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Sum m ary.

A  sp ec tru m  of b a n d s  a t t r ib u te d  to  n itro g en  su lp h id e  (NS) h a s  been  ob ta in ed  

b y  p a ss in g  u n co n d en sed  d ischarges th ro u g h  tu b e s  c o n ta in in g  n itro g en  an d  

s u lp h u r  v a p o u r. T he s p e c tru m  is s trik in g ly  s im ila r to  t h a t  of n itr ic  oxide 

(N O ) a n d  a p p e a rs  in  n e a r ly  th e  sam e (u ltra -v io le t)  reg ion . Tw o sy stem s of 

b a n d s , co rre sp o n d in g  w ith  th e  w ell-know n y  a n d  0 b a n d s  of N O , a re  c learly  

sh ow n. I n  N S  th e  d o u b le t s ep a ra tio n s  a re  la rg er, a n d  th e  sep a ra tio n s  of 

successive b a n d s  sm aller, th a n  in  N O .

D E SC R IPT IO N  OF PLA TE.

a '  N itrogen afterglow, showing y  and (3 bands of NO  strongly. (For 0- 2 ... 0 , 2 ...)

b. Air vacuum  tube ; y  bands strong, [3 bands weak.

c. V acuum  tube containing nitrogen and sulphur vapour. (The bands at X 2576 and

X 2662 are due to  an im purity of CS.) Copper arc comparison.

Notes on the Theory of Radiation.

B y  C. G. D a r w i n , F.K.S.

(R eceived J a n u a ry  22, 1932.)

I t  w ill p ro b a b ly  b e  a g re ed  t h a t  am o n g  a ll th e  re c e n t d evelopm en ts  of th e  

q u a n tu m  th e o ry , one of th e  le a s t s a tis fa c to ry  is th e  th e o ry  of ra d ia tio n . The 

p re se n t p a p e r  is in te n d e d  a s  a  p re lim in a ry  to  a  new  line of a t ta c k  on  th e  sub jec t. 

I t  w as  b eg u n  som e tim e  ago , b u t  ow ing  to  la ck  of success in  c a rry in g  i t  to  a  

co nc lu sion , i ts  p u b lic a tio n  h a s  b een  m u ch  de lay ed . I n  th e  m ean tim e  o th e r  

p a p e rs  h a v e  ap p ea re d ,*  w h ich  in  som e re sp ec ts  follow  th e  sam e t r a in  of th o u g h t. 

T h e a u th o rs  of th e se  w o rks  h av e  c a rr ie d  th e ir  m e th o d s  fu r th e r  in  som e d irec tio ns 

th a n  I  h a v e  a t te m p te d , b u t  th e re  is s till  p e rh a p s  ro o m  fo r th e  discussion  of a  

n u m b e r  of q u estio n s  fro m  th e  r a th e r  d ifferen t p o in t of v iew  a d o p ted  here.

1. T h e m a in  p rin c ip le  of th e  p re sen t w ork  is th e  id ea  t h a t ,  since m a tte r  a n d  

l ig h t b o th  possess th e  d u a l c h a ra c te rs  of p a rtic le  a n d  w ave, a  sim ila r m a th e ­

m a tic a l t r e a tm e n t  o u g h t to  be a p p lied  to  b o th , a n d  t h a t  th is  h as  n o t  y e t  been

* Landau and Peierls, ‘ Z. P hysik ,’ vol. 62, p. 188 (1930); Oppenheimer, * Phys. R ev.,’ 

vol. 38, p. 725(1931).
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Theory of Radiation. 37

done a s  fu lly  a s  sh o u ld  be possib le . W h erea s  w e h a v e  a  fa ir ly  co m ple te  

calcu lu s  fo r d e a lin g  w ith  th e  b e h a v io u r  o f a n y  n u m b e r  of e le c tro n s  o r  a to m s , 

fo r p h o to n s  th e  e x is tin g  processes a re  m u c h  less sa tis fa c to ry . T h e  c e n tra l  

d ifficu lty , w h ic h  m a k es  i t  h a rd  to  a p p ly  th e  o rd in a ry  m e th o d s  of w ave  m ech an ics  

to  l ig h t,  is  th e  fa c t  t h a t  ( a t  le a s t  a cc o rd in g  to  o u r  p re se n t id eas) p h o to n s  c a n  

be c re a te d  a n d  a n n ih ila te d , a n d  to  re p re se n t th is  in  a  w av e  sy s te m  w e h a v e  to  

be a b le  to  th in k  of a  m e d iu m  su d d e n ly  co m in g  in to  ex is ten ce  a n d  th e n  go ing 

o u t a g a in , w h en  th e  l ig h t  t h a t  i t  w as c a r ry in g  is a b so rb ed . S u ch  b e h av io u r 

is a  g ra v e  d iff ic u lty  in  th e  w a y  of a llo w in g  u s  to  th in k  of th e  p h o to n  as  a  w av e, 

a n d  te n d s  to  m a k e  u s  th in k  w ith  m o re  fa v o u r  o f i t s  p a r t ic le  a sp e c t, u n t i l  w e 

reca ll t h a t  a f te r  a ll  i t  is q u ite  u n lik e  a n y  k n o w n  p a r t ic le  to  com e in to  ex is ten ce  

a n d  la te r  to  d is a p p e a r  w ith o u t  t r a c e .  T h e  th e o r ie s  a t  p re s e n t c u r re n t,  su ch  

a s  t h a t  of H e isen b e rg  a n d  P a u li ,*  a v o id  th e se  d ifficu lties  b ecau se  th e y  a re  

m a in ly  fo rm al g e n e ra lisa tio n s  o f th e  c la ss ica l th e o ry  ; th is  frees th e m  fro m  th e  

above  d ifficu lties, b u t  th e y  p a y  fo r i t  in  b e in g  h ig h ly  a b s t r a c t ,  a n d , a s  i t  h a s  

tu rn e d  o u t, r a th e r  un su ccessfu l.

T h e  g u id in g  id e a  a d o p te d  h e re  w as t h a t  fo r th e  p re s e n t one  sh o u ld  s e t  a s id e  

d ifficu lties of c re a tio n  a n d  a n n ih ila tio n , a n d  sh o u ld  see to  i t  t h a t  in  cases  

w here th e  p h o to n  c a n  b e  en d o w ed  w ith  som e m e asu re  of in d iv id u a lity , i ts  

g en era l d e sc r ip tio n  sh o u ld  fo llow  th e  lin es  w h ic h  h a v e  b een  so  su ccessfu l fo r 

th e  e lec tro n . I n  p a r t ic u la r  th e  C o m p to n  effect, a t  i ts  d isco v ery , w as  re g a rd e d  

a s  a  s im p le  co llision  of tw o  b o d ie s , a n d  y e t  th e  d e ta ile d  d iscu ssio n  a t  th e  p re se n t 

t im e  in v o lv es  th e  id e a  o f th e  a n n ih i la t io n  of one p h o to n  a n d  th e  s im u lta n eo u s  

c re a tio n  of one  a m o n g  a n  in f in ity  o f o th e r  p ossib le  ones. W e w o u ld  lik e  to  

be a b le  to  t r e a t  th e  effect a s  a  tw o -b o d y  p ro b lem , w ith  th e  s c a t te re d  p h o to n  

re g a rd ed  as  th e  sam e  in d iv id a l a s  th e  in c id e n t, in  ju s t  th e  w a y  w e t r e a t  of th e  

co llisions of e lec tro n s . A lso w e m u s t  in c lu d e  in  o u r  a c c o u n t of i t  a ll  th e  

a sso c ia ted  p h e n o m en a  of th e  e f f e c t ; in  a  go od  th e o ry  th e  c h an g e  of w a v e ­

le n g th  of th e  l ig h t, th e  v e lo c ity  of re co il of th e  e lec tro n , th e  a sso c ia tio n  of th e  

d irec tio n s  of th e  tw o  a n d  th e i r  s im u lta n e i ty  w ill a ll be  re p re se n te d  a t  once. 

I t  w as w ith  a  v iew  to  fin d in g  w a y s  of d esc rib in g  a ll th e se  fe a tu re s  o f th e  

C o m p to n  effect t h a t  I  d iscu ssed , now  n e a r ly  th re e  y e a rs  ago , th e  co llision  of 

tw o  m a te r ia l  p a r tic le s  in  th e  w ave  m e c h a n ic s .!  T h a t  w o rk  c o n tr ib u te d  l i t t le  

new  to  th e  w av e th e o ry  of m a t te r ,  b u t  i t  w as th e  re su lt of a n  in v e s tig a tio n  a s

* « Z. P hysik ,’ vol. 56, p. 1 (1929), and vol. 59, p. 168 (1930).

t  ‘ Proc. R oy. Soc.,’ A, vol. 124, p. 375 (1929). A m ong other th ings a rather com plicated  

problem  was discussed in  w hich th e  particles were m ade to  collide tw ice over. In  relativistic  

processes i t  is dangerous to  th ink  of sim u ltan eity  in  different places, and the point of th is  

problem was th a t it  avoided th is danger and y e t  im plied th e  sim ultaneity.
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38 C. Gr. D a rw in .

t o  liow  a ll th e  p h en o m en a  of th e  C om pton  effect co u ld  be re p re sen te d  to g e th e r , 

a n d  th is  in v e s tig a tio n  c le a r ly  show ed t h a t  th e  co n fig u ra tio n  space of th e  tw o 

bod ies w o u ld  y ie ld  th e  d e sc rip tio n  so p e rfe c tly  t h a t  i t  cou ld  h a rd ly  be r ig h t to  

look  fu r th e r . I t  seem ed th e re fo re  r ig h t  to  a p p ly  a  s im ila r m e th o d  to  th e  

C o m p to n  effect, t r e a t in g  th e  co llision  of p h o to n  a n d  e lec tron  b y  th e  sam e 

m e th o d  as  is u sed  in  th e  w av e m ech an ics  fo r tw o  m a te r ia l pa rtic le s . I t  will 

be seen t h a t  th is  is v e ry  lik e  th e  w o rk  of L a n d a u  an d  P e ie rls  ( cit.), a n d  i t  is 

im m e d ia te ly  c lea r t h a t  th e  m e th o d  wTill y ie ld  q u a lita tiv e ly  a ll th e  fea tu re s  of 

th e  C o m p to n  effect. T h e tro u b le  beg ins w hen  t r y  to  m ak e  th e  th e o rv  

e x a c t, fo r th is  d em an d s  a  re la tiv is tic a lly  in v a r ia n t  th e o ry  of tw o  bodies, w hich  

h a rd ly  e x is ts  y e t. I n  v iew  of th is  d iff icu lty , a n d  also of th e  co m p lica te d  calcu  

la tio n s  n ece ssa ry  to  re la te  th e  w ork  w ith  th e  formulae of K le in  a n d  N ish ina.*  

I  sh a ll n o t  in  th e  p re se n t n o te  a t te m p t  to  d iscuss th e  e x a c t fo rm  of th e  in te r ­

a c tio n  of a  p h o to n  a n d  a n  e lec tro n . S im p le r q u estio n s  in  th is  connection  a re  

d e a l t  w ith  in  th e  p re se n t w ork , a n d  I  ho pe  to  r e tu rn  to  th e  q u estio n  of th e  

in te ra c t io n  in  a  la te r  c o m m u n ic a tio n .

W e m u s t  recogn ise  t h a t  th e  p re s e n t id ea  in vo lv es  r a th e r  a  ra d ic a l change in  

o u r  c o n ce p tio n  of e le c tro m ag n e tic  w aves. I n  th e  th e o ry  of H eisenberg  a n d  

P a u li  (loc. cit.) th e  e le c tr ic  fo rce of su ch  a  w ave is re g a rd e d  as  an  observ ab le  

q u a n t i ty ,  b u t  h e re  we t r e a t  i t  a s  of th e  n a tu re  of th e  u n o b se rv ab le  <j; of th e  w ave 

m ech an ic s . C o n seq u en tly  w e a b a n d o n  th e  id ea  of id e n tify in g  th e  elec tric  

fo rce  of a  l ig h t w ave  w ith  a  s ta t ic  e lec tr ic  force, o r ev en  w ith  th e  force in  

w ireless w av es. T h is  is u n a v o id ab le , b u t  i t  is m ad e  p la u sib le  b y  th e  co n sid e ra ­

t io n  t h a t  o b serv ab le  e le c tr ic  forces a lw ay s a rise  fro m  m illions of e lectrons, 

a n d  w ireless w av es  a lw ay s  in v o lv e  m illio n s  of p h o to n s , a n d  t h a t  i t  is  reasonable  

to  d e m a n d  a  m a s te ry  of th e  b e h a v io u r of a  sing le  p h o to n  before  p roceed ing  

to  d iscuss t h a t  of a  la rg e  n u m b er. M oreover i t  is c e r ta in ly  in  accordance 

w ith  fa c t  t h a t  fo r l ig h t w av es, ju s t  as  fo r e le c tro n  w aves, i t  is th e  in te n s ity  

t h a t  is ob served , w hile  th e  a m p litu d e  of th e  l ig h t w ave is ju s t  as  un observab le  

a s  th e  of a n  e lec tro n . W e sh a ll th e re fo re  a b a n d o n  e n tire ly  th e  quasi- 

c la ss ica l v iew  t h a t  a  l ig h t w ave  sh ak es  a n  e lec tro n  to  a n d  fro, a n d  so causes 

i t  t o  e m it l ig h t b y  v ir tu e  of i ts  acce le ra tio n  ; w ith  th e  a p p ro p ria te  m odifications 

th is  is th e  m e th o d  of co n s id e ra tio n  p re v a le n t a t  p re sen t. In s te a d  we sh all 

con sider e le c tro n  a n d  p h o to n  as  tw o  bodies, a n d  sh a ll find  th e ir  m u tu a l p o te n tia l, 

th o u g h  on ly  in  in com ple te  fo rm  in  th e  p re se n t p ap e r.

2. O ur firs t ta s k  is to  th ro w  th e  d esc rip tio n  of th e  u n p e r tu rb e d  p h o to n  in to  

a  fo rm  acc e p tab le  to  th e  w av e m echanics. I n  do ing  th is  we h av e  to  accom - 

* ‘ Z. P hysik ,’ vol. 52, p. 853 (1929).
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Theory of Radiation. 39

m o d a te  th e  fa c ts  of p o la r is a tio n , a n d  so m u s t s t a r t  w ith  som e fo rm  of th e  

e lec tro m ag n e tic  e q u a tio n s , b u t  we h a v e  t o  c o n sid e r w h ic h  of th e m  is su itab le . 

T h u s we m ig h t choose fo r o u r v a r ia b le s  e i th e r  th e  e le c tr ic  o r m ag n e tic  fo rces 

o r b o th , o r th e  p o te n tia ls ,  o r ev en  su ch  o th e r  ty p e s  a s  th e  co m p o n en ts  of th e  

H e r tz ia n  v ec to r , b u t  w ith  th e  a im s  of th e  p re s e n t w o rk  th e re  co u ld  be no  d o u b t 

a s  to  w h ich  sh o u ld  be chosen . T h e  e q u a tio n s  of th e  s p in n in g  e lec tro n  in volve  

d iffe ren tia ls  of th e  firs t o rd e r  in  th e  t im e , so if  w e w ish  to  com b in e  a n  e lec tro n  

w ith  a  p h o to n  in  a  sing le  sy s te m  of e q u a tio n s  we m u s t  h a v e  th e  p h o to n ’s 

e q u a tio n s  a lso  of th e  f irs t o rd e r  in  th e  t im e . T h is  m e an s  t h a t  we do  n o t  w a n t 

th e  p o te n tia ls , b u t  m u s t use som e c o m b in a tio n s  o f th e  e lec tric  a n d  m a g n e tic  

forces. I f  we o n ly  n eed ed  to  co n s id e r th e  u n p e r tu rb e d  p h o to n  i t  w o u ld  be 

possib le  to  co m bin e  th e  s ix  q u a n ti t ie s ,  B , H  in to  fo u r in d e p e n d e n t ones 

Ej. +  ‘iEy, E z, e tc ., w h ic h  e x a c tly  s a tis fy  D ira c ’s e q u a tio n s  w ith  m  zero  ; 

b u t  i t  is in ad v isab le  to  d o  th is ,  b ecau se  i t  co n cea ls  th e  a c tu a l  v e c to r  c h a ra c te r  

of th e  e lec tric  force of a  l ig h t  w av e, a s  e x h ib i te d  b y  th e  p o la r is a t io n  of s c a tte re d  

lig h t. I t  is s im p le s t to  face  a  c e r ta in  a m o u n t of re d u n d a n c y  a n d  to  m a k e  use 

of th e  s ix  c o m p o n en ts  of E , H , a s  o u r  w av e fu n c tio n s .

W e s u b m it th e  o rd in a ry  e le c tro m a g n e tic  e q u a tio n s  to  th e  p ro cess  w h ich  

m a y  be re g a rd e d  a s  th e  fu n d a m e n ta l  p ro cess  of a l l  w ave  m o tio n s , th e  p ro b le m  

of fin d in g  th e  c o n d itio n  of th e  m e d iu m  a t  a n y  t im e  in  te rm s  of a r b i t r a r y  in it ia l  

co n d itio n s . T h is  is a  w e ll-know n p ro cess  a n d  i t  w ill suffice m ere ly  to  q u o te  

th e  re su lt. C o nsid er a  r a d ia t io n  fie ld  in  free  sp ace , su p p o sin g  t h a t  a t  —  0 

th e  v a lu es  of E  a n d  H  a re  g iv e n  ev e ry w h e re . W e sh a ll d e n o te  v e c to rs  b y  a  

su b sc r ip t, a n d  sh a ll m ak e  use of th e  o rd in a ry  s u m m a tio n  co n v en tio n  (over th e  

th re e  sp ace  d im en sio n s) fo r d u p lic a te  su b sc r ip ts . T h e  in i t ia l  field is th e n  

E a°, H a°, b u t  th e  s ix  q u a n ti t ie s  a re  n o t  in d e p e n d e n t on  a c c o u n t of th e  d iv e r­

gence re la tio n s

a n d  so th e y  re a lly  o n ly  in v o lv e  fo u r a r b i t r a r y  fu n c tio n s . I n  in tro d u c in g  

F o u r ie r  in te g ra ls  we sh a ll in c re ase  th e  re sem b lan ce  to  th e  w av e  of an  e lec tro n  

b y  w ritin g  th e  q u a n tu m  in  (d en o tin g  b y  h  th e  q u a n tu m  d iv id e d  b y  2tc) ev en  

th o u g h  in  fa c t  i t  p la y s  no  p a r t  in  th e  w o rk . W e d e riv e  s ix  fu n c tio n s  A a° (p), 

B«° (p) of th e  th re e  v a r ia b le s  p t: g iv en  b y

dxa ’ dxa
(2 .1)

E a° (x) —  j  A a° (p) etpPxPlh d p i3) 

H„» (x) =  | B„° (p)

( 2 . 2 )
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40 C. G . D a rw in .

w here dp™ is sh o r t fo r d p x dpv dpz ; a n d  A0, B° c an  b

b y  in v ers io n  of th e  F o u r ie r  in te g ra ls . N ow  ta k e

A« (p) =  |  {Aa° (p)  —  

(2.3)

(p) =  l  (B«° (p) +  

w here  w  is th e  p o s itiv e  sq u a re  ro o t  o f p ^ .  O n a cc o u n t of (2.1) we hav e

A a =  0.

T h en  th e  so lu tio n  of o u r p ro b le m  is

(2.4)

E a (x, t) =

H« {x, t) =

j  A a {p) dp™ +  j A a* (p)

| B a (p) dp™ +  ( B

(2.5)

w here a s  u su a l A„* is c o n ju g a te  to  A a.

N ow  co m p are  th is  w ith  th e  co rresp o n d in g  process fo r th e  sp in n in g  e lec tron . 

I f  th e  fo u r co m p o n en ts  of ^  a re  cho sen  in i t ia lly  q u ite  a rb itra r i ly , so th a t  

th e ir  re a l  a n d  im a g in a ry  p a r ts  c o n s t i tu te  e ig h t re a l a rb i t r a ry  fu n c tio n s , 

th e n  th e  v a lu es  a t  o th e r  tim e s  w ill d ep en d  on  tw o  F o u rie r  in teg ra ls  inv o lv ing  

re sp ec tiv e ly

ex p  i  [ppXp 4 -

w here w =  ytynPc2, -j- p 2). T h is  is, of course, th e  w ell-know n fa c t th a t  

n e g a tiv e  en erg y  c a m io t b e  a v o id ed  in  th e  d e sc rip tio n  of th e  sp in n in g  electron , 

if co m p le te  g e n e ra lity  is to  b e  a t ta in e d . I f  we w a n t to  h av e  on ly  p o s itiv e  

en erg y  we m u s t leave  fo u r of th e  e ig h t re a l fu n c tio n s  a d ju s ta b le  ; i t  is a  m a t te r  

of ind ifference w h e th e r  we choose tw o  of th e  fo u r <j/s as a rb i t r a ry  com p lex  

fu n c tio n s  a n d  d e te rm in e  th e  o th e r  tw o  fro m  th e m , o r w h e th e r  we re g a rd  th e  

re a l p a r ts  of a ll  fo u r a s  g iv en  a n d  dedu ce  th e  im a g in a ry  p a r ts  from  th em .

R e tu rn in g  to  th e  p h o to n , if  we a d m it  th e  ex is ten ce  of im a g in a ry  so lu tion s, 

th e n  we h a v e  in  fa c t  ass ig n ed  e ig h t fu n c tio n s , th e  s ix  re a l fu n c tio n s  fo r B° 

a n d  H °, red u ced  to  fo u r b y  (2.1), a n d  th e  co rresp o n d in g  im a g in a ry  p a r ts  defined 

to  be  zero. To  re p re se n t th e  p ro p a g a tio n  of th e  d is tu rb a n c e  we m u s t ag a in  

use tw o  se ts  of te rm s  w ith  ex p o n en ts  of b o th  signs. T he fa c t t h a t  th e  e lec tro ­

m ag n e tic  e q u a tio n s  can  be p u t  in  a  re a l fo rm  im p lie s t h a t  a  com ple te ly  rea l 

so lu tio n  c a n  b e  fo u n d , b u t  if we re g a rd  th e  e x p o n e n tia l ty p e  of so lu tio n  as th e  

r ig h t p r im itiv e  so lu tio n , th e n  we m u s t re g a rd  th e  re a l S olution as  a  su p er­

p o s itio n  of tw o  p rim itiv e  ones of eq u a l am p litu d e , one w ith  po sitiv e  freq uency  

a n d  th e  o th e r  w ith  n eg a tiv e .
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Theory of Radiation. 41

N ow  th e  en e rg y  of m a te r ia l  p a r tic le s  of a ll  k in d s  is desc rib ed  in  th e  q u a n tu m  

th e o ry  b y  m ean s  of th e  f req u e n cy  of th e i r  e x p an s io n  in  ex p o n en tia ls , a n d  we 

w ould lik e  to  b e  a b le  to  re g a rd  th e  e n e rg y  of a  p h o to n  as  on  th e  sam e  fo o tin g . 

I t  w o u ld  seem  n a tu r a l  th e n  to  re g a rd  a n  e le c tro m a g n e tic  w ave, w r i t te n  in  th e  

u su a l re a l fo rm , as th e  su p e rp o s itio n  of tw o  w av es, one w ith  p o s itiv e  en erg y  a n d  

m o m e n tu m  a n d  th e  o th e r  w ith  b o th  n e g a tiv e . F o r  a n  a c tu a l  l ig h t  w av e i t  

w o uld  seem  n a tu r a l  to  ex c lu d e  th e  w ave of n e g a tiv e  en erg y , a n d  to  ta k e  as  o u r 

w ave th e  f irs t te rm  in  (2.5). I n  th e  case  of th e  e le c tro n  D ira c *  h a s  m ad e  a n  

a t te m p t  to  ju s t ify  th e  ex c lu s io n  of n e g a tiv e  e n e rg y  w ith  th e  h e lp  of th e  exc lu sion  

p rin c ip le  a n d  of a n  in fin ite  n u m b e r  of e le c tro n s  of n e g a tiv e  en erg y . W e c a n n o t, 

of co urse, in vo ke  th e  sam e id e a  h e re  b ecau se  of th e  d iffe re n t s ta t i s t ic s  of p h o to n s , 

n e v e rth e le ss  D ira c ’s th e o ry  does n o t  seem  to  h a v e  tu r n e d  o u t  v e ry  w ell. So 

we m u s t, I  th in k , ex c lu d e  th e  n e g a tiv e  e n e rg y  in  b o th  cases fo r th e  sam e re a so n  

—-th a t is to  say , n o b o d y  kn o w s h o w  o r w h y . I t  m ig h t  be th o u g h t  t h a t  we a re  

in c re asin g  th e  tro u b le s  of th e  q u a n tu m  th e o ry  b y  in tro d u c in g  a  new  case of 

n eg a tiv e  energy , b u t  i t  is u s u a lly  fo u n d  t h a t  th e  b e s t  h o p e  of re so lv in g  a  deep  

d ifficu lty  is to  e x te n d  i ts  a p p lic a t io n  as  w id e ly  a s  po ssib le .

I t  sh o u ld  b e  n o tic e d  t h a t  th e  su p p re ss io n  of th e  seco n d  te rm  in  (2.5) le ad s  

to  one s ig n ific an t d ifference. W h e n  a  h a rm o n ic  w av e  is re p re se n te d  b y  re a l 

q u a n tit ie s ,  i t  in v o lv e s  a  fa c to r  cos <f> w he re  th e  p h a se  </> — — wct)/h. F o r

th e  in te n s i ty  th is  is sq u a re d , a n d  th e n  a v e ra g e d , y ie ld in g  f-, b u t  th e re  is in  

a d d itio n  a  te rm  in  \  cos 2(f), a n d  in  a ll  o rd in a ry  w av es , su ch  as  w a te

o r so u n d  w av es , th e re  is a  re a l  p u ls a t io n  in  th e  p re ssu re  e x e r te d  b y  th e  w ave, 

of fre q u e n c y  tw ic e  t h a t  of th e  w ave. C lassical th e o ry  in d ic a te s  t h a t  th e  sam e 

sh o u ld  b e  t r u e  fo r th e  m o m e n tu m  of l ig h t  w aves, b u t  th e  g en era l t r e n d  of th e  

q u a n tu m  th e o ry  p o in ts  th e  o th e r  w ay . Im a g in e  a n  e x p e r im e n t in  w h ic h  a  

m ir ro r  is m o u n te d  w ith  a  sp rin g , so t h a t  i t  c a n  v ib ra te  a lo n g  th e  n o rm a l to  i ts  

face. W h en  th e  m ir ro r  is re fle c tin g  l ig h t of f req u e n cy  v, a d ju s t  th e  sp rin g  so 

t h a t  i t  w ill v ib ra te  w ith  f req u e n cy  2v ; th e n  if  th e  te rm  in  cos 2 ^  is p re se n t th e  

m ir ro r  w ill b e  th ro w n  in to  re so n an ce . N ow  w h en  w e co n sid e r th e  a c tu a l 

m ech an ism  of re flec tio n , w e m a y  th in k  th is  e x p e r im e n t co n ce iv ed  in  to o  

m acroscop ic  a  m a n n e r , b u t  i t  is e asy  to  see w h a t  m o d ific a tio n  w ill f it i t  in to  

th e  q u a n tu m  th e o ry . F o r  in te ra c t io n  b e tw ee n  tw o  w aves  of p h ase s  </> a n d  <f>' 

we sh a ll h a v e  a  c h an ce  d ep en d in g  on  ei'), a n d  th e  a

cos 2 cf>w ill b e  a  te rm  d ep en d in g  on  To m ak e  th is  te rm  d isp la y  i ts

effect we sh o u ld  n e ed  to  m ak e  th e  s y s te m  in te r a c t  w ith  a  fu r th e r  sy s te m  

possessing p h ase  n e a r ly  equal to  <f> <f>. I t  seem s v e ry  im p r

* ‘ Proc. R oy. Soc.,’ A, vol. 126, p. 360 (1930).
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42 C. G . D a rw in .

in te ra c t io n  w ould  occu r, b u t  if i t  does i t  w ould  be e x p la in ed  in  th e  lang uage 

of th e  q u a n tu m  th e o ry  b y  say in g  t h a t  o u r firs t sy stem  has ju m p e d  to  negativ e  

en ergy . So once a g a in  i t  seem s t h a t  we h a v e  re aso n  to  re je c t th e  second  te rm  

in  (2.5).

3. W e w ill now  co n sid er c e r ta in  d y n a m ic a l p ro p e rtie s  of th e  p h o to n , especially  

th o se  co n n ec ted  w ith  i t s  p o la risa tio n , a n d  com p are  th e m  w ith  th e  correspo nd ing  

q u a n tit ie s  fo r th e  e lec tro n . W ith  a  v iew  to  th is  co m p ariso n  we first give 

c e r ta in  p ro p e rtie s  of a  w ave p a c k e t of lig h t, t r e a te d  class ically , a n d  a f te r ­

w a rd s  we sh a ll develop  th e  sam e re su lts  b y  m e th o d s  an alogo us to  th o se  used  

fo r th e  e lec tro n .

S uppo se  t h a t  we h a v e  a  field of ra d ia t io n  g iv en  by  th e  rea l p a r ts  of

E a == [ A a 3)
J

H rt =  | [(p/tv), A ]a e* {pPxP~wet)lh d p {3)

T h e  d iv e rg en ce  re la tio n  req u ire s  t h a t  A  sh ou ld  sa tis fy

pa A« =  0.

(3.1)

(3.2)

T h e  en su in g  ca lc u la tio n s  d ep en d  on ly  on  F o u rie r  in te g ra tio n s  a n d  need  n o t 

b e  sh ow n in  d e t a i l ; in  th e  cou rse of th e m  th e  p u lsa t in g  te rm s  of o c tav e  

freq u e n cy  a re  re je c te d  as u su a l. T h e  fo llow ing  re su lts  a re  o b ta in e d  :—

(i) T h e en erg y

W = f i - (E„* +  W  )

(ii) T he m o m e n tu m

=  TcVft | | A a }2d p (3)

P„ =  I A  [K, H ]„ <fc® 
J 4nc

n w

(3.3)

(3.4)

T h is  re su lt is g e n e r a l ; fo r a  w av e p a c k e t A a — 0 e x cep t fo r p  n e a r  som e 

defin ite  va lu e  a n d  hence  P a =  W p a/wc.

(iii) T h e m o tio n  of th e  p a c k e t c an  be s tu d ie d  b y  find ing  how  i ts  cen tre  of 

g ra v ity  m oves. T hen

3 „ W =  +
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Theory of Radiation. 43

T he re d u c tio n  is a  l i t t l e  m o re  c o m p lic a te d , b u t  is done  b y  w ritin g  x ft eipyxy/h a s

h d

i d
eiPyXy/h anc|  in te g ra t in g  b y  p a r ts .  T h e  re s u lt  is

% W =  -k W | d p »  { « * & |A » |2 +  . (3.5)

T he c e n tre  of g ra v i ty  th e re fo re  t ra v e ls  w ith  v e lo c ity  c a lo n g  th e  d ire c tio n  

g iv en  b y  th e  m o m e n tu m  P  ; th e  seco n d  te r m  g iv es  i t s  in i t ia l  p o s itio n .

(iv) T h e  a n g u la r  m o m e n tu m  a b o u t  a n  a x is  th ro u g h  th e  o rig in  is g iv en  b y

T h is  c a n  be re d u c e d  to

P

dp W-1/3
[A, A*]sj  . (3.6)

I f  we ta k e  th e  sp ec ia l case of a  w av e  p a c k e t ,  w e see t h a t  th e  f ir s t te rm  re p re ­

sen ts  [x, P](3 w h ich  is th e  a n g u la r  m o m e n tu m  of a  p a r t ic le  of m o m e n tu m  P, 

m o v in g  w ith  th e  c e n tre  of g ra v i ty  of th e  p a c k e t. T h e seco n d  te rm  is 

in tr in s ic  m o m e n tu m  a n d  m a y  b e  w r i t te n  as

_____ f ih  [A, A*] d p {3) 
W J

CW j* (A, A*) d p {B)

(3.7)

I f  w e q u a n tis e  w e w rite  W  =  wc. W e th e n  see t h a t  a  p h o to n  c a n  h a v e  in ­

tr in s ic  m o m e n tu m  a b o u t  i t s  d ire c tio n  of m o tio n  ra n g in g  b e tw ee n  -dmh th e  

e x tre m e  v a lu e s  c o rre sp o n d in g  to  c irc u la r  p o la r is a tio n .

T h is  a n g u la r  m o m e n tu m  is an a lo g o u s  to  th e  sp in  of th e  e lec tro n , b u t  w e 

sh o u ld  ob serve  t h a t  th e  a n a lo g y  is im p e rfe c t, b ecau se  we h a v e  on ly  g o t one 

q u a n t i ty  in s te a d  of tw o , s ince th e  m o m e n tu m  of th e  p h o to n  is a lw ay s  a b o u t  

th e  lin e  of i t s  m o tio n . T h e p o la r is a t io n  of th e  l ig h t  is in c o m p le te ly  d esc rib ed  

b y  th e  a n g u la r  m o m e n tu m , w h e rea s  th e  a x is  of sp in  of a n  e lec tro n  c o m p le te ly  

d esc rib es  i ts  p o la r isa tio n . I t  is  possib le , of co u rse, fo r th e  case of th e  p h o to n , 

to  e s ta b lish  a  g e o m e tric a l co rre sp o n d en ce  so t h a t  th e  sp ec if ic a tio n  of a  d ire c tio n  

in  sp ace  sh o u ld  y ie ld  n o t  o n ly  th e  e l l ip t ic i ty  of th e  l ig h t, b u t  a lso  th e  a x es  o f 

th e  e llipse, b u t  su ch  a  co rresp o n d en ce  is p u re ly  c o n v e n tio n a l a n d  w ith o u t 

d y n a m ic a l sign ificance. T h is  is n a tu r a l  w h en  we c o n sid e r t h a t  th e  e lec tro ­

m ag n e tic  e q u a tio n s  fo r free  sp ace  a re  sy m m e tr ic a l b e tw een  th e  e lec tr ic  a n d  

m ag n e tic  fo rces, so t h a t  we c a n  n e v e r hope  to  g e t a  d is c r im in a tio n  be tw een
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44 C. G-. D a rw in .

th e m , u n t i l  we in tro d u c e  a  p e r tu rb a t io n  (say  a n  elec tro n) w h ich  is unsyiu- 

m e tr ic a l in  i ts  re a c tio n  to  e lec tric  a n d  m ag n e tic  forces.

W e no w  a p p ly  th e  m e th o d s  of q u a n tu m  th e o ry  to  th e  sam e pro b lem . The 

w av e fu n c tio n  ^  h a s  s ix  co m p o n en ts  E*, E„, E z ; H a, H„, H z, w hich  we 

d e n o te  b y  <{q, . . . ,  <J;6, ta k e n  in  th is  o rd er. H ere  th e re  is one p ecu lia r fe a tu re  

w h ich  does n o t  u su a lly  occu r in  q u a n tu m  processes, a n d  th is  is t h a t  th e  s ix  

co m p o n en ts  a re  re s tr ic te d  b y  th e  tw o  d iv erg ence  re la tio n s . I f  we keep  in  

m in d  th e  d iffe ren tia l e q u a tio n s  to  w h ich  th e  q u a n tu m  processes a re  e q u iv a len t, 

we sh a ll ru n  n o  d a n g e r  fro m  th is . T h e s ix  c u rl e q u a tio n s  of th e  e lec tro m ag n e tic  

fie ld c an  be  d e riv e d  fro m  a  H a m ilto n ia n

%) =  c +  fivp v $zPt), (3.8)

w here p x =  — ihd /dx , e tc ., as  u su a l, a n d  th e  p ’s a re  th e  m a tric e s

T h e  e q u a tio n s  a re  th e n

(3.9)

(3.10)

T h e s ta t io n a ry  s ta te s  a re  g iv en  b y  ta k in g  a ll co m p o n en ts  p ro p o rtio n a l to  

ex p  i  (pxx  +  p vy  +  Pzz  — wct)jh. T he re su lt is a  six -ro w ed  d

w h ic h  red u ces  to

w2 (w2 — p 2 — p v2 — p 2)2 =  0. (3.11)

T h e so lu tio n s  w  =  0 re p re se n t s ta t ic  e lec tr ic  a n d  m a g n e tic  fields, deriv ab

fro m  p o te n tia ls  ; th e y  a re  to  be ex c lu d ed  as  h a v in g  n o th in g  to  do  w ith  a 

p h o to n . A c tu a lly  th e y  a re  ex c lu d ed  b y  th e  re la tio n s  E  =  0, div  H  =  0, 

w h ich  c a n n o t be  d e riv ed  fro m  th e  H a m ilto n ia n  th o u g h  th e ir  tim e-d iffe ren tia ls  

can . W e sh a ll a lso  exclude  th e  n eg a tiv e  v a lu es  of w  y ie ld ed  b y  th e  second  

fa c to r  o f (3 .11), a s  d iscu ssed  earlier.

W e can  now  de riv e  m a n y  re su lts  like  th o se  fo r th e  e lec tro n , b u t  in  gen eral 

th e y  a re  m ore  tro u b leso m e , becau se th e  p ’s h av e  n o t th e  sim p le co m m u ta tio n  

ru les of t h e  a ’s of D irac  ; in  p a r t ic u la r  th e y  h av e  no  reciprocals. I n  fac t, th e

 D
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Theory of Radiation. 45

re q u ire d  re la tio n s  a re  o n ly  e a s ily  fo u n d  b y  u s in g  o rd in a ry  v e c to r  m e th o d s  a n d  

th e n  tr a n s la t in g  th e m . I n  th is  w a y  we c a n  sh ow  th a t ,  p ro v id e d  0,

(fix'Px fivpv H-  fizPs)2 , ( 3 . 1 2 )

so t h a t  e ach  c o m p o n e n t of 4> satisfies  d 2^  =  0. W e m a y  a lso  m e n tio n  a n o th e r  

re la tio n  w h ic h  w ill be  u sed  la te r .  I f  we fo rm  th e  s ix -ro w ed  m a tr ix

Ta (3.13)

we c a n  v e rify  b y  m a tr ix  m u lt ip l ic a t io n  t h a t

r̂ xYa Y z f i x  ~fivYz YaP» ~  Px’ r̂ sY* =  (3

A s in  th e  case o f th e  e le c tro n  w e h a v e  a  c u r re n t  fu n c tio n  d e r iv e d  fro m  th e  

e q u a tio n

|  +  £  ( o f M O  +  J -  ( < 4 * M )  +  f z  («+*?.<!>) =  0. (3.15)

B y  s u b s t i tu t in g  fo r  y  in  te rm s  of E  a n d  H  w e see t h a t  th e  c o m p o n e n ts  

a re  s im p ly  th e  P o y n tin g  v e c to r  a s so c ia te d  w ith  th e  e le c tro m a g n e tic  en erg y

So, to o , w e c a n  w o rk  o u t  th e  m o m e n tu m  P a. =  | d x i3), b u t  i t

w ill b e  o b se rv ed  t h a t  th o u g h  th e  in te g ra l  com es o u t  th e  sam e  a s  (3.4), th e  

in te g ra n d  is n o t  th e  s a m e ; th i s  w ill m a k e  a n  im p o r ta n t  d ifference fo r th e  

a n g u la r  m o m e n tu m . W e c a n  a lso  w o rk  o u t  th e  c e n tre  o f g r a v i ty  o f a  p a c k e t, 

a n d  show  t h a t  i t  t r a v e ls  w ith  th e  sp eed  of l ig h t.

T h e  s y s te m  of e i th e r  a n  e lec tro n  o r a  p h o to n  in  free  sp ace  is u n d u ly  sim ple  

in  t h a t  th e re  a re  tw o  s e p a ra te  th e o re m s  of c o n se rv a tio n  of a n g u la r  m o m e n tu m . 

T h ere  is f irs t th e  a n g u la r  m o m e n tu m  of a  p a r t ic le  m o v in g  w ith  th e  c en tre  of 

g ra v ity , a n d  th e re  is a lso  th e  in tr in s ic  m o m e n tu m , a n d  e ach  is co n se rv ed  

se p a ra te ly . I n  D ira c ’s th e o ry  of th e  e le c tro n  th e  a n g u la r  m o m e n tu m , a s  

fo rm ally  defined , is of th e  f irs t ty p e , a n d  in  o rd e r  to  g e t th e  g en e ra l c o n se rv a ­

t io n  a n d  n o t  m e re ly  th e  u n in te re s t in g  f ir s t ty p e  of i t ,  h e  h a d  to  im p o se  a  

sp h e rica lly  s y m m e tr ic a l p e r tu rb in g  force. W e h a v e  w o rk ed  o u t th e  a n g u la r  

m o m e n tu m  on  c la ss ica l p rin c ip le s  a n d  h a v e  g o t b o th  ty p e s  to g e th e r , a n d  i t  

sh o u ld  b e  n o tic e d  t h a t  th is  w as b ecau se  in  effect we d id  h a v e  a  p e r tu rb in g  

force, since  th e  c la ss ica l fo rm u la  fo r th e  m o m e n tu m  of r a d ia t io n  is d e riv ed  b y  

co nsid erin g  th e  in te ra c t io n  w ith  m a t te r .  W e w ill n o w  a t t a c k  th e  sam e  q u estio n  

in  th e  m a n n e r  of D ira c , a n d  o b ta in  th e  sam e re s u lt  a s  before .

W e su ppo se t h a t  a  sp h e r ica lly  sy m m e tric a l p e r tu rb a t io n  Q a c ts  on  th e  p h o to n , 

so t h a t

=  c {fixpx +  fivPv +  $3p z) +  Q. (3.16)
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4 6 C. G. D a rw in .

U sing  th e  q u a n tu m  d e fin itio n  of a n g u la r  m o m en tu m  we h av e

= j 'I'* {pVv — ypx) 'P dx{3). (3.17)

T he t im e  d iffe ren tia l of th is  is re d u c ed  w ith  th e  he lp  of (3.10) a n d  i ts  c o n ju g a te  

to

j ty* | CfixPv —  ® d x{3).

T he la s t  tw o  te rm s  v a n ish  on  a c c o u n t of th e  sy m m e try  of Q ; to  d eal w ith  th e  

firs t tw o , co n sid e r

W'z =  -  |  <j,*ihrx,fy (3.18)

w here y e is  g iv en  b y  (3.13). T h en  w ith  th e  he lp  of (3.14), we o b ta in

d W J <\>* [cfapm — c[ixp y] ^  d.x {3).

T h u s  we h a v e

(M ', +  M ",) =  0,

a n d  th e  q u a n t i ty  co nse rv ed  is

|  [xpv — y p x — ih y z] d x {3). (3.19)

I f  w e w rite  o u t y z a n d  re p la ce  41 b y  E , H , we find  t h a t  th is  is e x a c tly  th e  sam e 

as  (3.6).

I t  sh o u ld  p e rh a p s  be re m a rk e d  t h a t  th o u g h  we h a v e  sp o k en  of th e  a n g u la r  

m o m e n tu m  as  h a v in g  a n y  v a lu es  b e tw een  dz th is  is n o t  c o n tra ry  to  th e  

s ta te m e n t o f D ira c f  t h a t  p la n e  p o la rised  l ig h t is to  be re g a rd ed  as  h av in g  

e q u a l p ro b a b ilitie s  of b e in g  l ig h t w ith  e igen va lues i  a n d  n o t  as h a v in g  an g u la r 

m o m e n tu m  zero. To reconc ile  th e  tw o  s ta te m e n ts  i t  is o n ly  necessary  to  

th in k  of th e  an a lo g y  of th e  sp in n in g  e le c tro n  ; in  one sense i t  m a y  on ly  h av e  

a n g u la r  m o m e n tu m  e ith e r  \hor — \h  a lo n g  th e  z ax is , b u t  in  a n

say  t h a t  i t  h a s  no  a n g u la r  m o m e n tu m  a lo n g  2 if i t  is p o in tin g  along  x. I t  is 

m ere ly  a  q u estio n  of w h e th e r  we th in k  of th e  p a r tic le  as  s im u ltan eo u s ly  in  tw o  

s ta t io n a ry  s ta te s , o r in s is t t h a t  i t  sh a ll be  in  o n ly  one.

4. W e h a v e  d iscussed  th e  a n g u la r  m o m e n tu m  of th e  p h o to n  a n d  hav e  

o b ta in e d  a n  ex press io n  fo r i t  of b ro a d ly  th e  sam e  c h a ra c te r  a s  th a t  of th e  

e lec tro n . I t  is  now  p ro p e r to  p o in t o u t t h a t  th is  a n g u la r  m o m en tu m  suffers

f  “ Quantum  M echanics,” p. 131.
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Theory of Radiation. 47

fro m  ju s t  th e  sam e d is a b i l i ty  a s  does t h a t  of th e  e lec tro n . I n  b o th  cases th e  

m o m e n tu m  is d iv is ib le  in to  tw o  p a r ts  w h ic h  w e m a y  ca ll re sp ec tiv e ly  th e  

e x te rn a l, du e  to  th e  m o tio n  of th e  c e n tre  of g ra v ity , a n d  th e  in tr in s ic , due  to  

th e  p o la r isa tio n , b u t  th e  d iv is io n  is re a lly  q u ite  a r tif ic ia l a n d  d y n a m ic a lly  

m ean in g less . T h is  f a c t  w as  sh o w n  b y  B o h r,*  a s  f a r  a s  co n ce rn s  th e  m ag n e tic  

m o m e n t of th e  e lec tro n , a n d  i t  is o n ly  a t r i f l in g  e x te n s io n  to  a p p ly  i t  to  th e  

a n g u la r  m o m e n tu m . T h e  e n su in g  a rg u m e n t d ea ls  w ith  a n g u la r  m o m e n tu m  

in  g e n e r a l ; i t  is n o th in g  b u t  a  s im p le  a p p lic a t io n  of th e  p rin c ip le  t h a t  no 

e x p e r im e n t in te rp re te d  a cc o rd in g  to  c la s s ica l id e a s  c a n  y ie ld  th e  q u a n tu m , 

a n d  i t  m u s t, I  th in k , be fa m ilia r  to  m a n y , th o u g h  I  c a n  g iv e  no  c ita tio n .

B y  th e  ty p e  of a rg u m e n t w ith  w h ic h  th e  u n c e r ta in ty  p rin c ip le  h a s  m ad e  u s  

fam ilia r, i t  is easy  to  show  t h a t  n o  e x p e r im e n t can  ev e r re v e a l th e  in tr in s ic  

m o m e n tu m  of a p h o to n  o r free  e lec tro n . I n  o rd e r  to  k n o w  i t  we sh o u ld  h av e  

to  kn o w  w h a t a llo w an ce  t o  m a k e  fo r th e  e x te rn a l  m o m e n tu m , a n d  th is  req u ire s  

a  know ledge of th e  lin e  of m o tio n . S u p p o se  t h a t  w e w a n t  th e  in tr in s ic  m o m en ­

tu m  a b o u t th e  a x is  o f z .Then wTe t r y  t o  re d u c e  a s  low  as  po ssib le  th e  e

m o m en tu m  a b o u t  th is  a x is , a n d  th i s  we m a y  do  b y  sen d in g  th e  p a r tic le  a lo ng  

th e  z -d irec tio n  th ro u g h  a  sm a ll ho le  a t  th e  o rig in . T h e n  if  b is th e  ra d iu s  of 

th e  hole , d iff ra c tio n  w ill in tro d u c e  a  tra n s v e r s e  l in e a r  m o m e n tu m  of o rd e r 

h/b, a n d  a s  th e  p a r tic le  m a y  p a ss  th ro u g h  a n y w h e re  a t  d is ta n c e  less th a n  b 

fro m  th e  a x is , i t  c le a rly  m a y  h a v e  e x te rn a l  m o m e n tu m  a n y th in g  u p  to  h in  

a m o u n t. T h is  is su ffic ien t to  m a sk  th e  in tr in s ic  m o m e n tu m . M o reover, th e  

sam e  re s u lt  is  t r u e  fo r  a to m s  o r m o lecu les , w h e n  a llo w an ce  is m a d e  fo r th e  

p o ss ib ility  t h a t  th e y  m a y  c a r ry  sev e ra l q u a n ta  of m o m e n tu m  ; in  th is  case 

o u r m e asu re  w ill re fu se  t o  te l l  u s  in  e x a c t ly  w h ich  q u a n tis e d  s ta te  th e  a to m  is.

I t  m a y  b e  w ell to  e la b o ra te  th e  a rg u m e n t a  l i t t l e  fu r th e r . I n  c o n fo rm ity  

w ith  th e  g en e ra l p r in c ip le s  o f re so lv in g  p o w er w e k n o w  t h a t  no  sy s te m  of 

lenses, e tc ., c a n  b e  b e t te r  th a n  th e  sm a ll ho le  co n sid e red , b u t  th e re  is a n o th e r  

dev ice  t h a t  n eed s  close r e x a m in a tio n . S u p p o se  t h a t  we in te n d  to  m easu re  

th e  m o m e n tu m  b y  a b so rb in g  th e  p a r t ic le  in  a  b o d y  t h a t  is free  to  tu r n .  W e 

m ig h t ta k e  th is  b o d y  as  of v e ry  sm all size  a n d  a t  a  la rg e  d is ta n c e  fro m  th e  ho le  

defin ing  th e  in c id e n t p a r t ic le ’s p a th .  C o nsid er th e  m o m e n tu m  a b o u t  th e  

a x is  jo in in g  th e  c e n tre  of th e  ho le  to  t h a t  of th e  ab so rb e r . T h en , th o u g h  th e  

p a r tic le  m a y  em erge fro m  th e  ho le  w ith  a n y  e x te rn a l  m o m e n tu m  u p  to  h, 

y e t  i t  w ill o n ly  s tr ik e  th e  a b so rb e r  if i t s  e x te rn a l m o m e n tu m  a b o u t  th is  a x is  

is v e ry  sm all, a n d  we m ig h t th in k  t h a t  w e co u ld  iso la te  th e  in tr in s ic  m o m e n tu m  

in  th is  w ay . T h e  fa lla cy , how ev er, is th e  sam e as  t h a t  w h ich  a sse rts  t h a t  we 

* * Proc. R oy . S o c .,’ A , vo l. 124, p. 440 (1929).
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48 C . Gr. D a rw in .

c a n  kn ow  th e  p a th  of a  p a r tic le  a n d  i ts  m o m en tu m  as  a c c u ra te ly  as  we like b y  

cho osin g  a  p a r tic le  t h a t  h a s  gone th ro u g h  tw o  sm all ho les one a f te r  th e  o th e r  ; 

w e c a n  ob serve  w hen  th is  h a p p en s , b u t  i t  is useless fo r know in g  w h a t will 

h a p p e n  to  th e  p a r tic le  la te r . I n  th e  p re sen t case we m u s t su ppose  t h a t  we 

c an  m easu re  th e  ch an g e  in  a n g u la r  m o m e n tu m  of th e  ab so rb e r , a n d  to  observe 

th e  in tr in s ic  m o m e n tu m  g iv en  to  i t  b y  o u r p a r tic le  we m u s t m easu re  th e  

m o m e n tu m  to  a c c u ra cy  b e t te r  th a n  h ; b u t  th is  we c an  n ev e r do, since th e  

a b so rb e r  w ill itse lf  h a v e  u n c e r ta in  e x te rn a l m o m e n tu m  of o rd e r h, a n d  t h a t  no 

m a t te r  ho w  m ass iv e  i t  m a y  be. I t  is a  r a th e r  s tr ik in g  ex am p le  of th e  d u a lity  

of th e  q u a n tu m  th e o ry , t h a t  one a sp e c t in s is ts  t h a t  ev ery  sy ste m  alw ays has 

a n g u la r  m o m e n tu m  a n  e x a c t m u ltip le  of th e  q u a n tu m , w hile  th e  o th e r  ins is ts  

t h a t  i t  c a n  n e v e r be  possib le  to  m easu re  th e  a n g u la r  m o m e n tu m of a n y  sy ste m  

t o  th e  n e a re s t  q u a n tu m  ; in d eed  i t  is re a lly  th is  second  fa c t t h a t  allow s us to  

m ak e  th e  f irs t a sse r tio n  w ith o u t  fe a r  of c o n tra d ic tio n .

A lth o u g h  th e  a n g u la r  m o m e n tu m  of th e  free  e lec tro n  o r p h o to n  is a  single 

q u a n t i ty  n o t  to  be s e p a ra te d  in to  tw o  p a r ts ,  y e t  i t  is, of course, possible  to  do 

s ta t is t ic a l  e x p e r im en ts  fro m  w h ich  th e  in tr in s ic  m o m e n tu m  c a n  be in ferred . 

T h u s  if a  b eam  of c irc u la r ly  p o la ris ed  l ig h t is c o llim a te d  a s  a cc u ra te ly  as 

possib le , e ach  of i ts  p h o to n s  w ill h a v e  in tr in s ic  m o m e n tu m  h  in  th e  sam e 

sense, th o u g h  th e i r  e x te rn a l m o m e n ta  w ill ran g e  b e tw een  z th .  I f  N  of th ese  

p h o to n s  a re  ab so rb ed  a t  a  su rface , th e  su rface  sh o u ld  a cq u ire  a n g u la r  m o m en tu m  

(N  z t  y 'N )  h  a n d  th e  u n c e r ta in ty  becom es in s ig n if ic an t w hen  N  is large. I t  

is  n o t ,  of co urse, to  be e x p ec te d  t h a t  th e  a n g u la r  m o m e n tu m  shou ld  be 

p ra c tic a lly  o b serv ed , fo r i t  w ill on ly  g ive rise  to  th e  v e ry  sm all couple  p ro duced  

b y  m u ltip ly in g  th e  fo rce  d ue  to  th e  ra d ia t io n  p re ssu re  b y  a n  a rm  equal to  a  

w a v e -len g th  of th e  lig h t.

T h ere  a re  c e r ta in  p o in ts  a b o u t th e  a n g u la r  m o m e n tu m  of ra d ia tio n  th a t  

sh o u ld  b e  n o tic e d , th o u g h  th e y  a re  n o t  so fu n d a m e n ta l as  th e  p reced ing . W e 

m a y  reca ll t h a t  long  ago  K u b in o w itz*  d iscussed  th e  q u e s tio n  in  connec tio n  

w ith  th e  ch an g e  of a n  a to m ’s a z im u th a l q u a n tu m  n u m b e r. I f  we ta k e  th e  

class ica l p ro b le m  of a n  electron  desc rib in g  a  sm all c irc le , w e find t h a t  in  a d d itio n  

to  th e  te rm s  in  l  Jr th e  e lec tric  force a t  a  d is ta n c e  h a s  o th e rs  in  X/r2, a n d  th is  

m ean s t h a t  th e  w ave  fro n t of th e  e m it te d  ra d ia t io n  faces n o t  e x ac tly  aw ay  

fro m  th e  orig in , b u t  fro m  a  p o in t a b o u t a  w av e-len g th  a w ay  fro m  it . The sam e 

is t r u e  fo r th e  P o y n tin g  v ec to r. T h is, of course, does n o t  m a tte r ,  since th e  

o rig in  of a  source of l ig h t is a lw ay s in defin ite  to  a  w av e-len g th , b u t  i t  is c o n tra ry  

to  w h a t we ex p ec t a t  first s ig h t of a  p a rtic le . I t  im p lie s t h a t  th e  p h o to n  w hich

* * Phvs. Z .,’ vol. 19, p. 441 (1918).
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Theory of . 49

is to  c a r ry  a w ay  th e  en e rg y  a n d  a n g u la r  m o m e n tu m  fro m  a n  a to m  of ra d iu s  

10~ 8 cm . s ta r t s  i ts  life o u ts id e  th e  a to m  a t  a  d is ta n c e  10~5 cm . aw ay .

I t  is  a lso  in te re s t in g  to  c o n sid e r w h e th e r  th e  p h e n o m e n o n  of em issio n  c a n  be 

de sc rib ed  re g a rd in g  th e  p h o to n  a s  a  p u re  p a r tic le . T h e  a to m  is to  lose a n g u la r  

m o m e n tu m  h  a b o u t  th e  z  a x is  b y  th e  em issio n  of a  sing le  p h o to n  of lin e a r  

m o m e n tu m  27 xh/'kin  a n  a r b i t r a r y  d ire c tio n . T h e  in tr in s ic  m o m e n tu m  of a

p h o to n  is a lw ay s  d ire c te d  a lo n g  i ts  d ire c tio n  of m o tio n  ; le t  m  be  i t s  m a g n itu d e . 

L e t 0, <f>, g ive  th e  d ire c tio n  of m o tio n  of th e  p h o to n  a n d  le t  £, •/), 0 , b e  i ts  b i r t h ­

p lace  in  th e  e q u a to r . T h e n  we eas ily  see t h a t  th e  th re e  c o n d itio n s  of a n g u la r  

m o m e n tu m  c a n  o n ly  be sa tis fied  if

T h e p o la risa tio n  of th e  p h o to n  if i t  goes in to  th e  d ire c tio n  0 is j u s t  su ch  a s  is  

in d ic a ted  in  th e  c la ss ica l th e o ry  a n d  co n firm ed  b y  o b s e rv a tio n  in  th e  Z eem an  

effect. A s f a r  a s  i t  goes th is  is s a t is fa c to ry , b u t  i t s  sco p e  is  l im ite d , b ecau se  

we m u s t a lso  co n sid e r th e  q u a d ru p o le  e m issio n  w h ere  2 of m o m e n tu m  is lo s t 

in  a  sing le  p h o to n . T h e  sam e  a rg u m e n t  n o w  w o u ld  g iv e  m  —  2 cos 0 a n d  

even  th o u g h  fo r th is  ty p e  o f q u a d ru p o le  th e re  is n o t  m u c h  em issio n  in  h ig h  

la ti tu d e s , s ti l l  th e re  is som e, w h ic h  w o u ld  g ive  to  m  in a d m iss ib le  v a lu e s  g re a te r  

th a n  h. F o r  q u a d ru p o le  em issio n  th e  p u re  p a r t ic le  c o n c e p t is a  fa ilu re .

5. W e no w  co n s id e r th e  p e r tu r b a t io n  of a  p h o to n . T h is  m a y  be d u e  e ith e r  

to  th e  re f ra c tio n  of a  m e d iu m  (of a n y  ty p e  of a n iso tro p y )  o r, a s  in  th e  case 

w e sh a ll s tu d y  h e re , i t  m a y  b e  a n  e le c tro n . W e o n ly  c o n sid e r th e  case w here 

th e  m o m e n tu m  of th e  p h o to n  is in su ffic ie n t to  m o v e  th e  e le c tro n  p e rc e p tib ly , 

a n d  sh a ll on ly  co n sid e r th e  f ir s t a p p ro x im a tio n . T h e  p h o to n  is p e r tu rb e d  b y  

a  p o te n tia l  Q , a  fu n c tio n  of p o s itio n  ; Q is in  g e n e ra l a  m a tr ix  of 36 co m ­

p o n e n ts , b u t  w e m a y  ta k e  a ll  b u t  9 of th e m  as  zero , a s  th e  fo llo w ing  c o n s id e ra ­

tio n s  show . W h en  th e  m o m e n tu m  a n d  e n e rg y  of a  p h o to n  a re  g iv en , th e  

m a g n e tic  co m p o n en ts  c a n  be ex p re ssed  in  te rm s  of th e  e lec tr ic . T h u s  su pp ose  

t h a t  u  (p) re p re se n ts  th e  s ix  c o m p o n en ts  of th e  s o lu tio n

th e n  uA c a n  be ex p re ssed  in  te rm s  of u v  u 2, u3 w ith  th e  h e lp  of p  a n d  w. T h e  

a m p litu d e  of th e  s c a tte re d  w av e w ill in  th e  u su a l w a y  d e p e n d  on

m  =  h cos 0

\  =  X s in  0 s in  (f>J2iz j: 

v) —  — X sin  0 cos <£/27i J

(4.1)

U (p) e*(P^- (5.1)

(5.2)
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50 C. G . D a rw in .

a n d  in  th is  i t  is possib le  to  rep lace  w4, e tc ., on  b o th  sides of Q b y  u v  e tc ., t h a t  

is t o  say , to  t ra n s fe r  a ll  th e  o th e r  c o m p o n en ts  of Q to  th e  f irs t n in e. I n  doing 

so we, o f co urse, h a v e  to  in tro d u c e  p  a n d  in to  Q a n d  so we m u s t be re a d y  to  

re g a rd  i t  a s  p o ssib ly  in v o lv in g  d iffe ren tia l o p e ra to rs . I t  sh o u ld  be n o te d  t h a t  

th e  p o ss ib il ity  of re d u c in g  Q to  n in e  m em b ers  d ep en d s on  th e  exclusio n  of 

n e g a tiv e  e n e r g y ; w ith  g iv en  p , th e  m ag n e tic  c o m p o n en ts  a re  on ly  u n iq u e ly  

ex p ressed  in  te rm s  of th e  e lec tric , p ro v id e d  t h a t  w  is a lso  g iven . I n  ou r 

p re se n t p ro b le m  th e re  is n o  d a n g e r of th e  en erg y  c h an g in g  sign , a n d  so we need  

o n ly  re g a rd  Q as  c o n s is tin g  of th e  n in e  e lec tric-e le c tr ic  m em b ers.

T h e  b e s t  m e th o d  of so lv in g  th e  p e r tu rb a t io n  p ro b le m  is b y  m ean s of th e  

G reen  fu n c tio n . I t  is e as ily  verified  in  th e  p re se n t case t h a t  fo r a  p ro p o rtio n a l 

to  e~iwct/h th e  w av e  e q u a tio n  c a n  b e  w r it te n  as

E .  (x) =  E„» (x) -  - L .  f d x '<#  e—  { — Q
47 iwcJ r J

r. r p i w r jh

H .( a )  =  H .»  (*) +  - V  dx'®e—  [cu rl (Q 'E ')]«
4:7 xhcJ r

• (5-3)

H ere  E °, H °, is a n y  so lu tio n  of th e  u n p e r tu rb e d  e q u a tio n , r — s j ( x a — x 'a)2 

a n d  Q ', E ' re p re se n t th e  v a lu es  of th e  re sp ec tiv e  q u a n ti t ie s  a t  th e  p o in t x'. 

T h is  is e x a c t, b u t  w e c a n  a p p ro x im a te  b y  s u b s t i tu t in g  E ° for E  u n d e r  th e  

in te g ra l s ig n  a n d  e x p an d in g  r. T h en  in c id e n t w ave

E a =  A a eip^ lh (5.4)

y ie ld s  s c a t te re d  w ave  in  d ire c tio n  p '

E 'a =  ~  -  f  d x 'i3) 
471 r0wc J

T h is  is th e  fo rm  t h a t  we sh a ll a c tu a lly  need , b u t  i t  is of co urse, q u ite  easy  to  

go o n  in  th e  o rd in a ry  w ay  a n d  show  th a t  th e  s c a tte re d  w ave h as  a m p litu d e  

p ro p o r tio n a l to  (5.2).

W e w a n t to  find  w h a t fo rm  of Q w ill g ive th e  s c a tte r in g  w hich  is a c tu a lly  

cau sed  b y  a n  e le c tro n , in  fa c t, th e  T h o m so n  s c a tte r in g . A ccord ing  to  th e  

c lass ica l formulae th e  in c id e n t w av e

E a =  A a

gives rise  to  a  s c a tte re d  w ave

2 1 p iw ( r - c t )

E '.  =  —,  —A v '.p ' t  A* — waA „}---------

(5.6)

r
(5.7)
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I f  we c o m p are  th is  w ith  (5.5) w e see t h a t  th e  so lu tio n s  c a n  be id e n tifie d  if

Q n  =  Q 22 =  Q 3 3  =  — —  (xj) 8 ( 8 (xs) , (5.8)

w hile  th e  o th e r  c o m p o n en ts  a ll v a n ish . H e re  8 is th e  s in g u la r  fu n c tio n  of 

D irac . T h is  fo rm  of Q is m u c h  th e  s im p le s t, b u t  is b y  no  m ean s u n iq u e . 

W e cou ld , fo r ex am p le , m a k e  th e  f irs t th re e  c o m p o n e n ts  of m e an  d ie le c tr ic  

d isp la ce m e n t in s te a d  of e le c tr ic  fo rce ; t h i s  w o u ld  a n n u l Q u , e tc ., a n d  in tro d u ce  

Q41, e tc ., in  p la ce , th u s  u n d o in g  a g a in  th e  s im p lif ic a tio n  m a d e  ab o v e .

I t  sh o u ld  be n o tic e d  t h a t  Q is a n  “  im p ro p e r  ” ex p ress io n , since  we c a n n o t 

re p la ce  w  in  i t  b y  a  tim e  d if fe re n tia tio n . T h is , of cou rse, m ean s  t h a t  th e re  is 

no  f irs t o rd e r  d iffe ren tia l e q u a tio n  w h ic h  c a n  y ie ld  th e  o b serv ed  s c a tte re d  

w ave. T h a t  does n o t  m a t te r ,  fo r in  a  fu lle r  th e o ry  th e  e lec tro n  w o u ld  be free , 

a n d  th e  me2 in  th e  co effic ien t w o u ld  th e n  b e  re p la c e d  b y  th e  en erg y  of th e  

e le c tro n  ; so ev en  if  th e  w  h a d  n o t  o c c u rre d  in  th e  d e n o m in a to r , th e  fu lle r 

th e o ry  w o uld  in v o lv e  a n  im p ro p e r  ex p ress io n . A s a  m a t te r  of fa c t, th e  p ro d u c t 

of w  a n d  me2 is a d m ira b ly  s u ite d  to  t u r n  in to  a  r e la tiv is tic  in v a r ia n t .  I t

sh ould  a lso  be  o b se rv ed  t h a t  th e  in f in ity  o f § in  (5.8) p re v e n ts  th e  c a r ry in g  o u t 

of a n y  h ig h e r a p p ro x im a tio n s . A s fa r  a s  th e  p re s e n t w o rk  goes th e  p h o to n  

m u s t n o t  h a v e  w a v e -len g th  m u c h  less th a n  10-8  cm ., o r i t  w o u ld  s e t  th e  e lec tro n  

in m o tio n  ; a n d  so w e m a y  im a g in e  th e  s in g u la r  fu n c tio n  re p la ce d  b y  a n y  

fu n c tio n  w ith  a  sing le  p e a k  m u c h  n a rro w e r  th a n  th is ,  a n d  we co u ld  c a r ry  th e  

a p p ro x im a tio n  fu r th e r  w ith  su ch  a  fu n c tio n , th o u g h  i t  w o u ld  n o t  be  s ig n ific an t 

to  do  so. I f  th e  th e o ry  is e x te n d e d  to  co v er th e  C o m p to n  effect, th e  re s tr ic t io n  

on  th e  s in g u la r  fu n c tio n  beco m es m u c h  m o re  sev ere , b u t  ev en  in  t h a t  case  we 

c a n n o t c la im  to  h a v e  a n y  d a ta  fo r d is ta n c e s  less th a n ,  say , 10-12cm . T h u s  t h e  

s in g u la r ity  a t  th e  o rig in  is o n ly  a n  a p p ro x im a tio n  to  a  s ta te  of a ffa irs  a b o u t  

w h ich  w e h a v e  no  e x p e r im e n ta l ev id ence. F ro m  th e  o th e r  side of th e  q u e s tio n , 

i t  sh o u ld  b e  n o tic e d  t h a t  th e  c la ss ica l c a lc u la tio n  of (5.7) is its e lf  a n  a p p ro x i­

m a tio n , w orked  b y  su p p o sin g  t h a t  th e  e le c tro n ’s ra d ia t io n  is neg lig ib le  d u r in g  

th e  c a lcu la tio n  of i t s  ow n m o tio n . T h e  h ig h e r  a p p ro x im a tio n s  of th e  c lass ica l 

th e o ry  a re  m ere ly  c o n s tru c te d  o u t of g en e ra l d y n a m ic a l p rin c ip le s , a n d  i t  w ill 

be  eas ie r to  a p p ly  such  g en eral p rin c ip le s  (w ith  th e  a p p ro p r ia te  m od ifica tio ns) 

th ro u g h  th e  q u a n tu m  th e o ry  d ire c t, r a th e r  th a n  b y  m ean s  of a  lab o rio u s  

tra n s la t io n  of th e  c la ss ica l fo rm s.

Sum m ary.

T h e g en eral a im  of th e  w ork  w as to  a p p ly  th e  m e th o d s  of w av e m ech an ics  to  

th e  single p h o to n , fo llow ing o u t a s  fa r  a s  possib le  th e  p rocess w hich  h as  

succeeded  fo r th e  e lec tro n .

Theory of Radiation. 51
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52 J .  C. M c L e n n a n  a n d  o th e r s .

T h e u su a l re a l fo rm  of e le c tro m ag n e tic  w aves  im p lie s th e  p resence of tw o  

w aves  of e q u a l a m p litu d e , b u t  re sp ec tiv e ly  of p o s itiv e  a n d  n eg a tiv e  en ergy  a n d  

m o m e n tu m , a n d  i t  is su g g es te d  t h a t  th e  la t te r  sh o u ld  be re je c te d .

T h e  p o la r isa tio n  of l ig h t is co n n ec ted  w ith  i ts  a n g u la r  m o m e n tu m  in  a  w ay  

resem b lin g  th e  sp in  of th e  e le c tro n . T h e  s e p a ra tio n  of a n g u la r  m o m e n tu m  in to  

tw o  p a r ts ,  one e x te rn a l, d u e  to  th e  m o tio n  of th e  c en tre  of g ra v ity , a n d  th e  

o th e r  in tr in s ic , is  show n  to  be c o n v e n t io n a l ; no  e x p e r im en t c an  d iv id e  i t  in  

th is  w ay , a n d  since th e  e x te rn a l m o m e n tu m  is a lw ay s  u n c e r ta in  to  h, th e  

in tr in s ic  m o m e n tu m  of a  p h o to n  is u n o b se rv ab le . C erta in  fe a tu re s  of th e  

r a d ia t io n  of a n  a to m  a re  co n sid ered .

T h e  p e r tu rb a t io n  of th e  p h o to n  b y  a n  e lec tro n  is co n sid ered  a n d  th e  energy  

of p e r tu rb a t io n  is g iv en  fo r th e  case of T h o m so n  sc a tte r in g .

The Phenomena of Superconductivity ivith Alternating Currents of

High Frequency.

B y  J .  C. Mc L e n n a n , F .R .S ., A . C. B u r t o n , A. P i t t , a n d  J .  0 .  W i l h e l m .

(R eceived  F e b ru a ry  8, 1932.)

[P l a t e  2.]

I n  a  p rev io u s  p a p e r*  th e  a u th o rs  d esc rib ed  e x p e r im e n ts  on  th e  re s is ta n c e  

of le ad  to  c u rre n ts  h a v in g  th e  h ig h  freq u e n cy  of 107 p e r  second . I n  th e se  

e x p e r im e n ts  n o  ev id en ce  w as fo u n d  of a n  a b ru p t  ch an g e  of re s is ta n c e  co rre ­

sp o n d in g  to  th e  p h e n o m en o n  of s u p e rc o n d u c tiv ity  t h a t  a p p ea rs  w ith  d ire c t  

c u rre n ts  w h en  th e  c r i t ic a l  te m p e ra tu re  of 7 -2 °  K . is p assed , a n d  i t  w as p o in te d  

o u t t h a t  th e  p a r t ia l  s ilv e rin g  of th e  v a c u u m  flasks t h a t  c o n ta in e d  th e  le ad  

co il w as a  source of erro r.

I n  a  se t o f new  experiments'}" to  be desc rib ed  below  u n s ilv e red  flasks w ere 

used , b u t  th e  sam e te c h n iq u e  of m e asu re m e n t w as a d o p te d . I t  w as fo u n d  

t h a t  th e re  w as a n  a b ru p t  decrease o f th e  h ig h  freq u en cy  re s is ta n ce  a t  a  te m p e ra ­

tu r e  w hich  a p p ea re d  to  be s lig h tly  low er th a n  t h a t  c h a ra c te r is tic  of th e  tr a n s i­

t io n  to  su p e rc o n d u c tiv ity  w ith  d ire c t c u rre n ts . E x p e r im e n ts  w ith  t in  in s te ad

* * P hil. M ag.,’ vol. 12, p. 707 (1931).

f  Prelim inary notes on these experim ents were published in  ‘ N a tu re / vol. 128, p. 1004 

(1931), and ‘ Trans. R oy. Soc. C anada/ section III , p. 191 (1931).
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