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NORMALITY AND REPELLING PERIODIC POINTS

JIANMING CHANG AND LAWRENCE ZALCMAN

ABSTRACT. Let k& > 3(> 2) be an integer and F be a family of functions
meromorphic in a domain D C C, all of whose poles have multiplicity at least
2 (at least 3). If in D each f € F has neither repelling fixed points nor repelling
periodic points of period k, then F is a normal family in D. Examples are
given to show that the conditions on poles are necessary and sharp.

1. INTRODUCTION AND MAIN RESULTS

A family F of meromorphic functions defined in a plane domain D C C is said to
be normal in D if each sequence { f,} C F contains a subsequence which converges
spherically locally uniformly in D to a meromorphic function or oo; see [16} 20} [24].

In recent years, there have been many interesting results on normal families of
holomorphic or meromorphic functions defined by conditions on fixed points or
periodic points. This subject starts from a problem of L. Yang [23, Problem 8§].
To state this problem and related results, we require the following notation and
definitions.

Let f: D — C be a meromorphic function. Then the iterates f™ : D, — C of
f are defined inductively by D; = D, f! = f and

Dy=fDu)={z€D: f(z)€Dur}, ["=f""of for n22.

Note that D,,11 C D,, C D for all n € N. See [2] B} [T, 14} [15].

Let zp € D. If there exists a smallest integer p € N such that zg € D, fP(2) =
zp, then zy is said to be a periodic point of period p of f and the corresponding
cycle {20, f(20),+ -, fP"1(20)} is said to be a periodic cycle of period p of f in D.
A periodic point of period 1 is said to be a fixed point. Define the multiplier of
the periodic point zo (and the corresponding cycle) by A = (fP)(20). According to
|A| <1, |A] = 1, or |A] > 1, the periodic point zp (and the corresponding cycle) is
said to be attracting, neutral, or repelling. If |A\| = 1, then according to whether
there is some integer m such that (A)™ = 1 or not, z is said to be rationally neutral
or irrationally neutral. A fixed point which is either repelling or has multiplier 1 is
said to be weakly repelling; see [2] Bl [\ [7, [8, 14 22].
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5722 JIANMING CHANG AND LAWRENCE ZALCMAN

The problem of Yang mentioned above can be stated as follows.

Problem 1. Let F be a family of entire functions and D C C be a domain. If
there exists an integer k > 2 such that each f € F and its k-th iterate f* has no
fixed points in D, must F be normal in D?

Essén and Wu [14} [I5] answered Problem 1 affirmatively with the following more
general result.

Theorem A. Let F be a family of functions holomorphic in D. If for each f € F
there exists an integer k = k(f) > 2 such that the k-th iterate f* has no repelling
fized points in D, then F is normal in D.

The following result [10] is a generalization of Theorem A, in which only the fixed
points and the periodic points of period k of f € F are considered. We remark
that every periodic point of period j of f with j a divisor of k is a fixed point of
the k-th iterate f*, and vice versa.

Theorem B. Let K < oo be a positive number, D C C be a domain, and F be a
family of functions holomorphic in D. If for every f € F, |(f)' (n)| < K for every
fized point i of f in D and there exists a positive integer k = k(f) such that f has
no repelling periodic points of period k in D, then F is normal in D, provided that
one of the following conditions holds:

(a) K<3andk>2forall feF;

(b) K <2V2+41 and k>3 for all f € F;

(¢) K<ooandk>4 foralfeF.

Thus it is natural to study the following problem for families of meromorphic
functions [11].

Problem 2. Let F be a family of functions meromorphic in a domain D C C. If
there exists an integer & > 2 such that for each f € F the k-th iterate f* has no
repelling fixed points in D, must F be normal in D?

The family {1/(nz)}, which is not normal at z = 0, shows that the answer to
Problem 2 is negative [I1, Example 1]. However, we have proved the following
result [I3, Theorem 2].

Theorem C. Let F be a family of functions meromorphic in a domain D C C
and 6 < 1 be a positive number. If there exists an integer k > 2 such that for each
[ € F all the fized points n € D of the k-th iterate f* satisfy |(f*) (n)] < 8, then
F is normal in D.

The condition in Theorem C, that the fixed points of f* for all f € F are
uniformly attracting, is necessary and cannot be replaced by assuming that the
fixed points of f* for all f € F are attracting [13, Theorem 1].

Here, we continue to study Problem 2. We show that under some appropriate
additional conditions, the answer to Problem 2 is positive.

Theorem 1. Let k > 3 be an integer and F be a family of meromorphic functions
in D such that each function in F has neither repelling fized points nor repelling
periodic points of period k in D. If for each f € F there exists a constant a =
a(f) € C\ D such that all a-points of f in D have multiplicity at least 2, then F is
normal in D.
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Since oo € C \ D, we have the following corollary.

Corollary 2. Letk > 3 be an integer and F be a family of meromorphic functions
in D such that each function in F has neither repelling fized points nor repelling
periodic points of period k in D. If for each f € F all poles of f in D have
multiplicity at least 2, then F is normal in D.

The example {1/(nz)} shows that the condition on the poles is necessary in
Corollary 2 and that the constants a cannot be in D in Theorem 1 as 1/(nz) # 0
for all n. The following example shows that Corollary 2 (and Theorem 1) does not
hold for k = 2.

Example 1. Let

z 2
F = {fn(z)zg_'_?)nTZQ : n=1,2,3,~-~}.

Then each f,, has a single double pole and has neither repelling fixed points nor

(repelling) periodic points of period 2 in C, since

B 2(z3 —1/n3) 2, N 8(23 —1/n3)3
fu(z) =2 — T 3,2 fa(z) =2z— m

However, we have f,,(0) = oo and f,(1/n) = 1/n — 0 as n — oco. It follows that
the family F = {f,} is not equi-continuous. Hence F is not normal at z = 0.

For k = 2, we have

Theorem 3. Let F be a family of meromorphic functions in D such that for each
function f € F, f? has no repelling fized points in D. If for every f € F there
exists a constant a = a(f) € C\ D such that all a-points of f in D have multiplicity
at least 3, then F is normal in D.

Corollary 4. Let F be a family of meromorphic functions in D such that for each
function f € F, f? has no repelling fized points in D. If for every f € F all poles
of f in D have multiplicity at least 3, then F is normal in D.

We also have the following result which is a generalization of Theorem C.

Theorem 5. Let k > 2 be an integer and F a family of functions meromorphic
in D C C having no repelling periodic points of period k in D. If there exists a
positive number 6 < 1 such that for each f € F, |f'(2)| < § whenever z is a fized
point of f in D, then F is normal in D.

The plan of this paper is as follows. In Section 2, we state and prove a number
of auxiliary results, some of which are of independent interest. In Section 3, we
give the proofs of theorems.

2. AUXILIARY RESULTS

In this section, we state some known results and prove the main lemmas that
are required in the proofs of our results.

Lemma 1 ([3, Theorem 5]). Let f be a transcendental meromorphic function and
k > 2 a positive integer. Then f has infinitely many repelling periodic points of
period k in C.
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5724 JIANMING CHANG AND LAWRENCE ZALCMAN

This result, which answers a problem of Baker, does not hold for rational func-
tions of degree at least 2. Baker [I] proved that there are rational functions of
degree at least 2 which have no periodic point of period k¥ = 2 or k = 3. For
rational functions, we proved

Lemma 2 ([12, Theorem 2]). Let R be a rational function of degree d > 2 and let
k > 2 be an integer. Denote by N,,(k) the number of repelling periodic points of
period k of R. Then
Nyp(k) > db = Y~ d/ —4k(d - 1).
jlk,j<k
As a corollary to Lemma 2, we have
Lemma 3. Let R be a rational function of degree > 2 and let k > 5 be an integer.

Then R has at least two repelling periodic cycles of period k, and hence at least one
of them lies in C.

Proof. Suppose that R has at most one repelling periodic cycle of period k. Then
N,p,(k) < k. Thus, by Lemma 2,

(1) feld):=d* = > & —4k(d—-1) -k <0.

Jlk,j<k

Let m be the largest integer less than k that divides k. Then m < k/2. Note that
k>5and d > 2, so that d*/2 —1 > d?> —1>3(d — 1) > 3. Thus

> & +4Ak(d—1)+ k<Y d +5k(d—1)

Jlk,i<k j=1
< 3115k (dk/2 1) < 31kdk/2
so that
31K\ /"
2 —_— .
@) i< (%)

Let ¢(z) = (312/15)%/*. Then for = > 2,

/x
oy = 2 (32 3l
qﬁ(z)_xQ T — log 15 <0.

Thus ¢(z) is decreasing for > 2. It follows from (2) that d < ¢(k) < ¢(5) =
(31 x 5/15)%/%> < 3. Moreover, if k > 9, then d < ¢(k) < ¢(9) = (31 x 9/15)%/° < 2.
Hence d = 2 and 5 < k < 8. However, by direct calculations we have f5(2) = 5,
f6(2) =20, f7(2) =91, fs(2) = 194. This contradicts (1). The lemma is proved.

It is interesting that Lemma 3 does not hold for k£ < 4.

Example 2 ([I, Example 1]). Let

(—24+v214)(322 +2 — 2v/29)
6z ’

R(z)=z+
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Then
3zt + 422 +4
R*(2) =z — ~———-"—— and
(2) =2 322 12) an
RY(2) = (324 + 422 +4)(2* + 422 — 4)3

T 42(22 +2)(22 4+ 22 + 2) (22 — 22 4+ 2)(2® 4 826 + 402 + 3222 + 16)
Thus R has no repelling periodic cycle of period 4.

However, for k < 4 we have the following four results, which are proved below.

Lemma 4. Let R be a rational function of degree at least 2. Then R has either a
repelling fived point in C or a repelling periodic cycle of period 4 in C.

Lemma 5. Let R be a rational function of degree at least 2. Then R has either a
repelling fized point in C or a repelling periodic cycle of period 3 in C, unless R is
affinely conjugate to one of the functions

322 N (—=3+V3i)z(z—1)
— Z
2(z—1)’ 2(22 —1)

c(z — 20)?[20(2 — 20) + 1]

czo(z —20)2 + (c+ 20+ 1)(2 — 20) + 1’
where the constants c, 2o satisfy ¢ +3c+3 =0 and 23 + (4c+6)2% + 2cz9 —2 = 0.

z— , or

Here and in the sequel, for two rational functions U and V', we say that U is
affinely conjugate to V if there exist constants a(# 0) and b such that aU(z) + b =
V(az +b); see [1].

Lemma 6. Let R be a rational function of degree at least 2 such that R has no pole
with multiplicity < 2. Then R has either a repelling fized point in C or a repelling
periodic cycle of period 2 in C.

Lemma 7. Let R be a rational function of degree at least 2 such that R has no
fizxed point in C with multiplier 1 or —1. Then R has either a repelling fixed point
in C or a repelling periodic cycle of period 2 in C.

To prove Lemmas 4-7, we require the following results (Lemmas 8-15) from
complex dynamics.

Lemma 8 ([I7, Corollary 12.7]; cf. [2I, Lemma 25]). Let R be a rational function
of degree > 2. Then R has a weakly repelling fized point in C.

Now let {20, R(20), -+, RP"1(29)} be an attracting periodic cycle of period p
of R. Then the Fatou set of R has p components U; (0 < j < p — 1) such that
RI(z9) € U; and R™(z) — R’(z) in U; as n — oo. The union U?;é U; is
called the immediate basin of attraction associated to the attracting periodic cycle
{20, R(20), -+, RP"1(20)}; see [8 p. 58].

Lemma 9 ([8 p. 59, Theorem 2.2]). The immediate basin of attraction associated
to an attracting periodic cycle contains at least one critical point.

Here and in the sequel, a point zg € C is called a critical point of R (of multiplicity
p) if zo is a zero of R’ (of multiplicity p) or a multiple pole of R (of multiplicity
p+1); oo is a critical point of R (of multiplicity p) if 0 is a critical point of g (of
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5726 JIANMING CHANG AND LAWRENCE ZALCMAN

multiplicity p), where g(z) = R(1/z). A useful fact is that a rational function of
degree d > 2 has at most 2d — 2 critical points counting multiplicity; see [8 p. 54].

Now let {2z, R(20), -, RF"!(20)} C C be a rationally neutral cycle of period p.
Then there exists a smallest integer m > 1 such that [(RP)'(z0)]™ = 1. Hence there
exists a constant ¢ # 0 and a positive integer k such that near zg

(3) RP™(2) = z 4 ¢(z — 20)*™ 1 + o(1)];
see [8, p. 41] and [6, p. 8]. Furthermore, for any n € N,
(4) R"™™(2) = z + ne(z — 20) 1 + o(1)).

According to the Leau-Fatou petal theorem (see [22, p. 75], the Flower Theorem),
for each 0 < j < p—1, the Fatou set of R has km components U; ; (1 <i < km)such
that R7(z) € OU;;; in Uj;, R™(2) — R7(29), (n — 00). These U, ; are called Leau
domains or attracting petals. They can be divided into k£ groups, where each group
G has pm Leau domains such that R(G) = G. That is, each group G can be written
as G ={R/(U), 0<j <pm—1}(RP™(U) = U). The group G is called a cycle of
Leau domains associated to the rationally neutral cycle {zg, R(z0), -+, RP~1(20)}.
The union U?:O_l RI(U) is called the immediate basin of attraction associated to a
rationally neutral cycle {29, R(20),- -+, RP"1(20)}. See [6, p. 8], [8, p. 60] and [22,
pp. 72-77].

By conjugation, one can define the cycles of Leau domains or immediate basins
of attraction associated to a rationally neutral cycle of period p containing oo.

Lemma 10 ([8, p. 60, Theorem 2.3]). Each immediate basin of attraction associ-
ated to a rationally neutral periodic cycle contains a critical point.

The relation between critical points and irrationally neutral periodic cycles is
more complicated. Using quasi-conformal surgery, Shishikura [2I, Proposition 1]
proved that for a rational function R of degree d > 2, the number of critical points
(ignoring multiplicity) of R contained in the Fatou set but not in the inverse images
of Herman rings plus the number of irrationally neutral periodic cycles of R does
not exceed the number of critical points (ignoring multiplicity) of R. As a corollary,
we have

Lemma 11 ([2I, Proposition 1]). For a rational function R of degree d > 2, the
number of critical points (ignoring multiplicity) of R contained in the immediate
basins of attraction associated to the attracting periodic cycles and rationally neutral
cycles plus the number of irrationally neutral periodic cycles of R does not exceed
the number of critical points (ignoring multiplicity) of R, and hence is at most
2d — 2.

By Lemmas 9-11, we have

Lemma 12 (21} Corollary 1]). Let R be a rational function of degree > 2. Then
R has at most 2d — 2 non-repelling periodic cycles.

Lemma 13 ([I2, Lemma 4]). Let R be a rational function of degree d > 2 such
that oo is a weakly repelling fized point of R. Then R has the form

Q(z)

P(z)’

where ¢ # 0 is a constant and P, @ are co-prime monic polynomials with degrees p
and q, respectively, such that ¢ <p+1=d and that 0 < [c+1| <1 wheng=p+1.

(5) R(z)=z+c
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Furthermore, for k > 2,
) Qr(2)

Pr(2)
with constant ¢, # 0 and co-prime monic polynomials Py, and Qy, satisfying deg(Qy)
=q+ @+ = (p+1)
Remark 1. When g < p, oo is a fixpoint with multiplier 1, and near z = 0,

1

(7) 6]

z

(6) RF(z)=z+4c¢

=2z — 2P+ o(1)].

It follows that there are p— ¢+ 1 cycles of Leau domains (each cycle consists of one
Leau domain) associated to the fixed point oo, so that by Lemma 11 there are at
least p — ¢ + 1 critical points associated to the fixed point oc.

The following lemma follows from the proof of Lemma 2; cf. the proof of Theorem
2 in [12].

Lemma 14. Let R be a rational function of degree d > 2 of the form (1) with
constant ¢ # 0 and co-prime monic polynomials P, @Q satisfying the properties
stated in Lemma 13. Then the polynomial Qi in Lemma 13 has the following

representation:
V(.k.>+1
m; gt n;
® & =1I{II| Il -0 I | IIGE-0f¢
Jlk | =1 | CeTy i=m;+1 [C€L;;

so that by Lemma 13,

m;
. (k )
9) g+ p+ D) =+ =3 >+ n,.
ik i=1 ilk
Here T'j ;(C C) are the periodic cycles of period j, n; > 0 and m; > 0 are the
number of periodic cycles of period j contained in C and the number of non-repelling
periodic cycles of period j contained in C, respectively, and I/j(-,ki)

Remark 2. By (3) and (4), for kq|ke, if 1/;”21) > 0, then 1/;”2.2) = VJ(.i.l).

> 0 are integers.

Remark 3. By Lemmas 9 and 10 (see the proof of Theorem 2 in [12]),
m;
(10) SN ) <k
jlk =1

where N/ is the number of critical points of R (ignoring multiplicity) which lie in
the Leau domains associated to the rationally neutral periodic cycles (of periods
Jjlk) contained in C.

Remark 4. Let k > 2 be a prime integer and set
I={i: yg? =0}, L1 ={iel: Ty, isirrationally neutral},
(11) J={i: V,(fi) =0}, J1={ieJ: Iy, is irrationally neutral}.

Denote by N/ the number of critical points of R (ignoring multiplicity) which
lie in the the immediate basins of attraction associated to the attracting periodic
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cycles (of periods j|k) contained in C, by N, the number of critical points of R
(ignoring multiplicity) in C = CU {00}, and by n4, the number of critical points of
R (ignoring multiplicity) which lie in the Leau domains associated to the rationally
neutral fixed point co. By Remark 1, we see that for ¢ = p + 1, ny, = 0, while for
¢<Pp; N =>p—q+1L

Then by Lemma 9 and Lemma 10, we have

12 Y 1+ Y 1+Zu 3 u§’?+§u,§’fggjvg+]vg,
=1

1€I\Iy i€J\J1 1<i§m1,uil1?—0

and by Lemma 11,

(13) Ni+ N o+ 14+ Y 1< N
i€l i€y
Note that
mi
y 1 .

(14) m SZHZ:&B S S DI

i€l i=1 1gi§m1,V§,12:0
(15) me <Y 43w

ieJ i=1

Thus, by (12)—(15),

my + mg
mi
1, 1
SZNFZ“FZU“JFE > uu+z
el icJ i=1 1SiSm1,V§‘Ii):O
(16) SNC — Noo,
and by (9)
ma
(17) g=ni+ Z”&)v
ma
(18) g+ p+1) —p+ D) =+ > vt +kny, —i—kZuk
=1 =1
Thus
(19) P+ 1 = (p+1) = kny + Z V“—i—kZuk

1<i<m vt =0
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Hence by (16)—(19),

1

e+ 1D = (p+1)]

=nj + % Z l/1 Z ; Z)

1<i<my v =0

s

=(n1 —mq) + (ng — mg) — <n1+ZV )—l—ml—l—mk

mi
1y, 1 k k
(20) DD DR s Z vy
i=1 i=1

1<z<m1, M=o
(21) <(n1 —mq)+ (ng —mg) — ¢+ 2(Ne — neo —(Zl—!—Zl)
i€l i€J
(22) <(n1 —mq) + (np —mg) — ¢+ 2(Ne — neo).

Lemma 15 ([I5, Theorem 4]). Let P be a polynomial of degree > 2. Then for any
integer k > 2, P* has at least one repelling fized point in C.

Remark 5. By Lemma 15, for k = 2 or 3, every polynomial P of degree > 2 either
has at least one repelling fixed point in C or at least one repelling periodic cycle of
period k in C. Indeed, this claim holds for all k£ > 2; see [9].

We now give the proofs of Lemmas 4-7 as follows.

Proof of Lemma 4. Suppose that the lemma does not hold, that is, R has neither
repelling fixed points in C nor repelling periodic cycles of period 4 in C. We consider
two cases.

Case 1. oo is a repelling fixed point of R. Then by assumption, n; = my, ng = my,
and R has the form (5) withg=p+1=dand 0 < |c+ 1| < 1.

Thus, by Lemma, 14,

mi
(23) p+l=mi+Y 1),

mi mo

(24) (p+1)% =my + Z y(2) +2ng + 2 Z Vé?,
i=1 i=1

(25) (p+ 1" =mi + > Y + 20y +2Zu(4)+4m +4Z”4w
i=1 i=1

y (24) and (25),

mo

4) an

mi

Z 11—1—221/5?—1— (p+1)*—(p+1)? —4m4—|—ZV1 +2ZV(4 —1—421/4
i=1 i=1

and by Lemma 12,
(27) m1 + mo + my < 2p.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



5730 JIANMING CHANG AND LAWRENCE ZALCMAN

By (10),
ma mo may
(28) STt 23w 14> i) < sp.
i=1 i=1 i=1
Thus, by (26)—(28),
my
(29) Ay +ma) + Y v +22y(2 +(p+1)* = (p+1)? < 16p.
i=1
By (23) and the fact that Vﬁ») > u&) (1 <i<my), we have
mi mi
) 3502 3 a3 <1

By (23), my > 1. Thus by (29), (30) and the facts that mgs > 0 and VQ(?Z-) >0,

(31) (p+1)" = (p+1)2 — 15(p+ 1)+ 19 < 0.
This is impossible.

Case 2. oo is not a repelling fixed point of R. Then R has no repelling fixed point
and by Lemma 8, R has a fixed point zy € C with multiplier 1. Let 7" be a linear
transformation such that T'(zg) = oo and T(c0) = zg. Then the rational function
R =ToRoT ! has a fixed point co with multiplier 1, has no repelling fixed points,
and has at most one repelling periodic cycle of period 4 contained in C, since R has
no repelling periodic cycles of period 4 contained in C.

Thus we may assume that oo is a fixed point of R with multiplier 1, so that R
has the form (5) with ¢ < p and d = p + 1, and by assumption, n; — m; = 0,
0 S ng — My S 1.

Thus by Lemma 14,

my
(32) qg=mi+ Z VSZ.),
i=1

my
(33) q+(p+1)%—(p+1)=mi+ > i) +2ny +2Zy§22,
i=1 i=1

mq mo My
g+ p+1)' =+ 1) =mi+ > v +2my+2> ) +ang+4Y Y

i=1 i=1 i=1
(34) §m1+ZV(4)+2n +22V(4)+4m4—|—1 —|—4Zl/41.
i i=1
By (33) and (34),
(35)
mi mo my
Zu +2Z ) = (p+1)? < Alma+ 1)+ Y D423 Ul 14> 0,
i=1 i=1 i=1
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By Lemma 12, mi + mo + my < 2p — 1, since oo is a fixed point with multiplier
1. By Remark 1 of Lemma 13, N/ < 2p — (p—q¢+ 1) = p+ q— 1. Thus, by (10)
and (35),

(36) 4(my +my) +Zu +2Zu(2) T+ D) = (p+1)2<8p+4(p+q—1).
=1

It follows from (36) and ¢ < p that p = 1, ¢ = 1 and my; = 0. However, this
contradicts (32). Lemma 4 is proved.

Proof of Lemma 5. Suppose that the lemma does not hold, that is, R has neither
repelling fixed points in C nor repelling periodic cycles of period 3 in C. Next we
consider five cases.

Case 1. oo is a repelling fixed point of R. Then by assumption, n; —m; = ng—mg =
0 and R has the form (5) withg=p+1=dand 0 < |c+ 1| < 1.
Thus, by Lemma 14,

mq

(37) p+1=m+ Z V&),
i=1
(38) (p+1)3 —ml—l—ZV + 3ms —0—321/31.

i=1 i=1
By Lemmas 9-11 and (16),

mi + ms
SZHZHEV{}ZH% S WY ZVS
el del =l 1<i<mavi!)=0
(39) <2p.

Thus, by (37)-(39),

S+ 1)~ (p 1)

ms3

_m3+m1—<m1+21/u>+zy11+— Z V11+Zy(3)

1<i<my v’} =0
(40) <4p—(p+1)=3p—1.
It follows that p = 1, m; + mg = 2. By (37), 1 <m; < p+1 =2, so that either
mi1 =m3g =1or m; =2 and mg = 0.
If m; = ms = 1, then by (40), V%ll) = V£31) 1 and Vél) = 1. Thus
P(z) =z—a, Q(2) = (2 —b)?,
(41) Q3(2) = (2 = 0)*[(2 — 21)(2 — R(21)) (2 — B*(21))]?,
where a, b are distinct constants and {z1, R(z1), R*(21)} C C. By a suitable conju-
gation z — az + 3, we may assume ¢ = 1 and b = 0. Thus
2
z

R(z):z—l—cz_l.
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A computation shows that Q3(z) = 22 H(z), where

de+6 5 Sc+15 , 10¢% +52% + 96c+ 60 4
z 2% — z
(c+1)2 (c+1)3 (i24+3c+3)(c+1)*
9c? + 39c + 45 2 6c + 18 . 3
(24+3c+3)(c+1)* (c24+3c+3)(c+1)* (2 +3c+3)(c+1)*

H(z)=2%—

(42) +

It follows from Q3(z) = 2?H(z) and (41) with b = 0 that H is a square of a cubic
polynomial, say

H(z) = (2* + a2’ 4+ Bz + 7)?
(43) =284 2a2° 4+ (a? +28)2* + (27 + 2a8) 2% + (27 + %) 2% + 2872 + 42,
where «, 3, v are constants. Equating coefficients in (42) and (43) and solving the

equations obtained yields that ¢ = —3/2. Thus in this case, R is affinely conjugate
to the first function stated in Lemma 5.

If my = 2 and mg = 0, then by (40), u&) = y§12) =0 and 1/5‘31) = 1/5‘2 = 3. Thus

)

(44)  P(2)=z—a, Q(z) = (2 = bi)(z = ba), Q3(2) = (= = b1)*(z — b2)".
By a suitable conjugation z — az 4 3, we may assume b; = 1 and by = 0. Thus

R(z)=z+ cw7

zZ—a

with @ # 0,1. A computation shows that Q3(z) = z(z — 1)H(z), where

As A, Ay
H(z) — 26 5 4 3
e s  E A s Ll 7 o g T
A A A
(45) + 2 422— ! 17+ 0

(c2+3c+3)(c+1) (2 +3c+3)(c+1) (2 43¢+ 3)(c+ 1)
with
As =(4c+ 6)a + 3¢ + 4c,
Ay =(8c+ 15)a® + (10¢* + 17¢)a + 3¢® + 5¢2,
Az =(10¢® + 52¢* + 96¢ + 60)a® + (16¢* + 79¢ + 138¢% + 84c)a?
+ (8¢ + 38¢* 4 65¢® + 40c?)a + ® + 5¢° + 9¢ + 6¢3,
Ay =(9¢ + 39¢ + 45)a* + (15¢® + 60c? + 66¢)a’
+ (9¢* + 34¢% 4 36¢?)a® + (2¢° + Tct + 7¢)a,
Ay =(6c+18)a® + (9¢? + 24c)a* + (5¢ +12¢*)a® + (c* + 2¢%)a?,
Ao =3a° + 3ca® + 2a*.
From Q3(z) = z(z — 1)H(z) and (44) with b; = 1 and bs = 0, we obtain H =
23(z — 1)3. Tt follows from (45) that a = 1/2 and ¢ = (-3 4+ v/3i)/4. In this case,
R is affinely conjugate to the second function stated in Lemma 5.

Case 2. oo is a fixed point of R with multiplier 1, so that R has the form (5) with
q <pand d=p+1, and by assumption, n; = my, ng = ms.
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Thus, by Lemma 14,

(46) q=m1+ Z Vili)>
(47) g+ (p+1)° -+ _m1+zu + 3ms +3Zy3.
i=1

Thus, as above, we have

[(p+1)%—(p+1)]

=m3 +my — <m1 + Z 1/(1)> + Z 1/(1) Z z/ﬁ) + i z/éi)
i=1

1<z<m17 () =0

Wl

<2(2p —noo) — ¢
<p+q—2<3p—2.

This is impossible.

Case 3. oo is a fixed point of R but not a weakly repelling fixed point of R. Then
by Lemma 8 and the assumption that R has no repelling fixed points in C, R has
a fixed point zp € C with multiplier 1. Let

(48) d(z) =20 + .
Define
(49) R(z) = ¢~ o Rog(2).

Then oo is a fixed point of R with multiplier 1, so that R has the form (5) with
g <pandd=p+1, and by assumption, n; = m1, ng = mg, where n;(m;) denotes
the number of (non-repelling) periodic cycles of period j of R in C.

By Case 2, this is impossible.

Case 4. oo is a periodic point of R of period 3. Then by Lemma 8 and the
assumption that R has no repelling fixed points in C, R has a fixed point zg € C
with multiplier 1. Let ¢ be defined in (48) and R be defined in (49). Then oo is
a fixed point of R with multiplier 1, so that R has the form (5) with ¢ < p and
d = p+1, and by assumption, n; = mq, nzg < mg + 1, where n;(m;) denotes
the number of (non-repelling) periodic cycles of period j of R in C. By Case 2,
nsz = mg + 1. Therefore, zy is a repelling periodic point of R of period 3.
Thus, by applying Lemma 14 to ]A%, we have

(50) q m1+2y“,

(51) q+(p+1)3—(p+1):m1+zu‘3)+3(m +1) +3Zy(3).

=1 i=1
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Hence by (50), (51) and Remark 4,
(52)

[(p+1)° = (p+1)]
ms
T <m1 . zw) D WIEEIED S e
i=1

1<z‘§m1,u§f}_0
<1+42(2p—noc) —q—» 1-> 1
iel icJ

W =

<4+q—1<3p—1.

It follows that p =1, ¢ =1, m; =1, mg =0, 1/511) =0 and VH 3. Thus R has

the form
~ z+b
(53) R()—z—|—cz+a
where a, b are distinct constants, and
(54) FP() = 2+ 3?33( 2 ith Gs(2) = (2 4b)'(z — 1) (2 — R(z1) (= — B2(e1)),
3(<

where {21, R(z1), R*(21)} C C. By a suitable conjugation z — 72 + w, we may
assume a = 1 and b = 0. After some computation, we have

(55)
3 6 5 2 4 3 40 5 3
Q3(z) = 2 |2° 4+ (4e+6)2° + (5c® + 1Te+ 15)z" + | 2¢ —l—?c +28¢+20 | 2

7 1
+<§c3+1262—|—220+15>z + <3c + 42 —l—80—|—6>z—|—562—|—c+1]

This, with (54) (b = 0), shows that c? + 3¢+ 3 = 0, so that

_ —3+/3i

(56) ,

Computation then yields

(—18 + 6v/3i)2*[2% £ 2/3i2% + (=3 + V/3i)z — 2]
[224 4+ (=1 £3v/30)23 + 22 + 2][222 + (1 £V3i)z + 2] (2 + 1)
Since zg is a periodic point of R of period 3,
(57) 23 4+ 2V/3iz2 + (-3 4+ V3i)zp —2 = 0.
Thus by (48), (49) and (53) with a =1 and b =0,

1= c(z — 20)?[z0(z — 29) + 1

68 Re)=o 7 oRog(s) =2 - I WIS
where the constants c, zg satisfy ¢ +3c+3 = 0 and 2§ + (4c+6)23 + 2c20 —2 = 0.
Thus in this case, R is affinely conjugate to the third function stated in Lemma 5.

R¥(2) ==z

Case 5. oo is not a fixed point of R3. Then by the assumption that R has no
repelling fixed points in C and Lemma 8, R has a fixed point zg € C with multiplier
1. Then oo is a fixed point of the function R defined in (49) with multiplier 1, and
ni1 = my, ng = ms. By Case 2, this is impossible.
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Lemma 5 is proved.

Proof of Lemma 6. By Lemma 15, we may assume that R is not a polynomial.
Thus R has least one pole in C. By assumption, the multiplicity of this pole is at
least 3, and hence d = deg(R) > 3.

Now suppose that the lemma does not hold, that is, R has neither repelling fixed
points in C nor repelling periodic cycles of period 2 in C. We consider two cases.

Case 1. oo is a fixed point of R. We claim that d > 4 and that

5 4
(59) Ncgg(d—l) and Né+Né’§§(d—1).
In fact, we have
U(z)
R —

with d = deg(R) = u =deg(U) > deg(V)+1=v+1 and

t

V(z) =]~ 2)>

Jj=1
with s; > 3, so that v = _'_ s; > 3¢ > 3. Thus d > 4. Computation shows that
t t
[Tjmi (2 = 25)

Thus N, + N/ <u—-1+t<3(d—1)and No<u—1+¢t+t < 3(d—1). This
proves (59).

R'(z)

Case 1.1. oo is a repelling fixed point of R. Then by assumption, n; — m; =
ny —mz = 0 and R has the form (5) with¢g=p+1=dand 0 <|c+ 1] < 1. By

(59),
5
By Lemma 14,
my
(61) p+1=my+ Z V&),
i=1
mi m2
(62) (p+ 12 =m1+ > % +2ma+2> A7),
i=1 i=1
By Lemmas 9-11, (16) and (60),
mi + mg
mi 1 ma
IS ¥ SI¥S SPUENS SRS S
iel = i=1 1<i<my (D=0 i=1
)
64 <-=p.
(64) <3P
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Thus by (6

ma ma 1
09 —mem = (me 3] oS 3 e S
i=1 i=1

1<i<my,v{})=0

S%p (p+1)— <21+Z1>

i€l ieJ
7

<-p—1

_3p
It follows that p=3 and } ;.; 1+ > ;. ;1 =0. Thus d = 4, and by (63), (12) and
(59),

my
1 2

(66) m1+m2gzu§,}+§ > uu+zy()<4

i=1 1<i<my,v{!)=0
Thus by (61), (65) and (66), we get a contradiction: 6 < 8 — 4 = 4.

Case 1.2. oo is a fixed point of R with multiplier 1. Then by assumption, ny —m; =
ny —meo = 0 and R has the form (5) with ¢ < p, p+ 1 = d. We also have (60).
Thus, by Lemma 14,

my
(67) g=mi+ Y v},
miy
(68) g+ @+ = (p+1)=mi+ > {7 +2my +2Zu(2>
i=1 i=1

By Lemmas 9-11, (16) and (60),

mi + me
maq mo
w1
SR BRI v D DR vt Z
el ieJ =1 1Si§mlyl/§,1i)—0 =1
2
(69) sgp—(P—a+l)=gp+qg-1
Thus by (67)—(69), we have

(
S+ 17— (p 1)

=mg +my — <m1 + Z 1/(1)> + Z 1/(1) Z 1/}21) + i 1/572,»)
i=1

1<z<m1,() =0
<2 gp+q—1 —q— (> 1+> 1
T OA\3 ‘ <
el i€J
4 7
(70) Sgpta—2<gp-2.

It follows that p = 1 so that d = 2, a contradiction.
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Case 1.3. oo is a fixed point of R, but not a weakly repelling fixed point of R. Since
R has no repelling fixed point in C, by Lemma 8, R has a fixed point zg € C with
multiplier 1. Let

(1) #e) =0+ ——.
Define
(72) R(2) = ¢ Lo Ro¢(2).

Then oo is a fixed point of R with multiplier 1, so that R has the form (5) with
g < p and deg(R) = p+ 1, and by assumption, ny = mq, ng = mg, where n;(m;)
denotes the number of (non-repelling) periodic cycles of period j of R in C. By
(59),

(73) N, < gp.
Then, as in Case 1.2, we get (70), and hence p = 1 so that d = 2, a contradiction.

Case 2. oo is not a fixed point of R. We claim that

(74) N, < gd —2.
In fact, since oo is not a fixed point of R, R can be written as
U(z)
R =
(Z) c + V(Z) ’

where ¢ is a constant, u = deg(U) < deg(V) = v = d = deg(R). Then as in Case 1,
N, <u—1+2t< %d — 2. This proves the claim.

Case 2.1. oo is a periodic point of R of period 2. Again since R has no repelling
fixed point in C, by Lemma 8, R has a fixed point 2o € C with multiplier 1. Let
¢(z) and R be as in Case 1.3. Then oo is a fixed point of R with multiplier 1 so
that R has the form (5) with ¢ < p and d = p+ 1, and by assumption, n; = my,
ng < mg + 1, where n;(m;) denotes the number of (non-repelling) periodic cycles
of period j of Rin C, since zp may be a repelling periodic point of R of period 2.
By (74),

(75) N, < =(5p—1).

OJ|’—‘

By Lemma 14,

(76) q m1+ZV1w
q+(p+1)2—(p+1)—m1+2y + 2n9 —I—QZV
i=1

(77) §2—|—m1—|—21/(2) + 2meg —|—221/(2).

i=1 =1
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By Lemmas 9-11, (16) and (75),

mi + mo
ma
TS SRR SRR
el ieJ i=1 1<z<m171/§ )0 i=1
1
(78) SNC—(p—q+1)§§(2p—4)+q.

Thus, by (76)—(78), we have

1

s+ 17 = (p+1)]

mo

mi mi
1
SR <m1 s V;lg) S SUUEE N SR I WO
i=1 =1

=1 1§i§m17V§ 3—0

<1+2B(2p 4)+q] —q- <21+Z1>

el i€

This is impossible.

Case 2.2. oo is not a fixed point of R?. Then by Lemma 8 and the assumption that
R has no repelling fixed point in C, R has a fixed point 29 € C with multiplier 1.
Thus oo is a fixed point of the function R defined in (60) with multiplier 1, and
ni1 = my, ne = meo. In a similar way, this case cannot occur.

Lemma 6 is proved.

Proof of Lemma 7. Suppose that the lemma does not hold. Then R has no weakly
repelling fixed point in C, and thus by Lemma 8, co must be a weakly repelling
fixed point of R. We consider two cases.

Case 1. oo is a repelling fixed point of R. Then by assumption, n; —m; = ng—msg =
0, and R has the form (5) with¢g=p+1=dand 0 < |c+ 1] < 1.
Thus by Lemma 14,

mi
(79) p+1=my+ Z V&),
'I;]
(80) (p+1)% =my+ Y17 +2my +2Z 3.
=1

By assumption, 1/} 2 = Vﬁ) = 0. Then m; = > ,;
Ne < 2p,

(81) m2<21+ZV22)<p—1.

iceJ i=1

1 =p+1, and by (16) with
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Thus by (80) and (81),

mo
(p+1)2=p+1+2me+2Y v <5p-3,
i=1
which is impossible.
Case 2. oo is a fixed point of R with multiplier 1. Then by assumption, ny —m; =

ng —mg = 0, and R has the form (5) with ¢ <p, p+1=d.
Thus, by Lemma 14,

my
(82) g=mi+ Y v,
i=1
mi ma2
(83) g+ (p+1)2—(p+1)=m + Y v +2my+ 23 .
i=1 i=1
By assumption, V&) = 1/5722 = 0. Then m; =) ,.; 1 = g, and by (16),
ma
(84) m2S21+ZV§i‘)SP—1~
ieJ i=1

Thus, by (83) and (84),
mo
(p+1)2 = (p+1)=2my +2> 152 <4p—4,
=1

which is impossible.
This completes the proof.
We also require the following result of Pang and Zalcman.

Lemma 16 ([19, Lemma 2J; cf. [I8] 25 26]). Let F be a family of meromorphic
functions in a domain D, all of whose zeros have multiplicity at least k, and suppose
that there exists A > 1 such that | f*)(2)| < A whenever f(z) =0 and f € F. Then
if F is not normal at zg, there exist, for each 0 < a < k,

a) points z, € D, 2z, — 20,

b) functions f, € F, and

c) positive numbers p, — 0
such that p;* frn(zn + pnC) = gn(C) = g(C) locally uniformly with respect to the
spherical metric, where g is a non-constant meromorphic function in C, all of whose
zeros have multiplicity at least k, such that

90 O
T+ 1g(OF = T+ Jgop ~ ™+

We shall use the special case « = k = 1 of Lemma 16.

Lemma 17. Let k > 2 be an integer and F a family of functions meromorphic
in a domain D such that each f € F has neither repelling fixed points in D nor
repelling periodic points of period k in D. If F is not normal at some point zg € D,
then there exist points z, € D with z, — zq, functions f,, € F and positive numbers
pn — 0 such that

) _ fn(Zn + pnC) — Zn

Ha(¢ Pn

— H(C)
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locally uniformly with respect to the spherical metric, where H is a mon-constant
rational function, not of the form (+c with constant c € C, such that H has neither
repelling fixed points in C nor repelling periodic points of period k in C, and
[2(¢) =1 _ [H(0)-1]
L+[H(Q) —¢> — 1+ [H(O)]
Furthermore, if each f € F has no fixed point in D with multiplier 1, then oo is a
weakly repelling fized point of H unless deg(H) = 1.

Proof. Set
G={g9g=f—1id: feF}
where id denotes the identity function. Then for every g € G, |¢'(z)| < 2 whenever
g(z) =0, since each f € F has no repelling fixed points in D.
Obviously, F is normal in D if and only if G is normal in D. Thus G is not
normal at zyg € D. Hence by Lemma 16, we can find points z, — 2y, positive
numbers p,, — 0 and functions g, = f, — id € G such that

(93) Gu(0) = w TS

locally uniformly with respect to the spherical metric on C, where G is a non-
constant meromorphic function on C such that

"l . _1G0)

. TGO < T+HGOP
Set
(95) My, (C) = 2zn + pnC,

Then by (93) and (95)—(96),

(97) H,(C) = W.

This with (95) yields M,,(H,(¢)) = zn + pnHn(C) = frn(M,(¢)). Hence we get

P Pn '

H7(¢) = Ha(Ha(0))
By mathematical induction,

(98) H(¢) P V=12,
so that

(99) FI(Mn(C)) = 2n + puHL(C), G =1,2,---,
and

(100) HI(O) - (= fﬂ;(Mn(C;) “MaQ)
Let '

(101) H(¢) =G(()+¢
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and
k+1 ‘ k+1 .
(102) A= UHﬂ(oo): U{gecc; H(¢) = oo}

Then by (93), (96) and (101)—(102), for any j € {1,2,--- ,k}, as n — oo,
(103) H;,(Q) = H(¢)

locally uniformly on C\ A. Note that by (94) and (101), H(¢) # ¢ + ¢ for some
constant ¢ € C.

Claim 1. H has no repelling fixed point in C.

Let {p € C be a fixed point of H. Then H and H, for all sufficiently large n
are holomorphic in some neighborhood of (3. Thus, by Hurwitz’s Theorem, there
exist points ¢, — (o such that H,(¢,) = (,. By (95) and (97), we see that
fn(zn + pnCn) = 2n + pnCn, 164, 2n + pnCn is a fixed point of f,, in D. Since f, has
no repelling fixed point in D, we have |f] (2, + pnCn)| < 1. This with (95) and (97)
shows that |H/,(,)| < 1. Hence

B (Go)| = | im H (6| < 1
Claim 1 is proved.

Claim 2. H has no repelling periodic cycle of period k in C.

If H*(¢) = ¢, then there is nothing to prove, so we may assume that H”(¢) # .

Let {¢o, H(Co), -+, H* (o)} C C be a periodic cycle of period k of H.
Then for j € {1,2,--- ,k — 1}, H({y) € C\ {¢o} and H*({y) = (o. Thus there
exist positive numbers § and ¢ such that H/(1 < j < k) are holomorphic on
T ={C:1C—Gol <8} CC\ A, and for j € {1,2,-+ ,k— 1}, [HI(() (| > = on T.

Thus by (103) and Hurwitz’s Theorem, there exist points ¢, — (o such that
HE((,) = ¢, and for sufficiently large n, |HJ(¢,) — (o] > /2 for 1 < j <k —1.
Hence by (100), f5(My(a)) = Ma(Ca)s and |f3(Ma(Ca)) — Mo ()] > £pn/2 > 0
for 1 < j<k—-1. By (99), for1 < j <k—-1, f(M,((x)) = 20 € D, as
n — oo. It follows that for sufficiently large n, M, ((,) is a periodic point of period
k of f, in D. Since f,, has no repelling periodic point of period k£ in D, we have
‘(frlf)/(Mn(Cn))l <1, so that by (98)7 |(Hrlf)/(<n)| < 1. Thus

() (o) = | tim (BEY(G0)] < 1.
Claim 2 is proved.

By Claim 2 and Lemma 1, we see that H must be a rational function. Write

(104) H(O) =+ C%,

where ¢ # 0 is a constant and where P, () are two monic co-prime polynomials.
Set p = deg(P) and ¢ = deg(Q). We claim
(i)p>1;
(i) ¢g<p+1;
(iii) if g =p+ 1, then |e+ 1| < 1;
(iv)ifg=p+1and ¢c=—1, then p=1 and ¢ = 2.
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To prove (i), suppose p = 0. Then H is a polynomial. By Claims 1-2 and Lemma
15 with Remark 5, we have deg(H) < 1. Thus H(z) = az + b for some constants
a, b. By Claim 1, we see that |a| < 1. This contradicts % =3.

To prove (ii)—(iv), suppose that ¢ > p+ 1. Let r > max{|(| : P(¢)Q(¢) = 0}.
Then, as H,(¢) — H((), there are two monic co-prime polynomials @, (¢) of degree
deg(Qn) = q and P,(¢) of degree deg(P,) = p satisfying Q,({) — Q(¢) and
P,(¢) — P(¢) such that

@n(Q)

(105) H,(¢)=¢+

where h,,(¢) — ¢ uniformly on C.
By assumption and (97), H, has no fixed point with multiplier 1, so that all
roots of (Q,, are simple. Thus

(106) Qn(g) = (C - Cn,l)(c - (:n,2) T (C - Cn,q)v

Cnj| < r. We have

where ¢, ; are pairwise distinct and

q 1 q )
2 TH G, ;Res (c—T@) cn,j)

_ b d¢
21 Jig=r € — Hn(Q)
1 d¢

7 2 Jieer C— H(O)

1
_Res<<—H<c>’°°>
_ {—% ifg=p+1,

(107) .
0 ifg>p+2.

However, a simple computation shows that |H},((, ;)] < 1 and H],((n,;) # 1 1s
equivalent to

1 1
9 “(men) e

By (107) and (108), we see that ¢ = p+ 1 and

1 q p+1
109 Re|l—=)>=—>1.
(109) e( c)_Q 2 =

It follows that |c + 1| < 1 and that if ¢ = —1, then p =1 and ¢ = 2.
By (i)—(iv), oo is a weakly repelling fixed point of H unless deg(H) = 1. The
lemma is proved.

3. PROOFS OF THEOREMS AND COROLLARIES

Now we prove the results stated in the Introduction.

Proof of Theorem 1. Suppose that F is not normal at some point zy € D. Then by
Lemma 17, there exist points z, € D with z, — zg, functions f,, € F and positive
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numbers p,, — 0 such that

) - fn(Zn + pnC) — Zn
Pn

locally uniformly with respect to the spherical metric, where H is a non-constant
rational function, not of the form ¢ + ¢ with constant ¢ € C, such that H has no
repelling periodic cycle of period k in C, and
|H'(0) — 1] _
1+ [H(O)]>

We claim that all poles of H have multiplicity > 2. Indeed, suppose that H has
a pole (p. Then there exists § > 0 such that all 1/H,, for sufficiently large n and
1/H are holomorphic on the disk Ds((p) = {|¢ — ¢o| < 0} and that 1/H, — 1/H
uniformly on Ds({p).

(110) H,(¢

— H(C)

(111)

Set]

1 Pn 1
(112) MO = g~ e M hO = Ty
where a,, = a(f,). Then h, — h uniformly on Ds({y). Since h(¢y) = 0, by
Hurwitz’s Theorem, there exist points {, — (o such that h,({,) = 0. Together
with (110) and (112), this shows that f,(z, + pnln) = an. Since the a,-points of
fn have multiplicity > 2, we get f/ (2, + pn(n) = 0, and since

we have h (¢,) = 0 for sufficiently large n. Therefore,

W(G) = lim H,(G) =0.

It follows that (y is a multiple zero of h and thus a multiple pole of H.

Hence the poles of H have multiplicity > 2.

Since affine conjugation preserves the multiplicity of the poles for rational func-
tions, we see by Lemmas 4 and 5 that deg(H) < 1.

Since the poles of H have multiplicity > 2 and deg(H) < 1, H is analytic; hence
H(¢) = a¢ + B for some constants « and 8. Since H has no repelling fixed point

in C, |a| <1, and thus % < 2. This contradicts (111).

The proofs of Theorems 3 and 5 are similar to that of Theorem 1, so we omit
the details.
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