘ (uak) (ﬁ}o-:)oo y}(/a)e’lmda ) exp(—p-)
+o0 In (Olk f0+oo y (a) e*“”da)
/ v (@) g, (@)da = ,
0 B
dug o, _ 1 y exp (—u+)
do o+ oy B f0+°° y (a) e~Mada ’
too dﬁ&+ak _ 1
/0 y (a) 7 o (a)yda = %7
d* g+, _ 1 o exp (—u+)
d (&)2 (’a\_,’_ ak)Q ﬁ J‘O+OO )/ (a) e_Mada 3
+o0o dzﬁ(’)ﬂrak 1
da = ——.
/o "D L@ oo T B @

To simplify the computation, we use the eigenfunctions of A in X, and consider

1 Or Or
ep:=| (O cer=| (Or , €3 =: Or
0¢ e—(LH—iwk). e—(M—iwk)-
We have
Ae1 =0, Aey = iwger, and Aez = —iwyes.

In order to simplify the notation, from now on we set

nlexp(—ut)

+00
X ::/ y(a)e Mda = ————.
0 (n+ )"t

(i) Computation of L, (e}, e1): We have
M, D*F (0) (€1.21) =0

and
Age1 = 0.

By (3.5) we have

PN - PN 1 PN
Lo (Acer,e1) + Lo (e1, Acer) = ApLa(er, er) + El'lthF (0) ey, ey).
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So
0=A,La(e1,e1).

Since 0 belongs to the resolvent set of Ay, we obtain
Lay(ey,e1) =0. (3.9)

(ii) Computation of L, (ej,e2): Since Ace; = 0 and A ey = iwger, the equation
o~ o~ -~ > 21 P 1 el,e;
Ly (Acer, e2) + Lo (e1, Acer) = ApLa(er, e2) + 51‘[;,D2F (0) (e1. e2)

is equivalent to
. - 1 2 e
(iok — Ap) Ly (e1,e2) = El'lthF 0) Ce1. e2),
where

D*F (0) (&1, ¢2)
Or

1 Or
D2W (0) ( ) A (Or
Ox e~ (utiop).
Or
— _ 0
DH (Uolk) (e]iR(y,-H'wk).)
Or
+ - 0 dVg4a,
aszH (Uak) ((6E§(M+iwk)') ’ T:Ftﬁk 3:0)

Or
WO (J57 7 @, @ da) [y @ e 0tiovada
+arh® ( o (@) T (a)d") Jo =y (@ e Hievdq |7y (a) = _o (@da

do a
01
Thus, we have
Or
D*F ()@, &) =cn| (1
(OL1 )

with

+00 +00 .
Cl2 = h(l) (/ 4 (a) ﬁo{k (a) da) / 14 (a) e_(#+lwk)ada
0 0
400 +0o0o .
+akh(2) (/ y (a) ﬂak (a) da) / Y (a) e_(M—Hwk)ada
O O
+o00 du
X / v (@) %
0 @ la=

+00 _ +00 _ X
= (1 - 5/0 v (@) Ug, (a) da) exp (_:3/0 v (@) lia (a) da) m

+o0 +oo
+oy (/32/0 y (@) ug, (a)da — 2,3) exp (—5/0 y (@) g (a) da)
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X 11
X — X ——
I—In(ex) oxpB

X +00 B +o0 B
T 1—Inay) [(1 - /3/0 v (@)l (@) da) exp (—ﬁ/o y (@) T, (@) da)
+o0 oo
L e en (o o)
X +00 B
= e exp (—,3/0 vy (a) Uy, (a) da)

X +00 i -1
= TS @0 (ak,/o y(a)e da)

1
S (I —In(ax))’

So
1 1 Or
L o) =———(iop — Ap) ' 11 1
2 (e1,e2) Ser( —Tn @) (wr — Ap)~ Ty 0

By using a similar method together with Lemmas 3.2 and 3.3, we obtain the following results:

0
Ly(e1,e2) = La(ez,€1) = (0 ) : (3.10)
Y12
0
Ly(er,e3) = La(e3,e)) = (0 ) , (3.11)
V13
0
Ly (e,e3) =Ly (e3,¢) = (0 ) , (3.12)
V2.3
0
Ly (€2, ¢) = (0 ) . (3.13)
Y22
0
Ly (e3,e3) = (0 ) . (3.14)
V3.3
where
1

Vi2(@) = ¥13(0) =~

—(—iwr+p)a
Ao —1 €T
dr

5 2iwy ,
+dA(og(/\,zwk)* I:_dA(sz)lzwk)a _ %d A(;()fizwk)] o (iota
_ BxUn(ex) —2)

2(1 = In (e x))’

B INCTRED) =1 ,~(iog+n)a
dxr ]

Y22 (a) =33 (a):

X

iwk
_ dAg.—iwp) ~1 e Ciortma Lol Qiwgta
ax Tor + A (o, 2iwg)” e
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and
Bx (In (oxx) —2)
2(1 —In (i x))?

dA(ag,iay) ~1e=liortma
dx i

Y23 (a) =

[
dA(ozk,—iwk)71 e~ (miogtu)a -1 ,—pa
dn fog TA,0) e

By using (3.9)—(3.14), and the fact that
el =0, ey =0+, and ez = 2 _.63,
i

we obtain the following lemma.

Lemma 3.5 The symmetric and bilinear map L : Xcz — X, N D(A) is defined by

(@ Lz (e1,e1) =0;
(b) L (e1, e2) and L (e2, e1) are defined by

Or
Ly (e1,e2) = Ly (ez,€1) = Or ;
2Rer 2
(c) L> (e1,e3) and Ly (e3, e1) are defined by
Or
Ly (e1,e3) = Ly (e3,e1) = Or ;
QImwlgz

(d) Lj (e, e2) is defined by
Or

Ly (e2,e2) = Or ;
2Reyrn > + 2y 3

(e) L> (e2, e3) and Ly (e3, e2) are defined by

Or
L (e2,e3) = Ly (e3,e2) = (OR ) ;
Zlmwz,z
Or
(f) Lz (e3,e3) = (O]R )
—2Reyn o + 2923

We define G, : X — A, N D(A) by
Gy(IMew) := Ly (TMTew, MTew), Yw € X,
and the change of variable & : & — X and &, x> ax by

& (w) :=w — Go(IT,w) and 5{1 (w) :==w+ Ga(ITew), Yw e X,
and >, : D(A) — X by

Fow) 1= F (& () + AG2(TMew) — DG (Mew) AcTew

— DGy F (& ).
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By applying in Liu et al. [21, Theorem 4.2] to (3.3) for k = 2, we obtain the following
theorem.

Theorem 3.6 By using the change of variables
wa (1) = w(t) — Ga (Mew (1)) & wt) = wa(t) + G2 (MMewa (1)) ,

the map t — w(t) is an integrated solution of the Cauchy problem (3.3) if and only if
t — wy(t) is an integrated solution of the Cauchy problem

d"jt(” = Aws (1) + F(wa (1)), 1 >0,

w2(0) = wy € D(A).

(3.15)

Moreover, the reduced equation of the Cauchy problem (3.15) is given by the ordinary dif-
ferential equation on R x X :

@)
a7
~ R (3.16)
dye) % YO LR (4
P B Ifi, (x)Ye () + W (I + G2) (yc(t)) +Re ()’c(t)) ’

~

where ﬁc e C* (R x X¢, X)), and ﬁc ( a(t)
e (1)

) is a remainder term of order 4, that is,

T _ ~
R. ( ) =@ yol* 0@, ye).
Ye

where O (d, y.) is a function of (@, y.) which remains bounded when (@, y.) goes to 0, or
equivalently, _
D’R.(0) =0 foreach j=1,2,3.

Furthermore,
3/ R, (0
A =0, Vj=1,2,3,4,
aja

which implies that
~ (0 - - ~
R. (y ) =0 (@ llyell + @ llyell® +@ llyell® + llyel®) -
C

In the following theorem we compute the Taylor’s expansion of the reduced system (3.16)
by using the formula obtained for L, in Lemma 3.5.

Theorem 3.7 The reduced system (3.16) expressed in terms of the basis {e}, e2, e3} has the
following form

dot(t) _o,

(“”)
y(@®)

a(t) (3.17)

(x(t)) ,
y()

x(1) ~ ~ ~
(y(t)) + (H2+ Hy + R,)

_ 0 x|,
MC_|:—a)k 0:|7

where
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he map Hy :R3 - R?is defined by

i (3| = 1o @y [ CroT0| 7 | RE e
H =x2(a,x,y dn Im dA(ag,iwy) ’
y dxr
in which
_ 2 ~ 2xB(n(axx) —2) 2
Xz(a5x7y):_ ox 2
o [1 = In (e x)] [1—1In(axx)]
the map H; :R® > R% s defined by
(TN 2 o |48 i |2 [ Re (426
3 ) = X3 y dn Im (dA(%,iwk)) ’
in which
x3 (@, x,y)
200 4B (In(axx) —2)x oo
_ (_7 L « |2 =y?) / y (@)Reyn (@) da
arx 1 —1In(agyx) 0

+00 +oo
+ (x* +y?) / y (@) Y23 (@)da + 2xy / y (@) Imyn 3 (a)da
0 0
+0o0 +o00
v [y @Repa@da+ 2@y [y @ty <a>da]
0 0
1 2
+— x4+ bx Sax’
()™ (1 = 1In(ox %)) ar (1 —In(agx))
42 (—=In (e x) +3) x* 3.
3(1—1In(axx))?
and the remainder term i?\c ect (IR3, Rz) satisfies

()= IO O IC). o

Proof We firstly prove that the reduced system (3.16) expressed in terms of the basis
{e1, ea, e3} has the following form

da)
dt

()
dr \ y(®)

where the map H> : R? — R2 is defined by

2
+a

‘+a2

= 0,
a(t) (3.19)

(x(t)) .
y(1)
-2 | Re dA(filik):iwk)

dA(ay,ioy)
Im (715 & )

. x(1) ~ ~ o~
= M. (y(t)) + (H2+ Hs + R,)

o~

Hy (3.20)

dxr

<~ = R)

_ IZ ‘dA (o, i)

with

. G [t 1 —2) ([ ’
7= y(a)l/f(a)daJrM(/ y(a)llf(a)da)
ax Jo 2x 0
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and

+o00
/O v (@) ¥ (a)da

2x
= X— +
1 —In(axx)

—+00 —+o00
+2@2+ﬁ)4 ;wmwzumda+mWA y (@ Imyn.2 (@) da

+oo
2 (x% - yz)/o y (@)Reyn s (a) da

+00 +oo
+ 467)(/ y (@)Reyr 2 (a)da + 467y/ y (@) Imy 2 (a) da.
0 0

The map Hs : R® — R2 is defined by

H o _~|dA (o, i) —2| Re W .
3 ))C] =v an Im W) , (3.21)
where
_ 1 ) e »
W= 2 @x + Bx 2ax2+ B2 (—1In(akx) + 3))( 5
(@)™ (1~ 1n (o)) o (1 —In (axx)) 3(1 —1In(oxx))

By using the Taylor’s expansion of W around 0, the reduced system (3.16) can be rewritten
as follows:

da
a0 _,
dt
dy(t)
dt

’

Lo al(t) g
5D W(0) ((1+G2) (yc(t)))

LIP an \\ ~(mn)
+ 3!l'ICD W (0) ((I + G»p) (yc(l))) + R, ve) )

= Bozk|ﬁ(.(X)yc(t) +

Set

0 0 _ .
Ve = (xbl I yb2) = (x (e,(ﬂ+iwk), + ef(ufiwk).) +y (ef(ﬂ‘Hwk)‘?e*(”*la)k)») ) .

Since we consider {e1, e, €3} as the basis for X, = R (I1,), i.e., {(0), (0)} is a basis of

by by
X, :=II. (X), we obtain that
0 Wy
M, = |:_wk 0 ] .

Now we compute ﬁg (X). We have

o~

o

(I +G»y) (y ) = dej +xex + yes + Ly (dey + xey + ye3, dey + xex + yes)
c

= Gey +xex + yes +@°Lo (e, e1) + x2 L (e2, 2) + y* Lo (e3, €3)
+20xLo (e1, e2) + 20yLs (eq, €3) + 2xyLy (e2, €3) .
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By Lemma 3.5, it follows that

(1)

G @ =x (e " gty 1y (

+2(x2 =y Re (Y22 (@) +2 (¥ + ¥?) ¥23 (@)
+4@xRe (V1,2 (@) + 4ayIm (Y12 (@) + 4xyIm (Y22 (@) . (3.22)

By (3.6) we deduce that

0

v

e (o) sz () ()
e ((3)- (3 - s ) - 6)

_ G [+oo 1 —2) [+ ?
7=- y(a)w(a)daJrM(/ y(a)llf(a)da)
akx Jo 2x 0

e~ tiopa _ ,—(u—iwp)a
i

a
—DZW(O) (
Uy )

with

+0o0
/O vy (@) ¥ (a)da

2x
=X
1 —1In(agyx)

+00 +oo
+2(x? 4+ y7) /0 Y (@) Y23 (@) da + 4xy /0 y (@)Imyr  (a) da

+00
+2 (x> —y?) /0 y (@) Reyn (a) da

+00 +0oo
+ 4&x/ y (@) Reyr) o (a) da + 45?)// y (@) Imy 2 (a) da.
0 0

By projecting on X, and using Lemma 3.1 and the same identification as above, we obtain

La.p2wo (7 + 69 a) 2—~ﬁ !
T ( ’ (yc ) = (0)

- |dA (@, iop) [ | 0 | .
Re (dA((Zk):zwk)) by +1Im (dA(o;,;mk)) by |

=v d

and (3.20) follows. Set

+
P-‘\H
f—'—«

~ 3 ~\3
A D*W) ((1+G2)( )) —D3W(0>(°‘) ]
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Then by (3.22) and (3.7), we deduce that the remainder term satisfies the order condition

~

o

3
(3.18). Thus, it only remains to compute %D3 W (0) (y ) . In order to compute ﬁg (&),

c
we consider

—~1\ 3
D3W(0)(“)

¢
d§&+ak
da

=3aD*H (fak) (Yes ye) +6 (a)z D’H (Eotk) (ym

)

_ _ d*vg _
+3 (05)2 O‘szH (Uozk) ()’ca i“f(zxk ) + akD3H (Uotk) (Yes Yes Ye)
d (@) lg=0
. _ dvg
+3aa D> H (Uozk) (yc, Yes i
da  |g—9
dvg dvg
3@ wDH (3 itz I Ca . :
AR (Fs) (yc da  |g—o da |g

Using the same notation as above for y. and after some computation, we deduce that

1 a\’ (v
T W(O)(yc) _(0)
with

~ 1 Foo _ = 2xx 2 3@)? 2xx
_Lo
V=gt (/0 Y (@) (“)d“)(3“(1—1n(akx)) T wp To @
1 +oo _ 2x X 3
Lo
+ 6h (/0 v (a) Uy, (a)da) X |:ozk (l _— (Olk)())
3a 2xx 2 3@?  2xyx
T (1—1n<akx)) s 1—1n<akx>}
= 3 1 a2x+ ZIBX >
()™ (1 —1In(ox %)) ap (1 —1In (o x))

4B% (—In (o) +3) x2x3
3(1 —1In(axx))? '

(1
wnc(o)

ax?

By Lemma 3.1, we obtain

1~ ~\3
aHCD3W(0) (“ )

c

_ o |dA @ ion | 2] 0 ' ,
= w T Re (dA(O:ik):lwk)) bl +1Im (dA((Zik):lwk)) b2
and (3.21) follows. Moreover, (3.19) can be rewritten as (3.17). ]

From Theorem 3.7, dropping the auxiliary equation for the parameter, we obtain the
following equations
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()
t \y(@®)

. x(1)
= Me (y(r))

d
dA (o, iwg) |~ Re ( A(ak o
+X2(a X, )’) dn Im (dA(Otk i)
dA (o, iwg)
X3 Y )\ IIIl (dA(ak twk))
o
+ R x ], (3.23)
y

where M., 2 (@, x,y), x3 (@, x, y)and I?C are defined in Theorem 3.7 and & is the parameter
here.

3.3 Direction and Stability of Hopf Bifurcation

We now study the direction of the Hopf bifurcation and the stability of the bifurcating periodic
solutions following the Hopf bifurcation theorem presented in Hassard et al. [13, p. 16]. We
first make some preliminary remarks. Rewrite system (3.23) as follows

X _p (X, ) (3.24)

— = , ), .

dt
where the equilibrium point is X = 0 € R? and the critical value of the bifurcation parameter
o is 0. Since the equilibrium solutions belong to the center mainfold, we have for each ||
small enough that

F(0,@) =0.

Notice that 9y F (0, @) is unknown whenever @ # 0. The system (3.23) only provides an
approximation of order 2 for d, F (0, @) with respect to &@. Nevertheless by using Magal and
Ruan [25, Proposition 4.22], we know that the eigenvalues A (@) of 9, F (0, @) are the roots
of the original characteristic equation

+00 0o
1= n(a)/ y(@e WM & 1 =n@+ ak)/ y (@) e WHagg  (3.25)
0 0

with
" 1—1In (oc f0+°° v (a) e‘““da) 1 —1In (ax)
no) = = s
0+OO y (a) e H4da X
and
A0) = Fawgi.

The implicit function theorem implies that the characteristic equation has a unique pair of
complex conjugate roots A(@), A(@) close to iwy, —iwy for @ in a neighborhood of 0. Here
A@) = a(@) +ib(@),a(0) = 0and ib(0) = iwy (Where w; > 0 are provided by Proposition
2.3 for k € N). From (3.25), we have

. +eo AG ~ e A dr (@)
n @ + ak)/ y (@) e WH@ag, _ p(@+ ak)/ ay (a) e~ Mg 5 = =0
0 0 o
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and

+00 +00
/ ay (a)e”WHMagq = / aa—1)' e Wthagq
0 T

+00 +oo
= / (a—7)"Tle Wthagq 4 r/ (a—1) e Mgy
T T
e~ T e~ T

+ tn!
(c+r+mpw)rt? (s +r+p)t!
n+1) e~ T
= | T I’l‘
[(g +r+0) ]

=(n+1)

(s A+
1 +oo
= [7@ + 1D + r] / y (@) e~ WHhagg,
0

(s +4+m)
Thus n+ 1) D@
I~ ~ n o)
n(a+ak)—n<a+ak)[(g+“m r} = =0
and
i) _ ' () [ (n+1) TT _ ) (s tiegtp)
da n(ax) L(s+iox+p) n() (n+1)+7 (s +iog + )

_ ) (S +io+ w4+ D) +7(s+ )] —itay]
n (k) [+ 1) +7(c+m*+ 12}

#(0) = Re n’(ak)[ (n+1) +t]‘1
n () L(s +iok+p)
B n’(ak)R [ (¢ +iwg + ) ]
V]

Conl) L+ D+T(c+iog+p)
It follows that

_ o X (c+wln+1)+71(s+wl+t0]
(n(aex) =11 [(n+ 1) +7(s+ Wl + 120}

' (0) > 0. (3.26)

Finally, the spectrum of 9, F (0, @) is
o 0 F 0.8) = 2@, 2@}

Using a procedure as in the proof of Kuznetsov [18, Lemma 3.3 on p. 92] and introducing a
complex variable z, we rewrite system (3.24) for sufficiently small || as a single equation:

z=r@)z+g(z, 2; @), (3.27)

where
3

_ PO . | I s
M@ = a@) +ib@, g 2@ = Y =gy @2'z +0(zl)
i+j=2 "
On can verify that system (3.24) satisfies
(1) F(0,@) = 0 for @ in an open interval containing 0, and 0 € R? is an isolated stationary

point of F';
(2) F(X, Q) is jointly CLT2(L > 2) in X and @ in a neighborhood of (0, 0) € R? x R;
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(3) A(@) = DxF(0,@) has a pair of complex conjugate eigenvalues A and X such that
A@) = a(@) + ib(@), where b(0) = wp > 0, a(0) =0, a’'(0) £0,

then by Hassard et al. [13, Theorem II, p. 16], there existan &, > O and a CL+! _function

(5

ae) =Y ae? + 0", 0<e<e, (3.28)

1
such that for each ¢ € (0, g) system (3.24) has a family of periodic solutions P (¢) with
period T (&) occurring for @ = &(¢). The period T (¢) of P.(¢) isa C L+1 _function given by

14
2

Te)="—|1+> me? |+ 06", 0<e<e, (3.29)
1

Two of Floquet exponents of Pg(¢) approach 0 as ¢ | 0. One is O for ¢ € (0, ;) and the
other is a CL*! —function

(5]
k(g) = ZKZiszi + O(8L+l), 0<e<egp. (3.30)
1
Moreover, P.(t) is orbitally asymptotically stable with asymptotic phase if k(¢) < 0 and
unstable if K (g) > 0.
Next we need to compute the coefficients ap; and «7; in (3.28) and (3.30). If the Poincaré
normal form of (3.27) is
, [L/2] . -
E=2@E+ D c;@EET + 0l @MY =CE E @), (B3
j=1
where C (£, €, @) is CL*2 jointly in (£, &, @) in a neighborhood of 0 € C x C x R, then the

results in Hassard et al. [13, p. 32 and p. 44] imply that the periodic solution of period 7 (¢)
such that &(0, @) = ¢ of (3.31) has the form

£ = eexp2mit/T(e)] + O(e-+?),

where
T(e) = [ + Zr, } + 0kt (3.32)
and
L .
age) =Y @i’ + 0. (3.33)
1
Furthermore, the coefficients are given by the following formulae:
a; =0,
~ Rec(0)
= — ,
a'(0)
o3 =0,
. a”(0) &2
a0y = /(0) Recy (0) + otzRecl(O) + — > o |,
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71 =0,

-1 _
7 = — [Ime1 (0) + @b (0)].
wp

73 =0,
1 (0
y=—— [a’(om + 2( )a§ + Imc} (0)@ + Imc(0) — worg] :
wo
K1 = 0
k> = 2Recy (0),
where
i 1 (0)
a0 =5~ (gzo(o)gu(o) ~21guOF - 3 |goz(0)|2) + g212 : (3.34)

Applying the results in [13, pp. 45-51], we can change Eq. (3.27) into the Poincaré normal
form (3.31) by using the following transformation:

_ L+1 _J
= ED =6+ > By =0fori =+ 1,
i+j=2"""

To use the bifurcation formulae for «(¢),@(¢) and T(g), we need only to compute
c1(0), c’] (0), and ¢;(0). For sufficiently small ¢, if k; # 0, &> # 0, the stability of the
bifurcating periodic solutions and the direction of the Hopf bifurcation are determined by
the signs of ky and @.

By introducing a complex variable z = x + iy, when & = 0 the system (3.23) reduces to

: , aA @ ioo\ |
7= —iwrz(t) +[x2 (0,Re (z), Im (z)) + x3 (0, Re (z), Im (2))] — +h.o.t.

Set Z(¢) := z(7), then we obtain

z dA j -1
dz(t’ ) i) + 42 (0.Re ) . —Im () + x3 0. Re (3) . —Im ()] (7(0;’;’ ”"k))
+hout. (3.35)
where

2% (In (akx) —2)
[1—1In (o )]?
4B (n(akx) —2)  _

x3(0,Re (z), —Im (z)) = WRG (2)

x2(0,Re (2), —Im (7)) = (Re (2))?,

+oo

x [((Re @) - (Im (2))?) /0 y (@) Reyn s (a) da
+00

+ ((Re () + (Im (2))?) /0 y (@) Y23 (@) da

+oo
—2Re (z) Im (Z)/ y (@) Imyz (a)da]
0

4% (—1In (axx) +3) x>
3(1—In(ax))?

(Re (2))°,
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with
Bx (n(axx) —2)
Yo (a) = —Xz
2(1 —1In(axx))
dA (g, iop) e Uotma  gA (., —iawy) "' e (Tioktma
X dx iwi d Jiwg ,
+A (aka 21’&)]()71 e*(le[rF[L)a
Bx (n(axx) —2)
Vo3 (a) = PXRAK = 2

2(1 = In (g x))*
dA (ag, iwg) —le—lortwa g (o, —iwy) —1 o= (—iwptma

X di iwg di iwg
+ A (g, 0) e ra

Now by considering Eq. (3.35), we obtain that after some computations

811

_ xBn (@) —2) (dA <ak,iwk>)1
[1—1In (@) di. '

Moreover, we deduce that

820 = 811, 802 = 811,

ice+cf +be—ibf +3ae—i3a
g = XL TP ! (3.36)

where
_ 4B G—In (@)
301 —In (g )T

484 —2)[ [t e
4p (In (rx) = 2) [/ v (@)Res. (a) da +/ y (@) Y23 (a) da] :
1 —1In(arx) 0 0

48 —2 oo oo
b = M |:_/ y (a)Reyn s (a)da +/ y (@) Y23 (a) da] ,
1 —1In(aky) 0 0

_ 88(n(x) —2) [F

= — 1 d
¢ = In()  Jo y (@) Imyr > (a) da,
dA (o ion) |77 (dA (. iay)
e=|—| Re|———),
di dr
dA (ay,iag) |2 dA (ag, iwy)
f= |22 0y (SRR
di di

Hence, we obtain

. 1 O
a0 =5 (gzo(o)gu(o) ~2lgnOF - 5 Igoz(0)|2) + 10

and
. Rec(0)

O

1 ~
[Imc;(0) + @b (0)] .

k2 =2Rec1(0), 2 = ;71(

We summarize the above discussions into a theorem on the direction and stability of Hopf
bifurcation in the age structured model (1.1).
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Theorem 3.8 The direction of the Hopf bifurcation described in Theorem 2.4 is determined
by the sign of @y :ifdr > 0(<0), then the bifurcating periodic solutions exist fora > oy (o <
o). The bifurcating periodic solutions are stable (unstable) if ko < 0(>0). The period of
the bifurcating periodic solutions of the age structured model (1.1) increases (decreases) if
7 > 0(<0).

We would like to mention that though normal forms have been developed for some partial
differential equations by Kokubu [16] and Eckmann et al. [9], but their results are for parabolic
equations and do not apply to our age structured model (1.1) which is a hyperbolic equation.
The normal form theory developed in Liu et al. [21] is for general abstract semilinear equations
with non-dense domain which can be applied to several types of equations. In this paper, we
have applied the theory to study the normal form of a class of hyperbolic partial differential
equations. We believe that this normal form theory can be applied to some other types of
equations including delay differential equations (Faria and Magalhdes [10,11]), transport
equations (Perthame [29]), reaction—diffusion equations (Kokubu [16], Eckmann et al. [9]),
and partial differential equations with delay (Ducrot et al. [8]).
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