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NOTES ON ALMOST ISOMETRIES
By KENTARO YANO AND MARIKO KONISHI*

§0. Introduction.

Chern and Hsiung [1] proved a theorem stating that a volume-preserving
almost isometry between two compact submanifolds in euclidean space satisfying
certain conditions is an isometry.

The purpose of the present paper is to give a different approach to this sub-
ject, which seems to be somewhat related to a paper of Gardner [3].

§1. Almost isometries.

Let M be an n-dimensional Riemannian manifold covered by a system of co-
ordinate neighborhoods {U; x"} where here and throughout the paper the indices
h,i, 7, k, --- Tun over the range {1, 2, 3, -, n}. We denote by g i, {,"}, 2, Ke7s" and
Kj; the components of the metric tensor, the Christoffel symbols formed with
gji, the operator of covariant differentiation with respect to the Christoffel symbols,
the curvature tensor and the Ricci tensor respectively.

A transformation is said to be affine when it does not change the Levi-Civita
connection defined by the Christoffel symbols. In order that an infinitesimal trans-
formation »" be an affine transformation, it is necessary and sufficient that

(1.1) .,a,{ j"i } — VP + K0 =0,

where _f, denotes the Lie derivative with respect to the infinitesimal transformation
v, [7].
An infinitesimal transformation »* satisfying

(L.2) ¢ (,a,{ j"i }) T T KM =0

is called an infinitesimal almost isometry, where K,*=K¢'*. Thus an affine trans-
formation is an almost isometry.

A transformation is said to be isometric when it does not change the Rieman-
nian metric. In order that an infinitesimal transformation »* be an isometry, it is
necessary and sufficient that
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(1 3) Ivgji:‘Vjvi‘l‘Viv]:Oy

where v;=g;»v" Since (1. 3) implies (1. 1) and consequently (1.2), an isometry is
an almost isometry.

One of the present authors proved in [6, 8] that a necessary and sufficient
condition for an infinitesimal transformation »* in a compact Riemannian manifold
M to be an isometry is that

(1. 4) g7+ KMo =0 and Fivt=0,

or that the infinitesimal transformation v* defines an almost isometry and preserves
the volume.

Since (1. 1) implies (1. 4), we see that an infinitesimal affine transformation in
a compact Riemannian manifold is an isometry.

Now consider a transformation in the Riemannian manifold M and denote by

d;; the transformed metric and by {;*;} the transformed Christoffel symbols. We put

(L.5) {.".}:{.}‘.}JrUﬁ",
ji Ji
U;* being components of a tensor field of type (1, 2).
If
(L. 6) U,;t=0,

then the transformation is affine, if

1.7 g7 U;i"=0

then the transformation is an almost isometry with respect to gj;, if
1.8 g7t U, =0,

then the transformation is an almost isometry with respect to §;; and if
(1.9) det (9:)=det (g;:)

det( ) denoting the determinant formed with elements between braces, the trans-
formation is volume-preserving. In this case we have

(1. 10) Ujt=0.
If

(1. 11) Gi=0ji
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the transformation is an isometry.
Denoting by 7, the operator of covariant differentiation with respect to 7,
we have

t 1.
0=V 1ji=0uGji— { . }gtt—{ B i }gjt

kj
o= ({ ) JHoet)aa=({ ) J+ U)o
kj ki
from which
(1.12) Vi ji= Uss'Gei+ Una 0.

Thus, for an affine transformation, we have
(1. 13) ng]'i=0,

and consequently for an affine transformation in an irreducible Riemannian manifold,
we have, by a theorem of Schur,

(1. 14) §5:=C%q i,

¢ being a non-zero constant, that is, the transformation is homothetic. If the affine
transformation preserves the volume, then we have

(1.15) G75=0ji»

that is, the transformation is isometry. See [4], [5].
It is not yet known whether an almost isometry preserving the volume is an
isometry or not.

§2. Integral formulas.

Let E be euclidean space of dimension = (>#) and consider an immersion
X: M—E, that is, a differentiable mapping X of M into E such that the induced
linear mapping on the tangent space is univalent everywhere. We regard X(p),
peM as a position vector in £. As the Riemannian manifold M is covered by a
system of coordinate neighborhoods {U; x"}, we can consider the position vector X
as function of z!, x?, .-+, z™

We put

2.1) X,=0:X, 0;=0[0",

then X, are » linearly independent vectors tangent to X(M). Assuming that M
is oriented and the immersion X: M—FE is orientation-preserving, we choose m—n»
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mutually orthogonal unit normals C, to X(M) in such a way that Xj, -+, X,, Cro1,
-+, Cn give the positive orientation of E, where here and throughout the paper
the indices w, y, z run over the range {n+1, ---, m}.

Now the components of the metric tensor are given by

2.2) 95i=X;- X,

the dot denoting the inner product of vectors in E, and the equations of Gauss
are written as

h

(2. 3) V]thani— {] Z }Xhzhjixcx;

where %, are components of the second fundamental tensors with respect to the
normals C,. The equations of Weingarten are written as

(2° 4‘) V]Cx=ajcz= —‘h]t.rXi'f'lJ.tyny

where %,'=/hj.9" and [,,, are components of the so-called third fundamental tensor.
We now put

(2. 5) X=Xz +Caaz,

where z* are components of a vector field of M and «, are m—n functions of M
and compute the covariant derivative of X. Then we obtain

X] =hﬁxz‘Cx +X1;Vj21+ (—h/'zXz -l-l]xyC,,)az +Cszax,

from which

(2. 6) Vizt =085+ h,tpots

and

@.7 Viaw=—hjiz2"—1,yz0ty.

From (2. 6), we obtain
2. 8) Viz,=g5+ hjizta,
where z;=g;»2" and
2.9 Vizt=n+g7h ;505

Thus, supposing that M is compact, we obtain the integral formula

(2. 10) S (n+g7hjiz0z)d V=0,
M
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dV denoting the volume element. _
We now consider the second immersion X: M—FE and proceed as above, we
then obtain similarly

(2. 11) V,2:=0;+hjialls
and
2.12) V. iz =n+§"h ey

and consequently
@.13) S (459 j1a@)dT =0.
M

Now, two immersions X: M—E and X: M—E define a diffeomorphism
@ X(M)—X(M). We assume that this mapping is volume-preserving, that is,
(2. 14) det (g;:)=det (g5:).

Now the inequality of Garding [2] says that
(2.15) §7%g 5= n{det (9;5)/det (g},

equality holding if and only if §;; and ¢;; are proportional. Thus we have, from
(2. 14) and (2. 15),

(2. 16) §igsi=n,

equality holding if and only if §;=g;.
Similarly we have

(2.17) 0" g=n

equality holding if and only if §;=g;.

Now, since

= h
iji—ajzi—{j i }Zh

—_ h h
‘afz*_<{j i}”]” )Z"

= iji" Uﬁ"zh,
if the transformation is an almost isometry with respect to §;;, then we have
GV j2=§70 ;2

=g i+ Rjizts)
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Zn+§h 0,

by virtue of (2.8) and (2.16). Thus integrating, we have
(2. 18) o sadav=o,
M

since dV =dV, equality holding if and only if §;;=gji.
Combining (2. 10) and (2. 18), we obtain

2.19) S (7 hjig0a— g7 hjizas)d V=0,
u

equality holding if and only if §;=gj.
Similarly if the transformation is an almost isometry with respect to g¢;;, then
we have

(2. 20) S (07 ji0@ s — G jio@)d V=0,
M

equality holding if and only if §;;=g:.

§3. Theorem of Chern and Hsiung.

Chern and Hsiung [1] proved

THEORE_M. Let X, X: M—E be two immersed compact submanifolds and let
XM )= X(M) be a volume-preserving almost isometry with respect to the metric of
X(M). If

3.1) G hjinas =g izt
then f is an isometry.

Under these assumptions, we have, from (2. 19),
| @ s hiad V=0,
M
and consequently

(3. 2) gjizgji~

If f is volume-preserving almost isometry with respect to the metric of X (M)
and

3.3) gji;ljizd'x = gn;ljwdz
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then we have, from (2. 20),

S (gjihjix&z_ gﬁ;ljixa'x)d V=0,
M

and consequently we can conclude (3. 2).

§4. A theorem.

We have put
4. 1) X=Xiz"+Cottz,
from which
4. 2) Xi- X=2z
and consequently
.3 S TXX)=z.
Thus
o 5 T X)= g5t has

by virtue of (2. 8).
We have similarly

WX}

(4.5) %7;'7@'()? X)=05i+hjis@s.
Since
%7,7@-.@:%{ { ]
=%{a,at(x X)—<{

rof

we have, from (4.4) and (4. 5),
1

=0ji—gsi+Rjia@s—hjiztta.

}+Un )ah()?-)?)}

[z 2 U (X3,
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Thus, if the transformation is a volume-preserving almost isometry with respect
to g;;, we have

P T(X- XX X)

=7 ji—035) + 07 jiaC@o— 07 Pjinets
égjiiljixd’x“gﬁhjixam
equality holding if and only if §;=gj.
Thus, if
gji;ljimd'a; = gjihjixa'a:;
we have
1 . 5 =
5 9T X - X=X X) =0,
from which, M being assumed to be compact,
%gf"an(X~X—X-X)=O,
by virtue of Bochner’s lemma [5].
Thus
97 ji—g5:)=0
and consequently
Gji=0ji.
Thus we have

TueoreM. Let X, X: M—E be two immersed compact submanifolds and let
1 X(M)—X (M) be a volume-preserving almost isometry with respect to the metric
of X (M).

If

gjihjimd'xg gﬁ/ljiza'z;

then f is an isometry.

§5. Almost parallel displacement.
We know that
(5.1) V, Xo=hjieCo
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and
(5.2) 7, X.=h;ji:Ca
We call an almost parallel displacement with respect to ¢;; a transformation
for which
(5.3) g7V, X:—7,X,)=0.
Now, putting
A=X-X, A=X—X,

we have

V,A,=;(Xi—X,)— 1 ].hi }(X;L—Xh)

=% (| /|- o) T (x|, )
=V, X:—V,Xi+ Ui X
Thus, for an almost isometry with respect to ¢;, we have
¢',A,=g" (7 , X:—V,X).
Thus, if an almost isometry is an almost parallel displacement, we have
97V,A,=0.
Thus, if M is compact, all the components of the vector A are constant and
A is a constant vector. Thus we have

THEOREM. If M is compact and f: X(M)—~X (M) is an almost isometry and
at the same time an almost parallel displacement, then f is a parallel displacement.

ReEMARK. Gardner [3] has employed profitably a fixed vector in E to get a
general rigidity theorem.
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