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NUCLEAR DIMENSION AND Z-STABILITY
OF NON-SIMPLE C*-ALGEBRAS

LEONEL ROBERT AND AARON TIKUISIS

ABSTRACT. We investigate the interplay of the following regularity properties
for non-simple C*-algebras: finite nuclear dimension, Z-stability, and algebraic
regularity in the Cuntz semigroup. We show that finite nuclear dimension
implies algebraic regularity in the Cuntz semigroup, provided that known type
I obstructions are avoided. We demonstrate how finite nuclear dimension can
be used to study the structure of the central sequence algebra, by factorizing
the identity map on the central sequence algebra, in a manner resembling the
factorization arising in the definition of nuclear dimension.

Results about the central sequence algebra are used to attack the conjec-
ture that finite nuclear dimension implies Z-stability, for sufficiently non-type
I, separable C*-algebras. We prove this conjecture in the following cases: (i)
the C*-algebra has no simple purely infinite ideals of quotients and its prim-
itive ideal space has a basis of compact open sets, (ii) the C*-algebra has no
purely infinite quotients and its primitive ideal space is Hausdorff. In par-
ticular, this covers C*-algebras with finite decomposition rank and real rank
zero. Our results hold more generally for C*-algebras with locally finite nu-
clear dimension which are (M, N)-pure (a regularity condition of the Cuntz
semigroup).

1. INTRODUCTION

Many recent advances in the study and classification of nuclear C*-algebras have
centered around understanding low-dimensional behaviour or regularity. Examples
of Rgrdam [27] and Toms [37], relying on techniques pioneered by Villadsen [40],
demonstrated that some sort of regularity condition, stronger than nuclearity, is
necessary in order to have a classification by K-theory and traces. Three candidate
regularity conditions, involving quite diverse ideas, have emerged: finite nuclear
dimension, tensorial absorption of the Jiang-Su algebra Z, and algebraic regularity
in the Cuntz semigroup (more explicitly, almost unperforation and almost divisi-
bility); see [§] for an overview. A set of conjectures have been set forth relating
these properties for simple, nuclear C*-algebras, and a great deal of progress has
been made in proving them (see [13[I7HI9L21131[32]35L[36.38.43L45]).

The purpose of this paper is to initiate the study of these regularity properties
in the non-simple case. We first investigate how finite nuclear dimension implies
regularity in the Cuntz semigroup. We show that a C*-algebra of finite nuclear
dimension such that none of its quotients contains an ideal that is either elemen-
tary or simple and purely infinite, has strong tracial M-comparison and N-almost
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divisibility, where M and N are constants depending on the nuclear dimension;
see Theorem B.Jl As an application, we give a new proof of a significant result
of Dadarlat and Toms on the Z-stability of infinite tensor products [7]. Another
application is that, if A is unital, has finite nuclear dimension and no ideal of a
quotient of A is simple and purely infinite, then W(A) is hereditary inside Cu(A).

We then investigate Kirchberg’s central sequence algebra F(A). When A is
unital, this is the relative commutant of A inside the algebra of bounded sequences
in A, modulo the || - ||-null sequences relative to some fixed ultrafilter w. It is the
C*-algebraic analogue of the central sequence algebra classically used by McDuff
[20], and has proven to be a powerful tool in understanding C*-algebras. We prove
a factorization result for this algebra, allowing certain properties of the algebra A,
and especially of the sequence algebra A, to be lifted to properties of F(A); in
subsequent work, we show that, in most respects, F(A) is substantially different
from A, except when A is quite special [9]. Here is a simplified version of the
factorization result (important, yet technical, refinements, can be found in the full
statement, Theorem [T]).

Theorem 1.1. Let A be a C*-algebra of nuclear dimension m. Then, on any
separable C*-subalgebra of F(A), the identity map can be factorized

@k Qk Zk Ry
_—

F(A) Co @+ @ Cop1 —————F(4),

where Cy, is a hereditary subalgebra of A, and Qy, Ry are c.p.c. maps such that Qy
is order zero for all k. Moreover, given separable C*-subalgebras C), C Cj, for each
k, the map Ry may be modified, if necessary, so as to be an order zero map on C},.

This theorem becomes our primary tool for investigating the structure of F(A)
of a C*-algebra of finite (or even locally finite) nuclear dimension. With this tool,
we attack the following conjectures:

(C1) If a separable C*-algebra has finite nuclear dimension and none of its
quotients contains an elementary ideal, then it is Z-stable.

(C2) If aseparable C*-algebra has locally finite nuclear dimension and is (M, N)-
pure for some M, N > 0, then it is Z-stable.

In (C2), (M, N)-pureness means that the Cuntz semigroup has M-comparison and
N-almost-divisibility. Notice that the first conjecture follows from the second, pro-
vided that one shows that C*-algebras of finite nuclear dimension and without
elementary ideals of quotients are (M, N)-pure for some M, N > 0.

We reduce these to a question of finding full orthogonal elements, see Theorem
[79 in particular, we prove:

Theorem 1.2. Let A be a separable C*-algebra with finite nuclear dimension. Then
A is Z-stable if and only if there exist two full orthogonal elements in F(A).

Then, in Theorems [7.10 and [C.T5] we settle the conjectures (C1) and (C2) under
additional assumptions:

A1) no ideal of a quotient of the C*-algebra is simple and purely infinite, and
g y
(A2) the primitive spectrum of the C*-algebra satisfies either one of the follow-
ing:
(a) it has a basis of compact open sets, or
(b) it is Hausdorft.
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Every C*-algebra of locally finite decomposition rank and with the ideal property
(i.e., such that every closed two-sided ideal is generated by its projections) satisfies
(A1) and (A2)(a). Crossed products of the Cantor set by a free Z" action also
satisfy (A1) and (A2)(a), and have been shown by Szabd to have finite nuclear
dimension [34]. The case (A2)(b) complements the main result of [36], and can
be used to understand the range of possibilities of C(X)-algebras with strongly
self-absorbing fibres, such as the examples in [12].

Our techniques also clarify the simple case: A more conceptual and less involved
proof of Z-stability in the simple finite case is presented in Section[Z.Il This section
also contains a separate argument for the simple infinite case, that does not appeal
to Kirchberg’s O -absorption theorem.

The obstacle to the complete resolution of the conjectures above is the con-
struction of full orthogonal elements in the central sequence algebra, as shown by
Theorem Our approach to constructing full orthogonal elements makes use
of the finiteness conditions (Al) and (A2), which ensure that certain orthogonal
elements obtained using Kirchberg’s covering number and functional calculus are
indeed full (see Lemmas [3.4] [6.4] and [(14). Example shows definitively that
this construction cannot work without some kind of finiteness condition. The same
construction was used by Winter for the simple case in [45], so that finiteness (or
the existence of a non-trivial trace) also underpins the arguments there.

Even the following, much weaker question remains open.

Question 1.3. If A is of finite nuclear dimension and without elementary quotients,
does A contain two (almost) full orthogonal elements?

What is meant by A having two almost full orthogonal elements is that, given
any element a of the Pedersen ideal of A, there exist two orthogonal elements,
both of which generate an ideal containing a. (It is equivalent to having two full
orthogonal elements when Prim(A) is compact.)

This paper is organized as follows: In Section 2l we cover, among other prelim-
inary facts, algebraic regularity properties of the Cuntz semigroup, the notion of
nuclear dimension, and a criterion for Z-stability involving the central sequence
algebra. In Section [B] we investigate the divisibility properties of C*-algebras of
finite nuclear dimension. We apply these results to give a simple proof of Dadar-
lat and Toms’s result on the Z-stability of infinite tensor products [7]. In Section
[ we prove the above-mentioned factorization of the identity on central sequence
algebras. In Sections bl and [l we apply this factorization to investigate comparison
and divisibility properties of central sequence algebras. Finally, Section [7 contains
the proofs of Z-stability.

2. PRELIMINARIES

Let us start by fixing some of the notation that will be used throughout the
paper. Let A be a C*-algebra. We denote by A the cone of positive elements of
A and by A™ the unitization of A. Let a € A,. The hereditary subalgebra aAa
will be denoted by her(a). If € > 0, then (a — €)4 denotes the element obtained by
functional calculus evaluating the function (¢t — ¢)4 := max(t — ¢,0), with ¢ > 0,
on the positive element a. We will also frequently use functional calculus with the
function g. € Cy(0,1] which is 0 on [0, 5], 1 on [g,1] and linear otherwise. (See
Figure[Il)
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FIGURE 1. Graphs of (t — €)1 and g.(t)

Let a,b € A. Let us write a /. b to indicate that |ja — b|| < e. The commutator
ab — ba is denoted by [a,b]. If a: A — B is a linear map between C*-algebras and
b € B, then ||[o, b]|| < € means that ||[a(v),b]]| < e for all contractions v € A. If
B: A — B is another map, then |/[a, f]|| < & means that ||[a(v), B(w)]| < € for all
contractions v, w € A.

A linear map 7: Ay — [0,00] is called a trace on A if 7(0) = 0 and 7(z*z) =
T(za*) for all x € A. The cone of lower semicontinuous traces on A is denoted by
T(A). We emphasize that T(A) does not denote only the set of bounded traces (or
even tracial states), even though that convention has often been used in the litera-
ture. Lower semicontinuous traces on A extended uniquely to lower semicontinuous
traces on A ® K. Thus, we will assume tacitly that the domain of the traces in
T(A) is (A® K)4+. Here, and throughout the paper, K denotes the C*-algebra of
compact operators on a separable Hilbert space.

2.1. The Cuntz semigroup. We will make frequent use of the arithmetic of Cuntz
classes of positive elements. Let us recall the definition of the Cuntz semigroup.
Let A be a C*-algebra. Let a,b € Ay. Then a is said to be Cuntz smaller than b,
denoted by a 3 b, if there exist d,, € A such that d}bd,, — a; a and b are Cuntz
equivalent, denoted by a ~ b, if a 3 b and b 3 a. The relation 3 is a pre-order
relation and, consequently, ~ is an equivalence relation.

The Cuntz semigroup of the C*-algebra A is defined as the set of Cuntz equiva-
lence classes of positive elements of A ®@ K. If a € (A ® K)4, the Cuntz class of a
is denoted by [a]. The relation [a] < [b] if @ 3 b defines an order on Cu(A). The
addition operation on Cu(A) is such that [a] + [b] = [@’ + V'], where a ~ o', b~ ¥V,
and a’b’ = 0 (such elements can always be found using the stability of A ® K).

A positive element a € (A ® K)4, and its Cuntz class [a], are called properly
infinite if ¢ # 0 and 2[a] < [a] in Cu(A). They are called stably properly
infinite if a # 0 and for some n € N, (n + 1)[a] < nla] (equivalently, for some
n € N, nla] is properly infinite).

Let 7 € T(A) be a lower semicontinuous trace on A. For each a € (A ® )4 let
us define

d,(a) = lirrlnT(a%).

The number d,(a) depends only on the Cuntz class of a and is understood as giving
rise to an additive, order preserving, and supremum preserving map on Cu(A)
(a.k.a., a functional on Cu(A)) given by [a] — d,(a). This holds more generally
when 7 is a lower semicontinuous 2-quasitrace on A (see [3, Section II]). A theorem
of Haagerup [11] says that if A is an exact C*-algebra (in particular, if it is nuclear),
then a lower semicontinuous 2-quasitrace on A is a trace. However, we will often

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NUCLEAR DIMENSION & Z-STABILITY OF NON-SIMPLE C*-ALGEBRAS 4635

use 2-quasitraces instead of traces in order to state our results in more generality.
The cone of lower semicontinuous 2-quasitraces on A will be denoted by QT(A),
and when we simply say “quasitrace” we mean a lower semicontinuous 2-quasitrace.

Let [a],[b] € Cu(A) and v > 0. We write [a] x [b] to mean that [a] < n[b] for
some n € N. We write [a] <s y[b] to mean that there exists v’ < 5 such that
d-(a) < v'd;(b) for all 7 € QT(A). In the case v = 1, the relation <z has been
defined elsewhere in the literature with a slightly different meaning; see for example
[22], Definition 2.2], where [a] <, [b] means that d,(a) < d,(b) for all 7 € QT(A),
with strict inequality when d,(b) € (0,00) (by [22, Proposition 2.1]).

2.2. The central sequence algebra. Let (A;)7°, be a sequence of C*-algebras.
Let us denote by [, , Ak the C*-algebra of norm-bounded sequences (ax)52; with
ay € Ay, for all k. Let w be a free ultrafilter in N. Let us denote by ¢, ((Ax)3,) the
closed two-sided ideal of [];~ A of sequences (ar)32, for which lim,, [|a|| = 0.
The ultraproduct of the C*-algebras Ag, k =1,2,..., is defined as

HAk = ( ﬁ Ak:) [ ((Ar)iZ1)-
w k=1

Whenever it is clear by the context, we will denote the quotient map from [[7- ; Ay
to [, Ax by mo. If Ay = Afor all k =1,... we denote the ultraproduct by A,
and call it the ultrapower of A.

Observe that A embeds inside A, as the set of constant sequences. Let us denote
by A’ N A, the commutant of A inside A, i.e., the elements of a € A, such that
[a,c] = 0 for all ¢ € A. Let us denote by A+ N A, (or sometimes simply A')
the elements of A, that are orthogonal to A, i.e., the elements a € A, such that
ac =ca = 0 for all ¢ € A. Observe that A+ is a closed two-sided ideal of A’ N A,,.
The central sequence C*-algebra is defined as

F(A) == (A' N Ay)/AS.

We will also consider the following more general central sequence algebras (studied
by Kirchberg in [I5]): let B C A, be a C*-subalgebra. Let us denote by B’ N A,
its commutant and by B the subalgebra of A, of elements orthogonal to B. The
algebra Bt is again an ideal of B’ N A,. We define

F(B,A):= (B'nA,)/B*.

2.3. Divisibility and comparison. Algebraic regularity properties — of compari-
son and divisibility — in the Cuntz semigroup of a C*-algebra play a key role in our
arguments. Here we recall M-comparison and N-almost-divisibility, which together
form the notion of (M, N)-pureness.

Let M € N. Let us say that A has M-comparison if for all [a], [bo], [b1], - - -, [bas]
€ Cu(A) we have that [a] <, [b;] for i = 0,...,m implies that [a] < Zij\io[bi]-

Let N € N. Let us say that A is N-almost divisible if for each [a] € Cu(A),
k € N and € > 0, there exists [b] € Cu(A) such that

k- (0] < [a] and [(a —&)4] < (K + 1)(N + 1)[b].

Following Winter [45], we call a C*-algebra (M, N)-pure if it has M-comparison
and is N-almost divisible. (We point out, however, that our definition of N-almost-
divisibility does not exactly agree with Winter’s in two respects: first, ours is
a property of Cu(A) rather than the “non-stabilized Cuntz semigroup” W(A) in
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Winter’s definition; second, our condition [(a —¢)4] < (k + 1)(N + 1)[b] replaces
Winter’s stronger condition [a] < (k+1)(N+1)[b].) The comparison and divisibility
properties on Cu(A) relate to Z-stability and nuclear dimension: If A has nuclear
dimension m, then it has m-comparison [24], while if A is Z-stable, then it is (0, 0)-
pure (see [45, Proposition 3.7] and its proof) (cf. also Conjecture (C2) and the
remarks following it, above).

Lemma 2.1. The following are equivalent:
(i) A is N-almost divisible.
(ii) For every e,a € Ay, k € N and ¢ > 0, there exist v € Mg 1y(n+1)x1(A4) and
a c.p.c. order zero map ¢: Mp(C) — A such that ed(-) = ¢, (a — &)y = v*v
and v = ($(e11) ® Lk11)(v+1))v-

Proof. (i) = (ii): Since A is N-almost divisible, there exists b € Ay such that
k[b] < [a] and [(a — 5)4] < (B+1)(N +1)[b]. Let 6 > 0 and x € M(j11)(n+1)x1(A)
be such that (a — )y = 2*((b — 6)4 ® Lgy1y(v41))2. By [25, Lemma 2.4] and
[26, Proposition 2.4], there exist a c.p.c. order zero map ¢: My(C) — her(a), n > 0,

and y € A such that (b —6); = y*(o(e1n) — n)+y. Setting ¢ = g,(¢) and v :=
((p(er1) — n)i_my ® 1(ry1)y(w+1))T We easily see that the properties in (ii) hold.

(ii) = (i): Let us apply (ii) to (a — 5)+ in place of a, go < (a) in place of e, and
€

5 in place of . Then, with the resulting c.p.c. order zero map ¢, we can see that

b := ¢(ey1) satisfies k[b] < [a] and [(a — €)4] < (K + 1)(V + 1)[b]. O
Proposition 2.2. The properties of M-comparison and N -almost-divisibility pass
to quotients and products of C*-algebras (and in particular, they pass to ultraprod-
ucts). More specifically, given C*-algebras A and (Ax)xen, if they all have either
one of these properties, then so do [],cn Ax and A/I for any closed two-sided ideal
1 CA.

Proof. 1t is shown in [24] Lemma 2.3] that the property of being unperforated passes
to quotients and products. The same proof, with minor modifications, applies
to M-comparison. A key fact is that ([, Ax) ® K is a hereditary subalgebra of
[[,(Ax ® K); this is true because

(J]4») @ Mo (C) = [J(Ax ® M, (C))
A A
is a hereditary subalgebra of [], (A\ ® K) for each n (where we are viewing M, (C)
as a corner of ).
As for N-almost-divisibility, it is clear that the condition in Lemma 271 (ii) passes
to products and quotients (cf. [25] Proposition 8.4], where divisibility of the unit is
shown to pass to sequence algebras). O

2.4. Nuclear dimension. Let A and B be C*-algebras. Let ¢: A — B be a
completely positive contractive (c.p.c.) map. Let us say that ¢ has order zero
if it preserves orthogonality, i.e., ab = 0 implies ¢(a)p(b) = 0 for all a,b € A. By
[46, Theorem 2.3|, any such map has the form ¢(a) = hmg(a), where m45: A —
M(C*(¢(A))) is a homomorphism, and h € M(C*(¢(A))) commutes with ¢(A).
We will make use of the functional calculus on order zero maps introduced by
Winter and Zacharias: if the function f € Cy(0, ||¢||] is positive and of norm at
most 1, then we set f(¢) := f(h)mg, which is also a c.p.c. map of order zero from
A to B, and it satisfies f(¢)(p) = f(é(p)) for every projection p € A.
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Following Winter and Zacharias [47], we say that a C*-algebra A has nuclear
dimension at most m if for each finite set F' C A and € > 0 there exist c.p.c. maps

A Y Ch Pk A
with k =0,1,...,m, such that ¢ is an order zero map for all k¥ and
ame Y drvi(a)
k=0
for all a € F.

By [24, Theorem 1], a C*-algebra of nuclear dimension m has the m-comparison
property. We point out the following consequence of the m-comparison property
(proven in [47, Theorem 5.4] by different means).

Proposition 2.3. If a C*-algebra A is simple, of finite nuclear dimension, and
traceless, then it is purely infinite.

Proof. Let A be traceless and of nuclear dimension m. By the m-comparison prop-
erty we have that (m + 1)[a] is properly infinite for any non-zero [a] € Cu(A4). On
the other hand, since A is simple and non-type I, by Glimm’s Halving Lemma
[23, Lemma 6.7.1], for each non-zero [b] there exists a non-zero [a] such that
(m + 1)[a] < [b]. Hence [b] is properly infinite. It follows that A is purely infi-
nite. ]

2.5. The Jiang-Su algebra. Let us denote by Z;_;, with £ € N, the prime
dimension drop C*-algebras and by Z the Jiang-Su algebra.

A C*-algebra A is called Z-stable or tensorially Z-absorbing if A 2 A® Z. If
A is separable, this is equivalent to having a unital embedding of Z in F(A) (see
[29, Theorem 7.2.2]). In fact, by [2I], Proposition 5.1] (cf. [39, Proposition 2.2]), it
suffices to find unital embeddings of the dimension drop C*-algebras Zj_; j into
F(A) for all k¥ € N. Furthermore, Rgrdam and Winter showed in [30, Proposition
5.1], that in order to have one such embedding it suffices to find a c.p.c. order zero
map from Mj_1(C) into F(A) with “small defect”. Thus, we arrive at the following
Z-stability criterion.

Proposition 2.4 (cf. [45l Proposition 1.14]). Let A be a separable C*-algebra.
Then A is Z-stable if and only if for each k € N there exists a c.p.c. map of order
zero ¢: My(C) — F(A) such that [1 — ¢(1)] < [¢(e11)] in the Cuntz semigroup of
F(A).

3. DIVISIBILITY FOR C*-ALGEBRAS OF FINITE NUCLEAR DIMENSION

In this section, we prove the following.

Theorem 3.1. Given m € N, there exists N € N such that the following holds: If
A is a C*-algebra of nuclear dimension m, such that no ideal of a quotient of A is
either elementary nor simple purely infinite, then A is (m, N)-pure.

That A has m-comparison has already been shown, by the first-named author
in [24], so what is really proven here is N-almost-divisibility. This will be deduced
from a quantitative analysis of the relation between the size of the finite dimensional
representations of A and divisibility properties (in the Cuntz semigroup) of a strictly
positive element in A. It is likely that the same result holds after dropping the
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finiteness condition of no quotient of A having a simple purely infinite ideal, but our
present methods — specifically, the construction of almost full orthogonal elements
in Lemma [3.4] — require it, as demonstrated in Example Notice that if A has
finite decomposition rank, then it satisfies this condition, since its simple ideals of
quotients also have finite decomposition rank and thus cannot be purely infinite.

Proposition 3.2. Let m,k € N. Let A be a C*-algebra of nuclear dimension m
and such that every representation of A has dimension at least k.

(i) For each € > 0 and strictly positive ¢ € Ay there exist c.p.c. maps of order
zero ¢7: My(C) — A, with j =1,2,...,2(m + 1), such that
2(m+1

)
c-anl<[ X o).

(ii) For each € > 0 and strictly positive c € Ay there exists a € Ay such that
(e — £)4] < Kla] < 20m + 1)[d].

j j
Proof. (i): Let A i F; i A, with j =0,1,...,m, be an approximate factoriza-
tion of id4, where the maps ¢/ are c.p.c. of order zero, the algebras F} are finite
dimensional, and

Z ¢yl (c) ~¢ c.
j=0

Then [(c—e)4] < Z;.":O[W (1g;)]. If every representation of A has dimension at least
k, we may assume that the matrix sizes of every matrix summand of each F} are all
at least k (by [47, Proposition 3.4]). This implies that for each j there exist c.p.c.
maps of order zero ¢, ¢%: My (C) — F; such that [1F] < [¢7(1)] + [¢4(1)]. The
collection of maps qbg, with j =0,1,...,m and ¢« = 0,1 has the desired properties.

(ii): Simply set a := Z?(:"f'H) @’ (e11), with ¢7: My (C) — A as in part (i). The
desired properties for a are readily verified. O

Lemma 3.3. Let A be a C*-algebra with finite nuclear dimension and no simple
purely infinite quotients. Then neither the Cuntz semigroup of A nor its quotients
can contain a full, compact, and properly infinite element.

Proof. Let us argue by contradiction. Stabilizing and passing to a quotient of A if
necessary, let us assume that there exists a full element a € A, such that [a] < [d]
and 2[a] = [a]. Let € > 0 be such that [(a — ¢)4] = [a]. Since Cuntz equivalent
elements generate the same ideal, (a — ¢)4 is also full. It follows that there exists
at least one proper maximal ideal I of A. Then A/I is a simple C*-algebra of
finite nuclear dimension containing a compact, stably properly infinite, positive
element. By Proposition 23] this C*-algebra is purely infinite, which contradicts
our hypotheses. |

The next lemma deals with the construction of full orthogonal elements. The
construction is essentially the same one pioneered by Winter in [43] Proposition
3.6].

Lemma 3.4. Given m,l € N there exist K, L > 0 with the following property: If A
is a C*-algebra of nuclear dimension at most m, such that every representation has
dimension at least K, and A has no simple purely infinite quotients, then for each
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e > 0 and strictly positive element ¢ € A, there exist mutually orthogonal elements
do,...,d; € Ay such that [(c —€)4] < L[d;] fori=0,...,L

Proof. Let us first deal with the case [ = 1. Let A be as in the statement. (The
values of K and L will be specified in the argument that follows.) Let € > 0 and
let ¢ € A be strictly positive. By Proposition (ii), if K > 2m + 3, then there
exists a € A such that

[(c— §)+] < (2m +3)[a] < 2(m + 1)[c].
Let § > 0 be such that [(¢ — €)4] < (2m + 3)[(a — §)4]. Let us define

dO = g5(a’)a
di = (1-gs(a))>c(l - gs(a)?.

It is clear that dy and d;y are orthogonal and that [(¢ —€)+] < (2m + 3)[do]. As for
dy, we have that

(3.1) [e] < g5 (a)] + [da].

Let € > 0 be such that (2m+3)[gs (a)] < (2m+2)[(c—&)4+]. Multiplying by 2m +3
in (BI) we get

(3.2) 2m+3)[c] < 2m+ 2)[(c — &)4+] + (2m + 3)[d4].

Let us show that d; is full in A. Let I be the closed two-sided ideal generated

by d;. Passing to the quotient by I in (B.2) we get

(2m+ 3)[mr ()] < (2m + 2)[(mr(c) — 2),].
Thus, (2m + 2)[r;(c)] is properly infinite and compact. By the previous lemma,
mr(c) =05 ie., dy is full.

Since d; is full, a finite multiple of [d;] majorizes [g%(a)]. Thus, by inequality
(1), a finite multiple of [d1] majorizes [c]. Now from (32) we deduce that d,(c) <
(2m + 3)d,(dy) for all 7 € T(A). By the m-comparison property this implies that
[c] < 2(m +1)(2m + 3)[d1]. This completes the proof for | = 1.

For the general case we proceed by induction. We deduce from the relation
[c] < 2(m+ 1)(2m + 3)[d1] that if all the representations of A have large enough
dimension, then so do the representations of her(d;) (in a way that depends only

on m). Thus, we can apply the induction hypothesis to the hereditary subalgebra
generated by d;. O

g
2

Example 3.5. The construction of full orthogonal elements in Lemma [3.4] uses the
fact that ¢ from Proposition has small trace, so that under the right finiteness
conditions, 1 — g.(c) is full. However, if A is simple, unital, and purely infinite,
then (for any k) there are c.p.c. order zero maps ¢/, for j = 1,2 satisfying (i) of
Proposition 3.2, with

¢ (e11) + *(enn) =1
(it is enough to get these maps into Os, which is easy). Using such maps, the
construction of ¢ in the proof of Proposition then yields ¢ = 1, so that there is
no way to use functional calculus on ¢ to produce full orthogonal elements. This
demonstrates that an entirely different approach to constructing full orthogonal
elements is needed to go beyond situations where finiteness conditions are assumed.
This problem is also present in the argument in [45].
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Lemma 3.6. Given m € N there exist M, N > 0 with the following property: If
k € N and A is a C*-algebra of nuclear dimension at most m whose representations
all have dimension at least k- M and with no simple purely infinite quotients, then
for each € > 0 and strictly positive ¢ € A4 there exists b € A such that k[b] < [c]
and [(c — €)4+] < kNb].

Proof. Let K and L be constants as in the previous proposition corresponding to
l :== m + 1. By Proposition (ii), if every representation of A has dimension at
least 2k(m + 1)L, then there exists a € A4 such that

(= 5)+] < 2kL(m + Dla] < 2(m +1)]e).
Let us choose §; > 0 first, and then d, > 0, such that
[(c —€)4] < 2kL(m +1)[(a = 61)+] < 2(m + 1)[(c — d2)+].

If every representation of A has dimension at least K, then there exist mutually
orthogonal elements do,...,d, € Ay such that [(¢c — d2)4] < L[d;] for all 7. Tt
follows that

2kL(m + D)[(a — d1)+] < 2L(m + 1)[d;]
for all . Thus, by the m-comparison property

m

kl(a—61)4] <) [di] < [d].
i=0
Therefore, setting b := (a — 01)4, M := max(K,2L(m + 1)), and N := 2L(m + 1)
(both of which only depend on m), we get the desired result. a

Proof of Theorem Bl By [24], A has m-comparison. Let N > 0 be as in the
previous lemma. Since no ideal of a quotient of A is elementary, for each a €
(A ® K)4 the C*-algebra her(a) has no finite dimensional representations. So the
previous lemma is applicable to her(a) and any k € N, whence showing that A is
N-almost divisible. (]

Let us say that a C*-algebra A has strong tracial M-comparison if [a] < ﬁ[b]
implies that [a] < [b] for all [a], [b] € Cu(A).

Theorem 3.7. Let m € N. There exists M > 0 such that if A is a C*-algebra
of nuclear dimension at most m with no simple purely infinite ideals of quotients,
then A has strong tracial M -comparison.

Proof. This argument is akin to an argument in [45, Section 3], that (M, N)-
pureness implies strong tracial M-comparison, for some M. However, extra steps
are taken here, to avoid assuming that A has no elementary ideals of quotients.

Say Md,(a) < d.(b) for all 7 € T(A) (how large M should be will be specified
later). Letting 7 be a trace that is 0 on a closed two-sided ideal and co outside,
we conclude that the ideal generated by a is contained in the ideal generated by
b. We may reduce to the case that b generates the same ideal as a. To see this,
let eg € (A ® K)+ be a strictly positive element of the ideal generated by a. Let
b = egbeg. Then [b] < [b] and Md, (a) < d,(egbeg) for all 7.

So let us assume that a and b generate the same ideal. We claim that each
representation of her(b) has dimension at least M. Indeed, no such representation,
after being extended to the ideal generated by b, can vanish on a (since a is a full
element of this ideal). Then Md,(a) < d,(b) implies the claim.
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Let ¢ > 0 and choose 6 > 0 such that Md,((a —€)4+) < d-((b — 9)4) for
all 7 € T(A). If M is large enough (depending only on m), there exist — by
Lemma B4 — mutually orthogonal positive elements dy, ..., d,, € her(b) such that
[(b—9)4] < Lld;] for all ¢ and some L > 0. Thus, Md,((a —¢)y) < L[d;] for all
i and 7 € T(A). Again, if M is large enough (relative to L, which again depends
only on m), then by m~comparison we conclude that

[(a—e)s] < ) [di] <[b].
i=0
Since € > 0 can be arbitrarily small, we get [a] < [b], as desired. O

3.1. Z-stability of infinite tensor products. In [7], Dadarlat and Toms showed
that if a unital C*-algebra A admits a unital embedding of an approximately sub-
homogeneous C*-algebra without 1-dimensional representations, then @~ A is
Z-stable. As shown in [7], 6.3], this question quickly reduces to the case that A is
an RSH algebra with finite topological dimension and without 1-dimensional rep-
resentations. The proof in [7] then relies on sophisticated tools from homotopy
theory. We give here a more abstract proof of Dadarlat and Toms’s result using the
results on divisibility previously obtained in this section. We prove the following.

Theorem 3.8. Let A be a separable unital C*-algebra such that:
(i) A has no 1-dimensional representations,
(ii) A satisfies that

dimy,.(A%7)

an

(3.3) -0,

for any a > 1,
(iii) for all n, no simple quotient of A®™ is purely infinite (e.g., if A has finite
decomposition rank).
Then A®>® s Z-stable. More generally, the same conclusion holds if A®>® admits
a unital embedding of a C*-algebra with these properties.

Conditions (ii) and (iii) above are satisfied if A is an RSH algebra of finite
topological dimension. Indeed, by [42, Theorem 1.6], in this case A has finite
decomposition rank and dimy,.(A®™) has linear growth. In this way we recover
Dadarlat and Toms’s result.

Although we will not use any of the results in this section in the sequel, many
of the ideas encountered here will reappear. A simplification here is that it is easy
to arrange for commutativity in A%,

For the remainder of this section, we let A denote a separable unital C*-algebra
that satisfies (i)-(iii) of the theorem above.

Lemma 3.9. There exists k such that A®* has two full orthogonal elements.

Proof. By the proof of Lemma [3.4] if a unital C*-algebra B has no simple purely
infinite quotients and all its representations have dimension at least 2 dimy,.(B)+3,
then B contains two full orthogonal elements. But all the representations of A®*
have dimension at least 2¥, which, by (3.3, majorizes 2 dim,,.(A%*)+3 for k large
enough. Thus, the result follows. ]

Lemma 3.10. For all g € N there exists k € N such that there exists an order zero
map ¢: M,(C) — A®¥ whose image is full.
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Proof. We may assume without loss of generality that ¢ = 2™ for some n € N.
Replacing A by A®* with k as in the previous lemma, we may also assume that A
contains two full orthogonal elements.

Let 7, := dimyp,.(A®™). Since every representation of A¥™ has dimension at least
2™ there exist order zero maps 1);: Man(C) — A®™ with i = 1,2,...,2(y, + 1)
such that [1] < 22(7"“)[1# (1)] (by Proposition B:2). On the other hand, since A
contains two full positive orthogonal elements, A®™ contains 2™ full and pairwise
orthogonal positive elements for all m € N. Let us choose m large enough such that
2™ > 2(v, + 1) and denote these orthogonal elements by dg,dy,...,dam € A®™.
Define ¢: Man (C) — A®™ @ A®™ by

2(vn+1)

Z Vv ® d;.
i=1

It can be readily verified that ¢ has the desired properties. |

Proof of Theorem B8 By Proposition 24 we must construct for each ¢ € N a
c.p.c. map of order zero ¢: M,(C) — F(A®>) such that [1 — ¢(1)] < [¢(e11)]
In fact, it suffices to construct one such map ¢ from M,(C) into A®> (by then
considering the central sequence of maps ¢ @1 ® -+, 1® ¢ R 1® ---, etc., from
M,(C) to A®>® @ A®> ® ... =2 A®*) Let us do this.

Let A be a C*-algebra that satisfies conditions (i)-(iii) of the theorem. By the
previous lemma, we may assume that there exists 1: M,(C) — A such that (1)
is full, i.e., [1] < Q[¢(1)] for some @ > 0. Using functional calculus on the order
zero map 1), we may also assume that 2Q[1 — ¢(1)] < (2Q — 1)[1] (see the proof of
Lemma [6.I0] below). Let € > 0 be such that [1] < Q[(¢(1) —¢)4].

Fix n € N. Let ¢;: M,(C) - A®", withi=1,...,nbegiven by ¢, =1®--- ®
Y®---®1. By Lemmal6.0l (ii) in Section 6] below (essentially, Winter’s [44] Lemma
2.3]), there exists a c.p.c. map of order zero ¢: M,(C) — A®™ such that ¢y < ¢
and

Thus, we find that
2Q)"[1 - ()] < (2Q = 1)"[1].

Set v, 1= Elimnuc(A‘Xm). Let do, d; € Ay be orthogonal and such that [1] < L[do]
and [1] < L[d;] for some L > 0. Using these elements, we can find, for each m € N,
2™ positive orthogonal elements di,ds, . ..,dom € A®™ such that [1] < L™[d;] for
all . Let us choose m = [logy(n + 1)] (so that there are approximately =, + 1
orthogonal elements). Notice that m < n for n large enough by ([B3.3). Regard A®™
as a subalgebra of 1 ® A®"~1. Then,

2Q)"[1 - ¢(1)] < (2Q — 1)"[1]

< (2Q —1)"Qq[Y1((e11 —€)4)]

< (2Q = 1)"QqL™[((e11 — €))+ @ dy]
foralli=1,...,2™. We claim that

(20 -1)"QuL"

(3.4) 207
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Indeed, notice that L™ = LMogz(m+11 = O(’y}{)&L)7 so (34 follows from (B.3]).
Thus, choosing n large enough, we get that

[1=o(1)] <s [P((enr —€))+ © di]

for all i =1,2,...,2™. By the 7,-comparison property in A" we conclude that
Ynt1
[1—o()] < Y W((en — &)+ ©di] < [$(en — )+ ® 1] < [¢(en)].
i=1
This completes the proof. O

3.2. When is W(A) hereditary? In the following, we will say that positive ele-
ments a,b € A, are Pedersen equivalent if there exists © € A such that x*x = a
and xzz* = b (in the literature, this is sometimes called Murray-von Neumann
equivalence).

Proposition 3.11. Let A be a C*-algebra with strong tracial M -comparison, such
that in every quotient, every full projection is finite. Leta € A4, b€ (AQK) 4, and
suppose that a € Ay is strictly positive and

1
bl < —|al,
1) < 5]
and that d.(b) < oo for all densely finite T € QT(A). Then a is Pedersen equivalent
to an element of Ma(A)4.

Proof. Let v < ﬁ be such that [b] <, y[a]. We follow the proof of [4] Theorem
4.4.1], with modifications as follows. Note that Cuntz classes are denoted using (-)
in [4], though we will stick with our convention here and use [-].

In the proof of [4, Theorem 4.4.1], we first replace n + k by 1 throughout. In
place of (7) of [], we use [b] <s v[a], and then we still get [h1(b)] < [b] < [a].

When we recursively define the z;’s, we replace the part of the inductive hypoth-
esis [4, page 3672, 6th line from the bottom] that reads

“A[Ri()]) + (raa +€)A([a]) < A[ys]) for all X € F(Cu(A))”
with
A(hi(B)]) < YA([yi]) for all A € F(Cu(A)),

with strict inequality for those A which are densely finite. We then replace a string
of three inequalities, [4, page 3673, lines 2-4], by

AM[hir1(0)]) + A[g: (D)) < A([Ri(D)])

YA([yi])

YA ([yi — sis7]) + A[gi(D)]))
<YMy — sisi]) + A([9: (D)),

with strict inequality for those A which are densely finite. If A([¢g;(b)]) < oo, then,
in place of (8) in [4], we conclude that

A([hiv1(D)]) < vA([yi — sisi])-
We then use the same argument as in the following paragraph of [4] to conclude

that this holds (with non-strict inequality) even if A([g;(b)]) = oo.
The rest of the proof of [4, Theorem 4.4.1] is then unchanged. O

NN

N
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Recall that W(A) denotes the subset of Cu(A) consisting of elements [a] that are
represented by a € |Ji—; My (A)+. The question of whether W(A) is a hereditary
subset of Cu(A) has been raised, for example, in [2] and in [4, Question 4.4.3], and
the hypothesis that W(A) is hereditary inside Cu(A) has been used in results of
[TL12].

Corollary 3.12. Let A be a unital C*-algebra with finite nuclear dimension and
such that no quotient of an ideal of A is simple and purely infinite. Then W(A) is
a hereditary subset of Cu(A).

Proof. Since A is unital, we must show that if [b] < n[1] in Cu(A) for some n € N,
then [b] € W(A). Since M, (A) satisfies the hypotheses, we may assume that n = 1.

By Theorem B.7] A has strong tracial M-comparison for some M > 0. This,
together with Lemma B.3] shows that the hypotheses of the previous proposition
are satisfied by A. From [b] < 1 we deduce that

1
b] <y —— (M + 2)[1].

1) <o 5 (M +2)11]

It clearly follows that d,(b) < co for any densely finite 7. By the previous propo-

sition, b is Pedersen equivalent to an element of Mjy(ar49)(A); therefore, [b] €

W(A). O

4. CENTRAL FACTORIZATION

A powerful way to use finite nuclear dimension (in the separable case) is via
an exact factorization of the canonical embedding A — A, using order zero maps
into ultraproducts of finite dimensional C*-algebras (as proven in [24, Proposition
2.2], using [47, Proposition 3.2]). Here we show that a similar factorization for
F(B, A) may be made when B C A, is a separable C*-subalgebra of finite nuclear
dimension. The finite dimensional C*-algebras in the ultraproducts, however, get
replaced by direct sums of hereditary subalgebras of A. This factorization result
can (and will) be applied to push certain regularity properties of A to F(B, A) (just
as 0-comparison for finite dimensional C*-algebras gets pushed to m-comparison for
a C*-algebra, by the first-named author in [24]). Before stating the factorization
result, we introduce notation.

Let A be a C*-algebra. Let ¢ € M(A) be a multiplier positive contraction.
Let g.: A — cAc be the c.p.c. map given by q.(x) = cizer for all z € A, If
¥ C M(A)4 is a finite set of positive contractions, then we define Cy, := @y, cAc
and QEZ A— CE by

(4.1) Qs =P
ceX

We may write C& and Q4 if there is ambiguity in the choice of the ambient C*-
algebra.
For a sequence of finite sets X,, C M (A)4 of positive contractions, define

Ck,), =1]c8,

and set
Q?En)n =Ty O (Q§17 Qéz, e ): A — C?E")n.
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Now, suppose that B C A and we have a sequence of finite sets ¥,, C B. Then
the restriction of Q‘(“En)n to ANB' is of order zero, and factors through (ANB’)/B*.

Let us denote by Q(Z")n :(ANB")/Bt — C(s,), the factor map.
Here is the main result to be proven in this section.

Theorem 4.1. Let A be a C*-algebra and let B C A be a separable C*-subalgebra
of nuclear dimension m. For each k =0, 1, ...y2m + 1 there exist maps

(AnB)/B+ 2 ¢ 25 (A, N B')/B*,
such that:

(i) For each k, there exists a sequence (X%)2° |, where each XF C B is a finite
set of positive contractions, such that Cy = Csx), and Q = Q(Zg)n- In
particular, Qr is a c.p.c. map of order zero.

(ii) For each k, Ry is a c.p.c. map of order zero.

(iii) For all a € (AN B')/B* we have
2m—+1

a= Y RiQx(a)
k=0

Remark 4.2. Suppose that A is an ultraproduct algebra. Then, given Cf, Qk, Ri
as in Theorem [£J] we may improve our lot somewhat, using the diagonal se-
quence argument (cf. [35) Section 4.1]) as follows. Given a separable subset D of
(AN B')/B* and for each k, a separable subset C}, of C} containing Q (D), there
exist *-linear maps
Ry: Cr — (AN B')/B*

such that:

(i) Rk|c/ is c.p.c. order zero, and

(ii) a = 2m+1 RiQu(a) for all a € D.
Noting also that Ck is a hereditary subalgebra of A, this proves Theorem [Tl

The maps Rj, in the above theorem come chiefly from maps x4 that we define
presently. Let ¢: M,(C) — A be a c.p.c. order zero map and set ¢ := ¢(e11). Let
us define a homomorphism x,: her(c) — A by

P

Xo(2) =Y molen)rmg(ers).

i=1
Lemma 4.3. Let ¢: M,(C) — A be a c.p.c. map of order zero. Let c and x4 be as
defined above. For each contraction a € A we have

(4.2) lla, & 21l| < & = xo4c(a) ~ae d(1)a.
Proof. We have

o(1)a = / o2 (u)* ¢V (w)a du
uelU(M,(C))

v / 612 (u)*agV/? (u) du
uEU(M (C))

(4.3) Z o2 (eij)ap *(ejs).

3,j=1
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Now, note that, for n > 0,
¢1/2(6ij)a¢1/2(€ji) Rp1/2 9o, n(¢)(€i1)¢1/2(61j)a¢1/2(€ji)
~e 90,0(9)(ein)ad'*(e15)0" % (e50)
= go.n(9)(e1)ag'?(e11)d"/? (e1s)
e Gon(9)(en)d'* (en)ag? (e1))
g2 82 (ein)ag' 2 (er;),
and since 7 is arbitrary,
01%(eij)ad' (i) mae 812 (ein)ag!*(eni).
It follows that, for each 1,

qul/z a6 2 (e) e 9/ (ein)ag 2 (ers).

Finally, by orthogonahty of the errors, it follows that
(4.4) Z ¢/ (eij)a?(eji) ~a Z ¢'/%(eir)ap™?(e1s).

Combining (@3)) and @A) produces (£2). O

Remark. It is simpler to show that

lla, 9]l < & = xpgc(a) =pe H(1)a,

and this estimate (differing in that the approximation on the left depends on the
matrix size p) ultimately suffices for our application. Nevertheless, the stronger
estimate seems independently interesting.

Lemma 4.4. Given f € Co((0,1])+ and € > 0, there exists & > 0 such that the
following holds: If B: D — A is a c.p.c. order zero map between C*-algebras D and
A, where D is unital, and a € A is a contraction which satisfies

[[a, Bl <6,
then

Ifa, FB)Il < e

Proof. Let g € Cy((0,1])+ be such that f ~e/4 g -idjg1). Then (by approximating
g by polynomials), we may find 0 < 6 < HQH such that, if a, b are elements of a C*-

algebra such that b is a positive contraction and ||[a, b]|| < d, then ||[a, g(b)]|| < €/4.
Now, suppose that we have § and a as in the statement of the lemma. We
compute, for a contraction = € D,

af(B)(zx) =< ag(B(1))B
: )

s f(B)(@)a. U

The proof of the following lemma contains the basic construction upon which
the other results will be built.
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Lemma 4.5. Let D be a finite dimensional C*-algebra. For each € > 0 there exists
6 > 0 with the following property:
If A is a C*-algebra and 8: D — A is a c.p.c. map of order zero, then there exist
maps
Ao B g
with k = 0,1, with the following properties:
(i) For each k = 0,1, there exists a finite set of positive contractions Xy C
C*(im(B))™ such that Cj, = C’gk and Qi = ’gk (defined as in (@T])).
(ii) For each k = 0,1, Ry is an injective *-homomorphism. Furthermore, there
exists hy, € Co((0,1])4 such that ||hy —idjgq)|| < & and [Ry, h(8)] = 0.
(iii) If a € A is a contraction such that ||[a, B]|| < &, then

RoQo(a) + R1Q1(a) =: a.
(iv) ||[Rw, Bl <e.

Proof. Let us take a partition of unity F = Fy II Fy for C([0,1]), consisting of
positive elements whose supports each have diameter at most ¢, and such that for
each k = 0,1, the elements of Fj have pairwise disjoint (closed) supports. It follows
that there exists hy, € Co((0,1])+ which is constant on the support of each element
of Fj, and such that
|he —idpoyll < e

Observe that, for k = 0,1 and f € F}, since hy, is constant on the support of f, for
any positive contraction y in a C*-algebra (which below we will take to be 8(1)),

we have
(4.5) [hi(y), her(f(y))] = 0.

We may assume, without loss of generality, that there exists fo € Fy such that
fo(1) = 1; therefore, F'\ {fo} C Co((0,1]). Let D := @7, M,,(C). By Lemma

4 we can choose ¢ > 0 such that for any c.p.c. order zero map [ from a unital
C*-algebra to a C*-algebra, and any contraction a in the codomain of § satisfying
I[a, Bl < &, we have ||[a, f(B)Y?]|| < for all f € F\ {fo}, and additionally,

fa, fo(BL)2| < 5
For each i =1,2,...,qand f € F\ {fo}, define

Bti = f(B)lm,, ©)r Mpn,(C) = A, and
cri = Prilen) € Ay.
Set ¢g := fo(B(1)) € A™. Define
Yo:={cri | feFo\{fo},i=1,...,q} U{co}, and
Yi:={cpi | feF,i=1,...,q}.

Let us define Qq, @1, Cy, Cy accordingly as in the statement of the lemma. Let us
define Ry: Qo — A and Ry: Q1 — A by

Ro((be CEZO : Z ZX,Bf Cf, beg s

feFy 1=1

f#fo

Rl be 6621 : Z ZXﬁfl sz

fEF; i=1

qu |
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Notice that each Ry is a homomorphism since it is a sum of homomorphisms with
orthogonal ranges.

(i) clearly holds by construction. (ii) holds by (ZI).

Let us prove (iii). Let a € A be a contraction for which ||[a, f]|| < 6. By our
choice of § using Lemma [£4] it follows that

1/2 €
la £ < oo
for all f € F\ {fo}. Hence, by Lemma 3]
(4.6) Bri(1)a s Xsy,0ey,(a):
Also,
(4.7) lla. (BN < 5.

We then compute

RoQo(a) + R1Q1(a) = Z ZXﬁf@qcm )+ ¢y Pacy”?
feF\{fo} =1

~EO.ED N Zﬁfl Ja+ fo(B(1))(a)
feF\{fo} i=1

=Y f(B1)a
feFr

(iv) follows from (ii), except with 2 in place of € (using €/2 instead of € from
the get-go will make (iv) hold as stated). O

Proposition 4.6. Let A be a C*-algebra and let B C A be a C*-subalgebra of
nuclear dimension at most m. Then for each finite set F C B and € > 0 there exist
a finite set G C B, a number § > 0, and maps

Ao B g

with k =0,1,...,2m + 1 such that:
i) For each k, there exists a finite set of positive contractions ¥ C (B~)y C
+
(A™)+ such that Cy, = Cék and Qi = ék (as defined in ([@1])).
ii) For each k, the map Ry is an order zero map and for ever, € F, we have
Y

ILf; Rilll < e
(iii) If a € A is a contraction such that ||[a, G]|| < 0, then

2m—+1

Z Rka (a) e a.
k=0

Proof. Set n:=¢/(6m +5).
Let us find an approximation of the identity map on B within (F,n) by c.p.c.

maps

B % Dy, 2 B,
with Sy of order zero and k = 0,1,...,m. Let e be a positive contraction which
approximately acts as an identity on F. Set ej := Syax(e) € B for k=0,1,...,m
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(the “partition of unity” of this decomposition). By [35, Lemma 3.4] (cf. [45]
Proposition 4.2]), with an appropriate choice of e and of the decomposition, we

have

(4.8) Brag(a) =, epaforall k=0,...,m and ar, Z €ra
k=0

for all a € F.

Let us apply Lemma to each order zero map S and with 7 in place of e. We
obtain maps

AL, T g,
elements hy ; € Co((0,1])+ for j = 0,1, and a number d; > 0 satisfying (i)-(iv) of
Lemma [L5] for 85 and 7. Let us define
(4.9) Ry j = hy j(ex) Ry ;.

Notice that, by Lemma (i), h,j(ex) commutes with Ry ;, and therefore INE;W-

is an order zero map. Let us show that the data @y ;, Ck ;, and ]A%ikvj, with & =
0,1,...,m and j = 0, 1, have the properties (i)-(iii) postulated by the proposition,
for a suitable finite set G C A and number 0 < § < min dx to be determined soon.
(That is, the proposition as stated will follow by relabelling (R, ;)r=o,...,m,j=0,1 tO

(Ri)k=o0,....2m+1-)

By Lemma [LH (i), (for Qk ;j, Ck ;, and Ry ;) property (i) is easily verified.

Let us show (iii). Let a € A. Since the image of each i is finite dimensional,
we may find a finite subset G of A and a tolerance § > 0 such that ||[a,G]|| < ¢
implies that ||[a, 8k]|| is sufficiently small, so that in turn by Lemma (iii),

a =y Rk,OQk,O(a) + Rk,le,l((l)

for all k. Thus, multiplying by € ; on both sides and summing over k and j we get

a %i@ Z er(a)
k=0

R2(m+1)n Z Z er R, Qr,j(a)

k=035=0,1
Lemma 3 (ii)
Lm0 37 5 R Qo
k=07=0,1

as desired (since (4m + 5)n < ¢).
Finally, let us prove (ii). Let f € F and b € C ; be contractions. Then

£ Rij(b) ~5D f e Ry (D)
~8D Brag(f) - Riy(b)
apemma B30 Ry S(b) - Bran(f)
Q‘“Sn Ek,j(b) : f7

as desired (since 67 < ¢). O
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The main theorem of this section will now be proven, essentially by turning ap-
proximate relations in the previous proposition, holding at the level of the algebra,
into exact relations in the ultrapower algebra.

Proof of Theorem Bl Let (F,)%; be an increasing sequence of finite sets with
dense union in B. For each F,, and with €, = 1/n, let us apply Proposition
to find &, > 0, a finite G,, C B, finite sets ¥ C B~ with k = 0,1,...,2m + 1,
and c.p.c. maps of order zero RX: Cj, — A with k = 0,1,...,2m + 1 that have the
properties stated in the proposition. In particular, we have that

2m+1

ami Y RpQ(a)

k=0
for all @ € A such that ||[a, Gy]|| < J,. Drawing from an approximate identity,
let e, € By be such that ||[enaen, Gy]|| < d,, for all contractions a € AN B’ and
czey, R, (cze cz) for all ¢ € ©F and for all k. Let Ek be the subset of B given
by 3k .= {cze2¢2 | c € XK}, Set

Ck .= Cs C CF and

Qf == Q(ux).
Then, for all contractions a € AN B/,
2m+1 2m+1
enaen A1 Z RFQF (e, aey) N A(m+1)en Z RFQ¥(a).

k=0

Define the map Rk: C’k — A, to be the one induced by
(RE, RS, [ 0sr = [ A

By Proposition (ii), the range of Ry, belongs to A, N B’. Furthermore, with
e=(e2), € A, N B, we have

2m—+1 _
a=ca= Y RpQxla)
k=0
so that a = 32" RyQp(a) modulo B, for alla € AN B. O

5. COMPARISON IN F(B, A)

Here, we apply Theorem [£.1]to gain an understanding of Cuntz comparison in a
central sequence algebra A, N B’: specifically, when B has finite nuclear dimension,
we are able to deduce Cuntz comparison in A, N B’ from appropriate Cuntz com-
parisons in A, (at a cost which scales with the nuclear dimension of B). This allows
us to prove that F(B, A) has M-comparison for some M, provided that B has finite
nuclear dimension and A has m-comparison for some m. It also allows us to better
understand fullness in F(A), when A is simple, has finite nuclear dimension, and
has at most one trace.

The first two results will set up notation, allowing us to state the main result,
Proposition 5.3l The proof of Proposition B3 uses the full strength of Theorem [4.1],
in the sense that the specific form of the maps @y in the factorization is used.
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Lemma 5.1. Let a, c be two commuting positive contractions, and let A > 0. Then
[(a=XN)1(c=N)+] < [(ac = N)4] < [(a = AY2) (e = NV2)4).

Proof. The C*-algebra C*(a, ¢) is commutative, and hence isomorphic to Cy(X) for
some X. Since for f,g € Co(X)4, we have [f] < [g] iff Vo € X, f(x) > 0= g(z) >
0, it suffices to prove the lemma assuming that a and c are scalars. This is left to
the reader. |

Lemma 5.2. Let A be a C*-algebra and let B be a C*-subalgebra of A. Let a,b €

AN B’ be positive elements. Consider the following relations between a and b:
(i) For each € > 0, there exists § > 0 such that

[(ac —e)+] < [(bc — 8)+]

in Cu(A), for all positive contractions ¢ € By.
(ii) For each € > 0, there exists 6 > 0 such that

[(a—€)4(c— )] < [(b— )4 (c— 8)s]
in Cu(A), for all positive contractions ¢ € B.
(iii) [a] < [b] in Cu(AN B').
Then (i) < (ii) < (iii).
We shall write a <p b if the equivalent conditions (i) and (ii) hold. In this case
we say that a is Cuntz smaller than b by cutdowns of elements from B.

Remark. If a = 1, then (i) holds so long as it holds for one single € > 0. Certainly,
suppose that €, dp > 0 are such that, for any ¢ € By, [(¢ — €0)+] < [(be — do)+]-

Given any other ¢ > 0, set n := soziv so that [(¢ —¢€)4] = [(g95(c) — €0)+] and

[(bgy(c) —d0)] < [(bec— %)H (proven in the same way as Lemma [5.]), so that
the condition in (i) holds with ¢ := M'

Proof. The equivalence (i) < (ii) is immediate from Lemma 511

(ili) = (ii): Suppose that [a] < [b] in Cu(AN B’). Then given € > 0, there exists
0 >0and x € AN B’ such that (a —e)4 = x(b—J)+2*; we may assume that ¢ < e.
Thus, for ¢ € By,

(a—e)t(c—e)+ =a(b—0)4a"(c— )+ =a(b—06)4(c—e)sa’,
whence [(a — &)1 (c—e)1] <[(b—6)4(c—e)4] <[(b—0)4(c—d)4]. O

Here is the main result of this section, which shows that if A is an ultraproduct
algebra and B has finite nuclear dimension, then condition (i) of Lemma B2l implies
a weakened version of (iii).

Proposition 5.3. Let B C A be C*-algebras, with B separable of nuclear dimension
m, and A an ultraproduct algebra. Let a,by € AN B, with k =0,1,...,2m + 1 be
positive elements such that a <g by for all k. Then

2m—+1

la] < D [bw]

k=0

in Cu(AN B').
In particular, for a,b € ANB’, [a] < N[b] in Cu(ANB’) for some N € N if and

only if a 2p 1y ® b for some M € N.
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Proof. By possibly adjoining a unit to A and adding the unit of A to B, we may

assume that B is a unital C*-subalgebra of A. Let Qk,Ck,Ek be as given by
Theorem (.11

Given € > 0, by hypothesis, there exists 6 > 0 such that [(ac—¢)4+] < [(be —d)4]
in Cu(A). It follows that for each positive contraction ¢ € By, there exists x; . € A
such that

(ac —2¢)y = xf Tk e
and
95(bpC) T c = Tp -

In particular, ||z .|| < 1 and xy . € her(c).

Using the form of Qy, it follows that there exists y; € Cj such that

(Qx(a) = 2¢)+ = yiyn

and

95(Qr(br.))yx = Y-
(Namely, we let yi, := (Yk,n)neq Where yr n = (Tk,c)cexk ) Since € is arbitrary, we
find that

(Qr(a)] < [Qr(br)]
in Cu(Cy). Therefore, we may find a separable subalgebra Cj. of Cj containing
Qr(a), Qr(br), and such that

(5.1) [Qr(a)] < [Qr(br)]
in Cu(Cy,).
Using D = {a,by,...,bams+1}, obtain maps Ri: Cp — (A, N B')/B* as in
Remark 421 By (5.1)), and since Rk‘cé is order zero, [RyQx(a)] < [RiQu(br)].
Thus, we have
2m+1 2m+1 2m+1

a= Z RiQx(a @ RiQu(bi) < @ b

We now derive some consequences of Proposition (.3

Proposition 5.4. Suppose that A has M-comparison and that B C A, is a
separable C*-subalgebra of nuclear dimension at most m. Then F(B,A) has
(2(M +1)(m + 1) — 1)-comparison.

Proof. Let us suppose that (k+1)[a] < k[b;] in the Cuntz semigroup of F(B, A), with
i=1,2,...,2(M +1)(m+ 1) and for some k € N. By Lemma B2 (k + 1)[a] <p
k[b;] in Cu(A,), for all &. Thus, given € > 0, there exists § > 0 such that for
each positive contraction ¢ € B, we have (k + 1)[(ac — €)+] <p k[(b; — §)+] in
Cu(A,). By Proposition 221 the C*-algebra A, has M-comparison, so that for
each 1 <i<2(M+1)(m+1) — M, we get [(ac —e)4] < [ZHM(b ijc —3d)4]. This,

J=1
combined with Proposition 53] implies that [a] < Z?g{”l)(mﬂ)[bi], as desired. O

In the remainder of this section, we explore some easy consequences of Proposi-
tion 53] to fullness in F(A) for simple unital C*-algebras A, particularly those with
unique trace. These consequences will not be used in the sequel. In ongoing work,
the authors are further pursuing the problem of determining when an element of
F(A) is full.
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Lemma 5.5. Let A be a unital C*-algebra with finite nuclear dimension. The
following are equivalent:

(i) For alla € F(A), a is full in A, if and only if it is full in F(A).

(ii) For all a € F(A)y, if a is full in A, then there exists v, > 0 such that

7(ac) = v,7(c)
forallce Ay and 7 € QT(Ay).

Proof. (i) = (ii): Suppose that a € F(A); is full in A,. Then by (i) it is full in
F(A), and so there exist x1,...,z; € F(A) such that 1 = Zle z;axf. Hence, for
each c € Ay and 7 € QT (Ay),

k k
ZT xiace]) < Z l|2:]|27 (ac),
i=1 i=1

and therefore (ii) holds upon setting 7, = (Zle l|lzs||?) 1

(ii) = (i): Suppose that a € F(A) is full in A,, and let us show that it is full in
F(A). Without loss of generality, let us assume that a > 0. Let n > 0 be such that
gy(a) is still full in A, and then let K € N be such that K > Von (a) Let m denote
the nuclear dimension of A. We shall show that 1 <4 a ® 1(;,41)(k41), from which
it follows by Proposition (.3 that a is full.

Certainly, for ¢ € Ay and 7 € QT(A,), we have

dr((c=m)+) < 7(gn(c))
(9n(a)gn(c))
(

7(
Kt
K7(gy2 (ac))

<
<

which implies that [(¢c — )] <s (K +1)[(ac— —) ]. By Proposition [22] it follows

that [(c = n)4+] < (m+ 1)(K + 1)[(ac — %M] in Cu(A,). Thus, by the remark
following Lemma5.2] 1 <4 @ ® 1(;n41)(kx+1), as required. |

Theorem 5.6. Let A be a simple unital separable C*-algebra with finite nuclear
dimension and a unique tracial state. Then for a € F(A), a is full in A, if and
only if it is full in F(A).

Remark. By [32] Corollary C], if A is unital, simple, separable, and nuclear, and
has a unique tracial state and has strict comparison of positive elements, then it
automatically has finite nuclear dimension, so this theorem applies.

Proof. We shall use p to denote both the unique tracial state on A and its extension
to A, (given by taking its limit). It suffices to assume that a € F(A) is positive.
We shall verify that Condition (ii) of Lemma [5.5 holds with

Ya = nf{7(a) | T € QT(A,), 7(1) = 1}

(which is positive by the fullness of a in A,).
Let 7 € QT(Ay). Since a is central, o(c) := 7(ac), with ¢ € A, defines a
quasitrace 0: A — C. Since A is exact and has a unique trace (up to a scalar
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multiple), we find that o = o(1) - u(-). Plugging ¢ € A, on both sides and using
that o(1) = 7(a) we get
7(ac) = 7(a)pu(c).

If 7(1) = oo, then 7(a) = oo (since a is full in A,). So 7(ac) = 7(a)u(c) clearly
implies that 7(ac) > v,7(c). Otherwise, assume that 7(1) = 1. Then the restriction
of T to A agrees with p, and so 7(ac) = 7(a)u(c) = 7(a)7(c) = va7(c), as required.

(]

6. DIVISIBILITY UP TO CANCELLATION IN F(B, A)

In this section, we establish the following.

Theorem 6.1. Let A be a C*-algebra and let B C A, be a separable C*-subalgebra.
Suppose that A is N-divisible for some N € N, and that dimp,.B < oo. Then for
any k € N and any e > 0, there exists a c.p.c. order zero map ¢: M(C) — F(B, A)

such that

(6.1) ar(1 = 6(14)) < =d (1)
for every quasitrace T € QT(F(B, A)) and

(6.2) 4 (6(en)) > (3 —<)d-()

for every bounded T € QT(F(B, A)).

Note that, by the following lemma applied to F(B, A), (G2 can be reformulated
as saying that

L[1] +p[1] < L[1] + q[¢(e1r)],
for some L,p,q € N, where % can be taken to be arbitrarily close to % Thus, in

the presence of appropriate cancellation properties, it would follow that ¢(ejq) is
(controllably) full, entailing divisibility of the unit of F(B, A).

Lemma 6.2. Let A be a unital C*-algebra, let [a] € Cu(A), and v > 0. Then
d. (1) <~'d(a) for all bounded quasitraces T € QT(A) and some 0 < ' <~ if and
only if L[1] + p[1] < L[1] + q[a] for some L,p,q € N with 1 <.

Proof. The reverse direction is an easy computation. For the forward direction,
suppose that d.(1) < v'd,(a) for all bounded 7 € QT(A). Let us choose pg,qo € N
such that 7" < 12 < 5. Then d-(1) < [2d:(a) for all bounded 7 € QT(A) such
that 0 < d(a) < oo. It follows that d,((po + q0)[1]) < d-(go([1] + [a])) for each
T € QT(A) such that 0 < d,([1]+][a]) < oo; note that also (po+go)[1] o qo([1]+]a]).
Thus, by [22] Proposition 2.1] (essentially [10, Lemma 4.1]), it follows that, for some
keN, k(po+ qo)[1] < kqo([1] + [a]). Now, set L := kqo, p := kpo and ¢q := kqo. O

The proof of Theorem [6.1] is broken into two steps. First, in Lemma 6.7, we
establish a much weaker form of the conclusion of Theorem [BI], where ¢(1j) is
full up to cancellation, but the degree of fullness does depend on N and dimy,.B.
Then, we use a technique to minimize the defect, removing this dependence.

Proposition 6.3. Let A be N-almost divisible and let B C A, be separable and
of nuclear dimension at most m. Let do,...,domy1 € F(B,A);, k € N and e > 0.
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Suppose that there exist [a1],...,[ar], [b1],--.,[br] € Cu(A) and K1,...,Kp € N
such that
la;] < Kjdi] + [b;]
foralli=0,....2m+1and j=1,...  R.
Then there exist c.p.c. order zero maps ¢y, ..., Pam+1: ME(C) — F(B, A) such

that:

(i) ¢i(My(C)) C her(d;) for each i; and

(ii) for each j,

2m—+1

(a5 = &)+] S KGN+ 1)(k+1) Y [diler)] + (2m +2)[b;].
=0

Proof. Let us apply Theorem 1] with A, in place of A, to obtain C*-algebras C;,
and maps Q; and R;, with ¢ =0,...,2m + 1, as in the statement of that theorem.
For each i, Q; is an order zero map. Thus, [Qi(a;)] < K;[Q;(d;)] +[Q:(b;)] for each
j=1,...,R. Let § > 0 be such that, for all 4, j,

(@) = 5 )+ < B I(Quld) = 6)4] + [Qu(by).

Since the C*-algebra C; is N-almost divisible, there exists 1;: My (C) — her(Q;(d;))
of order zero and such that [(Q;(d;) — d)+] < (N + 1)(k + 1)[¢i(e11)]. It follows

that
63)  [(Qila) — gog)+) S KGNV + Dk + Dlsler)] + [Qiley)
for each j.

Let C} be a unital separable C*-subalgebra of C; which contains Q;(d;), Qi(a;)
and Q;(b;) for all j, and all of ¢; (M}, (C)). Notice that ; (M (C)) € Qi(d;)CiQ:(d;).
Furthermore, we may enlarge C/ if necessary — while retaining its separability — so
that (3] holds in Cu(C}). Let us use Remark 2] with C] as just described and
D = C*({1} U{d;} U {a;,b;}) C F(B, A), to obtain R;: C; — F(B, A) such that
Ri|c; is a c.p.c. map of order zero and a = Z?:OH R;Q;(a) for all a € D.

For each i, let us set ¢; := R; o 1);: My(C) — F(B, A). Let us show that these
are c.p.c. order zero maps with the desired properties. Using the positivity of ¢;,
we find that

¢i(My(C)) = Ri(vs(My(C))) C her(Rs(Qs(d;))) C her(d;).
We note also that, since a; = Z?ZOH RiQila;) =~ Y Ri((Qi(aj) — s+ for

each j,
2m—+1 R c
[(a; — o)1) < Y [Ri((Qilay) — Cy— 1)+l
1=0
2m—+1 R R
< D KN+ 1) (k+ DRi(i(en)] + [Ra(Qi (b))
=0
2m—+1
=K;(N+1)(k+1) > [pi(enn)] + (2m + 2)[b;]. O
1=0
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Lemma 6.4. Let A be N-almost divisible and let B C A, be separable and of
nuclear dimension at most m. Then there exist orthogonal positive elements dy,d; €
F(B, A)+ such that

(6.4) d-(1) <4(m+ 1)(m+2)(N + 1)d,(dy),
for all bounded quasitraces 7 on F(B, A) and fori=0,1.

Proof. Using dy = -+ = dam+1 := 1 which satisfy [1] < [d;], and k = 2m + 3 in
Proposition [6.3] we obtain ¢y, . . ., ¢pom+1: Mr(C) — F(B, A) for which
2m—+1
1< (N+1D)@2m+4) Y [¢ilen)):
i=0

Set [a] := 3376 [#i(e1)], so that
N <@2m+2)(N+1)(2m+4)[a] and (2m + 3)[a] < (2m + 2)[1].
Let € > 0 be such that [1] < 4(m + 1)(m + 2)(N + 1)[(a — €)+]. Now let us define
do := ge(a),
dy :=1—-gz(a).

Then dy and dy are orthogonal and [1] < 4(m + 1)(m + 2)(N + 1)[do] in the Cuntz
semigroup of F(B, A). Note that

[1] < [d1] + [95(a)] < [di] + [a].
Hence, by multiplying by (2m + 3), we get

(2m + 3)[1] < (2m + 3)[d1] + (2m + 3)[a]
(2m 4+ 3)[d1] + (2m + 2)[1].

NN

Applying d., where 7 is a bounded quasitrace, and then cancelling yields (G4). O

Lemma 6.5. Let A be a unital C*-algebra and let b,c € Ay be positive commuting
elements. Let v > 0. If d.(1) < vd.(c) for every (bounded) T € QT(AN{b}'), then
dr(b) < vd,(bc) for every (bounded) T € QT(A).

Proof. Without loss of generality, b is a contraction. For each (bounded) quasitrace
7 on A, define 7: (AN {b}); — [0,00] by 7(z) := sup7(b*/"x). Tt is easy to see
that 7 is a (bounded) quasitrace, and so

dr(b) = d+(1) < vdz(c) = vd,(be),
as required. (Il
Proposition 6.6. Given N,m € N, there exists P(N,m,i) € N fori =0,1,...
such that the following holds: If A is N-almost divisible and B C A, is separable

and has nuclear dimension at most m, then there exist pairwise orthogonal positive
elements dy,dy,--- € F(B, A) such that

dr (1) < P(N,m,i)d(d;)

for each i and each bounded quasitrace T on F(B, A).
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Proof. This follows using Lemmas and We begin by getting two positive
orthogonal elements d(()o)7 dgo) € F(B, A) satisfying ([6.4). We note that F(B, 4) N
{d”,d"Yy = F(B', A) where B' := C*(BU{d\”,d\"}), and by [35, Lemma 7.1],
dim,,.B’ < 2m — 1. Thus by Lemma [6.4] we get two more positive orthogonal
elements dél), dgl) eF(B,A)N {d(()o)’ dgo)}, satisfying (€.4]) but with 2m — 1 in place
of m. Hence, dy := d(()o), dy == dgo)dél), and d(lo)dgl) are positive orthogonal elements
in F(B, A). Using Lemma [6.5] we get
d (1) < 4(m + 1) (m+ 2)(N + 1) - 4(m + 2)(m + 3)(N + 1)d, (" dM)

for ¢ = 0,1. The entire sequence (d;)$2; is obtained by continuing in this manner.
We find that

P(N.m. ) == 4(m + 1)(m + 2)(N + 1) (4(m +2)(m + 3)(N + 1))i
works. 0

Lemma 6.7. Given N,m € N, there exists Q(N, m) such that the following holds:
If A is N-almost divisible and B C A,, is separable and has nuclear dimension at

most m, then for each k € N there exists a c.p.c. order zero map ¢: My(C) —
F(B, A) such that

(6.5) dr(1) < Q(N,m)d-(¢(1x))
for all bounded quasitraces 7 on F(B, A).

Proof. Using the constants from Proposition [6.6] set
P :=max{P(N,m,i)|i=0,...,2m+ 1}

and Q(N,m):=8P (N +1).

Given A and B as in the statement, let us use Proposition to get orthogonal
positive elements do, ..., dom+1 € F(B, A)+ such that d.(1) < Pd,(d;) for each ¢
and each bounded quasitrace 7 on F(B, A). By Lemma [6.2] for each i there exist
L;,pi,q; € N such that % > 55 and

Li[1] + pi[1] < Li[1] + qi[di].
Setting L := max; L;, it follows that L[1]+p;[1] < L[1]+¢;[d;] for all i. Furthermore,
with p := H?ZLOH pi and ¢ := p-max; 1t, we have £ > 75 and L{1]4+p[1] < L[1]+q[d;]
for all 4. From this, we obtain that
(6.6) L[] + npl1] < L[1] + ngld]

for all ¢ and all n = 1,2,.... Let us fix n large enough (how large value will be
specified soon). Feeding dy, . . ., dom+1 and (6.0) to Proposition [6.3] we obtain c.p.c.
order zero maps @y, . .., Pam+1: Mp(C) — F(B, A) such that ¢;(My(C)) C her(d;)

and
2m-+1

(6.7) L[] +np[1] < (2m+2)L{1] 4+ 2ng(N +1) > [¢i(1x)].
i=0

Since the d;’s are orthogonal, it follows that ¢ := Zf;noﬂ ¢; is a c.p.c. order zero

map. Moreover, ([G.7) implies that for each bounded quasitrace 7 € QT (F(B, A))
we have I ) oL
g (1) < DL

ngq nq

dr(1) +2(N + 1)d-(¢(1)).
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Observe that % < LEnP for a1l n while — 0 as n — oo. It is now clear

nq
that choosing n large enough we will have ;5d;(1) < 2(N + 1)d-(¢(1)) for every
bounded quasitrace 7, as required. O

(2m+2)L
ngq

In the remainder of this section, we show how to get from the conclusion of
Lemma to the conclusion of Theorem This step can be stated in a very
general form, as follows.

Proposition 6.8. Let A be a C*-algebra, let B C A, be a separable C*-subalgebra,
and let k € N. Suppose that there exists Q > 0 such that, for every c.p.c. order
zero map ¢: My(C) — A, N B’ and C := C*(BU ¢(My(C))), there exists a c.p.c.
order zero map ¥: My(C) — F(C, A) such that

(6.8) d-(1) < Qd-(1(1))
for every bounded quasitrace T on F(C, A), Then, for every e > 0, there exists a
c.p.c. order zero map : My (C) — F(B, A) such that

(6.9) [1 =) <s 1.

Prior to proving this proposition, let us see how to prove Theorem using it
and Lemma

Proof of Theorem [61l Let A, B be as in Theorem [6.1] and set m := dim,.B. We
first show that we can find ¢ for which (6.I)) holds, then show that (6.2]) follows.
For this, we wish to apply Proposition 6.8 with @ := Q(N,2m — 1) as given by
Lemma

For a C*-algebra C as in the statement of Proposition[6.8] we have by [35, Lemma
7.1] that dimy,cC' < 2m—1. Thus, Lemmal[G. 7 tells us that there exists ¢: My (C) —
F(C, A) such that d, (1) < Q[v(1)], verifying the hypothesis of Proposition [6.8] and
therefore ¢ exists satisfying (G.1]).

Now, given that ¢ satisfies ([6.1]), we have [1] < [¢(1)] +[1 — ¢(1)], and therefore,
for any 7 € QT(F(B, 4)),

When 7 is bounded, we may cancel to get d,(¢(1)) > (1 —€)d-(1), so that
—€ 1

- (6(en)) >

Some preparation is needed before we prove Proposition [6.8 First, we will need
the following result by Winter:

Lemma 6.9. Let D be a C*-algebra and ¢1,pa: My (C) — D be c.p.c. order zero
maps with ranges that commute.
(i) If ¢1(1) + ¢2(1) < 1, then there exists a c.p.c. order zero map ¢: My (C) — D
such that ¢(1) = ¢1(1) + ¢o(1).
(ii) There exists a c.p.c. order zero map ¢: My(C) — D such that ¢(1) = ¢1(1)
and

dr(1) 2 (1 —€)d (1). O

(1=9(1)) = (1 = d1(1))(1 — d2(1)).
Proof. (i) This is [44] Lemma 2.3] (cf. also [I7, Lemma 7.6]).
(ii) This follows from (i) applied to ¢; and (1 — ¢1(1))¢p. O

We record a small functional calculus maneuver in the following lemma, that
allows us to strengthen (G.8)).
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Lemma 6.10. Let A be a unital C*-algebra, and let ¢: M(C) — A be a c.p.c.
order zero map. If d; (1) < Qd,($(1)) for all bounded quasitraces T on A, for some
Q > 0, then there exists a c.p.c. order zero map : My (C) — A such that

(6.10) 4:(1 = (1) < (1 = 35)d (D).

Proof. Using Lemma [6.2] we can see that there exists § > 0 such that d,(1) <
2Q - d,((¢(1) — 6)4) for all bounded quasitraces 7. Let us set ¢ := gs (¢). If 7 is
unbounded, (6I0) holds automatically. Otherwise,

2Q - d- (1= (1)) + d-(1) <2Q - dr (1= 9(1) +2Q - dr ((¢ — 9)4)

and from here we can cancel d,(1) to get (610). O

Proof of Proposition [6.8. Let us set 8 to be the infimum of ¢ > 0 for which there
exists ¢: M(C) — F(B,A) such that [1 — ¢(1)] <5 €-[1]. It is clear by the
hypothesis that 8 < 1. We must show that = 0, and to do this, we shall show
that 3 satisfies

1
<(1-—)5
s<(1 3Q)ﬂ
Let ¢ > B and let ¢: My (C) — F(B, A) be such that d.(1 — (1)) < e - d,(1).
Let us lift ¢ to a c.p.c. order zero map ¥: M;(C) — A, N B’ and set C :=

C*(BUY(Mj(C))). By the hypothesis and Lemma [B.10, there exists ¢o: My (C) —
F(C, A) such that

1
2Q
for all quasitraces 7. Notice that F(C, A) = F(B, A) Ny (M(C))’, so that we can
view ¢g and 9 as c.p.c. order zero maps into F(B, A) with commuting ranges.

By Lemma [69 there exists ¢: My(C) — F(B,A) such that (1 — ¢(1)) =
(1 —4(1))(1 = ¢o(1)). For any bounded trace 7 on F(B, A), using Lemma
and (610]), we have

dr(1 = ¢(1)) = dr((1 =9 (1))(1 = do(1)))

(6.11) d- (1= 6p(1) < (1 = ==)d-(1)

1
< (1= 5g)d-(1 = ¢(1))
<(1- g0 (D).
Hence, [1 — ¢(1)] <5 (1 — %)5[1] This shows that 8 < (1 — %)5 for any ¢ > §,
and so 8 < (1— %)ﬁ O

7. Z-STABILITY

This section contains proofs of the conjectures (C1) and (C2) stated in the in-
troduction under various additional assumptions.
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7.1. The simple case. Here we give a simplified proof of the main results of [45]
and [35].

Theorem 7.1 ([45, Theorem 7.1], [35] Theorem 8.5]). Let A be a simple, separable,
stably finite C*-algebra which is (M, N)-pure, for some M,N € N, and which has
locally finite nuclear dimension. Then A is Z-stable.

The key step is going from the conclusion of Theorem [6.1]to a non-tracial version,
which requires a certain finiteness condition on F(B, A), namely that the unit is not
stably properly infinite in any quotient. We shall see that this finiteness condition
holds when A is simple and tracial, has M-comparison for some M and B C A
has finite nuclear dimension. Interestingly, even if A is an infinite UHF algebra, if
B C A, (instead of C A) with finite nuclear dimension, F(B, A) may have purely
infinite quotients, as shown in Example [Tl At the end of this subsection we give
a separate argument that deals with the simple purely infinite case.

Proposition 7.2. Let A be a C*-algebra and let B C A, be a separable C*-
subalgebra. Suppose that A is (M, N)-pure, that dim,,.B < oo, and that 1 is

not stably properly infinite in any quotient of F(B, A). Then there exists a unital
embedding of Z into F(B, A).

Proof. We shall show that, for each k € N, there exists a unital *~homomorphism
from Zj k41 to F(B,A). By a diagonal sequence argument this implies that Z
embeds unitally in F(B, A) (see [35, Proposition 5.3] for the case of F(A)).

Let us fix £ € N. By Proposition [5.4 there exists M € N such that F(B, A)
has M-comparison. By Theorem [6.1] there exists a c.p.c. map ¢: Mk(ﬁﬂ)((c) —
F(B, A) of order zero such that d.(1—¢(1)) < de(l) and md"(l) <
d,(¢p(e11)) for every bounded quasitrace 7 on F(B, A). By Lemma [62] we have

L[1] 4 p[1] < L[1] + g[¢(e11)]

. 1
for some L,p,q € N with % > SGIIE" Let € > 0 be such that L[1] 4+ p[1] <

L[1] + q[(¢(e11) — €)+]. This implies that 1 is not stably properly infinite modulo
the ideal generated by (¢(e11) — €)+. So by the hypothesis, (¢(e11) — &) is full.
For every bounded quasitrace 7 on F(B, A) we have

1
d:(1-9¢(1)) < —=———
(1-¢(1) 2(M+1)k+1
for some v < 1. On the other hand, if 7 is unbounded, then

dr(1 = $(1)) < 00 = dr((d(en) —€)+)-
Thus, [1 — ¢(1)] <, [(¢(e11) — €)4], and therefore by M-comparison in F(B, A)
we have [1 — ¢(1)] < (M + 1)[(¢(e11) — €)4]. Let us now view M, 3741)(C) as
M;,(C) ® M5;7,,(C), and define the order zero map v: My(C) — F(B, A) by ¢ :=
¢(- @ 157,,). We can restate our latest conclusion as [1 — ¢ (1)] < [(¢(e11) — €)+]-

By [30, Proposition 5.1], it follows that there is a unital *-homomorphism Z, 1 —
F(B, A), as required. |

dr(1) < yd-((p(en1) —€)4)

Now, we verify the above finiteness condition. We will need some lemmas that
will be reused in the sequel. Let us say that a Cuntz class [¢] is pseudocompact
if [¢] x [(c —¢€)4] for some ¢ > 0. If [¢] is pseudocompact, then Ideal(c) is a
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compact open set of Prim(A4). Conversely, if Ideal(c) is compact, then [(c —¢)4] is
pseudocompact for all sufficiently small ¢ > 0.

Recall that a Cuntz class [c] is said to be stably properly infinite if it is non-zero
and (n + 1)[c] = n]c] for some n € N.

Lemma 7.3. Let A be a C*-algebra with M -comparison and such that no quotient
of A has a simple purely infinite ideal. The following are true:
(i) No quotient of A contains a pseudocompact, stably properly infinite element.
(ii) If [c] is pseudocompact and L{c] + p[c] < Llc] + q[b] for some [b] and p,q > 0,
then [c] < (M + 1)k[b] for any k> 1.

Proof. (i) It suffices to show that Cu(A) contains no pseudocompact, stably prop-
erly infinite element. Assume for a contradiction that [c] is pseudocompact and
stably properly infinite. Then a sufficiently large multiple of [c] is compact and
properly infinite. Let J be a maximal ideal not containing ¢. Then Ideal(c)/J is
simple, has M-comparison, and a sufficiently large multiple of [r;(¢)] is compact
and properly infinite. It follows that Ideal(c)/J is a purely infinite C*-algebra (see
the proof of Proposition 23]), which contradicts our hypotheses.

(ii) Let I := Ideal(b). Passing to the quotient by I we get (L + p)[rr(c)] =
L{my(c)]. Since [r7(c)] cannot be stably properly infinite, it must be 0. That is,
¢ belongs to the ideal generated by b. For any 7 € QT(A), if d,(b) < oo, then
d.((c—1t)4) < oo for all £ > 0 and so d,(c) < co by the pseudocompactness of [c].
Hence, from the relation L{c] + plc] < Llc] + ¢[b] we get that d.(c) < %dT(b) for
all 7 € QT(A) and so [¢] <s k[b]. Since A has M-comparison, we conclude that
[c] < (M + 1)k[b]. O

Lemma 7.4. Suppose that A has M-comparison. If no quotient of A contains a
stably properly infinite compact element, then the same is true for [[;-q A and A,,.

Proof. This property clearly passes to quotients, so we prove it just for [[ A. That
M-comparison passes is shown in Proposition Suppose that [a] € Cu(J]A)
becomes stably properly infinite and compact in some quotient. This means that

(n+1a) < nf(a —2)4] +[0]
in Cu([]A), where a is not in the ideal generated by b. Let ¢ > 0 and find 6 > 0
such that
(n+D(a —e)+] <nl(a—2)4] + (b - 6)+].
Then for each i we have

(n+ Df(a; - 2)4] < nl(a; —2)+] + [(b; - 9)-]

Let us assume without loss of generality that ¢ < €. Then, with I := Ideal((b;—9)+),
we have
(n+ Dlrr(ai —e)4] < nlmr((ai —2)4));

so that by Lemmal[7.3] (i) we must have (a;—¢)1 € Ideal((b;—0)4+). Arguing as in the
proof of Lemma 73 (ii), we get that d.((a; —¢)+) < d-((b; — )4 ) for all quasitraces
T € QT(A) (it suffices to consider those 7 for which d,((b; — 0)+) < o0). Thus,
[(a; —€)4] <s 2[(b; — 0)+] and by M-comparison, [(a; —)4+] < 2(M + 1)[(b; — 9)+]
for all 4. It follows that [(a — €)4] < 2(M + 1)[b]. Since € > 0 is arbitrary, we get
that [a] < 2(M +1)[b], and in particular a belongs to the ideal generated by b. This
is a contradiction. 0
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Proposition 7.5. Let A be a simple tracial C*-algebra with M -comparison for
some M. Let B C A be a C*-subalgebra of nuclear dimension at most m. Then in
every quotient of F(B, A), 1 is not stably properly infinite.

Proof. For a contradiction, suppose that in some non-zero quotient of F(B, A),
we have (k + 1)[1] < k[1]. Equivalently, there exists a non-full element [b] €
Cu(F(B, A)) such that (k + 1)[1] < k[1] + [0]. Consequently, for some € > 0,
(k+ 1)[1] < k{1 + [(b— ).

For ¢ € By and 1 > 0, we shall show that [(c—n)+] < (M +1)[(b—¢)+(c—n)4]
in Cu(A,). We know that (k+1)[(c—n)+] < k[(c—n)+]+[(b—¢€)+(c—n)4]. Since
A is simple, (¢ —n)4 is pseudocompact, so that by Lemma [7.4] and Lemma [(3] (ii),

[(c=m)+] < (M + D[~ e)t(c—n)+],

as required.
It now follows by Proposition that

[1] <2(m + 1)(M + 1)[b],
which is a contradiction, since [b] is not full. O

Corollary 7.6. Let A be a simple tracial C*-algebra which is (M, N)-pure for some
M,N. Let B C A be a separable C*-subalgebra of finite nuclear dimension. Then
Z embeds into F(A, B).

Proof. This is a direct consequence of Propositions and |

Proof of Theorem [l Since A is separable and has locally finite nuclear dimension,
Corollary and a diagonal sequence argument implies that Z embeds unitally in
F(A). It follows by Proposition [2.4] that A is Z-stable. O

Here is an example to show that the conclusion of Proposition fails if we
allow B to be positioned in A, instead of in A.

Example 7.7. Let A be an infinite dimensional UHF algebra. By [T4l[41], Cy((0,1])
® Oy is quasidiagonal, and therefore there exists an embedding

gﬁ: CQ((O, 1]) ® Oy — Ag.
Set B := ¢(Cp((0,1]) ® 1p,) C A,. Since B is commutative, F(B, A) = A, N B’

contains B. By unitizing, we see that F(B, A) is a C([0, 1])-algebra.

Let us see that the quotient of F(B, A) given by the fibre at 1 is infinite. Surely,
it is clear that ¢(Cy((0,1]) ® Oz) C F(B, A). Therefore, the fibre at 1 contains a
copy of Oy, which implies that it is infinite. What is more, we may pick a simple
quotient of this fibre (which is of course a quotient of F(B, A)), and it will have

3-comparison by Proposition [5.4] which implies that it is purely infinite.

If a simple C*-algebra is traceless and has M-comparison, then it is purely infinite
(see the proof of Proposition 2.3)). If in addition the C*-algebra is nuclear, then it
is O4-stable by Kirchberg’s theorem and a fortiori also Z-stable. Below, we give
an independent proof of Z-stability for simple separable purely infinite C*-algebras
with locally finite nuclear dimension.

Proposition 7.8. Let A be a C*-algebra that is separable, unital, simple, purely
infinite, and of locally finite nuclear dimension. Then A is Z-stable.
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Proof. Since A is simple and separable, we have F(A) # C by [15] Lemma 2.8].
Thus, there exist non-zero orthogonal positive elements do,d; € F(A). Let us
choose 0 < 6 < ||do]l, ||d1]|- Fixi = 0,1 and consider the set {c € A | ¢(d;—0)+ = 0}.
This is a closed two-sided ideal of A. Hence, it is either {0} or A. It cannot be the
latter, since 1 is not in it. Thus, ¢(d; — d)4+ # 0 for all non-zero ¢ € A. Since A, is
simple and purely infinite, ¢ 3 ¢(d; — §)+ in A, for all positive ¢ € A. Applied to
(c —¢e)4 for a fixed € > 0, we get (¢ —e)4 3 (¢ —¢€)4(d; —9)4. Thus, 1 24 d; for
i=0,1.

Let B C A, be a separable C*-subalgebra. By a standard argument passing
to subsequences applied to dy and dy, we can find positive orthogonal elements
do,dy € F(B, A) such that 1 Zp d; for i = 0,1. Suppose that the nuclear dimension
of B is at most m. Then by Proposition 5.4l we have [1] < (2m+1)[d;] in the Cuntz
semigroup of F(B, A) for ¢ = 0,1. Thus, by Theorem [7.9] proven below, A is Z-
stable. (]

7.2. Full orthogonal elements in F(A).

Theorem 7.9. Let A be a separable C*-algebra which is (M, N)-pure, for some
M,N € N, and which has locally finite nuclear dimension. Suppose that for each
m € N, there exist P, € N such that the following holds: If B C A, is a sepa-
rable C*-subalgebra with nuclear dimension at most m, then there exist orthogonal
elements do,dy € F(B, A)+ such that [1] < Pp[d;] fori=0,1. Then A is Z-stable.

Remark. (1) In particular, the above result applies when A is separable C*-algebra,
(M, N)-pure, has locally finite nuclear dimension, and F(A) contains two orthogonal
full elements.

(ii) The above theorem has a strong converse: if A is Z-stable, then it is (0,0)-
pure, and F(B, A), has orthogonal elements dy,d; which satisfy [1] < 3[d;] for
i = 0,1. Certainly, (0,0)-pureness is shown (essentially) in [45 Proposition 3.7]
(primarily using [28]). Also, it is well known that Z contains orthogonal elements
do,d; such that [1] < 3[(d; — €)4], for i = 0,1, and some & > 0. Viewing A as
AR ZR ZQ®---, we can easily use these to produce orthogonal elements dgy,d; €
F(A), such that [1] < 3[d;]. For F(B, A), we simply use a speeding-up argument,
as in the proof of [45] Proposition 4.4].

(iii) Theorem is an obvious special case to the above theorem and (ii).

Proof. This proof contracts ideas found in the proofs of Theorems and [T.1l We
must show that for each B of finite nuclear dimension and each k € N there exists
a unital *-homomorphism Zj ,41 — F(B, A).

Using the idea behind the proof of Proposition 6.6 we see that there exists
Qm € N such that, if B C A, is a separable C*-subalgebra of nuclear dimension at
most m, then there exist orthogonal elements dy, ..., da;,+1 € F(B, A)+ such that
[1] < Quilds]-

Fixing B C A, of nuclear dimension at most m < oo, let us show that the
hypothesis of Proposition holds with @ := Q2,,—1 - N. Let C be a C*-algebra
as in the statement of Proposition Note that it has nuclear dimension at most
m := 2m — 1. Therefore, there exist orthogonal elements dy, . . ., dom+1 € F(C, A) 1
such that [1] < Qm[d;] for all i. Using this with Proposition [6.3] we get c.p.c. order
zero maps @y, . .., pom+1: Mip(C) — F(C, A) such that ¢;(My(C)) C her(d;) for
each ¢ and [1] < QmN Z?goﬂ[qﬁi(lk)]. Since the d;’s are pairwise orthogonal, it
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follows that ¢ := Z?:LOH @; is a c.p.c. order zero map, and we see that [1] < Q[é(1)],
as required.

By Proposition[6.8] for any ¢ > 0 we may find a c.p.c. order zero map ¢;: My (C)
— F(B, A) such that [1 — ¢1(1)] <s €[1]. By the argument above, we may then
find another c.p.c. order zero map ¢o: My (C) — F(B, A) N ¢o(My(C))" such that
[1] < Q[¢2(1)]. Then, we may effectively combine these two order zero maps by
Lemma (ii) to get a c.p.c. order zero map ¢: My(C) — F(B,A) such that
1] < Qlo(1)] and [1 - 6(1)] <, <[1]. - -

By Proposition (4] the C*-algebra F(B, A) has M-comparison for some M €
N. Now, given £ € N, as explained in the previous paragraph, we may find a
c.p.c. order zero map ¢: M, 37,,)(C) — F(B,A) such that [1] < Q[¢(1)] and
[1—0(1)] <s m[l] Let € > 0 be such that [1] < Q[(¢(1) — €)4]. Combining

these, we deduce that [1 — ¢(1)] <s [(#(e11) — €)+], so that by M-comparison,
[1— 6(1)] < (3 + D[(élerr) — o).

Let us now view M, 37.,,(C) as My(C) @ M3z, ,(C) and define ¢: My(C) —
F(B,A) by ¢ = ¢(-®137,,). We can restate our latest conclusion as [1—1(1)]
< [(W(e11) — €)+]. By [B0, Proposition 5.1], there is a unital *-homomorphism
Zir+1 — F(B, A), as required. a

7.3. C*-algebras with finite ideals of quotients and a basis of compact
open sets for the spectrum. Here, we show the following.

Theorem 7.10. Let A be a separable C*-algebra of locally finite nuclear dimension
which is (M, N)-pure for some M, N > 0. Suppose also that:

(i) no quotient of A has a simple purely infinite ideal,

(ii) Prim(A) has a basis of compact open sets.
Then A is Z-stable.

Combined with Theorem [B.1] the preceding theorem yields at once the following

Corollary 7.11. Let A be a separable C*-algebra of finite nuclear dimension such
that no quotient of A has an elementary ideal. Suppose also that A satisfies condi-
tions (i) and (ii) of the previous theorem. Then A is Z-stable.

Before getting towards the proof of Theorem [[.I0] let us point out that the con-
ditions (i) and (ii) of that theorem, together with having finite nuclear dimension,
hold in the following cases:

(a) If A has finite decomposition rank and the ideal property (as defined in
[29, Definition 1.5.2]). In particular, this is the case if A has finite decom-
position rank and real rank zero.

(b) If A = C(X) Xo Z™, where X is the Cantor set and a: Z" — Aut(A) is
a free action. Indeed, Szabd has shown in [34] that such crossed products
have finite nuclear dimension. Since the action is free, it is not hard to see
that every ideal of the crossed product is generated by an ideal of C'(X)
(cf. [33] for example); since C'(X) has the ideal property, it follows that A
does as well.

We note that for C*-algebras of the form in (b), the condition of no elementary
ideals of quotients (which is of course necessary for Z-stability) is equivalent to the
following: there is no pair of a-invariant closed subsets Y, Z C X such that Y \ Z
is non-empty and (at most) countable.
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Let us prepare now to prove Theorem [[.10] which will be done by applying
Theorem [0l The following lemma clarifies the role of the condition (ii) in Theorem

[C10

Lemma 7.12. Let A be a C*-algebra such that the topology of Prim(A) has a basis
of compact open sets. Then for each € > 0 the set of elements ¢ € Ay such that
(¢ — )4 is pseudocompact is dense in A, .

Proof. Let a € Ay and € > 0. Let I := Ideal((a—¢)4). Let us write I as supremum
of compact ideals. Since the sum of compact ideals is compact, we can assume that
this supremum is upward directed. Let (I)) be increasing with supremum I. Then
her((a—¢)4+) =, Ia Nher((a — €)4). Let us find b € her(a —e) N1, that is close
to (a —€)4+. Let us assume that b generates I. Now define ¢ :=a — (a — €)1 + b.
Then (¢ — )4+ = b and c is close to a. O

Lemma 7.13. Let A be a C*-algebra of locally finite nuclear dimension. Suppose
that the topology of Prim(A) has a basis of compact open sets. Let F C Ay be a
finite set of contractions, and let €, > 0. Then there exists a C*-subalgebra B C A
of finite nuclear dimension such that for each ¢ € F there exists ¢ € By such that
ey dand (¢ —€)y] is pseudocompact.

Proof. By the previous lemma, we can find a finite set F’ such that F Cy F " and
for each ¢ € F’ we have that [(¢c — £)4] is a pseudocompact element of Cu(A). Let
to € (0,3) be such that, for each ¢’ € F’ we have that [(¢/ —¢)4] oc [(¢/ —& —t0)4].
If ¢ € A, is such that ¢’ ot ¢, then

(¢ == D1 <[ -l (¢ — e~ )] < [(¢” — e = 20

3 3 )+
Thus, (¢’ — e — %)y is pseudocompact. Let us find B C A, of finite nuclear
dimension, such that for each ¢/ € F’ there exists ¢’ € B such that ¢’ ~¢« /. Set
3

" = (" —%)4 € B. Then [(¢" — ¢)]4 is pseudocompact and ¢’ =~ c. O

Lemma 7.14. Let A be as in Theorem [LI0l. Then there exist orthogonal positive
elements do,dy € F(A) such that 1 <4 d; ® 1341y for i = 0,1 (where <4 is as
defined after Lemma [1.2]).

Proof. By the remark following Lemma [£.2] it suffices to show that there exist
orthogonal elements dy, d; € F(A) and § > 0 such that, for each contraction ¢ € A,

(e~ 5)4] < BOM + Df(ed; — 6).].

Our ¢ will be %.

It suffices by a diagonal sequence argument to show that for each finite set
F C A, of positive contractions and v > 0 there exist dy,d; € A, such that
lI[di, F]|| <~ and

1

[(c = )41 <3+ D)[((di)e(di)'/? = 6).]

for all ¢ € F'. By the previous lemma, there exists B C A of finite nuclear dimension
such that for each ¢ € F' there exists ¢ € B such that ¢ ~1 ¢ and [(¢’ — 3)4] is
pseudocompact.
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By Theorem [6.1] there exist two orthogonal elements dy, d; € F(B, A) such that
d-(d;) > %d,(1) for all bounded quasitraces 7 on F(B, A). By Lemma 6.2, there
exist L, p,q € N such that £ > % and L[1] + p[1] < L[1] + g[d;] in Cu(F(B, A)) for
i = 0,1. (Although it is unimportant to the argument here, the proof of Lemma
[67 shows why we may use the same values for both dy and dy.) Let € > 0 be such
that L[1] + p[1] < L[1] + ¢[(d; — €)4] for i = 0, 1; without loss of generality (by
possibly modifying d; by functional calculus), we may assume that ¢ = %

It follows that L[b] + p[b] < L[b] + q[(d; — §)+b] in Cu(Ay,), for all b € B,. When
[b] is pseudocompact, we get that [b] < 3(M + 1)[(d; — $)+b], by Proposition
and Lemma [7.3] (ii).

Thus, for c € F,

(e = 5)+] [ = 3)4]
< B(M 4 D[~ 3)+(¢ — 3)4]
< B+ 1)[((d) V2 (d)/? ~ ).
< B+ D)[((d)Ped)? - 3)-],
where on the third line, we used Lemma [5.1] and on the last line we used the fact
that (d;)"/?¢(d;)*/? AL (di) '/ ?c(ds)"/2. U

Proof of Theorem [[10. Let B C A, be a separable C*-subalgebra of nuclear di-
mension at most m. By Lemma [[.T4] and a speeding-up argument (such as in the
proof of [45 Proposition 4.4]), there exist orthogonal full elements dy,d; € F(B, A)
such that 1 <p d; ® 133741 for @ = 0,1. Thus, by Proposition [5.3]

[1] <3(M +1)(2m + 2)[di]

in Cu(F(B, A)), for i =0, 1.
Thus, the hypothesis of Theorem is satisfied with P, := 6(M + 1)(m + 1);
consequently, A is Z-stable. O

7.4. C*-algebras with Hausdorff spectrum and finite quotients. Here we
show the following.

Theorem 7.15. Let A be a separable C*-algebra of locally finite nuclear dimension
which is (M, N)-pure for some M, N € N. Suppose also that:

(i) mo non-zero simple quotient of A is purely infinite; and
(ii) the primitive ideal space of A is Hausdorff.

Then A is Z-stable.
Combined with Theorem Bl the preceding theorem yields at once the following

Corollary 7.16. Let A be a separable C*-algebra of finite nuclear dimension with
no type I quotients. Suppose also that A satisfies conditions (1) and (ii) of the
previous theorem. Then A is Z-stable.

Theorem [Z.15] may be proven by a slight adjustment to the proof in the simple
case. We must generalize Proposition as follows.
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Proposition 7.17. Let A be a C*-algebra with Hausdorff primitive ideal space,
such that no non-zero simple quotient of A is purely infinite, and suppose that A
has M -comparison for some M. Let B C A be a C*-subalgebra of nuclear dimension
at most m. Then in every quotient of F(B, A), 1 is not stably properly infinite.

Proof. This proof is an adaptation of the proof of Proposition For a contradic-
tion, suppose that in some non-zero quotient of F(B, A), we have (k + 1)[1] < k[1].
Equivalently, there exists a non-full element [b] € Cu(F(B, A)) such that (k+1)[1] <
E[1] + [b]. Consequently, for some & > 0, (k+ 1)[1] < k[1] 4+ [(b —&)+].

For ¢ € By and 1 > 0, we wish to show that [(c—n)] < (M +1)[(b—¢)4(c—2)4]
in Cu(A4,). We know that

(7.1) (k+Dle= )] <ke= D] +[b=)lc—3)-]
in Cu(A,).

Set X := Prim(A) and let us regard A as a Cy(X)-algebra in the natural way.
Set K := {z € X | |lc(z)|| = n}. Then (c — %) is a pseudocompact element of
Cu(Ag), and consequently it is also pseudocompact in Cu((Ak),). By Lemmal[74]
and Lemma [73] (ii) applied to (1), we have

(e = 3)+] < (M + D[ =) (c = 3)]

in Cu((Ak)w), and therefore, [(c —n)4] < (M +1)[(b—¢)4(c—2)4] in Cu((AKx)w)-
Since the quotient map A, — (Ak), is an isomorphism on Ideal((c — 1)), it
follows that [(c —7)1] < (M 4+ 1)[(b—¢€)4(c — 2)4] in Cu(A,,), as desired.

It now follows by Proposition [(.3] that

[1] <2(m+1)(M + 1)[0],
which is a contradiction, since [b] is not full. O

Proof of Theorem [[18l Proceed exactly as in the proof of Theorem [l using
Proposition [[.17] in place of Proposition O

Let us discuss the relevance of these results. For C*-algebras A as in Theorem
[[18 the main result of [35] says that the simple quotients of A are all Z-stable.
Moreover, Hirshberg, Rgrdam, and Winter showed in [12] Theorem 4.6] that if the
primitive ideal space of A has finite covering dimension and all its simple quotients
are Z-stable, then A is Z-stable; thus, Theorem only says something new in
the case that the primitive ideal space of A is infinite dimensional. Examples of
Hirshberg-Rgrdam-Winter and of Dadarlat show a variety of possibilities for C*-
algebras with infinite dimensional, Hausdorff primitive ideal space and Z-stable
simple quotients [12, Examples 4.7 and 4.8], [0, Section 3]. Our result, combined
with results of the second-named author and Winter in [36], neatly characterizes
Z-stability for such C*-algebras:

Corollary 7.18. Let A be a finite C*-algebra with Hausdorff primitive ideal space
and no type I quotients. Then the following are equivalent:
(i) A is Z-stable, and there is a finite bound on the decomposition rank of the
simple quotients of A;
(ii) A has finite decomposition rank.

Proof. (i) = (ii) follows from [36] Theorem 4.1 and Lemma 6.1]. (ii) = (i) follows
from Corollary O
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The equivalence of the following two conditions, under the hypothesis of the
above corollary, would follow from conjecture (C1):

(i’) A is Z-stable, and there is a finite bound on the nuclear dimension of the
simple quotients of A;
(ii’) A has finite nuclear dimension.

(i’) = (it") follows from [36, Theorem 4.1 and Lemma 6.1]. In the case that every
simple quotient is infinite, an implication similar to (but stronger than) (ii’) = (i°)
has been considered by Blanchard, Kirchberg, and Rgrdam in [5,[I6]. In particular,
using results of [16] Theorem 8.6] and [5, Theorem 5.8], it suffices to show in this
case that the C*-algebra has 0-comparison.

More generally, note that if a C*-algebra A has Hausdorff primitive ideal space
X, then the set of points x € X corresponding to infinite simple quotients forms an
open set. This is because: a C*-algebra is infinite if and only if it contains a partial
isometry v such that v*v < vv*, and this is a stable relation. Therefore, A is an
extension of the two cases (all simple quotients are infinite, and no simple quotients
are infinite), and thus, the general case reduces to the case that every quotient is
infinite.
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