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1. Introduction. In this paper we define the concept of a represen-
table topological space. With each representable space we associate a com-
patible quasi-uniformity in a natural way. Using this quasi-uniformity
we show that a connected representable space is homogeneous and that
the full homeomorphism group of a representable space is a topological
semigroup under the topology of quasi-uniform convergence.

A general introduction to quasi-uniform spaces may be found in [5].
Throughout this paper o denotes the usual composition of relations.

.2, Preliminaries. Let X be a non-empty set and let # be a filter
on X x X such that

(i) each element of % is a reflexive relation on X,

(ii) if Ue %, there exists We # such that Wo W < U.

Then % is a quasi-uniformity on X.

Let X be a set and let  be a quasi-uniformity on X. Let 7, = {4
c X: if aeA then there exists Ue # such that U(a) = A}. Then J, is
a topology on X, called the quasi-uniform topology on X generated by %.
If (X,7) is a topological space and % is a quasi-uniformity on X such
that  =.7,4, then # is a compatible quasi-uniformity.

We let H(X) denote the group of all homeomorphisms from a space X
onto itself and let ¢ denote the identity of H(X). If A <« X, then 4’ =
{heH (X): h , =1} and if G is a subgroup of H (X), then G’ {xeX: g(x)
= o for each geG}. If G =« H(X) and A < X, then G(4) = {g(a): g@,
acA}. We often write A’ for (4'), =’ for {w} and G(x) for G ({x}):

Definition. A topological space (X,J) is representable provided
that if F' is a closed set and x¢ X — F, then F'(x) is a neighborhood of z.

3. Representable spaces. We prove

THEOREM 1. Let (X yJ) be a representable space and for each A c X
let Uy =(U{{z}x A" (): weX —A})U(AXX). Let § = {U,: A is closed}
Then f is a subbase for a compatible quasi-uniformity % on X.
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Proof. For each A c X, 4 U, = U4 0 U, sothat § is a subbase
for a quasi-uniformity  on X. Let 2eA 7. Then Ux_,(x) = (X — 4) (x)
c A. Thus I = 7,4. Now let A be a proper J 4-open set such that reA.
Then there is a finite collection {F,}7_, of closed subsets of X such that

v¢ JF;, and @e()[Upl(r)]c A
i=1 '
Since

st UF, () [Ur@] = F@

and since (X,J) is a representable space, () F;(x) contains a J -open
i=1

set about 2. Thus J < 7, and # is a compatible quasi-uniformity.

COROLLARY. Let (X,7) be a representable space, let F be a closed set
and let xe X —F. Then F'(x)eT .

Proof. Let zeUg(x). Then Ug(z) € Upo Ugp(x) = Ugp(x). Thus
F'(x) = Up(®)eT 4 =7 .

THEOREM 2. Every connected representable space is homogeneous.

Proof. Let (X,7) be a representable space. Let U, = |J{{z} X
X H(X)(w):xe X}. Let xeX. For each yeX — U,(2), U,(x) N U,(y) =@.

It follows from the Corollary to Theorem 1, that U, (x) is both open
and closed. Hence H(X) (z) = U,(z) = X.

Since the entourages of the subbase f of Theorem 1 are reflexive and
transitive, 8 is not a subbase for a uniformity whenever (X,J") is not
0-dimensional ([1], Theorem 1). Nevertheless, if for each Ue# we let

W(U) ={(f,9)eH (X)X H(X): (f(ac),g(a:))eU for each re¢X}
and let
W ={W(U): Ue},

then # is a quasi-uniformity on H (X). The quasi-uniformity #  is called
the quasi-uniformity of quasi-uniform convergence with respect to % and 7
18 the topology of quasi-uniform convergence for H(X). The topology of
quasi-uniform convergence has been studied in [6].

THEOREM 3. Let (X,7) be a representable homogeneous Hausdorff
space, let U be the compatible quasi-uniformity for X described in Theorem 1,
and let H(X) have the topology of quasi-uniform convergence with respect
to %. Then H(X) is a topological semigroup.

Proof. By Theorem 1 of [2], it suffices to show that if heH (X),
then % is a %-quasi-uniformly continuous function. Let heH (X) and let 4

be a closed subset of X so that U e #. Then U, _, , «%. Let (z, y)e h_,(A).'
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If h(z)ed, then (k(x),h(y))e U,. If h(x)¢d, then x¢h '(4) so that
ye(h~'(4)) (x). There exists ge(h™'(4)) so that g(«) = y. Then ho go h~*
e A’ and hogo b7 (h(x)) = h(y). It follows that (h(x), h(y))eU,.

Definition [4]. A space X is S.L.H. (strong local homogeneity) if
for every neighborhood of any point x, there exists a subneighborhood
U(x) such that for any zeU(x) there exists a homeomorphism
ge(X — U(x)) with g(x) = 2.

Definition [3]. A space X is a Galois space provided that for each
closed set F,F = F".

THEOREM 4. Every S.L.H. space without isolated poinis is a repre-
sentable (Galois) space.

Proof. Let X be an S.L.H. space without isolated points, let F' be
a closed subset of X and let xe X — F. There is a neighborhood U of «
such that Uc (X —F)Nn(X—U) (x). Then F <= X—U so that xeU
c (X—U) (x) c F'(x). Thus X is representable.

Clearly F < F". Suppose that yeF' N (X —F). Then {y} = F'(y)
is an open set, since X is representable. This contradicts the assumption
that X has no isolated points. Consequently, F = F'' and X is a Galois
space.
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