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Abstract.

A new form of the vector meson. theory is described, in which six-
rowed matrices having properties very similar to those of Dirac’s
matrices are introduced. Making use of this formalism, we have ex-
tended Casimir’s method of the spin summation (technique of spur) to
calculations for radiative processes of the meson. As an application of
this method, a derivation of Laporte’s scattering formula is given. The
relation to Kemmer’s form of the meson theory is also discussed.

1.

According to the vector theory of the meson,® the Hamiltonian
for the system consisting of mesons of mass m, and charge +e in
the electromagnetic field with the scalar and vector potentials 4, and

Z is given by
H=m.ec F{F— ~D(DF) + ————A U

U{U+1Dx(DxU)—- AF}]-dv, (1)

— —
— p

where U, 5 ﬁ: and F are the field variables satisfying commutation

(0 YUKAWA, SAKATA and TAKETANI: Proe. Phys. Math. Soc. Japan, 20
(1938), 319; KEMMER: Proc. Roy. Soc. A, 166 (1938), 127.
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relations as follows:*

(B 1), U, t) | =i6(r—1)8,, )

LF‘(;’ t), U, t) | = i8(r—1")0s,

T 1), Fo(¥, t) | =0, > (2)

7 t), U, t) ] =0,

ete., ),
and we define
ie =
D= gl‘ad--’/‘{gA.
(3)
. — MuC
T %

ie

Dx (Dx U)+5U—2—A,F,

(4)

PR TI '—;D(DF) -—ICF-%AOU,

and conjugates.
Now, if we define wave functions ¥ and ¥, having six com-
ponents, by

—> >

T = (-F, ), !
J

= (—E)p
U

and six-rowed matrices py, p,, py, and oy, o;, o5, acting on the 7,
by

(5)

* 'We shall use an abbreviation
[A, B] = AB—BA.

{Sc. Pap. I.P.C.R.
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“then (1), (2), and (4) can be written in following forms:

fluSWoZHSde, (7)
. s~ y \"~ > -
[@Fea ] =% @0L]= —000-m), (8
%' _
. — 9
z%-———-—at HY, (92)
where
NI
Heme|1s Ao D edy
Y2 bt mu g - 2’52 P2 mucz Ps
D—-5 . (s, H)
> — SR §)) )
(s, Dy? Ze 7
| x2 22 R
with

— —_ >
H =rot A, and o = (9y, a;, dy).

Similarly, all other quantities can also be expressed in terms of these
operators. For example, the charge density S, is written as

So = EPZ W.. (11)

From definitions (6), p’s and o’s satisfy following algebraic re-
lations

No. 984, Vol. 38.]
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pi = p}=p; =1, \
Pi02 = Py = — PPy, PoPy = Ip = —pypy, Pspy = Py = —pyps,

0,0,~— 0,0, = 103, 0x0,—0,0, = 10y, 0,6,—0,05 = 10y, s (12)

o+ o5+ a0y =2,

ete.,

Further, we can easily prove that ¢’s correspond to the spin operators
of meson. These properties are very similar to those of Dirac’s
matrices.

1I.

If we treat ¥ as a classical field, the equation (4) or (9) may
be interpreted as a wave equation for single particle with spin 1.
For a free particle, this equation has the solution

>
iPr_gkt

EX Pl

Ve=1u,-e® 7 (13)

where p and E are constants satisfying the relation

E =+ p'+mic, (14)

and the amplitude u is the solution of the equation

>

. ->2 > > 2
Epu = |- _ +m, 2+ (B2 _(op)?), 15
f2 [2muc2 Ps] 2m,c2  m,c? J (15)

For a given momentum ;)/c, there are six independent solutions of
(15) which we shall denote

w(®, 4 ¢), (16)

where 4=1, 0, —1, and e =1, —1 correspond to three polarization
states® and two charge states respectively, and where the latter is
defined by

¥ 1 =0 denotes the state represented by the longitudinal wave, while ] =
+1 denote those represented by the transverse waves polarized in directions perpen-

dicular to each other.

[Se. Pap. I.P.C.R..
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E

€ = ——. (17)
|E|
(16) has to be normalized so that
%D, & &), Xy ) = 300, - (18)
From (18), we obtain the converse orthogonality relations
S efuw 4 o) w@ b ) =0,
A=1,0,~1 tm=l, -1 ®
(19)
S (@ 4 ) - fpu@ 4 ) =4,
A=l 0, -1 g=1, -1 l "J
If we define the operators A*(z;) and A'(gg) by
p? (( 0* (3, D)
, P E i[ 5 +m,ct+p; 7 2 }]
A (p) = 2m,c | 2m, c m,.c . (20)

2FE

they will have the same properties as “ annihilation operators”’ in
Dirac’s theory of the electron:

> > 1 >
A5(@) - py-ulp, b &) ==u(, 4 9. (21)

I11.

Now, we return to the second quantization. Using plane wave

~solutions (13), we expand ¥ and ¥ as

> > ‘Z_‘}'_t :
V= Z a’(p’ 1, e) * u(pr A, s) - e % L
e . (22)
~ > ~ > pr Et
T— STa*@ A o) -u(p 4 e)-e %7,

>

P, A€

where a(;,v A, ¢) and a* (1;, A, €) are operators satisfying commutation
relations

[a(é. 3 €), a*(p, 2, d)] P (23)

No. 984, Vol, 38.]
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If we introduce new variables

N+, 7) = a*(p, 4 1) -a(p, 4 1),
and (24)

N-(@, 1) = a(, 4 —1)a*(p, 4 —1),

the total charge and the total energy of the field, which consists of
mesons only, take diagonal forms:

So= e SN H-N-, b}, (25)

and

H=3E {N+({>, )+ N-(p, /1)+1} ) (26)
p,A .

From these expressions and that for the total momentum, we can con-

sider that the operator N* (;), 4) denotes the number of the mesons
with the charge +e in the state of energy v/ p*+mic’, momentum

:t;)/c and polarization 4. Hence, a* (;), 4, 1) and a,(;), 4, —1) denote
the operators which increase the number N *‘(;, ) and N- (;7, 2) by

one respectively, whereas a(z;, A, —1) and a* (f.';, 4, —1) denote those
which decrease them by one respectively.

The interaction energy between the mesons and the electromag-
netic field is given by H,, where

H,=H—H,. (27)
Inserting (22) in (7), we obtain

‘ > > >
> > g lp-=p"r

H=73 5 o6 4900, e”'["'{f““""‘ “anf.

> >

p, A e p’ N, e -

e A Ae‘/z”ﬂzcz.
u(p; R; e)l‘)Zu(p’ )‘9 €)+72m“62 k
1

ok, o @—p'—Te) + (G B +1) | xu(p, 4 9 -
1+ , ->
. {Ps(’e(% +ap,)'—~2~ﬁ'?(p,+p,)}u(p’, V, &)

[Sc. Pap. I.P.G.R.

103

220z 1snbny g} uo ysenb Aq 0826/81/86° L SdLd/E L L "0L/10p/8jo1E/sd}d/ W00 dno dlwapeoe//:sdRy wody papeojumod



of the Spin Summation in the Case of the Meson.

e2 2nf%c?

+Z-2mc2m

ko K, wt

fex(k, pye (! 1Yo (p—p +E+)

+ox(k, pyell, 1) @—p +l—k)+e(k, p) -
Ce*(H, (Yo (p—1 —k+ T) +e(k, p) - (K, ¢) -

Ed g -»> -» 1

3Gt/ ki) | xuh, 4, 9 [T e, 1))

_ Psﬂ,o,,}u(};', X, e’)], (28)
where
0. = (3, el 1)), o, = (3, e(F, 1)),
o, = (7, D), 0y = (o, D),
po= (0 el 1)), D= (&, ek, m).

In (28) we have expanded Z as
- 2 3 —)—» >
A=3 J/ 2”2 ¢ {c (k pe 4‘c+c(k p)e *‘c}e(k 7)), (29)
> f=1, ~

where ic’/c’s are momenta of photons and g(l-c’, ¢) denote two unit
vectors which are perpendicular to each other and to k¢ (I-c’, 2
or c(ﬁ, 1) is the operator which increases or decreases the number

of photons in states of momentum %/c and polarization g.

In all calculations for the radiative processes of the meson, con-
sidering the interaction H, as a small perturbation, the matrix ele-
ments for various transitions can easily be singled out from (27).

IV.

In practical calculations, we shall find it necessary to evaluate
the expressions of the form:

S E(uOlu’) @OM") ......(U-POUP) (U0, u),  (30)
A A

‘71

No. 984, Vol. 38.]
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where u, u/, ...... represent the amplitudes of states with momenta

S
Dy Dy eeennny polarization 4, 2, ...... and signs of charge ¢, ¢, ...... re-

spectively. > denotes the summation over all three states of polariza-
RO

tion ¥ =1, 0, —1. O, O, ...... are operators which are defined as
products of p’s and o’s.

By using the annihilation operator 4*(p) defined by (20), (30)
can be written in the following form:

PSS e (4O p ') (W Ol p’)
...... (U0, 4Ppu™) - (U0, dpyu), (31)
where 4% represents A* '(;)“’). 4+ or — must be taken according

as €® jnh (30) is 1or —1. > denotes the summation over all six

states having same momentum z;m/c. ‘These summation can easily
be carried out by means of the converse orthogonality relations (19),
and finally we obtain the following formula:

SIS S (WO (WO Y ... (U=PO,U) (U0, 1)
A '

= Sp(0,4'0,4"......0,4%0,,,4),  (32)

which represents “ Casimir’s method of the spin summation® ” in the
case of the meson. Here Sp denotes the spur (diagonal sum) of the
operator and we found following rules for the evalution of the
spur: : . L
P Spps = Sppo, = Sppoo, = ...... =0
Spo, = 0

Sp(aa) (o) = 6 (ab)
T s o > > > ’ (33)
Sp(oa) (ab) (ac) = 3i(a, bxc)

Sp(aa) (ob) (o¢) (o) = 3(ab) (¢d) +3(ad) (be)

ete.

(2) Casimir: Helv. Phys. Acta, 6 (1933), 287; HEITLER: The Quantum
Theory of Radiation, (1936), Oxford.

[Se. Pap. I.P.C.R.
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V.

As an application of the method which was described in the pre-

ceding section, we shall consider the elastic scattering of the meson
by the electric field of a nucleus with charge Ze. Using the Born
approximation, we obtain the differential cross section

d . - ZZ 4 / )f A 2
B = oyt COSCC -2-d9x[—221u(p, Ve, 4 D, 3)

for the scattering -of the meson through an angle 6 into the solid

angle d2, where v denotes the velocity of the meson and ;)/c, p"/c and
4, ' are the momenta and the states of polarization of the incident
and the scattered meson respectively. The first factor represents the
well known Rutherford scattering formula, whereas the latter factor
contains the relativistic effects due to the Dirac-Proca equations, and
can be evaluated by means of the spur techniques as follows:

1 ~ I ey
‘Q‘E‘E’l(u'l’zu)l“ = gg.;(upzu ) (W psu) = Sp(p,4'py4)

1
T 12(pt+miet)

2m,c? 2m,c? m,c?

* SpPZ[muca+ p +P3{ p - (ﬂp’)z } +‘02 V ,nz"'""nu.c4 :I f (35)

3
2mc? ' Cl2m 2 m_c?

» >
2 2 n)2
: pz[m“02+ o O A . )l | +eaV PG ]

p*sin?f
6mct(p*+miet)’

= 14

which agrees completely with the formula derived by Laporte

VI

In this section we shall shortly discuss the relation to Kemmer’s

(3) LAPORTE: Phys. Rev., 54 (1938), 905.

No. 984, Vol. 38.)
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theory,® in which another form of -the matrix representation for
Dirac-Proca equations is given. According to him, the wave equa-
tions for the meson takes the form
> 9,8, ¥+k¥ =0, (36)
w=1,2,34
where 3,’s are operators defined by the commutation relations first
given by Duffin: : :

ﬁpﬂvﬂp""ﬁpﬂ»ﬁu = Bn3v9+ﬁpavu) (37)
and where
1 9 e _
4 =='{6 Ei-—z;Ao, a,‘ = Dh. (k = 1; 2! 3)' (38)

There exist three inequivalent, irreducible representations of 38, and
one of them, which is represented by ten-rowed matrices, correspond
to Dirac-Proca equations.

In this formulation, the total energy for the system consisting
of mesons in the electromagnetic field is given by

H= )17 H ¥dv, (39)
where
: 2 fe Do Dl *
AH = fifm.c+eddi— =7 (DB) (DR |7 (40)
with
D = DB+ DBy + Dy, - (4D)

It is to be noted that in this expression and those for the total
momentum and total charge there appear only operators of the follow-
ing type

FiCh; (42)

where C denotes any operator which is defined as products of j3,’s.
On the other hand, 3,’s and their multiple products form a ring.

(4) KEMMER: Proc. Roy. Soc. 4, 173 (1939), 91.

*  This expression is not identical with that originally given by Kemmer,
but it can be obtained from the latter by using the accessory condition (73) in his
paper.

(Sc. Pap. L.LP.C.R.
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As the 3 is an idempotent of this ring, the ¥-space ¢an be divided
into two sub-space

=¥+ 7 (43)
so that
ﬁwl = ¥, ] ' (44)
ﬁwrr =0 ]

(Peirce’s decomposition). In a coordinate system adapted to this de-
composition, §; and ;3;C3; are represented by

(50
and |
FECH: = (f g) (46)

respectively, where E and C’ are matrices acting only on ¥, and
where E denotes the unit matrix. Hence, as far as we are dealing
with the operators of type (42) alone, we may limit ourselves to the
sub-space ¥;. By means of this reduction, we can easily prove that
Kemmer’s form of the meson theory is identical with ours.

Detailed discussions on this subject will also be made by us in
another paper.® :
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