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Note on the Critical Behavior of Ising Ferromagnets
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Behavior of Ising ferromagnets near the transition point in the presence of magnetic
field is studied by means of the Lee-Yang theorem on the distribution of zeros of partition
function. Relations for the critical indices so far obtained by several authors are rederived
by the present method, and some discussions are given of the dependence of thermo-
dynamic quantities at the transition point on magnetic field.

§ 1. Introduection

In previous papers?® [references 1) and 2) will be referred to as I and
II, respectively], we discussed a singularity of specific heat C in the second
order phase transition. This paper is devoted to a further discussion of singular
properties of other physical quantities relevant to magnetic field 7, such as the
susceptibility 7 or the spontaneous magnetization M. The critical behavior of
these quantities is usually expressed as '

Coct™, poct™, (IT'>T), (1-1a)
Cocl|t)™, Meoc|tl®, (T<T)), (1-1h)
Moc H', (T=T,), (1-1¢)

where 7" is the absolute temperature, 7, the transition temperature, and ¢ is a
reduced temperature defined by

t=(T-=T)/T.,. (1-2)

The critical indices «, «, /3, v, 0 have been extensively studied” both experi-
mentally and theoretically. These quantities, however, are not always independent.
In fact as we have shown in II, an equality «’ =« appears to hold for Ising
or Heisenberg model with an arbitrary value of spin and arbitrary interaction
between spins.

Recently Domb® has analyzed the dependence of M on 7 and ¢, and sug-
gested a form

M= AJIt™" + A"~ 4 AT 4 e (1-3)

Under the assumption that the 7n-th term in Eq. (1-3) is given by A, [I™" =7 .

he derived an equation
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H=Me'G(M*). A

On the basis of these considerations, he discussed the critical behavior of
physical quantities and concluded that critical indices can be expressed in terms
of two independent parameters, the 7 and the high temperature gap index 4.
It should be noted that Suzuki® has also derived an expression analogous to
Eq. (1-3).

In this paper we will discuss the same problem as Domb’s on a more
rigorous footing, by using the celebrated Lee-Yang theorem® on the distribution
of zeros of partition function for Ising ferromagnets. We briefly review in § 2
the Lee-Yang theorem and express physical quantities of our interest in terms
of distribution function of zeros. In § 3 we study a condition for the susceptibil-
ity to have a singularity given by Eq. (1-la). By the use of this condition,
we discuss the critical behavior of magnetization and specific heat, and derive
exactly the same results as Domb’s. It is pointed out clearly that Domb’s para-
meter 4 is closely related with the distribution of zeros. Section 4 is devoted
to the discussion of the dependence of thermodynamic quantities on magnetic
field at the transition temperature. We express the energy F and the specific
heat C as

EocHf, CocH™™, (T=T., (1-5)

and obtain an expression -for parameter ¢ or ¢. It turns out that these
indices can be expressed in terms of 4 and 7, in accordance with Domb’s
conclusion. Numerical values of ¢ and ¢ are calculated for two- and three-
dimensional Ising models and the results are summarized in Table I. It is
shown that the C at 7'=7, for two-dimensional Ising model has a logarithmic
dependence on I,

§ 2. Partition function in the presence of magnetic field

We consider a crystal composed of N lattice points, each occupied by an
Ising spin taking values +1. The magnetic moment per spin will be denoted
by 2, and the interaction between all pairs of spin (not limited to nearest-
neighbor pairs) is assumed to be ferromagnetic. The Lee-Yang theorem is then
applicable to the system under consideration. Since it is a starting point of
our theory, let us review quite briefly the theorem.

Suppose that the external magnetic field 77 is applied to the system. Intro-
duce a reduced magnetic field /4 and the fugacity = defined by

h=2mH/ET, z=e¢" : 21

3

where £ is the Boltzmann constant. The Lee-Yang theorem states: If one con-
siders the partition function Z(J{, T) as a function of 2, then all the zeros of
partition function lie on the unit circle in the complex z-plane. If one intro-
duces a distribution function 7(0) of zeros so that Ng(0)d0 is the number of
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10 one can express the logarithm of partition

zeros with 2 between ¢ and ¢
function as follows :
2

g In(z—e)g(0)do . | (2.2)

it

1nZ _ mH
N rT

The g(0) is subject to the conditions

2o

gyw)czo:l, g(—0)=9(0). (2-3)

0

Note that the g(0) depends on the temperature, although we do not write its
explicit dependence for a moment. With the aid of Eq. (2-3), we can trans-
form Eq. (2:2) to a form

‘h;\]z-: § In[2(ch Z2—cos 0) 19 (0) 0 . (2{1)

0

From Eq. (2-4) the average magnetization per spin is calculated to be

70 g (2-5)

A= 2 st
M 12 sh hg ch 71— cos 0 .

So far there have been no any approximations in our expressions. It is,
however, possible to simplify Eq. (2-5) when we restrict ourselves to the critical
behavior of M. In the vicinity of transition point, it may be expected that the
contribution of small 0 is the most important. One may therefore expand cos 0
in Eq. (2-5) and retain the terms up to the order of (*. Furthermore, if A is
sufficiently small a similar procedure is applicable to sh/ and ch/ in Eq. (2-5).
As a result, restoring the dependence of g(0) on z, we have

z

e An T -(/'(0) [) [5)
M=4mh § R do . (2-6)
The susceptibility % is therefore given by
8m® 90 £) :
,om {9, 1) 2.
A= T S L 2-7)

l

If we consider the case 7>7T,, there may be no zeros in the neighborhood
of 0=0. Consequently, in this case the distribution function vanishes for 0 less
than a certain value of 0, i.e.

900, )=0 for 0<0.. (2-8)

It should be noted that the 0, depends on ¢, although we do not write its ex-
plicit dependence to simplify the notation. It is c¢lear that 0.0 in the limit
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§ 3. Singularities of susceptibility, magnetization and specific heat

Let us consider the case above the transition temperature and assume that
the susceptibility has a singularity

Z:]—"[—"/‘ (3.1)

We will derive a condition imposed on ¢(0, 1) for the y to have the singularity
of Eq. (3-1), along the line discussed in IL

From what we have mentioned at the end of § 2, it follows that the lower
limit of integral in Eq. (2:7) is 0,. If we introduce a change of variable 0= 0,z
and assume that 0. is sufficiently small, we have

[ea)

AT, 27 (90, 1) oy
8m* 0, § ’ de. 3-2)

2
The left-hand side in this equation is independent of £, so should be the right-
hand side. If a quantity #g(0.z, ¢)/0. is independent of ¢, this condition is
satisfied. Thus, differentiating it by # and putting again 0=0.x, we get a
partial differential equation

090, 1) 70;‘0 090, ) _ <()c,, B

;
: 0, ¢ 3-3
0t 0, 00 0, t>g(’ ), (3-3)

where 0= (d/dt)0.(¢). A general solution of Eq. (3-3) is easily obtained by
means of the standard method in the theory of partial differential equation. We
are led to

g0, t)=¢t70.100/0.), (3-4)

where f(x) is an arbitrary function of z. If one substitutes Eq. (3-4) in Eq.
(2-7), one may see that the 7 has really the singularity of Eq. (3-1).

Let us go on to a discussion of the magnetization. If we put Eq. (3-4)
in Eq. (2-6) and make the same change of variable as before, we find

M= Amhe™"V (h/0,), (38-5)
where ¥ (a) is defined by
?/’"((z):g ]:(I>2 dx . (3:6)
x'+ta

1

It is clear that 7 (a) approaches some constant in the limit a—0. On the other
hand, if we take a limit £—0, i.e. 0,—0, keeping A finite, a goes to infinity.

¥ A general tendency of ¢(0, #) as a function of 9 and ¢ will be secn in a recent article by
Suzuki [M. Suzuki, Prog. Theor. Phys., to be published].
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This situation corresponds to Eq. (1-1c¢) so that we should have
V(a)—»>a">", (a—o0). (3-7)
Equation (3-5) then becomes
M-—>pe70,07 97, (3-8)
except for a constant coefficient. Since the A must be independent of 7 in this
limit, the dependence of 0, on ¢ is determined as '
O.0ct™?, A4=270/(0—1). (3-9)
It will turn out that the 4 introduced here is identical with Domb’s parameter.

We now proceed to a study of energy £ and specific heat C in the vicinity
of transition point. These quantities are expressed as

E/N=FET,(0/0r) (n Z/N) (3-10)
C/Nk= (0*/0:*) (In Z/N) (3-11)

In order to calculate £ and C, it is convenient to define a function G (0, 2):
[
G, 1) :g g, 0 dy . (3-12)
) v
Using partial integration and noting that G(x, ) =1/2 and G(0,, t) =0, we have
from Eq. (2-4)

InZ g sin () i
—_ — - - Lo 9 - Q.
N } ch 71— cos 0 G0, t)do+ 5 Inf2(chh+1)]. (3-13)

[+

The last term in the above equation does not depend on ¢, so that we will
omit it in the following. Furthermore, simplifying the first term as in Eq. (2-6),
we get '

InZ § 0
e = — 2 s o G0, 1) do . 3-14
N ) 0, 1)« (3-14)
In calculating the E from this equation, we have to note that the lower
limit 0, depends on z. However, since the relation G(0,, £) =0 holds, we can
forget the above dependence and take only the derivative of G (0, £) with respect
to . Repeating exactly the same procedure, we find

0 InzZ_, g n—0°

or N 2) ey PODD, @15
where
0
700, 1) :g 0 Ga(g D ' (3-16)
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From Eqgs. (3-4) and (3-12), it follows that

G0, £) =170, F(0/0,) (3-17)
where
Fla) = S ory (3-18)

1
Substituting Eq. (3-17) in Eq. (8-16) and carrying out the necessary differen-
tiation by ¢, we find
P(0, ) =P 10/0,), (3-19)

where I(x) is a sum of integrals such as
8 F () du, S wl” () du, S W F” (1) du .
i 1 1
An explicit form of I(z) is not necessary for our further discussion ; an im-
portant thing is that it has an argument 0/0, in Eq. (3-19).
Combining Eq. (3-19) with Eq. (8-15), we obtain
C g”, (/0. ~

NE TN [y 1O ©:20)

Putting =0, one may see that the critical index « is given by

a=2+4+7—4, (3-21)
which 1s exactly the same as the one derived by Domb. Therefore, the 4
introduced here is shown to be identical with Domb’s. As is clear from Iiq.
(3-9), the 4 is a parameter which describes how fast the zeros of partition
function approach the point 0 =0 as £ goes to zero. From Egs. (3-9) and (3-21),
the « is also expressed as

w=2—7(@+1)/(0-1). (3-22)

Returning now to the discussion of magnetization, we note that Eq. (3-5)
can be rewritten as 1£q. (1-4), if we solve A in terms of M and z. Repeating
Domb’s procedure,” we find

B=(4/2) =y or B=1/(0—1). (3-23)

It is easily verified that Eqgs. (3-21) and (2-23) lead to
a+28+r=2 a+p1+0) =2 (8-24)

These relations were first given by Essam and Fisher.” Also, one would obtain
them if one replaces Rushbrooke’s® or Griffiths’” inequality by equality.

We have so far assumed that 0, is not identically zero. However, a pos-
sibility 0,==0 for >0 may not be excluded from the general discussion. If this
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happens, introduce a transformation ( =rx in Eq. (2-7). Then we have g (0, ¢) =
7" f(0/t), by using the same procedure as to derive Eq. (3-4). This equation
leads to 1/0=1-—7, which is not consistent with the exact results for two-dimen-
sional case or the numerical results for three-dimensional case (y>1, §>0).
This is the reason why we discarded the possibility 0,==0.

4., Discussion

78

We are now in a position to discuss the behavior of thermodynamic func-
tions at the transition point. From Egs. (3-14) and (3-17), we get

InZ/N=¢t7700(h/0.), (4-1)
where
@(a)::vzg L F@de. (4-2)
)z +a

We note that there should occur no phase transition in the presence of magnetic
field. In other words, the right-hand side in Eq. (4-1) is a power series of /
it 2#0. Now suppose that @ (/h/0,) involves a term (0,/h)". Then the right-
hand side in Eq. (4-1) is expressed as ¢/~ 7"/~ From what we have men-
tioned above, it follows that 4—y+md/2=n, (n=0, 1, 2,---). Thus solving
m in terms of n, we obtain

nz_ }Ci‘ a " m (4-3)

)

N
Therefore the ¢ and ¢ defined in Eq. (1-5) are given by
e=2d—-7—1/4, 0=2@C~4+7)/4. (4-4)

The fact that these parameters are expressed in terms of 7 and 4 is in accord-
ance with Domb’s conclusion. It should be noted that Eq. (4-1) is consistent
with the results of Widom,® Kadanoff'™® and Suzuki.®

We have calculated ¢ and ¢ for two- and three-dimensional Ising models
and the results are summarized in Table I, together with other critical indices.

Table I. Numerical values for the critical indices. 27, 31 and C indicate two-dimensional
Ising model, three-dimensional Ising model and classical theory, respectively.

Thermodynamic quantity | Index 21 1 3I C
High temperature susceptibility } T \ 7/4 ’ 5/4 1
High temperature gap index ‘ 4 : 15/4 % 25/8 3
High temperature specific heat a=24r—d 0 - 1/8 0
Spontaneous magnetization f B=(d4/2) —~ i 1/8 5/16 1/2
Magnetization vs field at 1, ‘ d=d/(4-27) } 15 5 3
Energy vs field at T, boe=2(d—y—1)/4 8/15 14/25 2/3
Specific heat vs field at T, i o=2(2+v—-4)/4 0 2/25 0
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We also list their values obtained in the classical theory of phase transition
(e. g. in the molecular field approximation). In dealing with the three-dimen-
sional model, we used y=5/4 and 4=25/8 as in Domb’s theory.”

The result ¢=0 in the two-dimensional Ising model strongly suggests that
the specific heat has a logarithmic dependence on magnetic field. That this
is really the case will be shown as follows. If we consider the case A=0 and

assume that I(x) = — Lz for large z, we find from Eq. (3-20)
C "4 1 1
— N—/;:::zzog f:‘)lo o ) =Ldln (4-5)

1
where we have taken the upper limit of integral to be 1/0, which has so far
been assumed to be co. In the same way, if we put =0 keeping 1 finite, we
get :
C/Nk=2L1n(1/h), (T=T.). (4-6)
Therefore if we write
C=—A,In|T-T,], (H=0), C=—Ayln H, (T'=1T,),
the ratio A,/A, depends only on a single parameter 4 :
147»/111[24/2. (4'7)

Although the present results are obtained for Ising ferromagnets, it may be tempt-
ing to apply them to Heisenberg ferromagnets. Since the relation ¢=2c/4 is
derived and the result @« =0 is believed to be valid, we find ¢=0 in Heisenberg
ferromagnets. So that it would be expected that the specific heat at T'=T,
has also a logarithmic dependence on F in this case.

Finally we would like to discuss the critical index «. The result a=1/8
in the three-dimensional Ising model is not consistent with our conjecture given
in I. Nevertheless, a part of the results obtained in I is useful in estimating
the ratio of the coefficients appearing in the expression for the specific heat.
If we write

C=C.|T-T," ((T=T,),
we have from Eq. (8-11) in II that C,/C_=cos[ (2—a)¢]/cos[ (22— )¢+ ar].

Putting «=1/8 and a value of ¢ discussed in I, we find C,/C_=0.8 for the
case of simple cubic lattice. Thus the low temperature specific heat has a

slightly larger coefficient than the high temperature one.
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