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1. Introduction. Let $f(x)$ be a real measurable function defined in
the interval $(0,2\pi)$ we write $f(x)\in L^{p}(p>0)$ when $|f(x)|^{p}$ is integrable in
$(0,2\pi)$ , and $f(x)\in L^{*k}(a>0)$ when $\psi(x)|\log^{k}(1+f^{\wedge}(x))$ is integrable in
$(0,2\pi)$ . $L^{*1}$ is the function class which was introduced by A. Zygmund [1].

In the theory of Fourier series, the transformations of the following
type play an important r\^ole: that is, $\eta f(x)$ ] $=g(x)$ transforms every in-
tegrable function $f(x)$ to another $g(x)$ , both being defined in $(0,2\pi)$ , such
that the inequalities

(1.1) $\{\int_{0^{l}}^{2}T^{*}[f(x)]|^{p}dx\}^{1/p}\leqq A_{p}\{\int^{2_{0}\pi}V(x)|^{p}dx\}^{2/t}$‘ $(p>1)$ ,

and

(1.2) $\int_{0}^{2}|\mathcal{I}Tf(x)$ ] $|dx\leqq A_{k}|V^{2\pi}(x)0|\log^{k}(1+f^{3}(x))dx+B_{k}$

hold where $\Lambda_{p},$ $A_{k},$ $B_{k}$ are constants depending only on $p,$ $k$ and $k$ , res-
pectively.

The inequalities (1.1) and (1.2) are usually proved independently.
We shall now give a general principle to deduce the inequality of the type
(12) from that of the type (1.1). That is.

Theorem. Let $T$ be a transfarmation which transforms every integrable
function to a measurable function, both being $\mathscr{A}fned$ in a finite inlerval $(a,b)$ ,
such that (i)

(1.3) $f(x)=\sum_{\nu\Leftarrow 0}^{\infty}f_{\nu}(x)$ implies $|T[f]|\leqq\Sigma^{\infty}|T[f_{\nu}]|\nu\Leftrightarrow 0$

and
(1.4) $|T[’]=|II-f]|$ ,

(ii) th’ inequality

(1.5) $\{\ddagger|\mathcal{I}T]]|^{p}dx\}^{1^{\prime}p}\leqq A_{p}\{\int_{a}^{b}\psi(x)|^{p}dx\}^{1/p}$

holds with the constant $A_{p}$ satifying the inequality
(1.6) $A_{p}\leqq A/(p-1)^{k}$

for all $p,$ $1<p\leqq 2$ , for some $k>0$, and for a constant $A$ depending only on
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the length of th$e$ interval $(a, b)$ . Tnen we have

(1.7) $\int_{a}^{b}|7If$ ]$dx\leqq A_{k}\int_{a}^{b}|f(x)|\log^{k}(1+f(x))dx+B_{k}$,

wkere $A_{k}$ and $B_{k}$ are constants depending only on $k$ and $b-a$ .
In \S 2 we shall prove this theorem and in the remaining part we shall

show that, by means of this key theorem, almost all inequalities of the form
(1.2) already known can be deduced from the inequalies of the form (1.1).

2. Proof of theorem. The idea of the proof is essentially due to E.
C. Titchmarsh [2] and J. Marcinkiewicz [3].

It is sufficient to prove (1.7) for $f(x)\geqq 1$ in ( $a$ , b) for the general
case, if we put

$f(x)=f_{1}(x)+f_{2}(x)$

$=(f_{1}(x)+1)-(-f_{2}(x)+1)$

$=g_{1}(x)-g_{2}(x)$ ,

where $f_{\iota}(x)\geqq 0,$ $f_{2}(x)<0$ , then $g_{1}(x)\geqq 1,$ $g_{2}(x)\geqq 1$ . If inequality (1.7) is
proved for $g_{1}$ and $g_{2}$ , it holds also for $f(x)$ by (1.3) and (1.4).

Let us define $f_{\nu}(x)$ by

$f_{\nu}(x)=f(x)$ , $(x\epsilon E_{\nu})$ ,

$=0$ $(x\overline{e}E_{\nu})$ ,

where $E_{\nu}=\{x;2^{\nu}\leqq f(x)<2^{\nu+1}\}^{1)}$ , $\nu=0,1,2,\ldots$ Then

$f(x)=\sum_{\nu\Rightarrow 0}^{\infty}f_{\nu}(x)=\sum_{\iota=0}^{\infty}2^{\nu}\varphi_{\nu}(x)$ ,

where $\varphi_{\nu}(x)=f_{\nu}(x)/2^{\nu}$ . By (1.3),

$|zTf]|\leqq\sum_{\nu=0}^{\infty}|T[f_{\nu}]|\sum_{\nu\rightarrow 0}^{\infty}2^{\iota}|T[\varphi_{\nu}]|$ ,

Integrating both sides over $(a, b)$ , we have

$\int_{a}^{b}|T[f]|dx\leqq\sum_{\nu=0}^{\infty}2^{\nu}\int_{a}|T[\varphi_{\nu}]|bdx$

$\leqq\sum_{\nu=3}^{\infty}2^{\nu}\{\int_{a}^{b}|T[\varphi_{V}]|_{\nu}^{1/p}dx\}_{\nu}^{1/p}\{\int_{a^{b}}dx\}_{\nu}^{1/q}$ ,

where $2\geqq p_{\nu}>1,$ $\frac{1}{p_{\nu}}+\frac{1}{q_{\nu}}=1$ . Applying (1.4) for every $\varphi_{\nu}(x)$ , we have

1) We suppose that all sets which we consider in this section are contained in the interval
$(a, b)$ .
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$\int_{a}^{b}|T[f]|dx\leqq A^{\prime}\sum_{\nu-0}^{\infty}2^{V}A_{P}\{\int\varphi_{\nu^{\nu}}^{p}(dx)\}_{\nu}^{1/p}\nu a$

$\int_{a}^{b}|T[f]|dx\leqq A^{\prime}\sum_{\nu=0}^{\infty}2^{\nu}A_{p}\{\int\varphi_{\nu^{\nu}}^{p}(x)\nu a^{b}dx\}_{\nu}^{1/p}$

$\leqq A^{\prime\prime}\sum_{\nu\leftarrow 0}^{\infty}2^{\nu}\frac{1}{(p_{\nu}-1)^{k}}\{\int_{a}^{b}\varphi_{\nu}(x)dx\}_{\nu}^{1^{\prime}p}$ ,

$A^{\prime}$ and $A^{\prime\prime}$ depending only on $b-a$ . If we put $ p_{\nu}=1+1/\nu$ , then

$\int_{a}^{b}|T\lceil f]|dx\leqq_{\nu\Leftrightarrow}A^{\prime\prime\prime}\lambda_{0}^{\infty,}2^{\nu}\nu^{k}\{\int_{a^{b}}\varphi.(x)dx\}^{\frac{\nu}{\nu+1}}$

$\leqq A^{\prime\prime\prime\prime}\sum_{\nu-0}^{\infty}2^{\nu=}\nu^{\prime}\int_{a^{\hslash}}\varphi_{\nu}(x)dx+B_{k}^{2)}$

$\leqq A_{k}\int_{b}^{b}|f(x)|\log^{k}f^{\underline{o}}(x)dx\{\vee B_{k}$ ,

where $A_{k}$ and $B_{k}$ depend only on $k$ and $b-a$ . This proves the theorem.
Remark. In the formulation of our theorem, we have supposed that

$f(x)$ is defined in a finite interval $(a, b)$ and that $T[f]$ is a function on
the same interval, but it is obvious from the above proof that our theorem
$re$mains true even when $T$ transforms a real integrable function defined on
an abstract measure-space $\Omega$ with a fnite total measure into a real integrable

function in another space $\Omega^{\prime}$ with tlte same property as 9.
3. Applications. We shall give some applications of our theorem.
3.1. ConJugate functions. Let $f(x)$ be an integrable function in

$(0,2\pi)$ with period $ 2\pi$ and its conjugate function be

(3.1.1) $\overline{f}(x)=-\frac{1}{\pi}\int_{0}^{\pi}\frac{f(x+t)-f(x-t)}{2tg_{2}^{1}t}dt$

. As is well known, $t/le$ inequalities

(3.1.2) $\int_{0}^{2\pi}|\overline{f}(x)|^{p}dx\leqq A_{p}^{p}\int_{0}^{\underline{o}_{\pi}}|f(x)|^{p}dx(p>1)$ ,

and

(3.1.3) $\int_{0}^{2}|^{ae}f(x)|dx\leqq A\int_{0}^{2\pi}|f(x)|\log(1+f^{-}(x))dx+B$,

hold where $A_{p}\mathscr{A}pends$ only on $p$ and $A,B$ are absotute constants.

2) From Young’s inequality, we can.easily see $a^{l/(V+1)}<2a+\underline{1}$ for $a>0$ and $\nu\geqq 1$, so
$\vee a$

it follows that $Z^{\nu}\nu^{k}\{\int\varphi_{\nu}dx\}^{\frac{\nu}{\nu+1}}$ $\leqq A2\nu\int\varphi_{\nu}dx+1/\nu^{2}$.
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It is also known that $A_{p}$ satisfies (1.6) with $k=1$ .
We can deduce (3.1.3) from (3.1.2). Since we cannot apply our ex-

trapolation theorem directly, it requires some modifications. Let us define
$f_{g}^{-}(x)$ by

(3.1.4) $\overline{f_{\epsilon}}(x)=-\frac{1}{\pi}\int_{\epsilon^{\pi}}\frac{f(x+t)-f(x-t)}{2tg\neq t}dt(\pi\geqq\epsilon>0)$ .

Then it is well known (cf. M. Riesz [3]) that

(3.1.5) $\int_{0}^{2\pi}|\overline{f}_{g}(x)|^{p}dx\leqq A_{p}^{p}\int_{0}^{2\pi}|f(x)|dxp(p>1)$ ,

with $A_{p}$ in (3.1.2). If we define the transformation by $7Tf$] $=\overline{f}_{\epsilon}$ and
apply our theorem to (3.1.5) , we have

$\int|\overline{f}_{e}(x)02\pi|dx\leqq A\int_{0}^{2\pi}|f(x)|\log(1+f^{3}(x))dx+B$,

with absolute constants $A$ and $B$. Making $\epsilon\rightarrow 0$ , we have

$J_{0}^{2\pi}|\overline{f}(x)|dx\leqq A\int_{0}^{2\pi}|f(x)|\log(1+f^{2}(x))dx+B$ .
This method proving (3.1.3) is quite analogous to that of Titchimarsh [2]

Moreover, if we put

$\tilde{f}(x)=\sup’|\overline{f}_{\epsilon}(x)|$ ,
$ 0<e\leqq\pi$

(3.1.6) $\int_{0}^{2\pi}[\tilde{f}(x)]^{p}dx\leqq A_{p}^{p}\int_{0}|f(x)2\pi|^{p}dx(p>1)$ ,

(3.1.7) $2\pi_{0}\int\tilde{f}(x)dx\leqq A\int_{0}|f(x)2\pi|\log(1+f^{2}(x))dx+B$.

The inequality (3.1.7) can similarly be deduced from the inequality (3.1.6).
3.2. Maximal theorems of $Hardy\cdot Littlewood$ $[4]$ . For an integrable

function in an interval $(a,b)$ , let us put

(3.2.1) $f^{*}(x)=\sup_{\epsilon}\frac{1}{x-\xi}\int_{\xi}^{x}|f(t)|dt$ $(a\leqq\xi\leqq b)$ ,

then the following inequalities hold:

(3.2.2) $\int_{a}^{b}[f^{*}(x)]^{p}dx\leqq 2(\frac{p}{p^{s}-1})^{p}\int_{a}^{b}|f(x)\backslash |^{p}dx(p>1)$ ,

(3.2.3) $\int_{a}^{b}f^{*}(x)dx\leqq A\int_{a}^{b}|f(x)|\log(1\cdot+f^{-}(x))dx+B$,
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where $A$ and $B$ depend only on $b-a$.
In this case if we put $T\overline{\lfloor}f$] $=f^{*}(\grave{x})$ , $T$ satisfioe the conditions (1.3) and
(1.4). Hence we can deduce the inequality (3.2.3) from (3.2.2) by our
theorem.

2.3. Inequalities of Marcinkiewicz for the double Fourier series.

J. Marcinkiewicz [5] has proved the following theorems: Let $f(x,y)$ be
an integrable function with period $ 2\pi$ for eack variables, and the $(m,n)$ -th
partial sum of its Fourier series be $s_{m.n}(f,xy)=s_{m,n}(x,y)$ . Let us defne

(2.3.1) $H_{n}^{s}(x,y)=(n+1)^{-1}\sum_{m\rightarrow 0}^{n}\{s_{mm}-f\}^{2}$ ,

$H(x,y)=\sup_{n}H_{n}(x,y)$ .
$Th\ell\prime l$

(2.3.2) $\int_{0^{2\alpha}}\int_{0^{2\pi}}H^{p}(x, y)dxdy\leqq A_{p}^{p}\int\int|f(x, y)2_{0}\pi 2_{0}\pi|^{p}dxdy,$ $(p>1)$

(2.3.3) $\dot{\int_{0}^{o_{\pi}}}\int_{0}^{2\pi}H^{I-6}(x, y)dxdy\leqq A_{g}\int_{0}^{2\pi}\int_{0}^{2\pi}|f(x)|\log(1+f^{\sim}(x))dx+B$,

$(0<\epsilon<1)$ ,
where $A_{p}d\ell pends$ only on $p$ and $A_{g},$ $B_{g}$ depend only on $\epsilon$ . Moreover $A_{p}$

satisfies the inequality (1.6) with $k=2$ .
If we put $\mathcal{I}If$] $=H(x,y)$ , then we can deduce from (2.3.2) the fol-

lowing inequality:

(2.3.4) $\int_{0}^{2\pi}\int_{0^{\pi}}^{\underline{o}}H(x,y)dxdy\leqq A\int_{0}^{2\pi}\int_{0}|f(x_{\theta^{\prime}))}2\pi|10\mathscr{J}(1+f^{2}(x))dx+B$ , where

$A$ and $B$ are absolute constants.

2.4. Differentiation of multiple integrals. B. Jessen, J. Marcinkiewicz
and A. Zygmund [6] proved the following theorems: Let $f(x_{1},\cdots,x_{k})$ be
an integrable function on the rectangle (0,1; 0,1; $\cdots$ ; 0,1) in the k-dimensional
Euclidean space, and let us put

(2.4.1) $r*(x_{1},\cdots x_{k})=\sup_{l}\frac{1}{|I|}\int_{J}|f(x_{1},\cdots x_{k})|dx_{1}\cdots dx_{k}$ ,

$w\gamma_{\iota ere1}$ is an interval in (0,1; $\cdots$ ; 0,1) containing the point $(x_{1},\cdots x_{k})$ , then we
have tlte following inequalities;

(2.4.2) $\int_{0}^{1}f_{0}^{1}\cdots\int_{0}^{1}f^{*p}(x_{1}, x_{2},\cdots,x)dx_{1}dx_{2}\cdots dx_{k}$
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$\leqq A_{p,k}^{p}\int_{0}^{1}\int_{0}^{1}\cdots\int_{0}^{1}|f(x_{1}, x_{2},\cdots,x_{k})|^{p}dx_{1}dx_{2}\cdots dx,$ $(p>1)$ ,

(2.4.3) $\int_{0}^{1}\int_{0}^{1}\cdots\int_{0}^{1}f^{*}(x_{1}, x_{2},\cdots,x)dx_{1}dx_{2}\cdots dx_{k}$

$\leqq A_{k}\int_{0}^{1}\int_{0}^{1}\cdots\int_{0}^{1}|f(x_{1}, x_{2},\cdots,x_{k})|\log^{k}(1+f^{2}(x_{1}, x_{2},\cdots,x))dx_{1}$

$dx_{2}\cdots dx_{k}+B_{k}$ ,

where $A_{p\ovalbox{\tt\small REJECT} k}$ satisfes $t/le$ inequality of $A_{p}$ in (1.6), and $A_{k},$ $B_{k}$ depend enly
on $k$ .

The inequality (2.4.3) can be deduced from (2.4.2) by our theorem.
2.5. For an integrable function $f(x)$ , defined on $(0,2\pi)$ and periodic

with period $ 2\pi$ , let us define $\mu(x)$ by

(2.5.1)

where $F(x)=\int_{0}^{x}f(t)dt+c,$ $c$ being a constant, then we have the inequality

(2.5.2) $\{\int_{0}^{2\pi}\mu^{p}(x)dx\}^{1/p}\leqq A^{p}\{\int_{0}^{2\pi}|f(x)|^{p}dx\}^{1/p}(2\geqq p>1)$ ,

where $A_{p}$ depends only on $p$ .
This inequality was conjectured first by J. Marcinkiewicz [7] and prov-

ed by him for the special case $p=2$ . Recently A. Zygmund [8] has prov-
ed it for the $ge$neral case $1<p\leqq 2$ . From his proof, we can see that $A_{p}$

satisfies the inequality (1.6) with $k=2$ . If we put $T[f]=\mu(x)$ , this trans-
formation satisfies the conditions of the theorem in \S 1 and then we have
immediately the inequality

(2.5.3) $\int\mu(x)dx\leqq A\int_{0}^{2\pi}|f(x)|10\mathscr{J}(1+f^{2}(x))dx+B$ .
2.6. Trigonometrical interpolation. Let $h(x)$ be a periodic continu-

ous function with period $ 2\pi$ . We shall consider the trigonometrical poly-
nomials

(2.6.1) $U_{n}(h,x)=a_{0}^{(n)}/2+\sum_{\nu\Leftrightarrow 1}^{n}(a_{\nu}^{(n)}\cos\nu^{\chi_{+b_{\nu}^{(n)}}}\sin\nu x)$

defined by the equalities
(2.6.2) $U_{n}(h, x_{i})=h(x_{i})$ $(i=0, \pm 1,\pm 2,\cdots,)$
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$x=i\frac{2\pi}{2n+1}$

Let us put

(2.6.3) $U_{\hslash,i}(h, x)=a_{0}^{(n)}/2+\sum_{j=1}^{i}(a_{i}^{(n)}\cos j.x+b_{i^{n)}}^{\prime}\sin jx)$ ,

(2.6.4) $V_{n}$ (li, $x$) $=\frac{1}{n}\sum_{i=1}^{n}U_{n},$ $(h, x)$ .

If $f(x)$ is a periodic integrable function with period $ 2\pi$ , let us write $F(f,x)$

$=F(x)=\int_{0}^{l}f(t)dt-c,$ $c=\int_{0^{2}}f^{\pi}(x)dx$ .
Under these notations, the following facts are known (see [10], [11]):
$1ff(x)\in L^{p}(p>1)$ and $\{n_{k}\}$ is a sequence ofpositive integers satisfying the

$ine$qualities $n_{k+1}/n_{k}>a>1$ for $ k=1,2,\cdots$ , theiz

(2.6.5) $\int_{0}|U_{n}^{\prime}(F, x)-f(x)2\pi|^{p}dx\leqq A_{p}^{p}\int_{0}^{2\pi}|f(x)|^{p}dx$ ,

(2.6.6) $\int^{2}(\sum_{n0^{\pi}\Leftrightarrow 1}^{\infty}|U^{\prime}(F, x)-V^{\prime}(F, x)|^{\underline{o}}/n)^{p/2}dx\leqq A_{p}^{p}\int_{0}|f(x)2\pi|^{p}dx$

(2.6.7) $\int_{0}^{2\pi}(\sum_{k=1}^{\infty}|U_{n_{k}}^{\prime}(F, x)-V_{n_{k}}^{\prime}(F, x)|^{o}\sim)^{p/3}dx\leqq A_{p}^{p}B_{\alpha}^{p}\int_{0^{2\pi}}|f(x)|^{p}dx$ ,

where the constant $A^{p\prime}s$ satisfy the inequality (1.6) witlt $k=2$ , and $B_{a}\ell k-$

pends only on $a$. From these inequalities it follows
$\int_{0}^{2\pi}|U_{n}(F, x)-f(x)|^{p}dx\rightarrow 0,\Sigma|U_{\nu^{\prime}}(F, x)-f(x)\underline{1}|^{-}\rightarrow 0,$

$U_{k}^{\prime}(F, x)\rightarrow f(x)$

$n\nu-1$

almost everywhere.
Using our key-theorem, we can easily deduce the following theorem

from above.

$1ff(x)\in L^{*2}$ and $\{n_{k}\}$ is same as above, then

(2.6.8) $\int_{0}|U^{\prime}(F, x)-f(x)2\pi|dx\leqq A\int_{0}|f(x)2\pi|\log 2(1+f^{2}(x)dx+B$,

(2.6.9) $\int_{0}(\sum_{n-1}^{\Phi}|U_{n^{\prime}}(F, x)-V^{\prime}(F, x)2\pi|^{2}/n)dx\leqq A\int_{0}^{2\pi}|f(x)|1og^{0}(1+f^{s}(x))$

$dx+B$ ,

(2.6.10) $\int_{0}^{2\pi}(\Sigma|U_{k_{k}}^{\prime}\infty(F, x)-\nabla_{k}^{\prime}(F, x)|dx$
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$\leqq A\int_{0}^{2\pi}|f(x)|\log^{2}(1+f^{2}(x))dx+B$ ,

where $A$ and $B$ are absolute constants and so it follows
$\int_{0}^{2\pi}|U_{n}(F, x)-f(x)|dx\rightarrow 0,\frac{1}{n}\sum_{\nu\Rightarrow 1}^{n}|U_{\nu}^{\prime}(F, x)-f(x)|^{2}\rightarrow^{\backslash }0,$ $a;zdU_{n_{k}}^{\prime}(F,x)\rightarrow f(x)$

almost $e_{l}^{r}/crywhe\gamma p$ .
Corresponding results for Fourier series may be found in Zygmund [12].
2.7. Walsh-Kacmarz series. Let $\{*^{/_{n}}’(x)\}$ be the Walsh-Kacmarz

system in the interval (0.1), and $f(x)$ be integrable with the Fourier ex-
pansion by the system $\{f^{\psi_{n}}(x)\}$

(1) $f(x)\sim\sum_{n=0}^{n}c_{n}f^{\prime}J_{n}(x)$ .

Let us put

(2) $S_{n}(fx)\equiv S_{\iota}(x)\equiv\sum_{m=0}^{n-1}C_{m}\psi_{m}(t)$ ,

(3) $\sigma_{n}^{(\alpha)}(f, x)\equiv\sigma_{n}^{(a)}(x)\equiv\frac{1}{A_{n}^{(\alpha)}}\sum_{m=0}^{n}S_{m}(x)A_{n-m}^{(\alpha-\rceil)},$ $A_{n}^{(a)}=(^{n+\alpha}n)$ ,

(4) $\Delta_{n+1}(fx)\equiv\Delta_{n}(x\cdot)=\sum_{=m2^{n}}^{2^{n+1}-\rceil}c_{m}f^{J_{m}(x)}f$ $(n\geqq 0),$ $\Delta_{0}(f, x)$

$\equiv\Delta^{0}(x)=c_{0}$ ,

(5) $\Delta^{*}(f, x)\equiv\Delta^{*}(x)=\sum_{n=0}^{\infty}\epsilon_{n}\Delta_{n}(x)$ ,

wh $ere\{\epsilon_{n}\}$ is a system of arbitrary unit factors. Then the following ine-
qualities are known:

(6) $\int_{0}^{1}\sup_{n}|S_{2^{n}}(x)|^{p}dx\leqq A_{p}^{p}\int_{0}^{1}|f(x)|^{p}dx(p>1)$ ,

$\int_{0}^{1}\sup_{n}|S_{2^{n}}(x)|dx\geqq A|_{0^{1}}|f(x)|\log(1+f^{2}(x))dx+B$ ,

(7) $\frac{1}{A_{p}^{p}}\int_{0}^{1}[\sum_{n=0}^{\infty}\Delta_{n}^{2}(x)]^{p/2}dx\leqq\int_{0}^{\rceil}|f(dx)|^{p}dx\leqq A_{p}^{p}\int_{0}^{1}[\sum_{n=\cup}^{\infty}\Delta_{n}^{2}(x)]^{p/2}dt(p>1)$ ,

(8) $\frac{1}{A_{p}^{p}}\int_{0}^{1}|\Delta^{*}(x)|^{p}dx\leqq\int_{()}^{1}|f(x)|^{p}dx\leqq A_{p}^{p}\int_{0}^{1}|\Delta^{*}(x)|^{p}dx(p>1)$ ,

(9) $\int_{0}^{1}|S,$ $(x)|^{r}dx\leqq A_{p}^{p,}\int_{0}^{J}|f(x)|^{p}dx(p>1)$ ,
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(10) $\int_{0}^{1}\sup_{n}|\sigma_{n}^{(1)}(t)|^{p}dt\leqq A_{p}^{p}\int_{0}^{1}|f(x)|^{p}dx(p>1)$ ,

(11) $\int_{0}^{1}(\sum_{n\Rightarrow 1}^{\infty}\frac{|S_{n}(x)-\sigma_{n}^{(1)}(x)|}{n})^{p/2}dx\leqq A_{p}^{p}\int_{0}^{1}|f(x)|^{p}dx$ $(p>1)$ ,

(12) $\int_{0}^{1}(\sum_{n=0}^{\infty}|S_{2}(x)-\sigma_{2^{n}}(x)|^{2})^{p/2}dx\leqq A_{p}^{p}\int_{0}^{1p}|f(x)|dx(p>1)$

$\int_{0}^{1}(s\iota\iota p\frac{1}{ll+1}m\sum^{n}=0|S_{m}(t)-f(x)|^{2})^{\nu/z}dx\leqq A_{n}^{p}\int_{0}^{\prime\pi}1|f(x)|^{p}dx$ $(p>1)$ .

Among the above inequalities (6) $-(10)$ were proved by R.F.A.C. Paley
[7] and the others were proved by G. Sunouchi [10]. The constants $A_{p}$

in (6) $-(S)$ satisfies the inequality (1.6) for $k=1$ , and those in (9) $-(13)$

satisfies it for $k=2$ , so we have immediately by our theorem the following
inequalities:

(7) $\int_{0}^{\rceil}[\rangle$ $0\sim(1+f^{2}(x))cfx+B$ ,

(8’) $\int_{0}^{1}|\Delta^{*}(x)|dx\leqq A\int_{0}^{1}|f(x)|\log(1+f^{\vee}(x))dx+B$ ,

(9) $\int_{0}^{1}|S_{n}(x)|dx\leqq A\int_{0}^{1}|f(x)|\log^{\underline{\ovalbox{\tt\small REJECT}}}(1+f^{2}(x))dx+B$ ,

(10’) $\int_{0}^{1}\sup_{n}|\sigma_{n}^{(1)}(x)|dx\leqq A\int_{0}^{1}|f(x)|\log^{\underline{o}}(1+f^{2}(x))dx+B$ ,

(11) $\int_{0}^{1}[\sum_{n=1}^{\infty}\frac{[S_{n}(x)-\sigma_{n}(x)|^{3}}{n}]^{\rceil/2}dx\leqq A\int_{0}^{1}|f(x)|$ lo$g^{\underline{o}}(1+f^{2}(x))dx+B$ ,

(12) $\int_{0}^{1}[n\log^{2}(1+f^{o}\sim(x))dx+B$ ,

(13’) $\int_{0}^{1}[s\iota\iota p\frac{1}{n+1}\sum_{m=0}^{n}|S_{m}(x)-f(x)|^{2}]^{1/2}$

$dx\leqq A\int_{0}^{1}V(x)|\log^{2}(1+f^{2}(x))dx+B$ .
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