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COMPETITIVE BIDDING WITH ASYMMETRIC
INFORMATION REANALYZED¥}

M. WEVERBERGH}

This note reanalyzes the following problem, formerly treated by Wilson [3]: two parties
have to submit bids for an object. One of them knows the value with certainty, the other does
not. The equilibrium derived differs from Wilson’s solution and yields a simple explanation
for the case cited by Wilson: the value of the game is essentially zero for the party with

incomplete information.
(GAMES/GROUP DECISIONS-BIDDING; GAMES/GROUP DECISIONS-
GAMBLING)

1. Introduction

In his paper [3], Wilson analyzed a bidding situation where one party has complete
knowledge of the situation and the opposing party has only information in the form of
a subjective distribution of the value of the object bid for. The motivation for treating
this problem goes back to a case cited by Wood: two oil companies submit sealed
tenders for an offshore parcel. For one (the informed player) the value is known,
because he has a contiguous parcel. The uninformed party has only imperfect
information. Wilson provides two examples, one of which yielded clearly unaccept-
able results. We reanalyze this game, showing first that Wilson’s solution of the first
example does not yield a pair of Nash-equilibrium strategies. The solution in 3]
assumes that the uninformed player decides first, taking the reaction of player two
into account. The informed player acts as a follower. This does not necessary yield a
Nash-equilibrium. If it does not, Wilson’s solution goes wrong because the optimal
strategy of the uninformed player is no longer randomized, as it should be. Next we
derive the Nash-equilibrium strategies and illustrate, for purposes of comparison, with
the examples in Wilson’s paper.

II. Wilson’s “Easy Example”

For ease of reference we first state the problem. Two players have to submit bids
for an object with value v, known by player 2, but unknown by player 1. The player
with incomplete information assesses a density f(v) over the value. This density is
assumed known by the other player. Wilson derives a solution for this game and gives
two examples.

In the first example f(v) is taken as a uniform density over [0, 1]. The solution
proposed is the following: player 1 uses in equilibrium a randomized strategy, with
distribution function:

G(p)=(1+a)/*p¥/* forpe[0, (1+a)7'] (1)
Player 2 uses a pure strategy (we depart somewhat from Wilson’s notation for

* All Notes are refereed.
 Accepted by Ambar G. Rao; received May 20, 1978. This paper has been with the author | month for 1
L
$ Universiteit Antwerpen, Belgium.
291
0025-1909/79/2503 /029180125
Copyright © 1979, The Institute of Managemest Sciences



Downloaded from informs.org by [106.51.226.7] on 09 August 2022, at 11:05 . For personal use only, all rights reserved.

Published in Management Science on March 01, 1979 as DOI: 10.1287/mnsc.25.3.291.

This article has not been copyedited or formatted. The final version may differ from this version.

292 NOTES

typographical reasons):
s(v)=(1+a)"'o wherea=(1+V5)/2. 2

It is trivial to show that this is not a solution of the game: the expected payoffs with
this pair of strategies are a ~®/2 for player 1 and v*/a for player 2.

Player 1’s strategy is not in equilibrium however; because if player 2 sticks to the
strategy given in equation (2) the expected profit for player 1, using the pure strategy:

p=(1+a)7" ©)

which is a corner solution, becomes a ~3/2. This is clearly larger than a /2.
The second example treated by Wilson remained unsolved.

. The Equilibrium Strategies

In order to derive the equilibrium strategies we can start from the following
observations:

—first, there is no equilibrium in pure strategies for player 1, nor in mixed strategies
for player 2.

These assertions are easily proved by contradiction.

—Second, for a randomized strategy to be optimal for player 1, an equalizer
strategy has to be used by player 2. (See Karlin [1, p. 172].) This means a strategy such
that any pure strategy in the support of a randomized one should yield equal expected
profit to player 1 in equilibrium.

Denoting player 2’s strategy by s(v) and its inverse by 4( p) (assuming as usual that
s(v) is strictly increasing), the expected payoff for a pure strategy by player I
becomes:

E(m) = ["P(o = p)f(o) v @

Because the maximal E(7,) has to be constant over an interval of values for p, the
following must hold:

dE(m,
—d(l,l = = ["Pfwydo+ W(p)[(p) - p1T1(P)] =0 ®)
or
—F[h(p)] + K (p)h(p) L h(p)] - K'(p)pfLA(P)] =0. ©)
Substituting p = s(v) and A'(p) = 1/5'(v) and multiplying through by s'(v) gives:
= F(0)s'(v) + vf(0) — s(0)f(v) =0, ™
F(v)s'(v) + s(v)f(v) = of(v), ®
d{s(0)F(v)}/dv = of(v) ®
or

ouf(u) du
s(v) = fo!;f,(((); - Fg)) . (10)

This result, incidentally, is identical to the equilibrium condition in symmetrical
games (see Ortega-Reichert [2]). It is easily checked, at least for the examples
considered, that K is the profit level which player 2 allows to player 1. A positive X
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implies that negative bids have positive probability, and even worse, that bids in the
interval (— oo, M] where M is an arbitrary negative constant have positive probabil-
ity. This feature makes a solution with X positive unrealistic, as the bidtaker will not
accept such bids. Conversely, a negative X implies that player 1 can only incur an
expected loss. Thus K can be taken to be zero in most cases.

In order to derive an equilibrium we have to look for a strategy of player 1 that
makes (10) optimal for player 2.

E(m) = (v=p)G(p) (1)

where G(p) is the distribution of bids resulting from player 1’s randomized strategy.
This yields:

3E(T,)
p - (0 Pe(p) -~ G(p)=0. (12)

Substituting player 2’s strategy:
(v~ 5(0))g(s(v)) = G(s(v)) =0 (13)

yields a differential equation, the solution of which corresponds to player 1’s equi-
librium strategy. Equation (13) can be written with v = A(p):

[A(p) - Ple(p) — G(p)=0. (14)

1IV. Examples

For the example based on a uniform density of v, one obtains with K equal to zero,
from (7):

s(v)=v/2 and h(p)=2p.

Substituting in (14):
rg(p)=G(p) (15)
The solution of (15) is:
G(p) = Cp. (16)
The two intervals of serious bids have to be identical, thus:
g(p=2 pel01/2]. _ (17
Wilson’s second example with f(v) = e, v € (— oo, 0}, yields again for K =0
s(v) = ﬁ”—;,—'—‘— : (18)
+1
mp =21 19)
Substituting:
1
7 &P~ G(p)=0 (20)

which results in:
G(p) = be*. (1)
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V. Conclusion

The solution obtained corresponds closely to the situation described by Wilson:
player 1 can as well abstain from bidding, as it is most likely that player 2 will bid
such that the object has no expected value for him. This is especially clear if the value
of the object lies in an interval closed from below. It is somewhat less evident if this is
not the case, as in the second example, because the large negative bids could result
from large negative values.
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ERRATUM TO “A MINIMAX ORDERING POLICY FOR
THE INFINITE ST?I({}(I;,BDYII:IJAMIC INVENTORY
LE b4

R. JAGANNATHAN

(INVENTORY /PRODUCTION-STOCHASTIC MODELS; DYNAMIC PROGRAM-
MING)

In my recent paper “A Minimax Ordering Policy for the Infinite Stage Dynamic
Inventory Problem,” Management Sci., Vol. 24, No. 11 (July 1978), pp. 1138-1145, I
noticed some errors in the proof of Theorem A.5 in the Appendix which made the
proof somewhat incomplete. I have given below a correct version of the proof,
mentioning only its main points.

ProOF OF THEOREM A.5. Denote by F(p, t) a two-point distribution_that attrib-
utes probability masses p and ¢ to points y =oVYq/p and w= —0oVYp/q , respec-
tively. Then Fy(p, t) ET(0, 6). For a given F € I(0, o), define [t dF() = p,. By
Schwarz inequality, we then have

[ fx wdF(t): <[ fx e dF(t)]l/zf,;; and

x ] x 1/2
[f t dF(1) <{f £ dF(t)] V4o »
which together imply

[LwtdF(t). <a@;§=£”,dpdpm,).

Let gi(f) = ayt* +ay(t — a)*, where a, >0, a; + a, >0 and a > 0. Thus g(r) is a
piecewise linear nondecreasing continuous function over R.
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Let p’ = [, , dF(?). Then
fx  gy(t - x) dF(t) = a fx (¢~ x) dF () + a fx :(: — x — a) dF(1)
< ;[ 0Vgopo —pox] + a;[oVg P ~p'(x + a)]

<£w gt — x) dFy(py; 1),

for some p, such that 0 < p< 1.
By induction, we can then similarly show that if g,(¢) is a piecewise linear
nondecreasing continuous function we can find a constant p, such that

S e = %) aF() < [ 7 gte = x) dFo(puo )

Let g(¢) be a uniform pointwise limit of g, (¢) such that g, (¢)] g(¢). Then by monotone
convergence theorem,

[ g~ dF@ < [ gt~ x) dFpr )

where p = lim p,. This completes the proof.
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Letters should be addressed to the Editor, Graduate School of Business, 401 Uris Hall,
Columbia University, New York, New York 10027

Comment on Designing Scientific Journals

In a recent article in this journal, King, Kilmann and Sochats [1] report the results
of a survey of authors and readers of Management Science, and discuss some
interesting implications on the -Designing of Scientific Journals. Seven-point Likert
scales were used to measure the respondents’ interest in 87 management science topics
(where 1 was “not at all interested” and 7 “extremely interested”). The overall
response means (across the 87 scales) were found to be 3.8, 2.9, and 3.2 for readers,
authors, and editors, respectively (p. 780). There are potential reasons for the
differences between these means which King et al. explain (pp. 780 and 781). But
then, they use the same (raw) data “to analyze the relative congruence of interest
between (1) authors and readers, and (2) academic readers and practitioner readers.”
To this end, they compute the t-values for mean differences for each of the 87 items
(Table 2, pp. 779-780). Since the difference between the overall means is 0.9 between
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