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1 Introduction

Throughout this note the set of natural numbers is denoted by N, the set of reals by
R, the set of positive reals by R,, the Euclidean #-dimensional space with the norm
Il = 7L, sz)m, x = (x1,...,%,), by R”, the unit sphere in R” by S, the # — 1-dimensional
surface measure by do (¢), 0, = 0 (S), the normalized surface measure do ({)/o, is denoted
by don(¢), the open unit ball in R” by B, the open unit ball in R” centered at a and with
radius 7 by B(a, r), the Lebesgue volume measure on R” by dV(x), v,, = V(B), the normal-
ized Lebesgue volume measure dV (x)/v, is denoted by dVy(x), whereas L (Q2) denotes
the weighted Lebesgue space on a domain Q C R” with the weight w(x) = |x|%, that s,

1/p
12(9) = {f: 1z = ( fﬂ @ dva(x)> < +oo},

where 1 < p < +00, o > —n, and dV, (x) = |x|* dV(x) (for o = 0, the space is reduced to the
standard L space on the domain; see, e.g., [1]). If k,/ € N are such that k </, then the
notation j = k, I stands for the set of all j € N such that k <j < [.

The weighted-type space H;°(R"), « > 0, consists of all measurable functions f such that

If e <= ess sup |x|* V(x)} <00,
xeR”

The functional || - || zgo is a norm on the space, where, as usual, we identify functions which
are dV almost everywhere equal. Weighted-type spaces on various domains frequently
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appear in the literature and are quite suitable for investigations (see, e.g., [2-7] and the
references therein).

The following integral-type operator

L(f)(x)z;lc/()f(t)dt, x#0, 1)

is a basic linear operator which has been studied on many spaces of functions. From the
main result in [8] (see also [9]) we have that the operator is bounded on L? (R, ) space when
p > 1. This result was later improved in [10] by proving the following formula:

p
R 2)

p—-a-—1
for p > o + 1 in nowadays terminology.

Although there are many linear operators whose norms can be calculated (see, e.g., [1, 4—
28] and the related references therein), they are, in fact, quite rare since for many more
other operators the norms can be only estimated by some quantities. Some of these op-
erators are integral-type ones, a topic of a considerable recent interest (see, e.g., [11, 13—
21, 23-25, 28-34] and the related references therein).

Operator (1) was generalized in [35] by introducing the following n-dimensional
integral-type operator:

HWM=V

—_— dv(y), R™\ {0}, 3
B0, D) mmf@) ), xeR"\{0} ®)

for nonnegative locally integrable functions on R”.
In [11] it was shown that the norm of the operator H : L?(R") — L?(R") can be calcu-
lated. Namely, the following formula holds:

p
H ny_ [P(RM) = ——, 4
1|2 @y L ) b1 (4)

which matches the formula in (2) with « = 0.
Note that H(f)(x¢) = H(f)(x) for every ¢ € S, that is, the function H(f)(x) is radial for
every f, and

1
MO =0y | L)V @ = [ £(112) avaca),
D = gty Jo! ) /e 2
where we have used the change of variables y = |x|z and the fact that V(B(0,|x|)) =

|lx|"V (B).
In [13] the following m-linear extension of operator (3) was introduced:

i fido) = o | 10DV aViy), 5)
[G15m)

Vi %] I<x| =1

where m € N, x e R" \ {0}, y1, .., Vm eR”,yjz(y},...,y;’),jzl,—m,

o= (E08) - (E 50

j=1 =1
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f»j = 1, m, are nonnegative locally integrable functions on R”, and the norm of the m-linear
operator was calculated from the product of weighted Lebesgue spaces ;fl Li; Pyl (R™) to
Lo (R™), under some conditions posed on the parameters p, o, pj, and o}, j = 1, m.

For the definition of norm of an m-linear operator and some basic examples, see, for
example, [36, pp. 51-55].

Note also that H™"(f)(x¢) = H™(f)(x) for every ¢ € S, that is, the function H"(f)(x) is

radial for every f, and

1 m
H i fu)8) = /|< .y Eﬁ(lxlz,) AV() - dViz), ©)

where we have used the change of variables y; = |x|z;, j = 1, m.

Our main aim here is to complement the results in [13] by calculating the norm of the
operator H" : ]—[]'Zl ngo(R”) — HZ°(R") in the case o = Z}mzl a;. We also explain a detail
appearing in the proof of the main result in [11].

The following known formula, which transforms integrals in the Descartes coordinates

to the polar ones in R”, will be frequently used in the section that follows:

oo
f@ave = [ [ fpo)dorpmd, )
R 0o Js
where f is a nonnegative measurable function (see, e.g., [1, pp. 149-150]).

2 Main results

This section presents and proves our main results in this note.

2.1 Boundedness of operator (5) between weighted-type spaces
First we consider operator (3). We consider it separately since its proof explains the first

main step in the proof of the general case and does not request complex calculation.

Theorem 1 Let o € (0,n). Then the operator ‘H is bounded on H°(R"). Moreover, the
following formula holds:

n
7‘[ 00 (R1)— H®(R1) = . 8
1+ N rge rry— Hge 7 p— (8)
Proof Let
1/1x|%, x#0,
Ja(x) = )
0, x=0.

Then it is clear that

Ve ll e ey = 1. (10)
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Further, we have

dV(y)
B (lx[ [y

1 n
=n/doN(§)/ p" " dp =
S 0 n-o

for each x # 0, from which it follows that

||

/B Jz(|x|y)va(y)‘ =[x

n

. (11)
n-o

/E Ja(Ixly) dVNm’ =

”H(ﬁ")”HSC(R") = ess sup |x|*
xeR”

Equalities (10) and (11) imply

n

1 H | Hge mmy— Hige (rrry = (12)

n—o

On the other hand, we have

JECE) vam‘

/ dVn(y) ‘
B (1]1y)*

1M ||H30(R,,) = essxseuﬂg ||

|l

< WflHgewny sup
xeR"\ {0}

n

IF 1l e )
n—a

for every f € H°(R"), from which it follows that

n
1H 1 150 (rry— Hige () < —— (13)

and consequently the boundedness of the operator when « € (0, 7). From (12) and (13) the
equality in (8) follows. |

Remark 1 Note that (10) holds for each « > 0. However, if @ > n, then by using formula
(7), we have

||

1
/fa(lxly) dVN()/)‘ = Vl/ 0" 1 dp = +00
B 0

for each x # 0, from which it follows that #(f,) ¢ H.°(R"). Hence, in this case the operator
is not bounded on H{°(R"). From this and Theorem 1 we obtain the following corollary.

Corollary 1 Let a > 0. Then the operator H is bounded on H°(R") if and only if o < n.
Moreover, if a € (0,n), then formula (8) holds.

The following theorem deals with the boundedness of the m-linear operator defined in

(5).

Theorem 2 LetmeN, a;>0,j=1,m, and

o= ZO(]‘. (14)

Page 4 of 10
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Then the operator H™ : ]_[}'Z1 Hgf(R”) — H°(R") is bounded if and only if

/ 1l_[|y,| “lnd\/(y, <00, (15)
Vi<

j=1

wherey = (y1,¥2, .+, Vim)-
Moreover, if condition (15) is satisfied, then the following formula for the norm of the
operator holds:

||7-[m ”l‘[/mlHaoo(Rn)"Haoo(Rn = Vo /;/|<11—[ |)’1| Y HdV(y] (16)

where ]_[]'Zl av(y) =dVy)--- dV(ym).

Proof Let the family of functions f;, be defined in (9). Then clearly relation (10) holds. By

using the condition in (14), after some simple calculation it follows that

|x| = |x|*

a[ [ 1£; (=) [ [4vey) / ]_[ ll1y;1) “’]_[d‘/(%
|J’|<1]‘:1 j=1 lyl<1

., m, “[lavey 7
y <1

— / 1

for each x # 0.
From (6), (17) and by using the definition of norm on the space H°(R"), it follows
that

| H oo foon) | oo ny = €58 sup

x€R" Vmn

f | ]_[fa, 1) HdV(y,
y<1

T ]_[dV(y, (18)

[y1<1

Equality (10) implies

m
[T gy =1,
j=1

from which along with (18) it follows that

|7 ”]‘[;ZIH&’]Q(R”)HH&’O(R” et /yqnlyj ‘“lHdV(y,). (19)
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On the other hand, we have

o
|H™(frs . fm)”Hoc () = €58 SUP Ll

x€R" Vimn

/| | 11"[f B l—[dvm
y|<

/II 11_[ /137 “’l_[d‘/(y/
y|<

/ xeRM\{0} Vimn

m
<[ Tl sup
j=1

-/I 1_[|)’1| D‘/Hd\/(y]
y|<1

— j=1

for every (fi,...,fm) € j"il Hg;’ (R™), from which by taking the supremum over the unit
balls in H gf(R”), j =1, m, it follows that

i ]_[dV(y, (20)

j=1

”Hm Hn;glﬁgf(Rw—»H&”(R” -

<1 ;

and consequently the boundedness of the operator. From (19) and (20) the equality in (16)
follows. O

Let

=— /| | ]"[m “fl_[dV(y,). (21)
yl<1

— j=1

Employing the polar coordinates y; = p;¢j, j = 1, m, and Fubini’s theorem, we obtain

_—/ /./ pr Hp;n Ydpy - dpudo(5y)- - do (&)
j= 1/) <1/J,>0,] lm

m tlmes

m

= f H T dpy - dpy. (22)
Z/ 17 <1p}>0] Lm

=1

By using the m-dimensional spherical coordinates

p1 =T7COS @y,
02 = rsing; cos ¢y,

03 = rsing; sin @, cos s,

Pm-1 =T SIN @ SINQ) - - - SIN Pyy_3 COS Y1,

Pm =T SINQ SNy - - - SINQ,y,_3 SINQy_1,
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where r > 0 is the radial coordinate and ¢, j = 1, m — 1, are angular coordinates, ¢; € [0, ],
j=1,m-2, ¢,1 € [0,27), and the known fact that the associated Jacobian is

Uil = 71 sin" 2 @y sin" % @y - - sin g, ,

in (22), we have

m

O, 1 m
Ly="-" / PR dy

/2 m-1
/ / H(SHN/)) DL (cos )"V dgy - ey

—1 1 . n-2-a;
o n n(m—})—l—z’vaJr a;
B
Vin(mn—a) % ¢ Jo !
m21 m m-1 1 n(m—j)- Zl /+1 n-a;
T / 1) s,
Vi (i — ) 2

=1

5

-1

_ o/m2l-m B(n(m—j)—Zfﬁj+1ain—a;>
2 2 )

3

Vi (n — ) 2 (23)

~.
I
—

where we have also used the fact that ¢; € (0,7/2), j = 1, m — 1, which is a consequence of
integrating over a set in the first orthant, the changes of variables ¢; = sing;, j = 1,m - 1,
ands; = tjz,j =1,m — 1, as well as the definition of the beta function (see, e.g., [36, p. 437]).

By using the following well-known relation between Euler’s beta and gamma functions:

(@)l (b)

B@b) =100

(see, for example, [36]), after some simple calculations, we see that the following relations

hold:
’ﬁB(n(m—j) o S n_aj) el (U ) p
-1 2 2 i1 F(”m (-1)) Z,}“t)
T F(Vlfol]')
j=1" 173
= (24)
I

Combining relations (16), (23), and (24), it follows that the following corollary holds.
Corollary 2 Let m € N, o; >0, j = Lm, and o = 3" ;. Then the operator H™ :
]_[]»'Z1 HS}‘?(R") — H(R") is bounded if and only if (15) holds. Moreover, if (15) holds,
then the following formulas hold:

omat-m H,”; F(%)

Hm
| (75°)

H T}y HES (R~ HE () ~

Vi (man — o)

3

mzl—m

_IB n(m—j) - Zimzj+1 ® n—q
an(ml’l 01) ; 2 ’ 2 ’

[N
—
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Remark 2 From the above consideration and Corollary 2 we see that when o;; > 0, j = 1,m,
condition (15) holds if and only if a; € (0,7n), j = 1,m.

2.2 A comment on the proof of the main resultin [11]

As we have already mentioned, in [11] the norm of the operator H : L?(R"”) — L?(R") was
calculated in a nice way by proving formula (4). In the proof of the result the authors ap-
plied the convolution inequality ||g*L||.» < |lg|lzz||L|;1 in the group (R, %). However, the
operator appearing there is not a convolution in the standard sense. On the other hand,
the used inequality really holds. Hence, it needs some explanations related to the inequal-
ity, which might be useful in other similar situations. Namely, the following theorem holds
and its proof is analogous to the one for the convolution operator. For some information
on locally compact groups and related topics, see, e.g., [15, 37].

Theorem 3 Let p € [1,00], f € IP(G), g € LY(G), where G is a locally compact group G,
and | be a right-invariant Haar measure on G. Then

(09w [ Fangt)dni)
G
exists | a.e. and

If ©gller = Ifllzr llglzr- (25)

Proof If p = 1, then the result follows from Fubini’s theorem and the right-invariance of
measure u. If p = 0o, then we have

If ©gllzee = esssup /f(xy)g(y)du(y)‘ Sesssup/ If )| |g )| die(y)
xeG G x€G JG
< / 1l |20 A ) = 1 e gl
G

If p € (1, o0) and if we use the notation p’ = p/(p — 1), then by using the Holder inequality,
Fubini’s theorem, a change of variables, and the right-invariance of measure y, we have

o V4 - < )P
If oglt, = fG | /G Fo)g0)du()| dut) < /G /G )| du®) ) dint)

/ 14
= fG( /G Fen|le)] " g™ d/,L(y)) ()

ply
P
< /G /G )| |g(y)|du(y)( fG |g(y)|du(y)) )
< llgl?? fG )] /G [fey)|” dpa(x) dpa(y)
= gl /G 1) /G @) du@) duty)

4 4
= 112, gy,

from which it follows that (25) holds, and since f © g € L?(G) it follows that (f © g)(x)
exists u a.e. O
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Remark 3 Inequality (25) can be also obtained by using Minkowski’s inequality. Indeed,
by using the inequality and the right-invariance of measure 1, we have

(/G g d’u(x)>l/p
(/G ( /Glf ()]0 dﬂ(y))” du(x)) 1p

/G< /G If Gey)[” du(x)) v 1g0)| di(y)

1/p
- [(fyer d“(z)> 160 d10) = I gl

If © gl

[G Fly)g0) duy)

IA

IA

Remark 4 By using inequality (25) instead of the corresponding one for the convolution
operator, the proof of the main result in [11] is clear and complete.
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