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viewpoints of the Institute for Nuclear theory or the organizers of the program.
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Preface

A sound theoretical description of nuclear forces is pivotal for understanding many important physical
observables over a wide range of energy scales and densities: from few-nucleon physics to nuclear struc-
ture and reaction observables as well as astrophysical environments and associated phenomena.

Within the last three decades, significant progress in nuclear physics has been made possible, in part,
thanks to the development of powerful ab initio many-body methods for approximately solving the nu-
clear Schrödinger equation, and the development of nuclear forces using effective field theory (EFT),
in particular chiral EFT (χEFT). This progress means that it has now become increasingly important
to quantify the theoretical uncertainties of the predictions, in particular the uncertainties stemming from
the nuclear Hamiltonian itself because they often dominate the theoretical error budget. These uncertain-
ties, primarily due to unknown or neglected physics, can lead to sizable errors when predicting nuclear
observables of interest for next-generation experiments and astrophysical observations and, therefore,
need to be managed and reliably quantified to enable precision nuclear physics. Indeed, theoretical pre-
dictions with quantified uncertainties facilitate the most meaningful comparisons with experimental and
observational data.

The Institute for Nuclear Theory at the University of Washington hosted a virtual three-week program
to assess the state of low-energy nuclear physics and to evaluate pathways to further progress, with an
emphasis on nuclear forces. The overarching questions addressed during the program were:

• What are the current limitations of nuclear Hamiltonians? Which few- and many-body observables
are ideal to constrain nuclear forces?

• How can novel computational and statistical tools be used to improve nuclear forces and their
uncertainty estimates? What precision can be achieved by going to higher orders in χEFT?

• What is a suitable power counting for χEFT? What is the role of lattice quantum chromodynamics
(LQCD) studies of few-nucleon systems in constraining nuclear EFTs?

• What can be learned from quantum-information analyses of low-energy nuclear systems? Can
quantum computing change the computational paradigm in nuclear physics in the upcoming decades?

The program brought together researchers with expertise in nuclear many-body techniques, EFT, and
LQCD for nuclear physics, to share recent advances and new developments, and to discuss shortcomings,
generate new ideas, and identify pathways to address to the questions above.

To finish the program with a summary of outstanding problems and questions, possible benchmarks and
solutions, and clearly stated tasks for the community, all participants were invited to contribute short per-
spective pieces. These have been collected and merged into the present document. The wide range of top-
ics covered by the contributed perspectives reflects the rich and stimulating developments that presently
characterize a highly active nuclear-physics community. The various pieces touch upon a range of top-
ics; renormalizability, power counting, unitarity, emulators, determination of low-energy constants, the
complex nature of open-source computing in science, the three-nucleon continuum, collectivity, regula-
tor dependencies, matching LQCD to EFTs, variational LQCD spectroscopy, quantum information and
quantum entanglement, and quantum computing and its migration to nuclear physics.

The hope is that this document will serve as an anthology for the community and help guide future
developments, facilitate collaborative work between different sub-communities, and allow assessing the
progress to be made in the next few years.

The program organizers and collection editors:
Zohreh Davoudi, Andreas Ekström, Jason D. Holt, and Ingo Tews
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1 Nuclear forces for precision nuclear physics: Status, challenges, and
prospects

Zohreh Davoudi1, Andreas Ekström2, Jason D. Holt3,4, Ingo Tews5

1 – Maryland Center for Fundamental Physics and Department of Physics, University of Maryland,
College Park, Maryland 20742, USA

2 – Department of Physics, Chalmers University of Technology, SE-412 96 Göteborg
3 – TRIUMF, Vancouver, BC V6T 2A3, Canada
4 – Department of Physics, McGill University, Montréal, QC H3A 2T8, Canada
5 – Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA

This first contribution to this collection contains the perspective of the editors as well as a brief overview
of the discussions during the program and the contributions to this collection. It therefore spans over a
wide range of topics: current limitations of nuclear Hamiltonians and the calibration of nuclear forces,
improved nuclear forces using novel computational and statistical methods, and improved power-counting
schemes. It also enumerates ideas and questions related to large-Nc analysis for low-energy nuclear
processes, LQCD calculations for nuclear physics and their matching to the EFTs, and the role of quantum
information sciences and quantum computing in theoretical nuclear physics.

1.1 Current limitations of nuclear Hamiltonians and calibrating nuclear forces using data for
few- and many-body observables

A reoccurring question in the field is why some interactions derived in χEFT, even though adjusted to
reproduce similar data, work better than others for particular observables across the nuclear chart. This
question is related to several open challenges pertaining to the (chiral) Hamiltonians used in ab initio
many-body methods: uncertainty quantification, the regularization scheme and scale dependence, and
the possibility of identifying an ideal set of observables to constrain Hamiltonians. In the coming years,
it will be crucial to address these questions to identify which components of nuclear interactions are most
important for accurately reproducing and predicting relevant nuclear observables.

When talking about different interactions and their success in describing various nuclear observables,
it is important to distinguish between the EFT itself and the individual model realizations of it. The
latter are typically referred to as interactions and depend on choices for where, and how, to truncate the
(asymptotic) EFT series, how to identify the low-energy constants (LECs) and their numerical values,
and how to regularize the potential. These choices all contribute to the theoretical uncertainty of the
interaction and the resulting predictions.

In addition, when comparing theoretical predictions for individual observables, additional uncertainties
arise due to approximations pertaining to the employed many-body method used to approximately solve
the Schrödinger equation. Of course, the underlying assumptions made when estimating theoretical un-
certainties will also play a significant role.

It is crucial to estimate uncertainties in theory as well as experiment, without which one cannot identify
relevant tensions/discrepancies among model predictions and experiments. Bayesian statistical inference
is becoming the prevailing approach for uncertainty quantification, parameter estimation, and various
statistical analyses of theoretical predictions and models. In recent years, Bayesian tools and prescriptions
have become available to, e.g., estimate truncation errors in EFT, and it is very informative to specify
such uncertainties in theoretical analyses of nuclear observables. Alongside any uncertainty estimation,
it is key to specify the assumptions made and, if possible, enumerate any additional sources of uncertainty
not accounted for.
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In this context, a relevant question arises: how to best estimate the uncertainties due to approximations
made when solving the many-body Schrödinger equation? This is sometimes referred to as the (many-
body) method error. It will be very important for the community to find ways of better estimating these
uncertainties, e.g., by comparing many-body methods at different levels of approximation against avail-
able benchmark data, and by comparing predictions between different ab initio methods against each
other and potentially against phenomenological models when data are not available. To facilitate such
comparisons, it will be useful to more freely distribute relevant interaction matrix elements within the
community and, if possible, make the many-body codes, as well as accurate emulators for many-body
methods, available to other researchers. One way forward might be to create an online repository for such
resources. While many obvious questions arise regarding storage space, documentation, and a recogni-
tion of scientific credit to the developers, it is nevertheless important to find ways to tackle these practical
and logistical challenges.

Additionally, it is crucial to quantify the effects of different regulator schemes that might influence the
performance of nuclear interactions by regulating different parts of the nuclear interaction differently. It
might be that some problems with nuclear interactions are more persistent in some schemes compared
to others. Can the community find arguments for or against certain schemes? For example, it is difficult
to maintain relevant symmetries of the interactions with most regulators and nontrivial to consistently
regulate currents and interactions. It is expected that regulator artifacts, i.e., systematic uncertainties
due to the regulator choices, decrease at high orders in the EFT and for larger cutoffs. However, as was
brought up in the program, if one needs very high orders in the calculations then one is likely working with
the wrong expansion. Furthermore, high cutoffs are not accessible with most many-body methods, even
though future method developments will enable the community to treat stiffer and bareχEFT interactions.

Finally, it is important to investigate which observables are ideal to calibrate interactions. In principle, the
LECs of a low-energy EFT, and any additional parameters necessary for uncertainty quantification, can
be inferred from any set of low-energy data within the applicability domain of the EFT. The challenge lies
in identifying and combining a set of calibration data with sufficient information content to yield useful
predictions. In addition to commonly used calibration data such as nucleon-nucleon scattering cross
sections and bulk nuclear observables, a calibration data set could also include, e.g., nucleon-nucleus or
nucleus-nucleus scattering, astrophysical observations of neutron stars or data on collective phenomena.
Hence, we can ask ourselves if it would be useful to come up with a minimal set of observables for
validation of ab initio approaches and interaction models. Sensitivity studies might help to determine
which observables are most useful to determine and test the various parts of nuclear interactions and
should be included in such a set. We stress however that such a set is only useful in combination with
robust estimates of all uncertainties.

1.2 Improving nuclear forces using novel computational methods and going to higher orders in
EFT

Since the introduction of nuclear EFTs, the EFT paradigm has proven itself as a useful principle for con-
structing high-precision interactions with the added benefit of systematic assessment of uncertainties.
Going to higher orders in the EFT corresponds to including additional information on the short-range
physics with the hope of improving the accuracy of the theoretical predictions. Predictions in the few-
nucleon sector have now reached a high level of precision and accuracy when based on EFTs at sufficiently
high order; even fifth-order calculations exist in some cases. One question is how to similarly improve the
predictions for observables in heavier-mass systems? There are not yet any clear signs of systematic im-
provements in such systems when increasing the (chiral) order in EFT. More order-by-order comparisons
of delta-full/delta-less interactions, constructed using the same methodology, are needed. Generally, it
would most likely be useful for different groups to compare different schemes for constructing interac-
tions in a more systematic way.

From a quantitative perspective, at least two complications arise when going to higher orders. First, with
each additional order comes additional LECs and the numerical values of which need to be determined.
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Second, higher-order EFTs entail many-body interactions, e.g., three-nucleon forces, with associated
unknown LECs that must be determined using data from three-nucleon systems, or beyond. It is com-
putationally expensive to calibrate interactions using data from observables in few- and many-nucleon
systems.

In recent years, a large number of nuclear interactions have been constructed by the community. The
question arises if this “Skyrmification” of interactions is a positive or a negative trend. Clearly, as long
as the predictions from various interaction models agree within uncertainties, there is, in principle no
problem. Indeed, a systematically developed family (or distribution) of interactions enables coherent
model predictions and allows us to assess correlations. In addition, operating with more than one in-
teraction is a straightforward way of gauging theoretical uncertainties. As such, an “antidote” to this
“Skyrmification” is a careful and honest uncertainty estimation. Theoretical predictions with relevant
estimates of the underlying uncertainty will likely become standard practice in the coming years. It is
important to note that the canonical χ2-per-datum measure does not account for e.g. model or method
errors, but it is nevertheless a useful quantity for gauging the reproduction of, e.g., scattering data.

Emulators, i.e., computationally cheap, yet accurate, surrogate models for predicting the structure and
reactions of few- and many-body systems, have emerged as powerful and useful tools since they provide
access to an entirely new class of computational statistics methods for parameter estimation, sensitivity
analysis, model comparison, and model mixing. In particular, emulators based on eigenvector continua-
tion appear to be particularly efficient and accurate. This is an exciting development with the potential to
facilitate new discoveries and to address several of the open problems mentioned before. Still, using em-
ulators requires careful uncertainty quantification of the corresponding emulation error. Some methods,
like Gaussian processes, yield uncertainties by design, but it remains to be established how to estimate
the errors induced by eigenvector continuation emulators. Not all many-body methods lend themselves
to emulation via eigenvector continuation, however, and the construction of emulators requires access
to “split-format” interaction input. This again highlights the importance of a community repository for
interaction codes and emulators.

1.3 Improved power-counting schemes and constraining nuclear forces from lattice QCD

To achieve renormalization group invariance it is of key importance to have the correct operators in place
at the respective orders in the nuclear EFT expansion. There are, however, decades-long diverging view-
points in the nuclear-theory community about (non-perturbative) renormalization and power counting in
χEFT. This was also a prominent topic of discussion during the program.

In this context, the regulator cutoff plays a central role. It is an intermediate quantity necessary to regulate
the interaction, and is often kept relatively small to converge present-day many-body calculations, but
beyond this function it is not part of the underlying physical theory. It is clear that it is not meaningful
to take the cutoff (much) smaller than the hard scale, or breakdown scale, of the EFT. In principle, the
cutoff can be taken larger than the breakdown scale, but there are opposing viewpoints on how large it is
meaningful to take it. This is intimately related to the question of inferring the importance of counterterms
in the potential without understating or overstating their importance, as well as possible changes to the
power counting in A-body systems.

To make progress, it is of interest to the community to find simple, or well-understood, benchmark sys-
tems to analyze renormalization, regularization, and power-counting strategies. The present list of rel-
evant, or realistic, benchmark systems appears to be rather short, and includes the zero-range limit at
unitarity, systems described by pionless EFT, and the two-nucleon system. In addition, when studying
such systems at high values for the cutoff, spurious bound states might appear that could be difficult to
treat in certain many-body methods.

An EFT does not dictate what the leading order (LO) should contain beyond what is necessary to fulfill
minimal symmetry and renormalization-group requirements. Studies of finite and infinite nuclear sys-
tems at LO in χEFT point to deficiencies regarding saturation and spin-orbit interactions, two important
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properties observed in nuclear systems. Several questions related to the topic of constructing a LO inter-
action emerged during discussions, such as: What is an “optimal” convergence pattern for an EFT if you
have to choose between “smooth and steady but requiring more orders” or an “irregular” start and then a
rapid approach or “convergence” within fewer orders.

A standard avenue for constraining the LECs of the EFTs is to match to relevant experimental data. This
may not be a straightforward endeavor when direct experimental measurements do not exist, necessitating
the use of other related quantities and indirect phenomenological constraints. Among various examples
enumerated in this collection is a recent estimate on the LO nucleon-nucleon (NN ) isotensor contact
term in the neutrinoless double-β decay within a minimal extension of the Standard Model. This was
enabled by the application of a formalism similar to the Cottingham formula used in the study of the
neutron-proton mass difference, with the result expressed in terms of a renormalized amplitude. This
example highlights the need for a direct matching of the EFT to calculations based in QCD for a variety of
beyond-the-Standard-Model processes in the few-nucleon sector, from lepton-number non-conservation
and CP violation to dark-matter-nucleus cross sections.

While LQCD is the method of choice for constraining unknown LECs, its computational cost has hin-
dered precise computations in the nuclear sector to date. In the absence of direct LQCD constraints for
the time being, large-Nc considerations can provide valuable insights into the size and hence relative
importance of interactions in the EFT, and may motivate prioritization of certain LQCD calculations
over the others. Among examples enumerated in this collection is the hadronic parity violation in the
NN sector where a combined large-Nc and (pionless-)EFT analysis leads to only two independent LO
parity-violating operators. Importantly, there is an isotensor parity-violating LEC that contributes at this
order. Such a guidance has motivated LQCD calculations of the isotensor quantity that are computation-
ally more accessible. Recent large-Nc analyses have also revealed how questions regarding naturalness
of the LECs and hence the size of contributions at given EFT orders may be impacted by the choice of
basis.

Open questions to be studied in the coming years concern the expansion of nuclear binding energies in
1/Nc, better understanding of the role of ∆ in the large-Nc analyses, and accidental cancellations that
may ruin the large-Nc countings. LQCD can also play a role in the development of the large-Nc studies
in nuclear physics by providing constraints on higher partial waves in NN scattering, parity-violating
nuclear matrix elements, and three-nucleon observables for the organization of three-nucleon operators.
Additionally, LQCD calculations at Nc 6= 3 may provide insight into many of these questions, including
into the role of ∆ in single- and multi-nucleon sectors.

The early and recent work in matching LQCD results to EFTs has resulted in constraints on the two-body
nuclear and hypernuclear interactions, revealing symmetries predicted by large-Nc and entanglement
considerations, albeit at unphysically-large quark masses. They have also enabled first QCD-based con-
straints on the LO LECs in the pionless-EFT descriptions of deuteron’s electromagnetic properties, and
of the np radiative capture, tritium β decay, pp fusion, and two-neutrino double-β decay processes. A
significant advance in this matching program involved making predictions for nuclei with atomic numbers
larger than those obtained by LQCD, hence demonstrating a full workflow involving LQCD calculations,
EFTs matching, and ab initio many-body calculations based in the constrained EFTs, as described in this
collection.

As the field moves forward, particularly once LQCD computations of light nuclear systems will become
a reality at the physical quark masses, more possibilities may be explored in this critical matching pro-
gram. LQCD in a finite volume matched to EFTs may help identify convergence issues in the EFTs, or
help quantify the energy scale at which the nucleonic description of nuclei breaks down. Such a match-
ing of LQCD and EFT results in a finite volume can also facilitate constraints on few-nucleon operators
without the need for complex, and generally not-yet-developed, matching formalisms to scattering ampli-
tudes. A similar matching may be considered between LQCD calculations at a given lattice spacing and
the EFT-based many-body calculations at a corresponding UV scale. Additionally, phenomenological
or EFT-inspired nuclear wavefunctions may lead to the construction of better interpolating operators for
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nuclear states in LQCD calculations. To make progress, many-body methods that are set up fully per-
turbatively to eliminate the need for iterating the potential (hence preserving the strict renormalization-
group invariance) may be preferred, nonetheless these methods need to overcome their present drawback
in underbinding larger nuclei such as 16O.

Since the first LQCD calculations of few-nucleon systems at unphysically large quark masses in early
2010s, the field has come a long way in pushing towards lighter quark masses and expanding the ob-
servables studied beyond lowest-lying energies, as described in this collection. A decade later, given
advances in algorithms and methods and growth in computational resources, the field stands at a criti-
cal point where the first ground-breaking, but uncontrolled, calculations will give their place to a new
generation of calculations that involve, for the first time, a more comprehensive set of two- and eventu-
ally multi-nucleon interpolating operators, enabling a systematic variational spectroscopy of nuclei with
better control over excited-state effects. These will also involve ensembles with more than one lattice
spacing such that the continuum limit of the lattice results can be taken systematically. Furthermore, the
quark masses can be tuned at or near the physical values such that the results will correspond to those in
nature.

The first variational studies ofNN systems have emerged in recent years, albeit still at large quark masses,
with variational bounds on lowest-lying energies that are in tension with the previous non-variational
estimates. These tensions may be attributed to one or more of the following: i) the variational basis
of interpolating operators may be yet incomplete and while the upper bounds on energies are reliable,
they may miss the presence of one or more lower-energy states if no operator in the set has significant
overlap onto such states, ii) the previous non-variational ground-state results were dominated by excited-
state effects at early times and misidentified the ground-state energies, or iii) as one study suggests,
lattice-spacing effects may be significant, and comparing the results of two calculations at different input
parameters may be ambiguous due to scale-setting inconsistencies. Investigating such possibilities will
constitute a major endeavor in this field in the upcoming years, with promising directions already explored
by various collaborations, as enumerated in this collection.

It is important to note that there are already a significant body of work, and related formal and numerical
developments, in place in accessing phenomenologically interesting quantities in nuclear physics, from
spectra and structure of light nuclei to nuclear scattering and reaction amplitudes. Therefore, once reliable
and sufficient variational bases of operators are found and all systematic uncertainties are controlled,
progressing toward the goal of matching QCD to EFT and many-body calculations will be within the
reach.

1.4 Prospects of quantum information sciences and quantum computing in nuclear physics

The field of quantum information sciences (QIS) has grown to become a major area of scientific and
technological developments in current times, benefiting from various partnerships between academia,
government, and industry, as well as an ever growing workforce. Nuclear theorists, among other do-
main scientists, have recognized the potential of quantum computing in advancing many areas of nuclear
physics that currently suffer from computationally intractable problems. These problems include accu-
rate predictions for finite-density systems such as nuclei, phases and decomposition of dense matter (of
relevance in neutron stars), real-time phenomena for description of reaction processes and evolution of
matter after high-energy collisions (of relevance in collider experiments), as well as nuclear response
functions (of relevance in the long-baseline neutrino experiments) and nuclear-structure quantities (of
relevance in the upcoming Electron-Ion Collider).

In fact, the very first rudimentary (due to limited hardware technology) but ground-breaking (given their
novel approach) calculations of small nuclear quantities have emerged, including quantum computing the
binding energy of the deuteron and 4He, simulating models of nuclear response functions, and simple
nuclear reactions, along with exploration of coherent neutrino propagation using simple models. Further-
more, with an eye on the grand challenge of obtaining nuclear dynamics from first-principle QCD-based
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studies, the field has witnessed a proliferation of concrete ideas, proposals, and algorithms for simulat-
ing quantum field theories, and illuminating hardware implementations in small systems. Additionally,
by incorporating quantum entanglement and coherence in theoretical descriptions of nuclei, new under-
standing and insights have been reached in recent years. These research directions, which are still at an
early stage, will form an exciting subfield of nuclear theory in the coming decade.

Many interesting open questions and underdeveloped areas will be studied by QIS-oriented nuclear the-
orists in the coming years: Can quantum entanglement provide a better organizational scheme for nu-
clear interactions, and a window into emergent symmetries beyond traditional considerations? Can the
observed entanglement minimization in low-energy baryon-baryon interactions be understood from an
ab initio QCD analysis? Can the intricate balance between repulsion and attraction in nuclear media
leading to complexities be characterized via quantum-information measures? Do the highly regular pat-
terns in the shapes of nuclei (pointing to an emergent approximate symplectic symmetry), as verified by
recent ab initio studies based in chiral potentials, signal interesting quantum correlations and entangle-
ment structure? Can entanglement structure of nuclear wavefunctions and Hamiltonians in given nuclear
many-body methods provide guidance on the most efficient bases for classical or quantum computation
of certain nuclear processes?

Can customized gates provide a quicker and more scalable road to simulating nuclear dynamics than
standard universal gates? What would be the role of hardware co-design, a process in which domain
scientists, such as nuclear theorists, work in a feedback loop with quantum-hardware developers to im-
pact the design of the next-generation quantum devices? Can nuclear theorists bring any benefit to the
QIS field, given their long and advanced expertise in numerical Hamiltonian simulations, by providing
state-of-the-art tools for simulating, hence optimizing, the quantum hardware? Have nuclear theorists
identified concrete problems, i.e., the first realistic applications of quantum computing, so that quantum
supremacy in the realm of nuclear physics can be claimed in the upcoming years?

What are the lessons to be learned from the integration of new theory and computing perspectives in
nuclear theory over the past three decades (such as EFTs and LQCD), such that we can effectively incor-
porate QIS tools and talent in nuclear theory too? What are the lessons to be learned, and projections
to be made, from the course of developments of high-performance computing and its application in do-
main sciences, so that one can envision a high performance quantum-computing era in nuclear physics?
Insights into these questions, and references to relevant recent progress, are presented in this collection.
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2 Reflections on progress and challenges in low-energy nuclear physics

Dean Lee1, Daniel R. Phillips2

1 – Facility for Rare Isotope Beams and Department of Physics and Astronomy, Michigan State Uni-
versity, MI 48824, USA

2 – Department of Physics and Astronomy and Institute of Nuclear and Particle Physics, Ohio Univer-
sity, Athens, OH 45701, USA

During the program we enjoyed the many innovative talks and spirited discussions covering important
and timely questions on nuclear forces, effective field theory, power counting, emulators, and lattice
quantum chromodynamics. Here we give some brief comments on a few of the topics. We hope our
comments might have some value for others working in this field.

2.1 Unitary limit and nuclear physics

It is clear that the unitary limit for two-component fermions is immediately useful for describing the
physics of dilute neutron matter. Recent work also establishes that the unitary limit of four-component
fermions is of relevance for understanding atomic nuclei [1]. In particular, the proximity of the (nucleon-
nucleon) NN system to the unitary limit results in the presence of universal correlations between few-
nucleon observables [2–6] and suggests that the Efimov effect may be nearly realized in the three-nucleon
(3N ) system [7–9].

If we consider quantum chromodynamics in the limit of large numbers of colors, then the most important
NN interactions have an underlying spin-flavor symmetry [10–15] as do the dominant pieces of the three-
nucleon force [16]. For low momenta, the operators that are leading in large-Nc are those permitted by
Wigner-SU(4) symmetry [17]. The Wigner-SU(4) symmetry [17] also emerges as a symmetry of nuclear
forces in the unitary limit [18]. The combined use of the momentum and large-Nc expansion leads to
useful insights into 3N observables [19] and the parity-violating NN force [20–22].

More recently, it has been suggested that the leading interactions in such a Wigner-SU(4) organization of
the NN-force problem are also those that result in minimal entanglement in the NN S-matrix [23, 24].

The fact that expansions around the unitary, chiral, and large-Nc limit all provide insights into nuclear
forces leads us to ask whether one can systematically combine the around-unitarity and chiral expan-
sions [25]? How about the chiral and large-Nc expansions? Which limit is nuclear physics closer to:
mq → 0 or Nc → ∞? And what if the success of large-Nc and/or the closeness of nuclear physics to
the unitary limit are somehow a manifestation of a deeper quantum-information-theoretic phenomenon
in QCD? If that were the case, how would it get built into an EFT for nuclear physics?

2.2 Some questions about power counting in chiral EFT

1. What order is the 3N force in such a unified EFT? LO—as suggested by Efimov physics [26]?
NLO—as it is in χEFT with explicit Deltas [27]? NNLO—as is currently practiced [28]? If it
is NLO, is that just the Fujita-Miyazawa piece of the 3N force? Or should it also include the
short-distance operators with undetermined LECs?

2. When we add higher-order corrections to a leading-order Hamiltonian in an χEFT do we intend
those higher-order corrections to be treated in perturbation theory? How should we view the results
if those higher-order corrections happen to make the Hamiltonian unbounded from below in certain
parameter ranges?

7
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2.3 Does a quantum phase transition make zero-range interactions a poor tool with which to
describe nuclei?

The parameters of nuclear physics appear to mean that nuclei sit near a quantum phase transition [29].
The phase boundary is between a Bose gas and a nuclear liquid. Which phase appears is controlled by
the alpha-alpha scattering length. If the range of the nucleonic interactions are shorter than the size of the
alpha particles, than the Pauli blocking between identical nucleons will cause the alpha-alpha interaction
to be weakly attractive or even repulsive [30, 31]. Therefore, the alpha-particle size takes on a critical
role in the structure of alpha-conjugate nuclei.

The relationship between the alpha-particle size and the range of nucleonic interactions explains, for ex-
ample, the instability of 16O against breakup into four alpha particles at leading order in pionless effective
field theory [32]. The zero-range limit seems problematic for these systems, but a simple interaction near
infinite scattering length with Wigner SU(4) symmetry, nonzero range, and significant local interactions
seems to provide a useful starting point for studying atomic nuclei across the nuclear chart [33].

Similarly, if the nucleonic interactions have a significant range but the interactions are not local, then
the alpha-alpha interaction may again not be sufficient to produce a nuclear liquid.1 While the four-
component unitary limit is relevant and useful for studying the physics of atomic nuclei with more than
four nucleons, significant care must be taken regarding the range and locality of the nucleonic interactions
relative to size of the alpha particles.

2.4 Some questions about eigenvector continuation

Eigenvector continuation has recently emerged as a powerful tool that can reduce the computational load
involved in solving the quantum many-body problem [34–38].

1. A meta-question is whether this method should really even be called eigenvector continuation.
Recently the subspace-emulation strategy proposed in Ref. [34] has been applied without using
any eigenvectors [38]. This raises the question of what the minimal conditions are for this very
successful strategy to be used.

2. How do we estimate the errors/convergence of eigenvector continuation? Some work in this direc-
tion is reported in Ref. [39].

3. What does the workflow for improving nuclear forces with novel fitting strategies and eigenvector
continuation look like in practice? A recent work on constraining 3N -force parameters by the
BUQEYE collaboration [40], uses eigenvector-continuation emulation of 3N and 4N bound-state
calculations to facilitate simultaneous calibration of both χEFT parameters and the parameters of
the statistical model that encoded the impact of the χEFT truncation on observables.

4. Can we use eigenvector continuation to extend a power counting scheme where perturbation theory
is not converging? For example, what happens if we do continuation in gA (or g2

A/f
2
π) to control

the strength of the one-pion-exchange potential?
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3 Dependence of nuclear ab initio calculations for medium mass nuclei on
the form of the nuclear force regulator

Petr Navrátil1

1 – TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia V6T 2A3, Canada

Ab initio calculations for medium mass nuclei with chiral nuclear interactions as input show that there
is a substantial dependence of binding energies, radii and other observables on the regulator used in
particular in the three-nucleon interaction. This dependence is rather weak in light nuclei and therefore it
was overlooked at first. The chiral effective field theory (χEFT) suggests that the regulator effects should
be of higher order than the used perturbation expansion. However, in practical calculations for medium
mass nuclei the effect is large, bigger than what one would anticipate from the chiral perturbation theory
(χPT).

The sensitivity is in particular significant to the functional form of the regulator, local vs. non-local or
semi-local. The use of local regulators in the chiral 3N interaction, i.e., depending on the transferred
momentum, was widespread in the past as technically it is easier to implement the most complicated
chiral three-nucleon (3N ) terms with this type of regulator because the resulting interaction is local in
the coordinate space [1]. However, obtained Hamiltonian with low-energy constants (LECs) typically
determined in mass A=2-4 systems overbinds medium mass nuclei and underestimates nuclear radii [2,
3]. On the other hand, applications of non-local regulators in the 3N interaction that depend on the
relative nucleon momenta, gives much better results in medium mass nuclei for both binding energies
and radii [4]. It should be noted that most chiral nucleon-nucleon (NN ) interactions used in ab initio
calculations include non-local regulators [5–7], i.e., it appears that the use of a non-local regulator in
the 3N interaction is more consistent. Still, it has been argued recently that theoretically best justified is
the application of semilocal regulators that preserve chiral symmetry [8, 9]. However, the corresponding
consistently regularized 3N interactions have not been developed yet beyond NNLO and results available
so far show a similar overbinding problem as calculations with the local 3N forces [10].

Recently, 3N interactions that combine the use of both local and non-local regulators have been intro-
duced [11]. These interactions provide a good description of binding energies of light and medium mass
nuclei including 132Sn[12]. At the same time, the calculated radii are typically underestimated com-
pared to experiment [13] and compared to the most successful interaction for the description of radii, the
NNLOsat [14].

The strong dependence of binding energies and radii of medium mass nuclei on the regulator type needs
to be further investigated and understood as it appears contrary to expectations from χPT.

3.1 Inclusion of the 3N contact interaction at N4LO

Contact terms contributing to the chiral 3N interaction at N4LO order has been derived recently [15].
These fourteen terms accompanied by LECs impact the spin-orbit strength and the isospin dependence of
the nuclear force among other other effects. It has been demonstrated that analysing power puzzle in the
d-p data can be resolved considering even a subset of these terms [16, 17]. Having 14 additional LECs at
disposal, a high-precision fit to three-nucleon data should be possible, i.e., a partial wave analysis similar
to that performed for the nucleon-nucleon data should be feasible. Such an analysis would undoubtedly
result in a much better quality 3N interaction for applications in nuclei across the nuclear chart.

Recently, the spin-orbit (E7) N4LO contact term has been tested in calculations of 7Be(p,γ)8B radiative
capture. This term was shown to considerably improve the the analyzing power in the p-d scattering. Its
inclusion improved the structure description of 7Be and 8B nuclei as well as of the 7Be(p,γ)8B S factor
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when compared to experiment [18].

The 3N interaction N4LO contact terms include a T=3/2 contribution. It might help to improve the
description of nuclei far from stability with a large neutron or proton excess. Applications of this T=3/2
3N contribution is worth exploring.

3.2 Importance of calculations that include continuum effects

Most of ab initio calculations used to test nuclear forces involve bound-state observables such as bind-
ing energies, excitation energies, radii, and electroweak transitions between bound states. It should be
noted that considering nuclear properties affected by continuum provide a complementary and often more
comprehensive and strict test of nuclear forces. The reason is that even a straightforward experimental
information such as elastic scattering cross section comprises information from bound states of scatter-
ing nuclei, resonances of the composite system, background phase shifts etc. [19] Even for describing an
isolated resonance, one needs to calculate and compare not only its energy but also its width. Methods
capable of including continuum effects should be applied more broadly in tests of nuclear forces. This
is obviously done in few-body systems, e.g., NN scattering and nucleon-deuteron scattering [20–22].
However, continuum calculations for light and medium mass nuclei should also be considered [23, 24].
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[21] R. Skibiński, J. Golak, K. Topolnicki, H. Witała, E. Epelbaum, H. Kamada, H. Krebs, U.-G.
Meißner, and A. Nogga. “Modern Chiral Forces Applied to the Nucleon–Deuteron Radiative Cap-
ture.” In: Few Body Syst. 58.2 (2017), p. 28. doi: 10.1007/s00601-016-1190-1.
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4 Collective observables for nuclear interaction benchmarks
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Wave functions are not observables, however, they can provide critical information about the nuclear
correlations and spin mixing in nuclei. Correlations drive properties of nuclei beyond the mean field and
define important observables such as transitions, excitation spectra, and reaction observables (see, e.g.,
Ref. [1]). Collective correlations are responsible for deformation of nuclei, and the ab initio symmetry-
adapted no-core shell-model (SA-NCSM) approach [2, 3] has unveiled the ubiquitous presence of defor-
mation in light to medium-mass nuclei. The importance of deformation is anticipated to hold even more
strongly in heavy nuclei [4–8]. Specifically, Refs. [3, 9] show that nuclei and their excitations are domi-
nated by only a few collective shapes that rotate (Fig. 4.1a), which naturally emerge from first principles.
Typically, low-lying states have a predominant shape that is realized by the most deformed configuration
in the valence shell and particle-hole excitations above it. However, the probability amplitudes of these
shapes vary to some extent from one parametrization of the chiral potentials to another, and this has a
significant effect on reproducing collective observables.
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Figure 4.1: a. Emergence of almost perfect symplectic symmetry in nuclei from first principles [1, 2], enabling ab
initio descriptions of clustering and collectivity in terms of nuclear shapes. b. Observables for 6Li calculated in the
SA-NCSM using only a small number of nuclear shapes (specified in the x-axis labels) and compared to experiment
(“Expt.”); dimensions of the largest model spaces used are also shown. c. The same, but for 20Ne; for comparison,
the corresponding complete dimension is 3.8 × 1010. d. Experimental and theoretical B(E2; 5

2

+ → 1
2

+
) values

for Tz = − 3
2 ; forA = 21, the ab initio SA-NCSM calculation is shown without the use of effective charges (figure

adapted from Ref. [10]). e. Symplectic Sp(3,R) irreps or nuclear shapes that compose the rotational band states
of 6Li; each irrep is specified by its equilibrium shape, labeled by the deformation β and total intrinsic spin S.
Figures adapted from Ref. [3], unless otherwise stated.
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4.1 Nearly perfect symplectic symmetry in nuclei—radii and quadrupole moment operators

First-principle nuclear structure calculations with various chiral potentials show that the special nature
of the strong nuclear force determines highly regular patterns in nuclei that can be tied to an emergent
approximate symmetry, the Sp(3,R) symplectic symmetry [2, 3, 11]. Since this symmetry does not mix
nuclear shapes and is only slightly broken in nuclei, nuclear states are readily described by only a few
subspaces that respect this symmetry, or a few nuclear shapes (Fig. 4.1a-c). These subspaces extend to
higher-lying harmonic oscillator (HO) shells and are imperative for reproducing collective observables
– see, e.g., Fig. 4.1d for B(E2) in 21F; see also the outcomes of a many-particle modeling [12, 13] that
utilizes interactions inspired by the symplectic effective field theory [14]; see also Refs. [15, 16] for E2
transitions in Mg isotopes. Besides the predominant shape(s), there is a manageable number of shapes,
each of which contributes at a level that is typically at least an order of magnitude smaller, as shown in
Fig. 4.1e. Furthermore, practically the same symplectic content observed for the low-lying states in 20Ne,
Fig. 4.1a, and for those in 6Li, Fig. 4.1e, is a rigorous signature of rotations of a shape and can be used to
identify members of a rotational band. A notable outcome is that excitation energies and transition rates
for a few nuclear shapes closely reproduce the experimental data, Fig. 4.1c and d.

This has important implications:

Deformation. The nuclear deformation is calculated by the quadrupole moment operator

Q2 =
√

16π/5
A∑
k=1

r2
kY2(r̂k).

This operator is a symplectic generator, which means that it has zero matrix elements between two
shapes |σi〉 and |σj〉: 〈σi|Q2|σj〉 = 0, ∀i 6= j. This is important, since the largest fraction of
the quadrupole moments and E2 transitions strengths, and, hence nuclear collectivity, necessarily
emerges within the predominant symplectic irrep(s) or nuclear shape(s). The more the mixing of
shapes, the smaller these collective observables.

Radii. The nuclear size is calculated by the monopole moment operator r2 =
∑A

k=1 ~rk · ~rk. This oper-
ator is a symplectic generator, which means that it has zero matrix elements between two shapes
|σi〉 and |σj〉:

〈
σi|r2|σj

〉
= 0, ∀i 6= j. Different from the quadrupole moment, the rms radius pro-

vides the average radius of a shape that describes the size of a shape regardless if it is deformed or
not, thereby converging at comparatively smaller model spaces compared to deformation-related
observables.

Spin mixing. The total intrinsic spin is a good quantum number for each nuclear shape. Hence, more
spin mixing implies more mixing of shapes, thereby reducing collective observables.

Shape vibrations. A nuclear shape is composed of an equilibrium shape (typically, a configuration in
the valence shell) and vibrations. An important point is that a nuclear shape becomes energetically
favored only when vibrations are allowed to develop within a model space. In limited model spaces,
collective observables are highly reduced for two reasons: (1) shapes of enhanced deformation
are suppressed, while other less deformed shapes enter the eigenfunctions, and (2) vibrations are
largely suppressed, thus for example, for 20Ne’s predominant shape,B(E2; 2+ → 0+

gs) = 13.4(14)
W.u. in 11 shells (Fig. 4.1c), whereas it reduces to 4.2 W.u. for the equilibrium shape only (valence
shell).

Note the critical difference between rms radii,
〈
Ψ|r2|Ψ

〉
=
∑

i c
2
i

〈
σi|r2|σi

〉
, and quadrupole moments,

〈Ψ|Q2|Ψ〉 =
∑

i c
2
i 〈σi|Q2|σi〉: radii of individual shapes always add, whereas quadrupole moments can

add (for oblate shapes), subtract (prolate) or be zero (spherical shapes). The quadrupole moments, and,
hence, E2 transitions further decrease if largely deformed shapes are suppressed. This exposes the role
of the symplectic symmetry, established as a remarkably good symmetry of the strong nuclear force in
the low-energy regime, in guiding toward and calculating precise nuclear observables.
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4.2 Recommendations

Collective observables are essential for parametrizing nuclear interactions and for benchmark studies to
ensure the proper account of the physics of nuclear dynamics in ab initio modeling. First, it is important to
monitor collective observables for various potential models and, in particular, perform global sensitivity
analysis that probes the sensitivity of collective observables [17] to the low-energy constants that enter the
chiral potentials, similarly to that of bulk properties [18]. Second, for benchmark studies, it is imperative
to include quadrupole moments and/orE2 transitions. An ideal test case is theB(E2; 2+ → 0+

gs) in 12C,
which is well measured 4.65(26) W.u.; alternatively, the quadrupole moment of the first excited 2+ state
in 12C could be used (requires a calculation of a single state), although there are still large uncertainties
in the recommended value, 6(3) e fm2. A particularly interesting case is theB(E2; 3+ → 1+

gs) transition
rate in 6Li that remains a challenge to realistic interactions. For such calculations, it is beneficial if a
many-body approach is used, such as the SA-NCSM, that does not require renormalization of the chiral
interactions in the nuclear medium, does not use effective charges, and admits any type of the nuclear
interaction including non-local interactions.
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5 Role of the continuum couplings in testing the nuclear interactions
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The development of the nuclear forces for precision nuclear physics demands reliable methods to improve
interactions by analyzing the discrepancies between results of chosen many-body approach and experi-
mental data. Hence, the appropriate many-body approach and the relevant choice of studied observables
are the two essential ingredients of testing of the interactions.

The many-body calculation of nuclear observables brings new aspects to the problem of testing the in-
teractions, such as the dependence of interaction in a given nucleus on nucleon number, or the role of
couplings to reaction channels and scattering continuum. These two aspects are a consequence of the
attempts to improve interactions by calculating various observables in heavier nuclei.

One aspect concerns the changing role of the many-body forces with increasing number of nucleons
because the interplay between two- and higher-body forces depends on the number of possible 2-body,
3-body, etc. couplings (talk of C.-J. Yang) in many-particle systems. This induces the dependence of
EFT power counting on particle number [1]. On the other hand, the relative number of the different k-
tuple couplings depends on the nucleon density distribution, i.e., the relative number of nucleons in the
surface region and in the interior of nucleus. These many-body effects could be absorbed in the effective
parameters of the EFT interaction fitted locally to the individual nuclei or their small sets.

Another aspect is related to the role of the continuum coupling which leads to the appearance of new en-
ergy scale(s) in the EFT power counting related to the distance from the threshold of reaction channel(s).
An optimal way to test interactions in the vicinity of different particle emission channels is to employ the
many-body approach which preserve unitarity at each opening of new reaction channel.

Weak binding brings another aspect which is related to the coupling to the scattering states and various
particle decay channels. Indeed, experimental data even at low excitation energies contain states which
are either weakly bound or unbound like, for example, A=5 nuclei which are all unbound even in the
ground state. Calculation of the binding energy in long isotopic chains brings the issue of dependence
on the asymmetry of proton Sp and neutron Sn separation energies [2, 3], such as the weakening of inter-
action between unlike nucleons and the asymmetry of neutron-neutron and proton-proton interactions.

The continuum couplings can be included either in the complex-energy continuum shell model using
Berggren ensemble of single-particle states [4, 5], the so-called Gamow shell model, or in the real-energy
continuum shell model in the projected subspaces [6]. Gamow shell model can be formulated either in
core + valence particle model space [4, 7] or in the no-core basis [8]. Berggren representation has been
also used in the coupled-cluster approach [9]. Another approach which has been used extensively, is the
no-core shell model, including couplings to the reaction channels via the R-matrix approach [10].

The problem of deriving a reliable inter-nucleon interaction (NN , 3N , 4N ,. . .) for precision nuclear
physics calculations cannot be separated from the choice of the model space and the many-body approach.
Unitarity, which is the fundamental property of Quantum Mechanics, is violated by most microscopic
nuclear theories used. Coupling to the environment of scattering continuum and decay channels does
not reduce to refitting parameters of the interaction which have been adjusted to observables in well-
bound states. It is necessary that new families of the interactions are tested on a broader set of data
including resonances and low-energy scattering observables, using the many-body frameworks respecting
the unitarity.
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6 Comments on the χ2 values in the three-nucleon sector
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In recent years a substantial progress has been achieved in the development of accurate descriptions of
the interaction between nucleons using the systematic framework provided by chiral perturbation theory.
In the nucleon-nucleon (NN ) sector, potentials obtained up to 4th and 5th order in the nuclear EFT
expansion have provided an extremely accurate description of the NN world data with a value of χ2

per datum close to one. Most of the data that these potentials describe are proton-proton and neutron-
proton scattering cross-sections and analyzing powers. The same class of data exist in other sectors, as
the three-nucleon (3N ) or four-nucleon scattering (4N ). Focusing in the 3N system, it is a fact that
all realistic NN potentials describe poorly some of these observables. In particular, vector and tensor
analyzing powers in proton-deuteron scattering are underpredicted by almost all those NN potentials
even if they are supplemented by a 3N force. However at present the NN and 3N interactions are
considered at different orders. As example, in table 6.1, we show the χ2 per datum obtained after solving
proton-deuteron scattering at low energies [1, 2]. Two different interactions are considered, the widely
used Argonne V18 interaction (AV18), without and with the inclusion of the Urbana IX (UR) 3N force,
and the chiral based interaction by Entem and Machleidt (Idaho-N3LO), with and without the inclusion
of the 3N force at NNLO. The strength of this force depends on two low-energy constants (LECs) that
have been determined by fixing the triton binding energy and the doublet neutron-deuteron scattering
length. In all the cases examined the χ2 per datum of the analyzing powers could exceed the value of one
hundred, in particular the vector analyzing powersAy and iT11. The tensor analyzing powers are slightly
better described, however the χ2 value of T21 is very high in some cases.

Table 6.1: χ2 per datum obtained in the description of the proton-deuteron vector and tensor analyzing powers

Energy potential Ay iT11 T20 T21 T22

1 MeV AV18 276 112 3.5 4.5 2.8
AV18+UR 190 61 1.0 2.5 0.7
Idaho-N3LO 197 68.7 4.0 2.5 1.5
N3LO+N2LO 139.9 49.5 2.7 2.5 0.9

3 MeV AV18 313 205 4.8 6.7 12
AV18+UR 271 144 5.4 11 2.4
N3LO 186 108.3 1.9 2.8 4.4
N3LO+N2LO 114 85.8 3.6 8.3 1.6

5 MeV AV18 211 99 6.8 12 7.8
AV18+UR 186 59 26 36 1.5

7 MeV AV18 303 90 19 38 1.9
AV18+UR 239 56 40 81 4.2

9 MeV AV18 292 165 42 70 38
AV18+UR 218 134 63 86 7.2

10 MeV AV18 288 29 10 6.2 24
AV18+UR 224 23 13 6.1 7.6

These results suggest that the complicated structure of the 3N force has to be further analysed. Recently,
the contact three-nucleon interaction at N4LO has been worked out showing that there are thirteen new
LECs to be determined. Moreover, the spin structure is sufficiently flexible to guarantee a better de-
scription of the polarization observables at low energies. The results of Ref. [3] show that using the
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proton-deuteron data as input, it is possible to fit these 3N LECs and obtain values of the χ2 per datum
similar to those obtained in the NN sector.
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7 Perspectives on an open-source toolchain for ab initio nuclear physics
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One topic of discussion at the workshop was the open-sourcing of codes necessary to evaluate and trans-
form nuclear interaction matrix elements for use in many-body codes. We offer here some perspectives
on what this could look like and how it could be achieved.

7.1 Introduction

The long-term benefits of open-sourcing computational tools are obvious: a standard set of validated,
time-tested tools would provide a strong base for any further interaction and many-body developments.
Even in the short term, the open availability of nuclear interaction matrix elements in formats used for
many-body methods should allow many-body practitioners to experiment with different interactions and
encourage greater cross-talk between many-body specialists and interaction specialists. Another conse-
quence would be that the development effort required to begin research on many-body methods would be
reduced, opening access to the field for more researchers without the resources to obtain or develop all
of the required matrix-element-processing tools. Combined with the continuous open-sourcing and/or
publication of many-body codes, this would provide an excellent environment for nuclear theorists with
various backgrounds to perform different studies of nuclear interactions in medium-mass systems.

However, there exists a natural concern regarding how more cutting-edge developments that are open-
sourced are appropriately acknowledged and how the people responsible for these developments obtain
the scientific credit they are due. If implemented with proper usage guidelines, the open availability
of interaction matrix elements can provide an enforceable standard for how to deal with citations and
acknowledgments when using interactions and tools provided by others.

7.2 Sharing and distribution of interaction matrix elements

A simple starting point would be to make matrix elements available in formats used by configuration-
space many-body methods, i.e., (angular-momentum- and isospin-coupled) single-particle harmonic-
oscillator (HO) matrix elements, through a public read-only repository. These could also be made avail-
able in the form of individual terms proportional to different low-energy constants (LECs) to allow for
fits or sensitivity studies in realistic applications. The matrix elements should be provided with some
attached metadata on the code(s) and version(s) used to generate the matrix elements and who actually
generated them. Ideally, this metadata should have all the information needed to reproduce the matrix
elements using standard tools available in the repository, which we discuss next. For this reason, the
metadata should support updates that help to clarify different strategies or approximations that went into
generating the matrix elements to make them more reproducible. The starting interaction matrix ele-
ments can also be provided in code form (or as data with a read-in library), with standard interfaces to
obtain coordinate-space/momentum-space matrix elements.
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7.3 Tools for matrix element usage

To make the generation of single-particle HO matrix elements fully reproducible, one would make avail-
able the tools to do the individual transformations required to generate these matrix elements (starting
from the center-of-mass (COM) to lab frame transformation). A full set of these tools would be nucleon-
nucleon (NN ) and three-nucleon (3N ) COM-to-lab transformation codes, NN and 3N coordinate-
space/momentum-space to Jacobi HO transformation codes, and possibly momentum-space and Jacobi
HO similarity renormalization group codes. Any matrix elements made available in a data format should
provide a link to some documentation that defines how the data format is structured. Additionally, matrix
element formats should provide routines to read in matrix elements and access specific matrix elements as
a small library (to be employed by the end user). A set of conversion tools to convert between equivalent
matrix element formats may also prove useful.

7.4 Explorations of nuclear forces in medium-mass systems

ProvidingNN and 3N matrix elements broken up into terms proportional to individual LECs in a single-
particle HO format would immediately allow many-body theorists to experiment with LEC choices and
study their effects in medium-mass nuclei. For interaction specialists to do the same, one would need
open-source versions of (at least) standard many-body solvers for closed-shell systems. We believe that
the effort to open-source matrix elements outlined here should be paralleled by the practice of open-
sourcing many-body codes. The ideal candidates for open-sourcing are stable older versions of codes
where the original developers have completed the studies for which the code was intended. This way
many-body practitioners may still exclusively profit off of their cutting-edge developments, but their
publication of established versions opens their code to more people, leading to citations and collabora-
tion opportunities with other interested nuclear theorists. In nuclear theory, there are some examples of
open-source many-body codes that have helped open the field of many-body theory to more people: the
self-consistent Green’s function code by Barbieri [1–5], the in-medium similarity renormalization group
code by Stroberg [6, 7], and the many shell-model codes made available by their developers, such as
NuShellX [8, 9], KShell [10, 11], BIGSTICK [12, 13], and Antoine [14, 15].

7.5 Ensuring proper credit and acknowledgment

By standardizing access to and use of interaction matrix elements, there exists the opportunity to set
usage guidelines that would ensure “good behavior” by users. These should be detailed in a general
usage license for the tools and data made available on this public repository. Additionally, publishers
of interaction matrix elements (including those of single-particle HO matrix elements that employ ad-
vanced strategies to handle 3N forces) should be allowed to extend the general usage license to include
required citations and/or acknowledgment. There is also the opportunity to require procedures (e.g., con-
vergence checks) to be taken care of and discussed. However, these requirements beyond general usage
and acknowledgment would be additional restrictions and should be added with caution so they do not
inadvertently restrict the usage of matrix elements too much. “Good behavior” would encompass abiding
by the license and using the publicly available codes where possible to standardize the matrix elements,
as small undocumented changes in the matrix element transformations can lead to unexpectedly large
changes in observables, which could hurt reproducibility.

7.6 Considerations for publishing codes

For codes made publicly available, “publication” would generally mean pushing a version of the source
to a public repository (for example, on GitHub or GitLab). The code in the repository would be available
for all to use (provided they comply with the license, which should be generally compatible with the
usage license for the matrix element repository outlined above) and would allow for community inspec-
tion and contributions (for example, optimizations or to add support for other file formats). The matrix
element repository would specify “pinned” standard versions of relevant codes that are the currently best
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supported versions and whose usage to generate matrix elements for the repository would be considered
“good behavior.” For released versions associated with recent developments, it may make sense to as-
sociate a released version of the code with a journal publication. This should be included in the usage
license and would make appropriate acknowledgment unambiguous.

7.7 Closing thoughts

We have outlined what an open-source repository of matrix elements and transformation tools might
look like, along with some principles to guide behavior and encourage people to contribute. This is only
the very beginning, and next steps would be to secure buy-in from more of the community and to form
a “collaboration” to secure computational and organizational resources to manage this. On the latter
point, there is the possibility to draw on prior experience from other fields where these practices are
more established, like lattice quantum chromodynamics [16], quantum chemistry [17], and astrophysics.
We acknowledge that some institutions (for example, national laboratories) may make it challenging to
contribute to open-source projects; we hope the establishment of an organization for these efforts could
aid in the streamlining of contributions to these efforts by researchers that would otherwise be hindered
by bureaucratic overhead. Buy-in from key matrix element producers (broadly speaking, including those
who generate single-particle matrix elements for use in their many-body codes) and an inclusive global
partnership would make open-source matrix elements the new standard and allow nuclear theory to profit
from the unprecedented open accessibility of information and computational tools for ab initio nuclear-
theory calculations.
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8 Few-body emulators based on eigenvector continuation
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In this contribution we briefly recapitulate the progress made in constructing fast and accurate emulators
for few-body scattering and reaction observables based on eigenvector continuation. Emulators have
been game changers and we envision them to play a key role in future workflows in nuclear physics and
beyond. They have the potential to push the frontier of precision nuclear physics even further by enabling
full Bayesian analyses of nuclear structure, scattering, and reaction observables, as well as by facilitating
constraints for chiral interactions from (lattice) quantum chromodynamics (QCD). The future will show
what other exciting applications are within reach.

8.1 Making the impossible possible: emulators

The power of emulators lies in trading an exact solution with a highly accurate approximation obtained
using only a (small) fraction of the computational resources. One needs to train an emulator only once
on a small number of exact solutions (e.g., to the many-body Schrödinger equation) in the model’s phase
space and can then efficiently make approximate predictions at all other points instead of evaluating the
model exactly. Trained emulators also allow one to make intricate model calculations publicly available
as self-contained mini-applications. This enables users to make fast and accurate model predictions
without having the detailed knowledge and computational resources otherwise necessary to build and run
an application from complex (and sometimes closed source) code bases. We consider this an important
feature for future workflows in nuclear physics and beyond.

Emulators have been game changers in nuclear physics, where Bayesian methods have become standard
tools for rigorously quantifying uncertainties in model predictions [1–3]; e.g., for low-energy observables
derived from chiral effective field theory (χEFT) [4–7]. Bayesian parameter estimation [2, 8], model
comparison [9], and sensitivity analysis [10] can provide important insights to validate and improve
model predictions. But their application in statistical analyses typically requires the model’s parameter
space to be repeatedly evaluated for (large-scale) Monte Carlo sampling, which was in most cases pro-
hibitively slow due to the computationally expensive nature of nuclear structure, scattering, and reaction
calculations. Emulators have recently changed this practical limitation and made (what was thought) the
impossible possible [10, 11], by significantly reducing computing cost for evaluating models.1

Implementations of emulators include Gaussian processes [14], neural networks (see e.g., Refs. [12, 13]),
and eigenvector continuation (EC) [15, 16]. In low-energy nuclear physics, the number of EC-driven
emulators applied to few- and many-body bound state calculations (i.e., subspace projection methods)
is increasing [10, 11, 17–19]. As discussed in Sarah Wesolowski’s talk [20] and her recent work [21],
such a few-body bound state emulator enabled the construction of the first set of order-by-order chiral
interactions with theoretical uncertainties fully quantified. The challenge is now to extend these efficient
emulators for bound state calculations to scattering and reactions.

In this contribution to the “perspective pieces” we focus on the extension of EC-driven emulators to two-
body (Section 8.2) and higher-body scattering (Section 8.3), as it was presented in our talks [22, 23] at
the 2021 INT program “Nuclear Forces for Precision Nuclear Physics”2. We then provide an outlook for

1Applications of emulators are not limited to statistical analyses. For instance, they have also been used as interpolants and
extrapolants in solving chaotic three-body problems [12] and in quantum molecular calculations [13].

2https://sites.google.com/uw.edu/int/programs/21-1b
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new EC-driven emulators for few-body systems in periodic boxes and external potential traps as well as
their interesting applications (Section 8.4).

8.2 Setting the stage: Two-body scattering and reactions

Furnstahl et al. [24] have recently demonstrated that EC can be used to construct extremely effective
trial wave functions for fast and accurate variational calculations of two-body scattering observables, as
discussed in Christian Drischler’s talk [22]. Specifically, Ref. [24] applied the Kohn variational princi-
ple (KVP) for the K-matrix to a range of test potentials, including nucleon-nucleon (NN ) and optical
potentials. More recently, Melendez et al. [25] studied Newton’s variational method using EC-motivated
trialK-matrices (instead of trial wave functions) and emulated, e.g., neutron-proton cross sections based
on a modern chiral NN potential. The emulator’s high accuracy and speedup compared to exact scat-
tering calculations are remarkable. Following a different approach, Miller et al. [26] implemented the
wave-packet continuum discretization (WPCD) method with GPU acceleration, which is capable of ap-
proximating scattering solutions fast at several energies simultaneously.

Comparing the efficacies of the available emulators for scattering observables quantitatively is an im-
portant task for future work. Such a comparison requires a scattering scenario with matching (real and
complex) interactions and a common definition of the term exact solution for reference calculations. Im-
portant benchmarks then include the emulator’s accuracy and speedup relative to the exact scattering
solution, and their susceptibility to numerical noise as well as spurious singularities known as Kohn (or
Schwartz) anomalies [27]. We also envision studies of a wide range of modern interactions (e.g., differ-
ent resolution scales and regularization schemes) for both proof-of-principle calculations and uncertainty
quantification. Applications of statistical methods using emulators will provide important insights into
the idiosyncrasies of nuclear potentials to help address known issues. For issues in χEFT, see, e.g.,
Ref. [28].

Also important are studies aimed at quantifying the emulator’s intrinsic errors and their dependence on
the underlying training set such as the position and number of the training points. In particular, the rate of
convergence of EC for scattering calculations needs to be investigated further. Progress along those lines
has already been made for bound-state calculations [16]. A machine learning algorithm that positions
and/or adapts a given number of training points such that the emulator’s intrinsic errors are minimized
would be extremely useful for future applications of EC-driven emulators.

Variational calculations of scattering observables are known to be prone to Kohn anomalies (see Refs. [25,
29] for recent discussions). For a given set of model parameters, the anomalies occur at energies where
no (unique) stationary approximation due to the variational functional exits. While Kohn anomalies
can be straightforwardly spotted in proof-of-principle calculations (in which the exact solution is also
computed), their presence can limit in practice the applicability of, e.g., Monte Carlo sampling of the
model’s parameter space. As discussed in Christian Drischler’s talk [22, 29], the generalized KVP has
been used to efficiently detect and mitigate those anomalies (see also Ref. [30]). To this end, the method
in Ref. [29] assesses the consistency of stationary approximations obtained from a family of functionals
with different scattering boundary conditions. This strategy is applicable to other variational calculations.
Although Kohn anomalies were not an issue in the proof-of-principle calculations in Refs. [25, 28],
it is important to study their emergence in more detail and implement efficient detection algorithms,
especially, for Monte Carlo sampling. The rich literature in this field is an excellent starting point for
future work along those lines [31–33].

These advances in developing fast and accurate emulators for two-body scattering are promising for
future extensions to scattering problems where emulators are essential such as three-body scattering (see
Section 8.3).

Further, the fast convergence observed by Melendez et al. [25] using EC-motivated trial matrices (rather
than trial wave functions) might indicate that the EC concept could also be applied to other stationary
calculations. This would open exciting possibilities for future applications of emulators, some of which
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might not even be in sight at the moment.

8.3 Rising action: Three and higher-body scattering and reactions

The two-body EC scattering and reaction emulator [24] has been generalized to three-boson elastic s-
wave scattering, as reported in Xilin Zhang’s talk [23]. The first results are encouraging: the emulators
have similar accuracy and computing speed compared to those in the two-body sector. The speed up can
reach an order of 106: directly solving a three-body nuclear scattering problem takes about 103 seconds
while the emulator’s cost on a laptop is milliseconds if the interactions’ parametric dependencies are
factorized from the operators. The paper summarizing this work is in preparation [34].

This work opens up the possibility of fitting chiral three-nucleon interactions efficiently to proton-deuteron
scattering and reaction data, which has been difficult due to the expensive cost of solving three-body Fad-
deev equations. However, further progress needs to be made before achieving this goal, including gener-
alizations to arbitrary partial-wave channels3 and spin statistics, and nontrivial generalizations above the
deuteron break-up threshold,4 as well as implementations of these emulators for fitting chiral interactions.

Three-body emulators will also be useful in analyzing deuteron-nucleus scattering and reactions (and in
fact any process that can be described in terms of three-cluster dynamics). Full exploration of an effec-
tive Hamiltonian’s parameter space (including testing new interaction operators) will become possible
thanks to the emulators’ speed. However, a new challenge5 in these applications comes from the fact that
some parametric dependence cannot be factorized from the associated operator, such as the range of the
interactions. An immediate solution [34] is to decompose the interaction potential as a linear combina-
tion of a series of potentials (e.g., those constructed using orthogonal polynomials), but its feasibility,
depending on the required number of basis, needs to be studied case by case. In Ref. [34], the method of
emulator-in-emulator is also explored and demonstrated to solve this issue, which uses Gaussian process
within the EC-driven emulators.

In the longer term, four-nucleon interactions will become relevant. With that in mind, it will be necessary
to further extend the EC scattering and reaction emulators to four-body systems. The emulators will
not only enable parameter estimation but also provide users effortless applications of these expensive
calculations in their own research.

8.4 (Not really the) Final act: Few-body systems with discrete energy levels

Besides experimental constraints, there will be valuable information on NN interactions from lattice QCD
calculations at and around the physical pion mass. However, the hadronic systems studied in LQCD
live in periodic boxes instead of the free space. This requires extra steps to connect the LQCD results
(without infinite-volume extrapolation) with the free-space observables we are interested in. For two-
hadron systems, the Lüscher formula [40] is often used to extract free-space scattering phase shifts from
discrete eigenenergies at various box sizes. Its generalization to three-hadron systems is being studied
intensively by multiple groups (see e.g., Ref. [41]).

For constraining NN interactions using LQCD results, we suggest an alternative approach to the three-
body Lüscher’s method, by treating the LQCD simulations as computer experiments. The chiral poten-
tials can be solved in the same periodic boxes as used in the LQCD’s calculations in order to construct
the mapping between the low-energy couplings in the nuclear interactions and the discrete energy levels.
Again, the EC-driven emulators—for few-nucleon systems in periodic boxes here—will be the key to
fitting those couplings to the eigenenergies, as they enable needed rapid solutions of the corresponding
Faddeev equations. The computer-experiment strategy was used by Barnea et al. [42] to analyze the

3The variational approaches (e.g., Refs. [35, 36]) also work for fixed scattering angles. This suggests emulators can be
constructed without using a partial-wave decomposition.

4There exists work on Kohn-type variational approaches in this kinematic region, see e.g., Refs. [37, 38]
5One difficulty in full three-body calculations is the implementation of the Coulomb interaction with large Sommerfeld

parameters (see, e.g., Ref. [39]). It will be interesting to study the manifestation of this difficulty in the EC emulators.
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LQCD’s results (at an unphysical pion mass) in few-nucleon systems, as discussed in Nir Barnea’s talk at
this INT program. However, instead of using an emulator, they employed the so-called Stochastic Vari-
ational Method to speed up solving the few-body Schrödinger equation. As pointed out during this INT
program, a method different from the generalized Lüscher method is desirable. It will be interesting to
compare different methods of extracting constraints from LQCD on NN interactions in the future.

In the area of nuclear calculations, Xilin Zhang and collaborators [43, 44] have been developing analysis
tools to extract two-cluster scattering phase shifts from the system’s discrete eigenenergies in harmonic
potential traps computed using nuclear many-body methods. The goal is to take advantage of the progress
in many-body calculations for medium-mass nuclei to enable ab initio calculations of scattering and
reactions in the same mass region.

For two-cluster systems in external potential traps, the so-called BERW formula akin to the Lüscher for-
mula in LQCD were studied for some time and lately improved (see Ref. [43] and references therein). For
three-cluster systems, both three-hadron-Lüscher-method and EC-emulator approach are worth pursuing
here. Therefore, the EC-driven emulators for few particle systems in external potential traps need to be
developed as well.

From a broader perspective, few-body systems in periodic boxes and harmonic traps have discrete energy
levels as self-bound systems have, while they also have sub-systems’ scattering information encoded in
the energy levels thanks to the Lüscher and BERW formula. Developing EC-driven emulators for these
systems will reveal the elusive connection between the bound [10, 11] and scattering state emulators,
paving the way for a unified understanding of the two as well as the associated variational principles.
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Somà, and A. Tichai. “Improved many-body expansions from eigenvector continuation.” In: Phys.
Rev. C 101.4 (2020), p. 041302. doi: 10.1103/PhysRevC.101.041302. arXiv: 1911.12578
[nucl-th].

[18] D. Bai and Z. Ren. “Generalizing the calculable R-matrix theory and eigenvector continuation to
the incoming wave boundary condition.” In: Phys. Rev. C 103.1 (2021), p. 014612. doi: 10.1103/
PhysRevC.103.014612. arXiv: 2101.06336 [nucl-th].

[19] S. Yoshida and N. Shimizu. “A new workflow of shell-model calculations with the emulator
and preprocessing using eigenvector continuation, and shell-model code ShellModel.jl.” In: (May
2021). arXiv: 2105.08256 [nucl-th].

[20] S. Wesolowski. Fast & rigorous constraints on chiral three-nucleon forces from few-body observ-
ables. https://buqeye.github.io/assets/talks/Wesolowski_INT21.pdf.

[21] S. Wesolowski, I. Svensson, A. Ekström, C. Forssén, R. J. Furnstahl, J. A. Melendez, and D. R.
Phillips. “Rigorous constraints on three-nucleon forces in chiral effective field theory from fast
and accurate calculations of few-body observables.” In: Phys. Rev. C 104.6 (2021), p. 064001.
doi: 10.1103/PhysRevC.104.064001. arXiv: 2104.04441 [nucl-th].

33

https://doi.org/10.3389/fphy.2020.00098
https://doi.org/10.3389/fphy.2020.00098
https://arxiv.org/abs/1911.11875
https://doi.org/10.1088/1361-6471/aaf5fc
https://arxiv.org/abs/1808.08211
https://doi.org/10.1088/1361-6471/abf1df
https://doi.org/10.1088/1361-6471/abf1df
https://arxiv.org/abs/2012.07704
https://doi.org/10.1103/PhysRevLett.123.252501
https://arxiv.org/abs/1910.02922
https://doi.org/10.1016/j.physletb.2020.135814
https://arxiv.org/abs/1909.08446
https://doi.org/10.1093/mnras/staa713
https://doi.org/10.1093/mnras/staa713
https://academic.oup.com/mnras/article-pdf/494/2/2465/33113691/staa713.pdf
https://academic.oup.com/mnras/article-pdf/494/2/2465/33113691/staa713.pdf
https://doi.org/10.1093/mnras/staa713
https://doi.org/10.1038/s41467-020-19093-1
https://doi.org/10.1103/PhysRevLett.121.032501
https://doi.org/10.1103/PhysRevLett.121.032501
https://arxiv.org/abs/1711.07090
https://doi.org/10.1103/PhysRevLett.126.032501
https://arxiv.org/abs/2004.07651
https://doi.org/10.1103/PhysRevC.101.041302
https://arxiv.org/abs/1911.12578
https://arxiv.org/abs/1911.12578
https://doi.org/10.1103/PhysRevC.103.014612
https://doi.org/10.1103/PhysRevC.103.014612
https://arxiv.org/abs/2101.06336
https://arxiv.org/abs/2105.08256
https://buqeye.github.io/assets/talks/Wesolowski_INT21.pdf
https://doi.org/10.1103/PhysRevC.104.064001
https://arxiv.org/abs/2104.04441


Nuclear Forces for Precision Nuclear Physics: a collection of perspectives INT-PUB-22-002

[22] C. Drischler. Eigenvector continuation for scattering with local chiral nucleon-nucleon and optical
potentials. https://buqeye.github.io/assets/talks/Drischler_INT21.pdf.

[23] Xilin Zhang. Efficient emulators for three-body scattering using eigenvector continuation. https:
//buqeye.github.io/assets/talks/Zhang_INT21.pdf.

[24] R. J. Furnstahl, A. J. Garcia, P. J. Millican, and X. Zhang. “Efficient emulators for scattering using
eigenvector continuation.” In: Phys. Lett. B 809 (2020), p. 135719. doi: 10.1016/j.physletb.
2020.135719. arXiv: 2007.03635 [nucl-th].

[25] J. A. Melendez, C. Drischler, A. J. Garcia, R. J. Furnstahl, and X. Zhang. “Fast & accurate emu-
lation of two-body scattering observables without wave functions.” In: Phys. Lett. B 821 (2021),
p. 136608. doi: 10.1016/j.physletb.2021.136608. arXiv: 2106.15608 [nucl-th].

[26] S. B. S. Miller, A. Ekström, and C. Forssén. “Wave-packet continuum discretisation for nu-
cleon–nucleon scattering predictions.” In: J. Phys. G 49.2 (2022), p. 024001. doi: 10.1088/
1361-6471/ac3cfd.

[27] C. Schwartz. “Electron Scattering from Hydrogen.” In: Phys. Rev. 124 (5 Dec. 1961), pp. 1468–
1471. doi: 10.1103/PhysRev.124.1468. url: https://link.aps.org/doi/10.1103/
PhysRev.124.1468.

[28] R. J. Furnstahl, H.-W. Hammer, and A. Schwenk. “Nuclear Structure at the Crossroads.” In: Few
Body Syst. 62.3 (2021), p. 72. doi: 10.1007/s00601- 021- 01658- 5. arXiv: 2107.00413
[nucl-th].

[29] C. Drischler, M. Quinonez, P. G. Giuliani, A. E. Lovell, and F. M. Nunes. “Toward emulating
nuclear reactions using eigenvector continuation.” In: Phys. Lett. B 823 (2021), p. 136777. doi:
10.1016/j.physletb.2021.136777. arXiv: 2108.08269 [nucl-th].

[30] A. Kievsky. “The Complex Kohn variational method applied to N - d scattering.” In: Nucl. Phys. A
624 (1997), pp. 125–139. doi: 10.1016/S0375-9474(97)81832-5. arXiv: nucl-th/9706061.

[31] R. Nesbet. Variational methods in electron-atom scattering theory. Physics of atoms and
molecules. Plenum Press, 1980. isbn: 9780306404139.

[32] R. R. Lucchese. “Anomalous singularities in the complex Kohn variational principle of quantum
scattering theory.” In: Phys. Rev. A 40 (12 Dec. 1989), pp. 6879–6885. doi: 10.1103/PhysRevA.
40.6879. url: https://link.aps.org/doi/10.1103/PhysRevA.40.6879.

[33] J. Z. H. Zhang, S.-I. Chu, and W. H. Miller. “Quantum scattering via the S-matrix version of the
Kohn variational principle.” In: The Journal of Chemical Physics 88.10 (1988), pp. 6233–6239.
doi: 10.1063/1.454462. eprint: https://doi.org/10.1063/1.454462. url: https:
//doi.org/10.1063/1.454462.

[34] X. Zhang and R. J. Furnstahl. “Fast emulation of quantum three-body scattering.” In: (Oct. 2021).
arXiv: 2110.04269 [nucl-th].

[35] W. Kohn. “Variational Methods in Nuclear Collision Problems.” In: Phys. Rev. 74 (12 Dec. 1948),
pp. 1763–1772. doi: 10.1103/PhysRev.74.1763. url: https://link.aps.org/doi/10.
1103/PhysRev.74.1763.

[36] R. G. Newton. Scattering theory of waves and particles. Dover, 2002.
[37] M. Lieber, L. Rosenberg, and L. Spruch. “Variational principles for three-body breakup scatter-

ing.” In: Phys. Rev. D 5 (1972), pp. 1347–1356. doi: 10.1103/PhysRevD.5.1347.
[38] M. Viviani, A. Kievsky, and S. Rosati. “The Kohn variational principle for elastic proton deuteron

scattering above deuteron breakup threshold.” In: Few Body Syst. 30 (2001), pp. 39–63. doi: 10.
1007/s006010170017. arXiv: nucl-th/0102048.

[39] L. Hlophe, J. Lei, C. Elster, A. Nogga, F. M. Nunes, D. Jurčiukonis, and A. Deltuva. “Deuteron-
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5 – Université Paris-Saclay, CNRS/IN2P3, IJCLab, 91405 Orsay, France

We collect in this document some thoughts which we believe are relevant for systematically incorporating
the closeness of nuclear physics to the unitarity limit into chiral effective field theory (χEFT). Our discus-
sion contains no quantitative insights beyond those already made in the literature. But the excellent talks
and stimulating discussions at the recent INT program gave us an opportunity to take stock of the role of
the unitarity limit in the precision description of nuclei. We thank the organizers for their efforts to over-
come the constraints of the online format and foster an interactive and collaborative atmosphere—and
for the invitation to contribute this piece to the various “Perspectives” coming out of the program.

The first section focuses on many-body forces in χEFT and the interplay of the chiral and unitarity limits
in nuclear systems with A ≤ 4; a second section discusses the particular (peculiar?) role of the 1S0

channel; a final section then looks at how the issues discussed in the previous two play out in nuclei with
A = 6 and beyond.

9.1 Chiral limit or unitarity limit: which one is more relevant for nuclei with A ≤ 4?

Both the pionless EFT expansion around the unitarity limit and the χEFT expansion around the chiral
limit yield good descriptions of nuclei with A ≤ 4 nucleons. Pionless EFT and χEFT are distinctively
different since they are constructed as expansions around entirely different limits: the former embraces
the large nucleon-nucleon (NN ) scattering lengths as an emergent low-momentum scale and treats the
pion mass mπ as a high scale, while the latter treats mπ as a low scale. In light of this contrast, what is
the connection between the two expansions?

• Recent work [1–4] has shown that a renormalizable, perturbative approach to χEFT with rea-
sonable convergence is possible for light nuclei. Results following the EFT power counting that
converge to the experimental values are obtained not only for binding energies, but also for charge
radii, with the caveat that so far only the lowest two orders have been studied.

• The unitarity expansion in pionless EFT exhibits more rapid convergence for nuclei with A ≤ 4
[5, 6] than χEFT, a success that stems largely from having a three-nucleon (3N ) force at leading
order (LO) [7]. This force can be used to put the 3N bound state at the right energy, and few-body
universality then guarantees that the four-body binding energy [8] and the three-body radius [9]
will be approximately reproduced. This makes for an excellent starting point for the description
of A ≤ 4 (bound) systems. The presence of a four-nucleon (4N ) force at next-to-leading order
(NLO) [10] spoils the predictivity a bit. However, only a single input parameter is needed to fix this
force, and fitting it to the 4He binding energy, one can still predict the radius and other properties.
The results that this produces for few-body observables will be studied in future work.
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9.1.1 Connections

• Recent studies of correlations between few-body observables in χEFT show thatA = 3, 4 binding
energies and radii provide highly degenerate information on the 3N force [11]. This observation
is consistent with light nuclei being within the lower-energy regime of pionless EFT Based on this
phenomenological effect, it has been argued before [12] that χEFT should feature a (pure contact)
3N force at LO as well, but a clear justification for this conjecture is not provided by that work.

• It is remarkable how close the Tjon lines come out to each other in χEFT and the unitarity expan-
sion [4]. Assuming convergence of both expansions to the physical point means that they ultimately
have to intersect there, and we already know that the Tjon band from pionless EFT captures well
all the points from phenomenological potentials. But is there anything interesting to be learned
from the fact that the slope of the LO chiral Tjon line (generated by residual cutoff dependence)
agrees well with the relation between three- and four-body binding energiesB4 = 4.610(1)B3 that
prevails in the unitarity limit [13]?

• It is instructive to consider the importance of many-body forces from the perspective of varying the
resolution of the interaction. This can be done by Similarity Renormalization Group (SRG) trans-
formations. It is well known that maintaining unitarity of these transformations induces higher-
body forces, even if the interaction initially is given only at the two-body level. Moving from the
regime of χEFT (typical momentum Q ∼ mπ) to pionless EFT (Q � mπ), where pions are “in-
tegrated out,” corresponds to lowering the effective resolution. In light of this it makes sense to
consider pionless EFT as the ultimate limit of a χEFT interaction transformed to very low resolu-
tion, and in this limit there is a 3N contact force at LO and a 4N force at NLO. In the two-body
sector, SRG-induced operator structures have been found to resemble simple contact terms [14, 15],
so it is not unreasonable to assume the dominant induced three-body forces have a similar form.
Based on this picture, one might imagine that considering the low-resolution limit will inform, and
potentially adjust, the χEFT power counting.

9.1.2 Conjectures

• What would be the best, most rigorous, arguments to determine the order at which a contact 3N
force first appears in χEFT? We know such a force is not required for RG invariance at LO [1, 2],
but is there a possible numerical signature that would indicate a departure from naive dimensional
analysis? It could be informative to study how the coupling constant of such a force runs with
the cutoff when it is included at LO and fixed to reproduce exactly the triton binding energy—as
done in pionless EFT [7]. For recent efforts in this direction in the context of 4He trimers and the
long-range van der Waal’s force see Ref. [16]. Alternatively, analytic results for the LO three-body
wave function at short distances would enable an analysis of the anomalous dimensions induced
by the strong LO interactions. The analog of the analysis in Ref. [17] for electroweak operators
in the two-body sector would then reveal the extent to which those LO interactions alter the naive
dimensional analysis (NDA) result for the three-body contact.

• For the intermediate-range 3N force in Deltaless χEFT (∼ cD), one can consider matrix elements
between correlated 1S0 NN states plus a third spectator nucleon. The large scattering length in
this channel means one should promote this force by one order compared to its NDA order [17–20].
This moves the cD term from O(Q3/M3

hi) to O(Q2/M2
hi)

1, where Mhi ∼ mρ (the rho mass) is
the assumed breakdown scale of χEFT. RG invariance would then seem to require that the pure
contact 3N force (∼ cE) is promoted to the same degree, since matrix elements of cD alone will
be regulator dependent.

• If 3N forces appear earlier than Weinberg’sO(Q3/M3
hi), then at what order in χEFT do 4N forces

enter? The argument of the previous bullet also implies a promotion of the particular piece of the
4N force that is proportional to c2

D. In this context, it is interesting to note that calculations of
nuclear matter that employ NN and 3N forces adjusted to reproduce NN data and the triton

1These orders are computed counting powers of 4π as Weinberg did [21], cf. the final bullet in this section.
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binding energy still generate at least a portion of the Coester line [22].
• Adjusting the counting of factors of 4π associated with (nonrelativistic) reducible loops, as sug-

gested by Friar [23] and inferred from pionless EFT [24], gives a promotion over Weinberg’s power
counting by one order for the 3N force and by two orders for the 4N force. This is in addition to
any other enhancement.

9.2 The perpetually vexatious 1S0 channel

What features of the 1S0 channel matter for finite nuclei? ForA ≤ 4, it seems to be sufficient to formulate
a LO that has the 1S0 amplitude close to the unitarity limit at low energies. This is one of the ingredients
of the success of pionless EFT, and the unitarity limit (and nothing else) delivers the promising LO
results in Ref. [5].

But as the NN energy increases away from threshold, the LO 1S0 phase shift predictions in such an
approach rapidly deviate from data. Attempts to formulate an EFT that reproduces higher-energy features
of the phase shift in this channel at LO have a more-than-two-decade history now [25]. The idea is to
change the χEFT power counting in order to generate more energy dependence in the 1S0 phase shift
at lower orders. However, only recently have the implications of such an approach for finite nuclei been
elucidated in a systematic way.

• One can consider a promotion of the short-distance operator that contributes to the NN effective
range [26, 27]. Unfortunately that can only be done in an RG-invariant fashion with the energy
dependence stemming from a dibaryon field.

• The 1S0 phase shift goes through zero at at a momentum of ≈ 340 MeV. If the zero is not present
at LO, higher orders must overcome LO at larger momenta, which implies poor convergence in the
vicinity of this zero. The analysis of Ref. [28] formulates an EFT that at LO respects the unitarity
limit and also reproduces the zero. With the (potentially significant) caveat that the interaction
is transformed from an energy-dependent form to a momentum-dependent form, leaving only on-
shell results invariant, Ref. [29] reports that including this higher-energy feature of the 1S0 phase
shift in the Weinberg LO EFT description ofNN physics improves the description of finite nuclei.

• Alternatively one can consider a promotion of correlated two-pion exchange contributions [30, 31]
to lower orders. Promising results for finite nuclei and nuclear matter have recently been obtained
when these diagrams with N∆ intermediate states are included at O(Q2/M2

hi) [32, 33]. Promo-
tion of “sub-leading” Deltaless two-pion-exchange contributions proportional to c1, c3, and c4 is
supported by the large-Nc limit, where two-pion-exchange mechanisms involving the ∆(1232)
are the SU(4) partners of the iterated one-pion-exchange diagrams that appear at LO in chiral
EFT in the 3S1 channel. But large-Nc presumably demands that such mechanisms be included at
LO if the EFT is to respect both chiral symmetry and the large-Nc limit. If two-pion-exchange
graphs with ∆(1232) intermediate states are LO in the NN system then would that not mean the
Fujita-Miyazawa 3NF is leading order in the three-body system? And is there really enough scale
separation between the momentum associated withN∆ intermediate states and, say, mρ to justify
treating the former as a low-energy excitation and the latter as a high-energy one?

9.3 What about “real” nuclei?

For A ≥ 5, both pionless EFT [34–38] and χEFT [2] tend to yield unstable nuclei at LO. What is the
significance of this additional similarity between the two EFTs?

• While instability is appropriate for A = 5, 8, it raises the question, how can stability arise in other
nuclei, for example A = 16? Can it be obtained in (distorted-wave) perturbation theory?

• In Ref. [36], NLO pionless EFT corrections were iterated. This effectively includes the interaction
range at LO, but destroys RG invariance [39]. Is this the only practical calculational scheme to
produce p-shell nuclear stability in pionless EFT?

• In χEFT the interaction range is included at LO via one-pion exchange, and still it is not sufficient
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in a renormalized approach to ensure stability, at least at accessible cutoff values [2]. Should one
trade the range by other formally higher-order interactions, such as the 3N force in χEFT or the
4N force in Pionless EFT?

• Jerry Yang has suggested in his talk during the program [40] that few-body forces might be en-
hanced by combinatorial factors of A. This might be sufficient to promote few-body forces to LO
in χEFT. Preliminary results indicate that this is sufficient for A = 16 stability thanks to the 3N
force. But then 4N forces might become important for heavier nuclei, complicating the description
of nuclei significantly.

• With the original Weinberg prescription [21], there is no saturation in symmetric nuclear matter
until one reaches the order in the expansion where 3N forces appear [22, 41]. Renormalized χEFT
leads, without 3N forces in LO, to saturation with significant underbinding [42]. Can a nuclear
EFT that at LO (and NLO in the Weinberg prescription) does not produce realistic nuclear matter
be a convergent description of nuclei? Ref. [43] argues that the LO and NLO uncertainties at the
canonical saturation density of n0 = 0.16 fm−3 are too large to say whether or where saturation
occurs. However, results computed at NNLO (and N3LO) (within the Weinberg prescription) fall
within the LO and NLO error bands and show saturation occurring at a density and binding energy
per nucleon consistent with the “empirical” value. In contrast, adding a 3N force to Weinberg’s
LO does yield nuclear saturation [44]. What do these results tell us about the ordering of few-body
forces and the organization of nuclear EFT?
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We outline the advantages and disadvantages of manifestly Lorentz-invariant formulation of chiral effec-
tive field theory (χEFT)for the nuclear forces compared to the non-relativistic formalism.

10.1 Introductory remarks

Chiral perturbation theory is an effective field theory (EFT) of the strong interaction applicable at low
energies. It shares all symmetries of the underlying fundamental theory—the quantum chromodynamics
(QCD). While Lorentz-invariance is a cornerstone of quantum field theories in general, a systematic non-
relativistic expansion can be made for physical quantities if particle velocities are much smaller than the
speed of the light. This expansion can also be done at the Lagrangian level leading to a non-relativistic
EFT. The two approaches yield exactly the same non-relativistic expansions for physical quantities, pro-
vided that one takes special care to address the non-commutativity of the expansion of the effective
Lagrangian and calculations of quantum corrections. It is important to keep in mind that the ultraviolet
(UV) behavior of loop integrals of quantum corrections is completely different in the two approaches. In
the few-nucleon sector, one deals with effective potentials, whose low-energy behavior is systematically
calculable order-by order in χEFT. On the other hand, the (infrared) power counting has no status in the
UV region. As we do not know the short-range behavior of few-body potentials, one might argue that
all UV extensions of the effective potential are equally good/bad. While the effective potentials are not
even uniquely defined, we do know the physical spectrum of QCD (assuming that it indeed describes
the nature). Considering, e.g., nucleon-nucleon (NN ) scattering, the actual short-distance behavior of
the nuclear force can certainly not be singular since no corresponding deeply bound states are observed
in nature. At the conceptual level, all complications caused by singular EFT interactions result from a
naive extension of non-relativistic potentials from large distances to short ones, where the infrared order-
ing of various contributions is invalid. Therefore, approximating a non-singular potential with a singular
leading order (LO) contribution, supplemented by a finite number of contact interactions, is only ap-
propriate if the cutoff is kept of the order of the hard scale of the problem. On the other hand, if one
employs a non-singular extension of the one-pion exchange potential from long to short distances, then
the short-range details of the LO approximation indeed do not matter after removing the regulator, since
a finite number of counter terms are required to renormalize the amplitude. The formalism based on the
manifestly Lorentz-invariant formulation is well suited for this purpose. While being equivalent to the
non-relativistic formulation in the infrared region, performing a resummation of a certain class of 1/m-
corrections in a way consistent with the underlying Lorentz symmetry leads to the effective potentials
that admit a better UV behavior.

10.2 Chiral nuclear forces from the Lorentz-invariant Lagrangian using time-ordered perturba-
tion theory

These ideas have been taken up in Ref. [1] to formulate a renormalizable framework for NN scatter-
ing based on the manifestly Lorentz-invariant effective Lagrangian. In the resulting modified Weinberg
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approach, the LO amplitude is obtained by solving the Kadyshevsky equation while higher-order cor-
rections are treated perturbatively. Symmetry-preserving regularization within this formalism has been
considered in Ref. [2]. A fully Lorentz-covariant form of the effective potential based on a new power
counting has been suggested in Refs. [3, 4]. A systematic approach relying on the Lorentz-invariant La-
grangian and time-ordered perturbation theory has been further developed in Ref. [5], where the effective
potential and the scattering equation (Kadyshevsky equation) are obtained within the same framework.
Restricting the non-perturbative treatment to the (non-singular) LO potential and assuming the validity
of perturbation theory for higher-order interactions, one can systematically remove all divergences from
the amplitude and, therefore, employ arbitrarily large values of the cutoff. Alternatively, the full effec-
tive potential can be treated non-perturbatively. The milder UV behavior then offers a larger flexibility
regarding admissible cutoff values, which generally need to be kept of the order of the breakdown scale.
Therefore, we expect that this approach should lead to better description of systems with larger num-
bers of nucleons. However, one should keep in mind that the derivation of corrections to the interaction
beyond LO is computationally more demanding as compared to its non-relativistic counterpart. Work
is in progress towards extending the analysis of NN scattering within the modified Weinberg approach
beyond LO [6]. Notice further that the actual solution of the Kadyshevsky integral equation is facili-
tated by the fact that it can be rewritten in the form of the standard Lippmann-Schwinger equation for
a modified potential. Last but not least, the relativistic formulation of χEFT can also be merged with
the Dirac-Brueckner-Hartree-Fock theory. It would further be interesting to perform ab initio studies of
finite nuclei and nuclear matter using the relativistic version of chiral nuclear interactions.
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We outline the status of chiral effective field theory (χEFT) for nuclear systems, summarize our un-
derstanding of renormalization group invariance in this context and discuss some of the most pressing
challenges and opportunities in the field.

11.1 Introductory remarks and disclaimer

This paper is a summary of the contributions and opinions of the Bochum participants in the INT pro-
gram on Nuclear Forces for Precision Nuclear Physics, held at the INT, Seattle, April 19 - May 7, 2021,
regarding some of the topics addressed during this meeting. It is not intended to provide a review of the
field, and we also made no attempt to be exhaustive in the references. A more complete and detailed
discussion of (most of) the considered topics can be found in the recent review article by some of us [1]
and in references therein, see also the earlier review [2].

Our paper is organized as follows. In section 11.2, we discuss the status of χEFT for nuclear systems.
We limit ourselves to its standard, finite-cutoff formulation based on the Weinberg approach [6, 7] and
summarize the most pressing open issues in the field. Section 11.3 is devoted to the ongoing debate con-
cerning a proper renormalization of nuclear chiral EFT. We provide a brief account of the renormalization
program in the meson and single-baryon sectors of chiral perturbation theory (χPT) before critically ad-
dressing the so-called renormalization group (RG) invariant approach in the few-nucleon sector. Formal
aspects of renormalization in the finite-cutoff formulation of χEFT are discussed in section 11.4, while
some concluding remarks are made in section 11.5.
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d⌦
at Elab = 144.1 MeV with experimental data taken from Ref. [134] and Ref. [141]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [142]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [143]
and [144]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [129].

the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff ⇤ using ⇤b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff ⇤ = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at ⇤ = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
going from C̃i, Ci, Di to Ei the statistical relative errors tend to increase. This is in accordance with the
decreasing importance of higher-order contributions as predicted by power counting. One also notices
that errors are smaller for LECs entering isovector partial waves, because these parameters are mainly
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d⌦
at Elab = 144.1 MeV with experimental data taken from Ref. [134] and Ref. [141]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [142]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [143]
and [144]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [129].

the spectroscopic LECs. If we now divide the contact LECs obtained in the fit by their expected sizes in
Eq. (46), we consequently should obtain values of unit magnitude. Fig. 7 shows the absolute values of the
LECs at N4LO+ in these natural units for all considered values of the cutoff ⇤ using ⇤b = 650 MeV. As
can be seen, all LECs are indeed of natural size with D1S0 and D3S1 being among the largest in magnitude.
This is especially true for the softest cutoff ⇤ = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at ⇤ = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
going from C̃i, Ci, Di to Ei the statistical relative errors tend to increase. This is in accordance with the
decreasing importance of higher-order contributions as predicted by power counting. One also notices
that errors are smaller for LECs entering isovector partial waves, because these parameters are mainly
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Figure 6. Selected proton-proton observables around Elab = 143 MeV: Differential cross section d�/d⌦
at Elab = 144.1 MeV with experimental data taken from Ref. [134] and Ref. [141]. The data sets
have been corrected for their estimated norms of 0.988 and 1.001, respectively. Analyzing power P at
Elab = 142 MeV with experimental data taken from Ref. [142]. The data have been floated and multiplied
by an estimated norm of 0.942. Depolarization D, rotation parameter A, polarization transfer coefficient
Dt and spin-correlation parameter Ckp at Elab = 143 MeV with experimental data taken from Refs. [143]
and [144]. The light- (dark-) shaded green, blue and red bands depict the 68% (95%) DoB truncation errors
at N2LO, N3LO and N4LO+, respectively. Open circles show the predictions of the Nijmegen partial-wave
analysis [129].
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This is especially true for the softest cutoff ⇤ = 400 MeV, for which also most of the other-Q4 LECs turn
out to be slightly larger than at higher values of the cutoff. This indicates that at ⇤ = 400 MeV and below,
finite-cutoff artifacts start to increase, leading to a lower effective breakdown scale compared to the other
considered cutoffs. Notice further that the values for the Q6 LECs Ei included at N4LO+ turn out to be of
a perfectly natural size. Therefore, even though we have emphasized their importance in describing some
high-precision proton-proton data and achieving a �2/datum ⇠ 1 description of the database, their actual
contributions agree with the expectations from naive dimensional analysis (i.e. Weinberg) power counting,
and there is no need to promote them to a lower order.

In addition to the absolute of the central values, Fig. 7 also shows the statistical uncertainties of the
contact LECs as determined from the covariance matrix of the fit (expressed in their natural units). When
going from C̃i, Ci, Di to Ei the statistical relative errors tend to increase. This is in accordance with the
decreasing importance of higher-order contributions as predicted by power counting. One also notices
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11.2 Nuclear interactions from χEFT: Current status and open questions

11.2.1 The nucleon-nucleon sector

Starting from the pioneering work by Weinberg in the early nineties [6, 7], see also [8, 9], the nucleon-
nucleon (NN ) interactions have been worked out up to fifth order (N4LO) in χEFT [10, 11], see [1] for
a recent review and references therein. At the highest EFT order, the interactions from Ref. [10] lead to
an excellent description of NN scattering data below pion production threshold with ∼ 40% less ad-
justable parameters as compared to high-precision phenomenological potentials. They also show a clear
evidence of the (parameter-free) chiral two-pion exchange potential. In Ref. [12], a full-fledged partial-
wave analysis of NN data up to the pion production threshold has been performed in the framework of
χEFT (including a selection of mutually consistent data and a complete treatment of isospin-breaking
interactions), thereby achieving a statistically perfect description of experimental data, see the left panel
of Fig. 11.1 as a representative example. In this sense, one may claim “mission accomplished” in the
NN sector of χEFT.

11.2.2 The three-nucleon force challenge

The situation with three-nucleon (3N ) forces is more intricate. Although they have been worked out
completely to fourth chiral order (N3LO) a long time ago [13, 14], and partially even to N4LO [15–
17], their implementation in few-/many-body calculations is more demanding. The issue is rooted in
the regularization of the 3N force. Loop contributions to the 3N force starting from N3LO have been
derived using dimensional regularization (DR). On the other hand, the A-body Schrödinger equation is
regularized using a cutoff. Differently to the NN sector, this mismatch in the regularization can not be
compensated by counterterms from the effective chiral Lagrangian [1]. Curing this conceptual problem
will require a re-derivation of the three- and four-nucleon (4N ) forces starting from N3LO using a cutoff
regulator which (i) maintains the chiral symmetry and (ii) is consistent with the one employed in theNN
sector. The higher derivative regularization method proposed in Ref. [18] offers one possible approach
to tackle this challenge by introducing the cutoff at the level of the effective Lagrangian. Work along this
line is in progress.
A precise description of nucleon-deuteron scattering data remains a major unsolved challenge in nuclear
physics as reflected by very large values of the χ2/datum in the 3N sector [19, 20] as compared to
χ2/datum ∼ 1 for the reproduction of NN scattering data [10, 12]. χEFT predictions up to NNLO
generally agree with the data, see the right panel of Fig. 11.1 for an example, but the accuracy at this order
is fairly low. Based on the experience in theNN sector, the solution of the 3N force challenge will likely
require pushing the EFT expansion of the 3N force (at least) to N4LO. Apart from the regularization
issue mentioned above, one will then face the computational challenge associated with the determination
of low-energy constants (LECs) entering the 3N force from A ≥ 3-nucleon data, see Ref. [21] for pio-
neering steps along this line. The eigenvector continuation technique [22–24] may be the key technology
to make such an analysis feasible in the near future.

11.2.3 Nuclear currents

Nuclear vector, axial-vector, pseudoscalar and scalar currents have also been extensively studied inχEFT,
see Ref. [25] and references therein. The vector and axial-vector currents have been worked out using two
different techniques, namely the method of a unitary transformation by the Bochum-Bonn group [26–30]
and time-ordered perturbation theory by the JLab-Pisa group [31–35]. The results of these calculations
disagree with each other, with the differences being most pronounced for the axial-vector currents. As
an attempt to shed light on this issue, the Bochum-Bonn group has tried to reproduce the results of
the JLab-Pisa group for the axial-vector currents using their method [36], thereby confirming their own
expressions. To exclude the possibility that the approach of the JLab-Pisa group has been misinterpreted,
a comparison could be carried out at the level of Hilbert-space operators [36].
Independently of this discrepancy, the implementation of the nuclear currents starting from N3LO is
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also affected by the already mentioned issue with mixing up two different regularization methods [25].
Even though no results for the current operators using the higher-derivative regularization are available
yet, a high-accuracy calculation of the deuteron charge and quadrupole form factors has been performed
recently at N4LO [37, 38]. This was possible since the loop corrections to the two-body charge density,
whose consistent regularization is not yet available, do not contribute to the deuteron form factors thanks
to the isospin selection rules.

11.2.4 On the role of the ∆(1232) resonance

Nuclear interactions discussed so far have been derived using pions and nucleons as the only explicit de-
grees of freedom. Given the low excitation energy of the ∆(1232) resonance and its strong coupling to
the πN system, one may expect its explicit inclusion in the effective Lagrangian to yield a more efficient
EFT framework. Indeed, clear evidence of the improved convergence of the ∆-full formulation of χEFT
for pion-nucleon scattering was found in recent studies [39–41]. On the other hand, the available results
for theNN system in the ∆-less framework already show a generally good convergence pattern, with the
estimated breakdown scale of the order of Λb ∼ 600−650 MeV [42–44]. Moreover, the LECs accompa-
nying theNN contact interactions come out of a natural size [1, 10] with no signs of enhancement from
the m∆ −mN ∼ 2Mπ scale. This may indicate that the longest-range contributions of the ∆-resonance
to the NN force are efficiently mimicked via the saturation of πN LECs.1 It is thus not a priori clear,
that the explicit inclusion of the ∆-resonance would result in a significantly larger value of Λb, leading
to a better convergence of χEFT in the few-nucleon sector.
∆-contributions to the nuclear forces have so far been worked out to third order (NNLO) [45, 46], and
the results up to this order do seem to indicate a superior performance of the ∆-full approach [47], see
also Refs. [48, 49] and references therein. Clearly, to assess the role of the ∆-resonance in quantitative
terms, the calculations within the ∆-full approach will have to be pushed beyond NNLO. As a first step
along this line, some of us have recently worked out the NNLO contributions of the ∆(1232) to the
two-pion exchange 3N force topology using DR [50]. Notice, however, that the already mentioned issue
with the inconsistent regularizations is also relevant for the ∆-full formulation of χEFT, and all loop
contributions will need to be (re-) derived using e.g. the higher derivative regularization.

11.3 Renormalization group invariance and power counting

11.3.1 Renormalization in chiral perturbation theory

In the strictly perturbative domain of chiral perturbation theory (χPT) comprising its mesonic and the
heavy-baryon formulations, a finite number of counterterms is needed to remove divergences at every
order in the chiral expansion. When using DR, all the required counterterms are generated by bare
LECs from the effective Lagrangian of that corresponding order. Consequently, renormalized amplitudes
calculated up to any finite order are independent of the DR scale µ.2 On the other hand, the inclusion
of an infinite number of counterterms is required (or implicitly assumed) e.g. in the infrared regularized
formulation of manifestly Lorentz-invariant baryon χPT [51] that allows one to non-perturbatively resum
1/m-corrections within the heavy-baryon approach. This leads to a residual dependence of renormalized
amplitudes on the renomalization scale. This feature is, however, perfectly acceptable from the EFT point
of view since scale-dependent terms are of a higher chiral order, both formally and numerically.

1Naively, integrating out ∆-resonance contributions to the two-pion exchange potential is expected to induce large contribu-
tions toNN contact interactions governed by the scalem∆−mN . However, a close inspection of the corresponding analytical
expressions in Refs. [45, 46] suggests that the scale is actually given by 2(m∆ −mN ), which is numerically already close to
Λb.

2The exact independence on the choice of renormalization conditions is a (nice) artifact of DR. It does not hold when using
more general regularization schemes that keep track of power-law divergences.
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11.3.2 Residual renormalization-scheme dependence in pionless EFT

In the few-nucleon sector of χEFT, certain types of diagrams must be resummed non-perturbatively to
accommodate for the appearance of shallow bound and virtual states. Residual renormalization scheme
dependence of the calculated observables does not pose a conceptual problem in this case either. In
particular, resonant P-wave systems have been studied recently in pionless EFT without auxiliary dimer
fields [52]. This analytically solvable example provides an explicit demonstration that the exact RG
invariance at orderO(pn) (i.e., ∂T (n)/∂µi = 0 for ∀µi) is not necessary to claim consistent EFT. Rather,
it is sufficient to have ∂T (n)/∂µi = O(pn+1).

11.3.3 χEFT for nuclear systems and the cutoff choice

In contrast to the previously considered cases, renormalization is carried out implicitly in the non-perturbative
domain of χEFT and in pionless EFT for systems with more than two nucleons. This is achieved by
numerically expressing bare LECs Ci(Λ) in terms of observables, in other words, by fitting them to ex-
perimental data.
Removing the UV divergences in each order of the loop expansion of the scattering amplitude T (Λ) =∑∞

n=0 ~nTn(Λ) requires the inclusion of an infinite number of counterterms in the case of the one-pion
exchange (OPE) potential (see, e.g., Ref. [53]), which is usually not possible in practical calculations.
Notice that the operations of summation in T (Λ) =

∑
n ~nTn and limΛ→∞ T (Λ) do not commute unless

all counterterms needed to render all terms in the series finite are taken into account. Without including
all the necessary counterterms, the resulting partially renormalized [54] amplitude T (Λ) for Λ � Λb
is actually determined by the ambiguous behaviour of V (r) at r � Λ−1

b , which is outside of the EFT
validity range. Within such treatment, we see no a priori reason for T (Λ)

∣∣
Λ�Λb

to represent a meaning-
ful result (in the EFT sense). Under such circumstances, the cutoff Λ should be kept of the order of the
expected breakdown scale Λb [54–56]. We also see no immediate relation between T (Λ)

∣∣
Λ�Λb

and the
power counting for renormalized short-range interactions.

11.3.4 The RG-invariant formulation of χEFT

As stated in Ref. [57], the approximate RG invariance of the truncated amplitude T (ν)(p,Λ) requires the
condition

Λ

T (ν)(p,Λ)

dT (ν)(p,Λ)

dΛ
= O

(
pν+1

ΛνbΛ

)
(11.1)

to be satisfied. As argued in that paper, in the absence of analytical results, “varying the regulator pa-
rameter widely above the breakdown scale is usually the only tool available to check RG invariance”.
Moreover, RG invariance of the truncated amplitude is often identified with the requirement that “the
result converges with respect to Λ, i.e., the observable can only depend on negative power of Λ after
renormalization” [58]. The final result for the calculated observables is then understood as the corre-
sponding Λ→∞ limits, see e.g. Refs. [59, 60].

11.3.5 A practical implementation of the RG-invariant approach: Lessons from a toy-
model example

While we agree with Eq. (11.1), we object to the suggested method of its numerical verification by
varying Λ widely above Λb. To demonstrate possible issues with taking Λ very large without subtracting
all divergences, consider a toy-model example of the scattering amplitude of two heavy particles in 4 + 1
space-time dimensions3

T (~p, ~q ) = V (~p, ~q ) +m

∫
d4k

(2π)4
V (~p,~k)

1

mE − k2 + i 0+
T (~k, ~q ) ,

3The unrealistic choice of the toy model is dictated by our wish to have an analytically solvable example. The realistic case
of NN scattering by the OPE potential in chiral EFT is conceptually similar to the considered example but requires numerical
treatment.
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with the effective potential given by

V (~p, ~q ) =
α[

(~p− ~q )2 +M2
]2 + VC ≡ VL(~p, ~q ) + C + · · · .

Here, VC is a series of contact interactions with C being the LO term. Further, E and m refer to the
energy and mass of the scattered particles, respectively, whileM denotes the light mass of the exchanged
meson that sets the soft scale in the problem. The coupling constant α is chosen such that the long-range
potential VL contributes at LO for momenta of the order of M . The solution to the LO integral equation
can be written as

T (~p, ~q ) = TL(~p, ~q ) +
ΨL(~p )ΨL(~q )

1/C −GE
, (11.2)

where the finite quantities TL and ΨL are given by

TL (~p, ~q ) = VL (~p, ~q ) + m

∫
d4k

(2π)4
VL(~p,~k)

1

mE − k2 + i 0+
TL(~k, ~q ) ,

ΨL(~q ) = 1 +m

∫
d4k

(2π)4

1

mE − k2 + i 0+
TL(~k, ~q ) . (11.3)

On the other hand, GE contains divergences and is given by

GE = m

∫
d4k

(2π)4

1

mE − k2 + i 0+
+ m2

∫
d4k1

(2π)4

d4k2

(2π)4

TL(~k1,~k2)(
mE − k2

1 + i 0+
) (
mE − k2

2 + i 0+
) .

Using cutoff regularization, GE can be written as

GE = a1Λ2 + a2 ln2 Λ

M
+ (a3 + a4E) ln

Λ

m
+ GfE + O

(
1

Λ2

)
, (11.4)

where ai are some constant factors and GfE is a finite Λ-independent part.

Coming back to the amplitude in Eq. (11.2), we perform implicit renormalization by fixing the bare LEC
C(Λ) from the requirement to reproduce the on-shell amplitude at some kinematical point E0. For the
sake of definiteness, suppose that the denominator of the last term in Eq. (11.2) takes some value d for
E = E0. This finally yields the scattering amplitude

T (~p, ~q ) = TL(~p, ~q ) +
ΨL(~p )ΨL(~q )

d− a4(E − E0) ln(Λ/m)− (GfE −G
f
E0

)
, (11.5)

where we have dropped the irrelevant O(Λ−2)-terms. The survival of the ln(Λ/m)-term in this result is
a consequence of the amplitude being only partially renormalized by the counterterms generated by the
LEC C.

On the other hand, the amplitude in Eq. (11.2) can be fully renormalized using the BPHZ procedure,
i.e. by subtracting all divergences and subsequently taking the Λ → ∞ limit. Choosing the subtraction
points of the order of the hard scale Λb ∼ m in order to avoid distortion of the long-range interaction and
fixing the renormalized LECCR at the same kinematical point, the subtractively renormalized amplitude
takes the form

T (~p, ~q ) = TL(~p, ~q ) +
ΨL(~p )ΨL(~q )

d− a4(E − E0) ln(Λb/m)− (GfE −G
f
E0

)
. (11.6)

This result agrees, to a good accuracy, with the partially renormalized one in Eq. (11.5) as long as Λ ∼ Λb.
On the other hand, choosing Λ� m, one approaches for E 6= E0 the expression

T (~p, ~q ) ≈ TL(~p, ~q ) . (11.7)
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While finite in the Λ → ∞ limit, this result cannot be correct in general.4 Another analytic example
along this line with a long-range interaction of a separable type is presented in Ref. [61].

The above considerations illustrate the issues that can arise by attempting to numerically verify the valid-
ity of Eq. (11.1) from the variation of Λ in a wide range above Λb. For the considered model, Eq. (11.1) is
fulfilled both for Λ ∼ Λb and for Λ� Λb. However, if the scattering amplitude would only be available
numerically, following the approach advocated by the practitioners of the RG-invariant method as done
e.g. in Refs. [57–60] would lead one to choose the approximately Λ-independent but incorrect solution
given in Eq. (11.7).

In our view, a valid alternative approach to verify the approximate RG invariance as defined in Eq. (11.1)
is by comparing the residual Λ-dependence for the available cutoff range, Λ ∼ Λb, against the expected
truncation uncertainty, which can be estimated using Bayesian methods [43, 62]. Such self-consistency
checks are, in fact, already being routinely performed in chiral EFT calculations, see e.g. Refs. [10, 38,
42, 63–65].

11.3.6 The RG-invariant formulation of nuclear χEFT: Open issues

In light of the above considerations, we encourage the supporters of the large-cutoff RG-invariant ap-
proach as defined above to take a position on the following issues:

• The large-cutoff (i.e., Λ � Λb) behavior of the scattering amplitude for singular LO interactions
VLO(r), like e.g. the OPE potential, is controlled by the (ambiguous) behavior of VLO(r) at short
distances r � Λ−1

b that governs the terms with positive powers and/or logarithms of Λ in the loop
expansion TLO =

∑
n ~nTn (unless one succeeds to completely renormalize the amplitude by

subtracting all UV divergent terms in TLO, which requires the inclusion of an infinite number of
counterterms). If only a finite number of counterterms are included, what is the rationale behind
expecting TLO

∣∣
Λ�Λb

to represent a valid/meaningful EFT prediction?
• In Ref. [52], some of us have considered resonant P-wave systems using the formulation of pionless

EFT without auxiliary dimer fields. For P-wave systems with an enhanced scattering volume,
expressing the leading order (LO) LECs C2(Λ), C4(Λ) in terms of the scattering volume and
effective “range” r is only possible for Λ ∼ Λb ∼ r as a consequence of the Wigner bound. How
is this feature to be interpreted from the point of view of the RG-invariant EFT approach?

• Given the apparent non-uniqueness of the approximate RG-invariance criterion in Eq. (11.1) when
varying the cutoff from Λ ∼ Λb to Λ � Λb as demonstrated in the toy-model example, how can
one make sure to avoid running into a UV stable but unphysical solution if no analytical results are
available?

11.4 Renormalizability in the EFT sense: A formal proof

Formal aspects of renormalizability of the finite-cutoff formulation of χEFT for NN scattering were
discussed in the talk by Ashot Gasparyan, see Ref. [66] for more details. In the considered framework,
the cutoff Λ ∼ Λb is chosen in such a way that no spurious bound states are generated at (LO) in theNN
spin-triplet channels, but its form is not restricted otherwise (in particular, it can be of a local or non-local
type). Following the Weinberg power counting, the LO interaction is resummed up to an infinite order
by iterating the Lippmann-Schwinger equation, whereas the subleading (NLO) terms are iterated only
once.

The standard requirement for a theory to be renormalizable is the ability to absorb all UV divergences ap-
pearing in the S-matrix into a redefinition (renormalization) of parameters in the underlying Lagrangian.
Clearly, introducing a finite cutoff automatically tames all infinities in the scattering amplitude, and the
problem is shifted to the appearance of positive powers of Λ in place of the soft scales such as Mπ or
external three-momenta as dictated by the power counting. Such power-counting violating contributions

4To see this, one can regard the underlying interaction to be just VL(~p, ~q )+C, regularized with a sharp cutoff Λ = Λb. Then,
the amplitude in Eq. (11.6) coincides with the exact result for this underlying model up to O(Λ−2

b ) terms in the denominator.
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originate from the integration regions with momenta of the order of the cutoff. It is thus natural to extend
the notion of renormalizability by demanding that all power-counting breaking terms are absorbable into
shifts of the LECs at lower orders.

For the LO NN amplitude, one usually assumes that no power-counting breaking contributions appear
since positive powers of the cutoff in the iterations of the Lippmann-Schwinger equation are compensated
by the corresponding inverse powers of the hard scale that appears as a prefactor in the LO potential.
This conjecture, along with the renormalizability of the NLO scattering amplitude, is rigorously proven
in Ref. [66] to all orders in the loop expansion. An extension of the proof to the purely non-perturbative
case with a non-convergent LO series is in progress.

To accomplish the proof, it was essential to introduce the regulator at the level of the Lagrangian without
actually affecting it. This is achieved by adding the regulator terms to the LO interaction while system-
atically subtracting them from the perturbative NLO interaction. The resulting approach allows one to
strongly reduce the cutoff dependence of observables, the feature that has been verified by considering
several examples of the NN phase shifts [66].

11.5 Concluding remarks

χEFT offers a model independent and systematically improvable approach to low-energy nuclear dynam-
ics, which—if pushed to sufficiently high orders in the EFT expansion—should be capable of making
reliable and accurate predictions. It thus is expected to shed light on the long-standing problems in nu-
clear physics such as e.g. the 3N force challenge. Today, 30 years after Weinberg’s seminal papers [6, 7]
that laid out the foundations of the method, the term “Precision Nuclear Physics” is not merely a dream
anymore. Indeed, modern NN interactions derived in χEFT have reached the precision of the most so-
phisticated phenomenological potentials. Further recent examples of precision nuclear physics studies in
χEFT include the determination of the pion-nucleon coupling constants fromNN data at the∼ 1% accu-
racy level [12] and the calculation of the deuteron structure radius at the∼ 0.1% accuracy level [37, 38],
both carried out at N4LO. To push the precision frontier beyond the NN sector, it will be necessary to
develop consistently regularized high-precision many-body forces and currents up through N4LO. Work
on this ambitious goal is in progress, and it will hopefully help to mature low-energy nuclear physics into
precision science.
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[38] A. A. Filin, D. Möller, V. Baru, E. Epelbaum, H. Krebs, and P. Reinert. “High-accuracy calculation
of the deuteron charge and quadrupole form factors in chiral effective field theory.” In: Phys.
Rev. C 103.2 (2021), p. 024313. doi: 10.1103/PhysRevC.103.024313. arXiv: 2009.08911
[nucl-th].

[39] D. Siemens, V. Bernard, E. Epelbaum, A. Gasparyan, H. Krebs, and U.-G. Meißner. “Elastic
pion-nucleon scattering in chiral perturbation theory: A fresh look.” In: Phys. Rev. C 94.1 (2016),
p. 014620. doi: 10.1103/PhysRevC.94.014620. arXiv: 1602.02640 [nucl-th].

[40] D.-L. Yao, D. Siemens, V. Bernard, E. Epelbaum, A. M. Gasparyan, J. Gegelia, H. Krebs, and U.-G.
Meißner. “Pion-nucleon scattering in covariant baryon chiral perturbation theory with explicit
Delta resonances.” In: JHEP 05 (2016), p. 038. doi: 10.1007/JHEP05(2016)038. arXiv: 1603.
03638 [hep-ph].

[41] D. Siemens, J. Ruiz de Elvira, E. Epelbaum, M. Hoferichter, H. Krebs, B. Kubis, and U.-G.
Meißner. “Reconciling threshold and subthreshold expansions for pion–nucleon scattering.” In:
Phys. Lett. B 770 (2017), pp. 27–34. doi: 10 . 1016 / j . physletb . 2017 . 04 . 039. arXiv:
1610.08978 [nucl-th].

[42] E. Epelbaum, H. Krebs, and U. G. Meißner. “Improved chiral nucleon-nucleon potential up to
next-to-next-to-next-to-leading order.” In: Eur. Phys. J. A 51.5 (2015), p. 53. doi: 10.1140/
epja/i2015-15053-8. arXiv: 1412.0142 [nucl-th].

[43] R. J. Furnstahl, N. Klco, D. R. Phillips, and S. Wesolowski. “Quantifying truncation errors in
effective field theory.” In: Phys. Rev. C 92.2 (2015), p. 024005. doi: 10.1103/PhysRevC.92.
024005. arXiv: 1506.01343 [nucl-th].

[44] E. Epelbaum. “High-precision nuclear forces : Where do we stand?” In: PoS CD2018 (2019),
p. 006. doi: 10.22323/1.317.0006.

[45] N. Kaiser, S. Gerstendorfer, and W. Weise. “Peripheral NN scattering: Role of delta excitation,
correlated two pion and vector meson exchange.” In: Nucl. Phys. A 637 (1998), pp. 395–420. doi:
10.1016/S0375-9474(98)00234-6. arXiv: nucl-th/9802071.

[46] H. Krebs, E. Epelbaum, and U.-G. Meissner. “Nuclear forces with Delta-excitations up to next-to-
next-to-leading order. I. Peripheral nucleon-nucleon waves.” In: Eur. Phys. J. A 32 (2007), pp. 127–
137. doi: 10.1140/epja/i2007-10372-y. arXiv: nucl-th/0703087.

[47] A. Ekström, G. Hagen, T. D. Morris, T. Papenbrock, and P. D. Schwartz. “∆ isobars and nuclear
saturation.” In: Phys. Rev. C 97.2 (2018), p. 024332. doi: 10.1103/PhysRevC.97.024332.
arXiv: 1707.09028 [nucl-th].

[48] M. Piarulli, L. Girlanda, R. Schiavilla, R. Navarro Pérez, J. E. Amaro, and E. Ruiz Arriola.
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12 Challenges and progress in computational and theoretical low-energy
nuclear physics
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I consider the challenges we have been facing in theoretical nuclear physics can be mainly categorized
into two aspects: (i) The challenge in computing complex systems. (ii) The challenge in search for a
better theoretical foundation. Breakthrough in these two directions are both important and should com-
plement each other in order to make true progress. Fortunately, there are several important achievements
in both directions presented in this workshop. In the following I highlight two breakthroughs (one in
each direction) and one problem which requires further investigations in this workshop.

• Breakthroughs in computational aspect
Eigenvector continuation is a powerful tool, which allows fast simulations and testings in ab-initio
calculations[1]. It has been applied to no-core-shell-model and coupled-cluster methods[2] and is
crucial for optimizing the low-energy-constants (LECs) in order to obtain a better global fit. So
far this technique has been applied mainly to the bound-state problems. The effort to extend it to
3-body scattering, as presented in this workshop[3], is therefore very interesting.

• Breakthroughs in theoretical foundation
Many-body forces play an important role in complex systems. They emerge naturally when the de-
grees of freedom are reduced from elementary particles to composite ones. Regardless how they
are derived, most of the existing calculations performed today treat them as (parts of) the poten-
tial on top of two-body interactions without additional considerations. One of the most intriguing
recent discoveries, as presented in this workshop, is that this could be very wrong. Due to a com-
binatorics argument[4], the importance of three-nucleon forces is estimated to be as important as
the leading two-nucleon forces for nuclei with number of nucleons A=10-20. This means, under
chiral effective field theory (χEFT), the leading three-nucleon forces—which are conventionally
regarded as next-to-next-to-leading order (NNLO)—should be promoted to leading order (LO) in
the calculation of 16O. This is confirmed by explicit calculations, where a physical 16O is obtained
for the first time under a consistent χEFT at LO [5]. Further investigations in this direction, e.g.,
the importance of four-nucleon forces and high-order corrections, are highly desirable.

• One problem requires further investigations
It is shown in this workshop that, at least under the widely adopted Weinberg power counting
(WPC), there is a limitation in optimizing the LECs in χEFT potentials. In particular, one faces
the choices to either sacrifice the description of nucleon-nucleon (NN ) and few-body observables
in order to describe saturation-related properties, or the other way around[6, 7]. Since the poten-
tials been tested are of considerable high-order (NNLO), such large discrepancy/uncertainty is not
acceptable. A call for a rearrangement of EFT power counting—with the number of nucleons taken
into account, as suggested in Ref.[5]—might be necessary. Naively, this would partially release the
burden of the LECs presented in the three-nucleon forces so that they do not have to fit all systems
(from light to heavy mass nuclei) at the same time.
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13 On the determination of πN andNN low-energy constants
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Constructing precision nuclear forces from chiral effective field theory (χEFT) requires good control
over subleading orders in the chiral expansion, in particular, of the low-energy constants (LECs) that
parameterize degrees of freedom beyond the range of validity of the EFT. While some of the LECs
can be determined from other observables, there are many cases in which this is not possible, leaving
ultimately lattice QCD (LQCD) as the tool of choice. Here, we describe some of the recent developments
and benchmarks of this program.

1. The long-range part of the nucleon-nucleon (NN ) and three-nucleon forces is related to πN
physics, encoded in the LECs ci, di, and ei at the respective order. At a given order, these LECs can
be determined precisely by matching to the subthreshold parameters of πN scattering via the solu-
tion of Roy–Steiner equations [1, 2] in combination with experimental input from pionic atoms [3–
7], leaving the convergence of the chiral expansion as the dominant uncertainty.

2. These issues in the chiral convergence become apparent when comparing the expansion in the
subthreshold and threshold regions—with the former being most relevant for NN kinematics—
as the heavy-baryon expansion fails to simultaneously describe these two kinematic regions. The
convergence improves with a covariant formulation and when including explicit ∆ degrees of free-
dom [8], but in the latter case at the expense of introducing additional LECs. Only the leading one,
the πN∆ coupling hA, can be determined from phenomenology, while the subleading coefficients,
g1, b4,5, are only constrained by large-Nc arguments [8].

3. Not all subleading πN LECs can be directly extracted from πN scattering, as the LEC c5, which
appears as an isospin-breaking contribution, is determined from the strong part of the proton–
neutron mass difference, which is not directly observable. A phenomenological determination is
possible via the Cottingham formula [9], which relates the elastic contribution to nucleon form
factors and the inelastic ones to nucleon structure functions when assuming a suitable high-energy
behavior. The resulting separation of the nucleon mass into strong and electromagnetic contribu-
tions [10–13] differs from LQCD [14–16] by 2.3σ.

4. A formalism similar to the Cottingham approach was used in [17, 18] to estimate the leading-order
contact term [19, 20] in neutrino-less double-β decay, based on the elastic contribution, which
gives the dominant effect in the case of the nucleon mass difference. This defines a benchmark
for future calculations in LQCD [21]. Moreover, the calculation in [17, 18] is performed in di-
mensional regularization, but the result presented in terms of a renormalized, physical amplitude,
which can then be matched to schemes applied in nuclear-structure calculations [22, 23]. This
strategy may prove useful for future LQCD calculations as well.

5. Before turning to the NN sector, benchmark quantities for simpler πN matrix elements include
the axial coupling gA and the σ-term σπN . While for the former LQCD calculations have reached
few-percent accuracy [24, 25], the situation for the latter remains unresolved, with LQCD [26–31]
favoring values significantly smaller than phenomenological determinations [32–34]. Recently, it
was suggested that the origin could lie in larger-than-expected excited-state contamination [35],
which may be of relevance for LQCD calculations of other πN and NN LECs.

6. Given its relation to phenomenology via the Cheng–Dashen low-energy theorem [36], the σ-term
also serves as an important benchmark for matrix elements required for searches for physics beyond
the Standard Model. Another such indirect relation that allows one to determine LECs for non-
standard currents proceeds via a unitarity argument [37, 38], connecting the energy dependence of
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vector and antisymmetric tensor matrix elements [39, 40].
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The community has developed a procedure for attempting to understand nuclear physics starting from
QCD: lattice QCD (LQCD) is used to calculate the nonperturbative physics that determines the low
energy constants (LECs) of an effective field theory (EFT) possessing the symmetries of QCD (and/or
beyond-the-standard-model physics), which is then input into many-body calculations to address heavier
nuclei. The large-Nc limit of QCD [1], whereNc is the number of colors, can play a role in this procedure.
One- and two-nucleon matrix elements can be expanded in powers of 1/Nc. When combined with an EFT
expansion, either pionless or chiral, the number of independent LECs at a given order in the combined
expansion may be reduced. These constraints can be used to prioritize LQCD calculations and also
provide some simplifications to the input needed for many-body calculations.

The large-Nc limit of QCD has been used to provide theoretical constraints for a variety of applications
in the two- and three-nucleon (3N ) sectors, see, e.g., Refs. [2–16]. In the large-Nc limit, Wigner’s
SU(4) symmetry emerges, which is also manifest in the beta decays of some medium-mass nuclei [2,
3]. In the SU(3) sector, an SU(6) symmetry among baryon-baryon interactions is predicted in the large-
Nc limit, with an accidental SU(16) emerging for certain values of LECs. These patterns have been
observed in LQCD calculations with larger-than-physical values of the quark masses [17, 18]. In the 3N
sector, LECs in χEFT also broadly align with the large-Nc hierarchy [8, 10]. The large-Nc analysis in
the parity-violating sector demonstrates that the number of leading-order couplings in pionless EFT is
reduced from five to two [11]. This also highlights the need for a determination of the isotensor parity-
violating LEC. The isotensor LEC in particular is an opportunity for LQCD to make a prediction in
the absence of experimental data. Reference [14] considered the impact of the dual expansion on T-
violating interactions. The application of the large-Nc approach to external magnetic and axial vector
fields [15] offers a partial explanation for the disparate sizes of the isoscalar and isovector magnetic LECs
despite these terms occurring at the same order in the pionless EFT power counting. These results also
indicate that naturalness, i.e., the concept that LECs at the same order in the power counting should be
the same size, may be hidden depending on the choice of basis; therefore, caution should be taken when
attempting to quantify naturalness. Finally, the large-Nc analysis of charge-independence-breaking (CIB)
two-nucleon interactions [16] provides a justification for the assumptions of Refs. [19, 20] relating a new
lepton-number-violating LEC to an experimentally determined combination of CIB LECs. This result
was recently corroborated using a different method [21, 22].

These examples demonstrate the utility of combining the large-Nc and EFT expansions. Further, this dual
expansion could be used to estimate the relative sizes of the couplings, which could potentially reduce the
number of contributions required at any given order for many-body calculations. Additionally, large-Nc

constraints may help prioritize calculations for the lattice community. Lastly, a large-Nc analysis of new
beyond-the-standard-model couplings can provide constraints to potentially guide the interpretation of
experimental results, e.g., for dark matter direct detection. We think that the procedure of understanding
nuclear phenomena via the combination of LQCD, EFTs, and many-body techniques may benefit from
implementing large-Nc constraints.
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Nuclear physics is entering an exciting era in which aspects of nuclear structure and reactions can be di-
rectly computed from the Standard Model of particle physics. Lattice quantum chromodynamics (LQCD)
will play a vital role in this era by providing a systematically improvable route through which to obtain
nonperturbative quantum chromodynamics (QCD) predictions for few-nucleon systems. In particular,
robust QCD predictions with quantified uncertainties for observables, including the energy spectra of
multi-nucleon systems and matrix elements of electroweak and beyond-Standard-Model (BSM) currents,
will provide valuable information about nuclear structure and interactions complementary to that ob-
tained from experimental measurements. Such predictions can be used to constrain the parameters of
low-energy effective field theories (EFTs), as well as to validate and inform phenomenological models
of nuclei based on nucleon degrees of freedom.

Both physical and computational challenges will restrict LQCD studies to few-nucleon systems for the
foreseeable future; exponential degradation of signal versus noise at large Euclidean times [1, 2] arising
from sign problems [3] and tensor contraction complexity [4] make LQCD calculations of (multi-)baryon
correlation functions computationally demanding, while the smallness of finite volume (FV) energy gaps
between states in such systems complicate their analysis. Fortunately, the most relevant inputs to EFTs
of nuclei are two- and three-baryon interactions as well as one- and two-baryon electroweak and BSM
currents. It is in this relatively computationally accessible few-baryon sector that LQCD calculations
will have the largest impact on nuclear EFTs. Pioneering LQCD calculations of few-nucleon systems
performed over the last two decades have been used to motivate, develop, and test different strategies for
using the immediate results of LQCD calculations – FV Euclidean correlation functions formed from
particular sets of composite operators designed to interpolate to the desired states – to obtain FV energy
spectra and matrix elements and to constrain the inputs of nuclear effective theories. The first dynamical
LQCD calculations of two-nucleon correlation functions, performed by the NPLQCD Collaboration in
2006 [5], used asymmetric correlation functions with localized sources and non-local sinks to constrain
the contact operators describing two-nucleon interactions with both Weinberg [6] and Beane-Bedaque-
Savage-van-Kolck [7] power counting in the two s-wave scattering channels. Calculations of analogous
two-baryon correlation functions with non-zero strangeness by the NPLQCD Collaboration in 2012 were
used to constrain contact interactions in an EFT for hyperon-nucleon systems that was then used to predict
hyperon-nucleon phase shifts as well as in-medium energy shifts of hyperons relevant for the neutron-
star equation of state [8]. Instead of obtaining scattering amplitudes via EFTs that are constrained by
LQCD, Lüscher’s quantization condition [9] and its generalizations (reviewed in Refs. [10, 11]) have
also been explored as a complementary strategy for relating the immediate results of LQCD calcula-
tions for two-baryon systems to infinite-volume quantities such as scattering phase shifts. Constraints
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on s-wave scattering at particular values of the quark masses have been made using this method by
the NPLQCD Collaboration [5, 12].Constraints on higher-partial-wave scattering were first made by the
CalLat Collaboration [13] in 2015 by applying these methods to asymmetric LQCD correlation functions
with displaced as well as local sources.

LQCD and EFT have advanced together over the last decade and been applied to study increasingly
complex systems. In 2013, calculations of baryon-number A ∈ {2, 3, 4} nuclear (and A ∈ {2, 3, 4, 5}
hypernuclear) correlation functions by the NPLQCD Collaboration with unphysically large quark masses
corresponding to mπ = 806 MeV [14] were used to constrain two- and three-body contact interactions
in pionless EFT by Barnea et al. [15], who went on to predict binding energies of A ∈ {5, 6} nuclei at
these quark masses. More refined EFT matching directly to FV energies has been recently pursued in
Ref. [16]. Calculations of larger nuclei in pionless EFT including 16O and 40Ca at both mπ = 806 MeV
(matched to the aforementioned LQCD results) and with physical quark masses were performed by multi-
ple groups in 2017 [17, 18]. Calculations of additional hyperon-nucleon and hyperon-hyperon scattering
channels by the NPLQCD Collaboration in 2017 suggested new emergent symmetries in baryon-baryon
interactions [19]. The appearance of these symmetries at lighter quark masses has been tested by recent
calculations constraining SU(3)f -breaking hypernuclear interactions [20]. The structure of light nuclei
with mπ = 806 MeV and mπ = 450 MeV has been probed by calculations of scalar, axial, tensor, and
vector nuclear matrix elements by the NPLQCD Collaboration over the last several years [21–28] that
have revealed shell-model-like structure at unphysically large quark masses. The first nuclear-reaction
studies from LQCD, albeit at large quark masses, were reported in Refs. [23, 26, 27, 29], paving the way
to constraining short-distance LECs of the EFTs in pp fusion, and single- and double-β decay processes
in light nuclei [30]. Techniques for matching FV results for few-nucleon systems between LQCD and
EFT have been further developed and in the last year have been used to enable a quark-mass extrapolation
of the Gamow-Teller matrix element governing triton β decay [31, 32] as well as first constraints on the
quark momentum fractions of 3He [33].

Enabled by the early development of efficient algorithms [4, 34], all the LQCD calculations of multi-
baryon systems described above used local, or sometimes displaced, sources and non-local sinks built
from products of momentum-projected baryons. An alternative approach developed by the HALQCD
Collaboration is based on determining nuclear potentials from Bethe-Salpeter wavefunctions of multi-
baryon systems [35, 36] and is argued to avoid systematic uncertainties from excited-state effects in-
volving unbound elastic scattering states [37] (inelastic states still contaminate the correlation functions
used in this approach). However, short-distance features of the potentials determined using these meth-
ods depend on the sink interpolating operator choice, making it very challenging to quantitatively assign
systematic uncertainties to predictions that depend on these short-distance features [38–42].

In the last few years, there has been exciting progress in enlarging the scope of interpolating operators
that can be practically included in multi-baryon LQCD calculations. Increased computing power and new
algorithmic approaches have allowed rigorous variational constraints on finite-volume energies of two-
baryon systems. The first variational calculations of two-nucleon systems with symmetric correlation
functions with multi-baryon sources and sinks were performed by Francis et al. [43] and were enabled by
the Laplacian-Heaviside method [44] for computing approximate all-to-all quark propagators. A follow-
up to this calculation [45] found significant discretization effects in multi-nucleon FV energy shifts and,
perhaps relatedly, interesting tensions in comparison with previous results from the NPLQCD and CalLat
Collaborations using asymmetric correlation functions. A further variational calculation [46] using the
stochastic Laplacian-Heaviside method [47] included two-nucleon interpolating operators with zero and
one unit of relative momentum in correlation-function matrices with several values of center-of-mass
momentum that were diagonalized to construct orthogonal approximations to the ground state and first
unbound excited state. These results using different discretizations and interpolating operators again
show tensions with earlier results. The most recent variational study of two-nucleon systems as of this
writing was performed by the NPLQCD collaboration [48] and used sparsened timeslice-to-all quark
propagators [49] and included a considerably larger set of hexaquark operators, quasi-local operators with
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exponential nucleon wavefunctions inspired by EFT bound-state wavefunctions, and scattering operators
with up to

√
6 units of relative momentum together (in the center-of-mass frame). Direct comparisons

between asymmetric correlation functions and variational results on the same gauge-field ensemble in
this study indicate that estimates of the FV energy spectrum depend significantly on the interpolating-
operator set such that it is difficult to achieve systematically-controlled results at the available level of
statistics. Similarly, comparison of variational results from different choices of interpolating-operator
sets leads to different bounds on the ground-state energy, although the upper bounds on energy levels
provided by variational methods are robust in all cases.

There are multiple possible explanations of these results. On one hand, asymmetric correlation functions
could appear to be exhibiting single-state dominance due to delicate cancellations between ground and
excited-state contributions and the true ground-state energy could be larger than the value determined
by previous asymmetric calculations [48]. If such delicate cancellation is in place, the observed volume
insensitivity of asymmetric correlation functions associated with the obtained ground states in previous
two-nucleon studies [19], which signals the bound nature of the state in the volume, will be a surprising
coincidence. On the other hand, it is straightforward to construct interpolating-operator overlap models
for which asymmetric correlation functions would reveal the true ground-state energy while variational
methods provide an upper bound that is dominated at realistic statistical precision by contributions from
a higher-energy state that has larger overlap with all of the interpolating operators used in the study [48].
A simple toy example of this is given by a pair of interpolating operators A and B that are used to probe
a three-state system with true energy levels

E
(AB)
0 = η −∆, E

(AB)
1 = η, E

(AB)
2 = η + δ. (15.1)

Define normalized overlap factors for operators A and B onto these states by

ZA = (ε,
√

1− ε2, 0), ZB = (ε, 0,
√

1− ε2), (15.2)

where ε � 1 is a real parameter. Solving a generalized eigenvalue problem (GEVP) using 2 × 2
correlation-function matrices with interpolating operators {A,B} and times t0 and t > t0 gives eigen-
values

λ
(AB)
0 = e−(t−t0)η

[
1 + ε2

(
et∆ − et0∆

)
+O(ε4)

]
,

λ
(AB)
1 = e−(t−t0)(η+δ)

[
1 + ε2

(
et(∆+δ) − et0(∆+δ)

)
+O(ε4)

]
.

(15.3)

Unless t is large enough such that et∆ compensates for the O(ε2) overlap-factor suppression, the bound
obtained from the lowest GEVP eigenvalue will significantly overestimate the true ground-state energy.
However, an asymmetric correlation function of the form

〈
B(t)A(0)

〉
will overlap perfectly with the

true ground state with zero excited-state contamination. This example can be trivially generalized to
include more states that have small overlap with the interpolating-operator set {A,B} without changing
the need for achieving large enough et∆ in order to compensate for the smallness of the overlap factors
present. Including additional interpolating operators that have small overlap with the ground state also
does not improve GEVP ground-state energy estimates in this example – it is the inclusion of interpolating
operators with sufficiently large overlap with states of interest that is essential for the success of variational
methods.

The existence of such models demonstrates that in order to conclusively determine whether two-nucleon
systems are bound or unbound with larger than physical values of the quark masses, further variational
studies are required to span the subspace of Hilbert space that might be associated with a two-nucleon
bound state. While it is possible for variational studies to conclusively demonstrate the presence of a
bound state, by their very nature they can not rule out such a state except if the interpolating operators
that are used form a basis for the Hilbert space – a scenario that cannot be realistically achieved. Similarly,
energies extracted from asymmetric correlation functions provide an estimate of the ground state energy
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which are subject to systematic uncertainties from choices of interpolating operators that may be difficult
to estimate.

LQCD studies of multi-nucleon systems will become increasingly refined in the coming years. In future
studies, systematic uncertainties in LQCD determinations of nuclear properties associated with lattice
spacing and quark-mass extrapolations will be controlled through the use of larger sets of gauge-field
ensembles. Excited-state effects will be controlled through variational studies that include more, and
more varied, interpolating-operators that better cover the low-energy sector of Hilbert space. The ongoing
development of strategies for matching LQCD results to nuclear effective theories and other ways to
relate FV and infinite-volume observables will be increasingly essential for extending the reach of robust
predictions grounded in the Standard Model up the chart of the nuclides.
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For about a decade, there has persisted a discrepancy in the literature in which most groups performing
calculations of nucleon-nucleon (NN ) systems with lattice QCD (LQCD) reported the identification of
deeply bound di-nucleon systems at pion masses larger than nature [1–5], while the HAL QCD Col-
laboration, utilizing an alternative method known as the HAL QCD potential [6, 7], reported that the
di-nucleon systems do not support bound states at these heavy pion masses [8, 9]. It was initially as-
serted by many groups that this discrepancy was a sign of unquantified systematic uncertainties in the
HAL QCD approach as this method requires additional assumptions beyond those needed for the Lüscher
formalism [10–13].

However, subsequent work uncovered significant dependence of the extracted spectrum upon the type
of local-creation operator used [14], raising significant concerns on whether or not the previous works
correctly determined the NN spectrum. The spectrum does not depend upon the creation/annihilation
interpolating operators, and so the observation of such dependence is indicative of either a misidentifica-
tion of the spectrum through “false plateaus” [14], or it could be a practical issue that the operators used
couple so poorly to a given state that, at the available finite statistics, one can not numerically resolve the
presence of the state through the analysis of the correlation functions.

A shortcoming of all previous works that have identified deeply bound di-nucleons is that they employed
asymmetric correlation functions in which theNN creation and annihilation interpolating operators were
not conjugate to each other. In this setup, the overlap factors for the excited states are not guaranteed to
have the same sign as for the ground state, making the analysis susceptible to false plateaus. There are
now three independent calculations of two baryon systems which utilize momentum-space creation and
annihilation operators leading to Hermitian matrices of correlation functions allowing for a variational
approach [15, 16]: The Mainz group has computed the H dibaryon and di-neutron systems [17] us-
ing the distillation method [18]; The sLapHnn Collaboation has computed the di-nucleon systems [19]
using the stochastic Laplacian Heaviside method [20]; The NPLQCD Collaboation has computed the
di-nucleon systems [21] using a momentum-sparsening method [22]. None of these newer works have
identified deeply bound di-nucleon systems, including the calculation by NPLQCD which included both
momentum-space and local hexaquark interpolating fields in the linearly-independent set of operators.

Resolving the nature of the NN systems at heavy pion mass is critical for the application of LQCD to
nuclear physics. It is both a test of the underlying physics, and presently, it is more importantly a test of
our ability to perform the calculations with fully quantified theoretical uncertainties. For example, if it is
determined that calculations which utilize local hexaquark creation operators lead to a misidentification
of the spectrum, all subsequent calculations of two and more nucleon matrix elements that utilize such a
set of creation operators will have unquantified corrections.
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A clear picture has emerged: the only calculations which identify deeply bound di-nucleons are those
that utilize local hexaquark creation operators and momentum-space annihilation operators. Can we un-
derstand more quantitatively why these sets of correlation functions indicate deeply bound di-nucleons?
HAL QCD has suggested they emerge as a false plateau generated by a linear combination of elasticNN
scattering states, with differing signs for the overlap factors [23]. This can be tested with a matrix of
correlation functions including both momentum-space and hexaquark operators.

Another recent troubling result is from the Mainz-group calculation of the H dibaryon in the SU(3)-
flavor symmetric limit, utilizing six lattice spacings, from which they observed very large discretization
corrections to the binding energy [24]. In contrast, important discretization effects in two-meson systems,
which are generally more precisely computed, have so far not been observed. Therefore, the observation
of such corrections in this dibaryon system raises several questions. Can this be confirmed from inde-
pendent calculations? Is it specific to the lattice action used? Is it unique to the H dibaryon or a general
feature of dibaryon interactions? With such large discretization corrections, does one need to consider
discretization corrections to the Lüscher quantization condition?

In the following, we comment on these and other issues related to LQCD calculations of two-baryon
systems. We provide some suggestions how to further elucidate some of the perplexing issues that have
arisen in the literature, and how the field can make progress. The first step in making progress is to
reliably determine the two-baryon spectrum, prior to moving on to more baryons and/or their matrix
elements.

16.1 Reliable Spectral Analysis

For reliable conclusions to be drawn from the Lüscher finite-volume formalism, it is essential that the
energies input into the quantization condition are accurate. There are three major challenges to obtaining
accurate energies:

• At early Euclidean time, the correlation functions are contaminated by excited states;
• The lowest excited state gap in the two-baryon system is given by elastic scattering modes, which

have an energy gap corresponding roughly to p2/M ≈ (2π/L)2/M ≈ 20 − 50 MeV for typical
values of L used in present calculations. The time scale for these excited states to decay is given
by the inverse energy gap, which corresponds to 4− 10 fm;

• Empirically, it is observed that the noise of two-baryon systems overwhelms the signal before
t ≈ 2 fm, for calculations at larger-than-physical pion mass. The exponential degradation of
the signal becomes worse as the pion mass is reduced towards the physical point, which for NN
systems scales as e−2(MN− 3

2
mπ)t at asymptotically large times.

Given the results in the literature, the only promising strategy to overcome these challenges is to use a
variational method to extract the spectrum [15, 16] and then use the Lüscher quantization condition [10–
13] to provide important diagnostics on the consistency of the extracted spectrum [25, 26]. Such a strategy
has been used successfully in many studies of two-meson systems, which has become the standard tool
there, see the review [27] and references therein.

The variational method involves forming a Hermitian matrix of correlation functions with elements de-
fined as

Cij(t) ≡ 〈Oi(t+ t0)O†j(t0)〉, (16.1)

using a set ofN linearly independent operators {Oi} that, ideally, have strong overlap with the states that
one wants control over. For example, a baryon-baryon operator could be a linear combination of objects
having the form

OBB(t, ~P ) =
∑
~x,~y

e−i~p1·~xe−i(
~P−~p1)·~y(qqq)(t, ~x)(qqq)(t, ~y), (16.2)

corresponding to the momentum-space operators discussed above, whereas a hexaquark operator has the
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structure

OH(t, ~P ) =
∑
~x

e−i
~P ·~x(qqqqqq)(t, ~x). (16.3)

The finite-volume spectrum can be obtained by solving the generalized eigenvalue problem (GEVP) on
the resultant correlator matrix

C(t)υn(t, τ0) = λn(t, τ0)C(τ0)υn(t, τ0), (16.4)

whose eigenvalues give

λn(t, τ0) = |An|2e−En(t−τ0)
[
1 +O(e−∆nt)

]
, (16.5)

where En is the energy of the nth eigenstate in the system and n = 0, . . . , N − 1. Thus, the lowest
N eigenstates that have overlap with the chosen set of operators can readily be extracted from these
generalized eigenvalues. But, given the practical limitations on the size of t due to the exponentially bad
signal-to-noise ratio, the reliability of this extraction depends strongly on the size of the gap ∆n. It has
been shown that solving the GEVP with τ0 ≥ t/2 leads to a gap of ∆n = EN −En [16], which removes
the contribution from all states withEm 6= En < EN from λn(t, τ0). This is in contrast to solving for the
eigenvalues ofC(t) directly, in which case the gap is in general given by ∆n = minm 6=n |En−Em| [15],
and thus does not help in controlling the contamination from different states. Hence, by using the GEVP,
the gap can be made arbitrarily large by including more operators in the correlator matrix that couple
well to the relevant states.

The GEVP is also amenable to self-consistency checks by varying the operators used in the correlator
matrix and observing how the resulting spectrum is affected (e.g. see Ref. [21] for a recent investigation).
This can help to determine operators that are irrelevant, or, more importantly, essential. As stated above,
further consistency checks can be made by utilizing the quantization condition to look for any inconsistent
behavior in the phase shift coming from the energies extracted from the GEVP. The resulting phase shift
can also be used to predict the energy spectrum and look for any missing energies. Thus, the GEVP
method in combination with the finite-volume Lüscher formalism is a powerful method for validating the
extracted spectrum.

Pionless EFT indicates that regardless of whether a deep bound state exists in the system or not, a mod-
est variational basis containing only momentum-space operators is sufficient to correctly determine the
spectrum, and the inclusion of a hexaquark operator does not improve the convergence [28], (see also
[17]). One lattice calculation found that including a hexaquark operator gave rise to an additional energy
level well above threshold, without affecting any other levels [21]. Such a state, if it exists, would have
to be a very narrow resonance that is weakly coupled to the NN system such that it leaves an otherwise
imperceptible imprint on the nearby spectrum and the resulting phase shift. It is important to verify the
validity of this state to further understand these strongly interacting systems.

All applications of the variational method to two-baryon systems at larger-than-physical pion masses
either strongly disfavor a bound NN state [19] or are inconclusive in this regard [17, 21]. Direct com-
parison, on the same ensemble, of variational results to those using the asymmetric correlator setup
described above show inconsistencies in the extracted phase shifts, further providing evidence that these
early studies were affected by uncontrolled excited-state contamination.

The recent switch to utilizing the variational method in two-baryon systems has resulted in great strides
toward resolving the two-baryon controversy in the literature. But, more work is certainly needed. For
example, it will be illuminating to compare the phase shifts determined on the same configurations from
the HAL QCD potential method and the variational methods. Thus a shift to controlling other sources of
systematic error may be the next hurdle for obtaining reliable estimates of two-baryon observables. We
discuss first steps toward this in the next section.
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E(L, a) δ(p2, a)

E(L) δ(p2)

lattice
quantization?

a→ 0a→ 0

continuum
quantization

Figure 16.1: Two paths, red and blue, from the lattice finite-volume energy levels E(L, a) to the continuum phase shift δ(p2).

16.2 Quantization condition and discretization effects

Until recently, every lattice calculation of baryon-baryon interactions was done using a single lattice
spacing a. This was based on the assumption that discretization effects mostly cancel when taking the
difference between baryon-baryon energy levels and the sum of two single-baryon energy levels [29]. In
Ref. [24], two of us studied the H dibaryon for a fixed choice of quark masses using six lattice spacings
and found very large discretization effects: the binding energy in the continuum limit was 4.6(1.3) MeV,
whereas on the coarsest lattice spacing it was above 30 MeV. Given this first result in a single physical
system, it will be important to check other systems such asNN systems to understand whether large dis-
cretization effects are common; work in this direction is in progress [30]. In addition, since discretization
effects are not universal, it will be worthwhile to also perform studies using different lattice actions. Some
input from EFTs or toy models could help in understanding these effects and whether any lattice action
should be preferred. It will also be interesting and important to understand why they may be relevant for
two-baryons but do not seem nearly as relevant for two-meson systems.

If large discretization effects are widespread, this implies that many previous calculations may also con-
tain large systematic errors. In the future, it will be important to perform calculations using multiple
lattice spacings or a single lattice spacing that is finer than has typically been used in the past.

16.2.1 Applying quantization conditions at nonzero lattice spacing

A now-standard approach for studying multihadron interactions with LQCD is to use finite-volume quan-
tization conditions, which relate the scattering amplitude to the finite-volume spectrum [10–13]. Given
that these conditions have been derived in the continuum, a natural question is how best to analyze a
spectrum computed at nonzero lattice spacing. Two possible strategies are illustrated in Fig. 16.1.

The most theoretically clean approach is to follow the red path, by first performing continuum extrapo-
lations at fixed volume to obtain the continuum finite-volume spectrum, then analyzing it using standard
quantization conditions. However, the corresponding lattice calculations are challenging, since they re-
quire matched volumes at different lattice spacings.

Alternatively, one could follow the blue path, using quantization conditions to obtain scattering ampli-
tudes at finite lattice spacing and then extrapolating those to the continuum. Two simplifying assumptions
can be made: the continuum quantization condition can be applied to data at nonzero lattice spacing, and
the scattering amplitude at nonzero lattice spacing has the same structure as the continuum one. This is
the main approach used in Ref. [24]. Along with a fit ansatz in which p cot δ0(p) is given by a polyno-
mial in p2 whose coefficients are affine functions of a2, this approach produced a good description of the
lattice spectra.

A better understanding of discretization effects could help to put the strategy of following the blue path
on theoretically more solid ground. It would be beneficial to derive a quantization condition that accom-
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modates at least the leading discretization effects. This would, of course, have to incorporate the O(a2)
discretization effects that reduce the O(4) Euclidean-rotational group down to the hypercubic group. At
this stage it is unclear if these effects could be accounted for using a universal framework or if it is nec-
essary to resort to a specific EFT evaluated to a finite order. First steps in this direction were performed
in Ref. [31] for a simple theory.

16.2.2 Energy levels on left-hand cuts

Here we note another important direction of investigation for the two-particle quantization conditions.
It is well known that the standard quantization conditions break down above certain inelastic thresholds,
with considerable progress being made in recent years to understand quantization conditions above multi-
channel and three-particle thresholds (see Refs. [27, 32] for recent reviews). However, they also fail for
energies that overlap with left-hand cuts that occur below the lowest threshold. One can see this in the
simplest case where the quantization condition is truncated to S-wave:

p cot δ0(p) =
2√
πLγ

Z
~PL/(2π)
00

(
1,

(
pL

2π

)2
)
. (16.6)

Here, Z ~D
00 is a generalized zeta function that is real for real p2. Below the start of the left-hand cut,

p cot δ0(p) is generically complex; as a result, the equation has no solutions.

On the other hand, lattice energy levels below the start of the left-hand cut have now been observed [24].
For SU(3) singlet baryon-baryon scattering relevant for the H dibaryon, the first left-hand cut is caused
by t-channel exchange of a pseudoscalar octet meson. On all but one of the ensembles in Ref. [24], the
ground state in the rest frame lies below the start of the t-channel cut; these levels were discarded from
the analysis. For nucleon-nucleon scattering at the physical pion mass, the t-channel cut starts about
5 MeV below threshold; naı̈ve applications of quantization conditions to the scattering amplitude in the
deuteron sector (using models that do not contain a t-channel cut) predict that the ground state in the rest
frame will lie this far below threshold when L < 8 fm [33, 34].

It would be valuable to have quantization conditions that are valid on left-hand cuts, which could provide
subthreshold information on the scattering amplitude. In fact, the recently-proposed method of Ref. [35]
might already be applicable to some of these challenges. At this point, it is not clear if one could cast
such a formalism in a universal form that may be applicable for arbitrary channels.

16.3 Two-body matrix elements

Ultimately, the spectrum of the NN system serves as a first step towards the determination of more
physically interesting quantities, including electroweak elastic and transition form factors and QCD con-
tributions to processes that may provide smoking guns of BSM physics (e.g. neutrinoless double-beta
decay). Many of these reactions may be constrained via the evaluation of matrix elements of external
currents. With the aim of rigorously determining these matrix elements via LQCD, there has been sig-
nificant progress towards providing a non-perturbative connection between finite- and infinite-volume
few-body matrix elements [36, 37]. If we consider the simplest system, where the particles carry no
relative angular momentum or intrinsic spin, the relationship between a matrix element for a local scalar
current (J ) can be compactly written as [36, 37]

L3〈Pf , L|J (x = 0)|Pi, L〉 =

(
Wdf(Pf , Pi) +M(P 2

f ) ·G(Pf , Pi, L) · M(P 2
i )

)√
R(Pf , L)R(Pi, L),

(16.7)

where G is a new finite-volume function that is closely related to Z00 appearing in Eq. (16.6), R is the
so-called Lellouch-Lüscher factor [38, 39],M is the purely hadronic two-body amplitude, andWdf is
the desired infinite-volume matrix element 1. Although this formalism has not yet been implemented

1The subscript df stands for “divergence-free”, referring to the fact that simple pole singularities have been removed.
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in a LQCD calculation, important checks have been performed on it, including the consistencies with
perturbation theory, the Feynman-Hellmann theorem, and charge conservation [34, 40].

It is worth emphasizing thatR requires the evaluation of the derivative of the scattering amplitude and the
Z00 functions with respect to energy. The derivative of the scattering amplitude is not directly accessible
via LQCD, and as a result one must resort to parametrizations of the amplitudes. This, and the additional
explicit dependence onM in Eq. (16.7), points to the fact that in order to obtain infinite-volume matrix
elements of two-particle states, one requires a tight and accurate constraint on the two-body spectrum
and subsequently the two-body scattering amplitudes.

As already mentioned, this formalism has not been implemented in the study of NN matrix elements.
Instead, the published results [41–43] have restricted their attention to systems that support bound states
and relied on the fact that matrix elements of two-body bound states have exponentially suppressed finite-
volume effects [34]. If there are no bound states, as indicated by improved spectroscopy calculations,
then this approach for avoiding Eq. (16.7) is not valid. Furthermore, any uncontrolled systematic errors
in the spectra will propagate into errors in M and R, which can be large. In addition, generally the
finite-volume matrix element on the left-hand side of Eq. (16.7) cannot be reliably isolated in a regime
where the energy of the corresponding finite-volume state has not been reliably isolated. Although it
has not been definitively demonstrated at this point whether the published results for the NN matrix
elements are contaminated by these uncontrolled systematics, this will need further investigation, and
these calculations will need to be done using variationally optimized operators as done in, for example,
Ref. [44] for excited mesonic states.

For shallow bound states, like the physical deuteron, finite-volume effects can not be ignored. Instead,
one will need to use multiple volumes and/or total momenta to scan the pole region of Wdf . At the
bound-state, this amplitude acquires an energy-dependent pole associated with the initial and final state
coupling to the bound state [45]. And from the residue of this, one can access the form factors of such a
state.

To study the matrix elements ofNN states, it will be necessary to generalize the formalism presented in
Refs. [34, 40] for systems with non-zero intrinsic spin. Finally, as previously emphasized, the formalism
discussed only supports currents that are local in time. In other words, it would not be suitable in, for
example, the study of Compton scattering or double beta decays. Such observables would need extensions
to accommodate the insertion of two currents separated by arbitrary time. Efforts along this track are
under way [46–50].

16.4 States coupling to three or more nucleons

Among the more exciting prospects of the few-nucleon LQCD program is the possibility of constraining
three-nucleon dynamics directly from QCD. The procedure for this follows closely that of the two-body
sector. Namely, presently the most rigorous pathway requires the accurate determination of the finite-
volume spectra of states with the quantum number of three-nucleons using a large list of operators. The
spectrum would then need to be analysed with the extensions of the quantization condition for three
particles in order to then constrain the infinite-volume amplitudes. Once the amplitudes have been con-
strained, these could be analytically continued below threshold to determine the location and residues of
possible bound state poles.

These studies are significantly more challenging than their two-body analogues for multiple reasons,
including

• there is a larger density of states,
• for systems with two-body bound states, there can be multiple thresholds,
• the number of allowed contractions generally grows with the number of hadrons,
• the numerical cost of evaluating each contraction is generally larger,
• the stochastic noise grows with the number of nucleons,
• the quantization condition is more complicated to derive and implement,
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• the quantization condition depends on one, two, and three-body observables,
• the infinite-volume amplitudes have a larger class of singularities.

The first five items point to the fact that determination of finite-volume spectra is generally more com-
plicated, while the last set of items refer to the fact that their analysis is also more challenging.

This program hinges on a non-perturbative formalism to relate the finite-volume spectra and the desired
infinite-volume amplitude. There has been significant progress towards this goal [32, 51–54]. Although
these formalisms have not been implemented in the study of nuclear states, they have been successfully
implemented in the mesonic sector [55–60], where calculations are computationally more affordable.

While the formalism for three-nucleon systems in finite volume does not yet exist, there are published
results for the three (and four) baryon spectra [1, 2]. There is now evidence that the NN (and generally,
two-baryon) spectra for these results have significant, unaccounted-for systematic errors, as the NPLQCD
collaboration first published BNN ≈ 20 MeV binding energies for both di-nucleon systems [1, 5], while
in their most recent work using momentum-space creation operators, they do not find evidence for deep
bound states [21]. This is suggestive of an O(20 MeV) systematic uncertainty on theNN binding energy.
Ref. [1] also quoted a 3He binding energy of B ≈ 50 MeV, which is 30 MeV from the quoted proton-
deuteron breakup threshold. Assuming a 20 MeV systematic uncertainty on the deuteron binding energy,
it is not unreasonable to also assume a similar or larger uncertainty on the gap from the three-nucleon
state to this first open threshold. This is of the same order of the systematic for the two-body sector, which
weakens the claim that a bound 3He was found for these quark masses. As a result, it will be necessary to
do a variational analysis of the spectrum using a larger list of interpolating operators before concluding
that 3He is indeed bound for these larger pion masses in the range mπ ∼ 300− 800 MeV.

In preparation for such studies, the formalism continues being developed [61–64] to allow for increasingly
complex three-body systems. In parallel to these efforts, toy-model investigation have been continued,
exploring nuclear-like theories which support two- and three-body bound states in a finite- and infinite-
volume [65, 66]. Ultimately, these formalisms will need to be extended to accommodate systems with
intrinsic spin.

Although calculations of correlation functions with four and more nucleons have been performed, they
have used a single local creation operator. The challenges discussed above for theNN sector are expected
to be more difficult for four and more nucleons, and the corresponding calculation will be numerically
more expensive. Given these two points and the lack of existing formalism to test the validity of the
resultant lattice spectra, robust investigations of systems composed of four or more nucleons will have to
wait.
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[63] M. T. Hansen, F. Romero-López, and S. R. Sharpe. “Generalizing the relativistic quantization
condition to include all three-pion isospin channels.” In: JHEP 07 (2020). [Erratum: JHEP 02,
014 (2021)], p. 047. doi: 10.1007/JHEP07(2020)047. arXiv: 2003.10974 [hep-lat].

[64] R. A. Briceño, M. T. Hansen, and S. R. Sharpe. “Relating the finite-volume spectrum and the two-
and-three-particle S matrix for relativistic systems of identical scalar particles.” In: Phys. Rev. D
95.7 (2017), p. 074510. doi: 10.1103/PhysRevD.95.074510. arXiv: 1701.07465 [hep-lat].
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As prime examples of quantum many-body systems, atomic nuclei exhibit non-classical correlations,
among which, entanglement is certainly the most fascinating. This peculiar phenomenon, inherent to
quantum mechanics, allows particles that have interacted in some way, to remain correlated even when
separated by arbitrarily large distances. Such non-local correlations play an important role in quantum
communication and are the essence of quantum computing.

In order to characterize entanglement in tightly bound many-body systems, where particles are sepa-
rated by short distances and have overlapping wave functions, one must consider the distinguishable or
indistinguishable character of the components. While there appears to be a consensus on the definition
of entanglement between distinguishable particles, an extension of this concept to systems of identical
particles is difficult and is still subject to debate [1]. The issue comes from the fact that, because of their
indistinguishability, single components cannot be accessed individually. It is thus unclear how to trace
over one subsystem and determine reduced density matrices, which are the key elements to quantify en-
tanglement.

Although possible treatments of two-identical-particle systems have been investigated [2], how to ad-
dress particle entanglement in larger systems is not straightforward, and several points of view on the
notion of entanglement itself, as well as its characterization, have been developed in the past years [3].
One possible way around this issue has been to consider the Fock space formulation of the many-body
state and evaluate entanglement between modes rather than between particles. In this case, the subsys-
tems are formed by groups of distinguishable single-particle states, or orbitals, so that the total Hilbert
space has the required tensor product structure allowing for partial traces and calculation of entanglement
measures.

Below we summarize different ways that have been explored to characterize entanglement in the structure
of atomic nuclei, and discuss how these studies can not only lead to efficient ways of treating quantum
correlations on classical computers, but can also provide valuable insights in order to design quantum
computations of nuclei. Finally we discuss the possible fundamental role of entanglement in the de-
scription of nuclei and nuclear forces, and mention some problems and questions to be addressed in the
future.

17.1 Entanglement in nuclear structure calculations

The presence of entanglement is the reason why calculating nuclei, and in general quantum many-body
systems, on classical computers is so hard. As systems with large entanglement cannot be well approx-
imated by separable states they do not possess an efficient classical representation, thus leading to the
exponential scaling of the required resources with the number of particles. In this context, careful inves-
tigations and possible manipulations of entanglement structures can allow for more efficient calculation
schemes. This idea is exploited by methods such as density-matrix renormalization group (DMRG) or
tensor networks largely used in other fields, and more recently being developed in nuclear physics [4–
14]. As nuclei are composed of two particle species (Z protons and N neutrons), various partitioning
of the nuclear state can be defined, for investigation of different forms of entanglement. For example,
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Refs. [4, 5, 15, 16] made use of the natural bi-partitioning of the nuclear state to study entanglement
between neutron and proton subsystems. Analyses of the singular-value decomposition of shell-model
ground states showed an exponential fall off of the eigenvalues of the reduced density matrix (singular
values), in particular in spherical nuclei with N > Z, so that nuclear states could be represented by
only a few (correlated) proton and neutron states. A few investigations of mode correlations and entan-
glement have now also been performed in the Lipkin model [17], two-nucleon [18] and many-nucleon
systems [19, 20]. For example, Ref. [20] analyzed entanglement properties of several single-particle
bases within the ground state of Helium isotopes, and found a clear link between convergence of the
ground-state energy (with respect to the size of the model space) and entanglement structures. In partic-
ular, natural orbitals derived from a variational principle, which displayed the fastest convergence of the
energy, exhibited much more localized structures of entanglement within the basis, as compared to, for
example, harmonic oscillator or Hartree-Fock orbitals, and minimized the total entanglement content of
the nuclear ground state. Measures of entanglement and correlations appeared compressed around the
Fermi level, and showed that this basis also effectively decouples the active and inactive single-particle
spaces. Analysis of the two-nucleon mutual information in 6He showed that the transformation of single-
particle orbitals led to an emergent picture of two interacting p-shell neutrons decoupling from an 4He
core, thus driving the wave function to a core-valence tensor product structure. While this study was an a
posteriori investigation of entanglement from no-core configuration-interaction calculations, one could
use the structured and minimized entanglement patterns of the variational natural basis to design more
efficient calculation schemes. One intuitive future step in this direction would be to combine such orbital
optimization with DMRG, as has already been explored in quantum chemistry [21, 22].

17.2 Entanglement to guide quantum computations of nuclei

While tremendous progress has been and can still be made in the classical computation of nuclei, quantum
computers in principle offer a much more natural way to solve the quantum many-body problem [23]
and, ultimately, could allow for exact treatments of systems beyond the limits of what could ever be
achieved on classical machines. Thus, in the past decade a huge effort has been deployed to develop
many-body quantum computations, and first proof-of-principle calculations of few-nucleon systems have
been performed on quantum devices [24–28]. These pioneering studies have so far been limited to very
few qubits. Developments of quantum computers are however fast progressing and one can expect that
machines with several hundred or thousand qubits will become available in the very near future. To
take advantage of these developments, it is of the utmost importance to develop clever algorithms which
would limit the error rate to the best extent. In this respect, understanding the entanglement structure of
the system that will be mapped on the quantum machine is crucial, and a careful organization and possible
minimization of such structures could possibly allow for smaller numbers of entangling operations on
the device, thus potentially leading to an expansion of the reach of quantum calculations. For example,
studies of mode entanglement can be particularly useful to develop algorithms that map modes to qubits.
In this context, the natural localization of entanglement into decoupled subspaces that is provided by
the natural variational basis could be exploited in order to design hybrid classical-quantum algorithms
on present and near-term devices possessing limited connectivity. In particular, the weakly-entangled
subspaces could be treated classically while the strongly-entangled part of the Hilbert space would be
handled by the quantum device.

17.3 Discussion and questions to address in the future

The investigation of entanglement in atomic nuclei is overall a rather new and thus exciting line of in-
vestigation. Beyond the computational advantages that could bring an entanglement-based description
of nuclear systems, several studies now point out to the fact that entanglement organization and mini-
mization could in fact be fundamental to the description of matter [29]. In particular, it was revealed that
entanglement suppression is connected to emergent symmetries of the strong interaction at low energy,
suggesting that entanglement may be a basic notion related the hierarchy of nuclear forces and could

90



Nuclear Forces for Precision Nuclear Physics: a collection of perspectives INT-PUB-22-002

characterize a new power-counting scheme [30, 31]. Recently, singular-value decompositions of two-
nucleon interactions showed that low-rank truncations can be safely applied to non-local potentials, and
that the singular-value content is mostly maintained during similarity renormalization group (SRG) evo-
lution of these potentials [13, 14], suggesting that the entanglement minimization could be preserved in
the renormalization flow. Overall it could be that entanglement minimization is the signal of a relevant
description for a given energy scale. From the aforementioned nuclear structure studies, it seems that
this could also be manifest at the many-body level, although more investigations are needed to confirm
this statement. In particular, it would be interesting to investigate if, similarly to the transition from QCD
to nucleons [30], an entanglement suppression also appears when transiting from a description in terms
of interacting nucleons to a regime where collective vibrations or rotations become relevant as degrees
of freedom.
Overall, the use of entanglement as driving principle for the development of nuclear forces and many-
body methods appears as a promising path to keep exploring. In this context, re-interpretation of existing
techniques from an entanglement point of view can also be enlightening. In principle density func-
tional theory tells us that the exact energy of the interacting system can be obtained from a single Slater
determinant (SD) [32], which, by definition, is separable and thus, has no entanglement (beyond anti-
symmetrization). The situation is similar in the in-medium SRG method [33] which shifts the complexity
of the nuclear state to the nuclear Hamiltonian via continuous unitary transformations of the latter. The
exact energy (and other observables) can then also be obtained from a SD. On the other hand, these sepa-
rable states do not characterize the exact wave function of the system. Thus it may not be straightforward
to quantify entanglement directly in such approaches and one may need to elaborate different ways to
characterize it.
Several other fundamental problems as well as possible applications are to be explored in the future.
These include studies of various forms of entanglement, such as bi-partite and multi-partite entangle-
ment, in ground and excited states of diverse types of nuclear systems, from light to mid-mass and heavy
nuclei, both near and far from stability. Such works would lead us towards a broader and deeper un-
derstanding of entanglement in nuclei and its evolution along the nuclear chart, and could shed light on
relations to symmetry breaking and phase transitions, as well as possible links with emergence of new
degrees of freedom.
As a more conceptual issue, how to characterize entanglement between individual nucleons (as opposed
to modes) in a way that would be independent of the basis should also be clarified. This type of entan-
glement could potentially provide better insight into physical phenomena such as pairing or clustering,
and could perhaps reveal possible experimental signatures of entanglement in nuclei.

References

[1] L. Amico, R. Fazio, A. Osterloh, and V. Vedral. “Entanglement in many-body systems.” In: Rev.
Mod. Phys. 80 (2008), pp. 517–576. doi: 10 . 1103 / RevModPhys . 80 . 517. arXiv: quant -
ph/0703044.

[2] K. Eckert, J. Schliemann, D. Bruß, and M. Lewenstein. “Quantum Correlations in Systems of
Indistinguishable Particles.” In: Annals of Physics 299.1 (2002), pp. 88–127. issn: 0003-4916.
doi: https://doi.org/10.1006/aphy.2002.6268. url: https://www.sciencedirect.
com/science/article/pii/S0003491602962688.

[3] F. Benatti, R. Floreanini, F. Franchini, and U. Marzolino. “Entanglement in indistinguishable par-
ticle systems.” In: Physics Reports 878 (2020). Entanglement in indistinguishable particle systems,
pp. 1–27. issn: 0370-1573. doi: https://doi.org/10.1016/j.physrep.2020.07.003.
url: https://www.sciencedirect.com/science/article/pii/S0370157320302520.

[4] T. Papenbrock and D. J. Dean. “Factorization of shell model ground states.” In: Phys. Rev. C 67
(2003), p. 051303. doi: 10.1103/PhysRevC.67.051303. arXiv: nucl-th/0301006.

91

https://doi.org/10.1103/RevModPhys.80.517
https://arxiv.org/abs/quant-ph/0703044
https://arxiv.org/abs/quant-ph/0703044
https://doi.org/https://doi.org/10.1006/aphy.2002.6268
https://www.sciencedirect.com/science/article/pii/S0003491602962688
https://www.sciencedirect.com/science/article/pii/S0003491602962688
https://doi.org/https://doi.org/10.1016/j.physrep.2020.07.003
https://www.sciencedirect.com/science/article/pii/S0370157320302520
https://doi.org/10.1103/PhysRevC.67.051303
https://arxiv.org/abs/nucl-th/0301006


Nuclear Forces for Precision Nuclear Physics: a collection of perspectives INT-PUB-22-002

[5] T. Papenbrock, A. Juodagalvis, and D. J. Dean. “Solution of large scale nuclear structure problems
by wave function factorization.” In: Phys. Rev. C 69 (2004), p. 024312. doi: 10.1103/PhysRevC.
69.024312. arXiv: nucl-th/0308027.

[6] S. R. White. “Density matrix formulation for quantum renormalization groups.” In: Phys. Rev.
Lett. 69 (1992), pp. 2863–2866. doi: 10.1103/PhysRevLett.69.2863.

[7] J. Dukelsky, S. Pittel, S. S. Dimitrova, and M. V. Stoitsov. “The Density matrix renormaliza-
tion group method and large scale nuclear shell model calculations.” In: Phys. Rev. C 65 (2002),
p. 054319. doi: 10.1103/PhysRevC.65.054319. arXiv: nucl-th/0202048.

[8] J. Dukelsky and S. Pittel. “The Density matrix renormalization group for finite Fermi systems.”
In: Rept. Prog. Phys. 67 (2004), pp. 513–552. doi: 10.1088/0034-4885/67/4/R02. arXiv:
cond-mat/0404212.

[9] B. Thakur, S. Pittel, and N. Sandulescu. “Density Matrix Renormalization Group study of Cr-48
and Ni-56.” In: Phys. Rev. C 78 (2008), p. 041303. doi: 10.1103/PhysRevC.78.041303. arXiv:
0808.1277 [nucl-th].

[10] J. Rotureau, N. Michel, W. Nazarewicz, M. Ploszajczak, and J. Dukelsky. “Density matrix renor-
malization group approach for many-body open quantum systems.” In: Phys. Rev. Lett. 97 (2006),
p. 110603. doi: 10.1103/PhysRevLett.97.110603. arXiv: nucl-th/0603021.

[11] J. Rotureau, N. Michel, W. Nazarewicz, M. Ploszajczak, and J. Dukelsky. “Density matrix renor-
malization group approach to two-fluid open many-fermion systems.” In: Phys. Rev. C 79 (2009),
p. 014304. doi: 10.1103/PhysRevC.79.014304. arXiv: 0810.0784 [nucl-th].

[12] K. Fossez and J. Rotureau. “Density matrix renormalization group description of the island of
inversion isotopes 28−33F.” In: (May 2021). arXiv: 2105.05287 [nucl-th].

[13] B. Zhu, R. Wirth, and H. Hergert. “Singular value decomposition and similarity renormalization
group evolution of nuclear interactions.” In: Phys. Rev. C 104.4 (2021), p. 044002. doi: 10.1103/
PhysRevC.104.044002. arXiv: 2106.01302 [nucl-th].

[14] A. Tichai, P. Arthuis, K. Hebeler, M. Heinz, J. Hoppe, and A. Schwenk. “Low-rank matrix de-
compositions for ab initio nuclear structure.” In: Physics Letters B 821 (2021), p. 136623. issn:
0370-2693. doi: https://doi.org/10.1016/j.physletb.2021.136623. url: https:
//www.sciencedirect.com/science/article/pii/S0370269321005633.

[15] T. Papenbrock and D. J. Dean. “Density matrix renormalization group and wavefunction factoriza-
tion for nuclei.” In: Journal of Physics G: Nuclear and Particle Physics 31.8 (July 2005), S1377–
S1383. doi: 10.1088/0954-3899/31/8/016. url: https://doi.org/10.1088/0954-
3899/31/8/016.

[16] O. C. Gorton. “Efficient modeling of nuclei through coupling of proton and neutron wavefunc-
tions.” In: (2018).

[17] J. Faba, V. Martin, and L. Robledo. “Correlation energy and quantum correlations in a solvable
model.” In: Phys. Rev. A 104.3 (2021), p. 032428. doi: 10.1103/PhysRevA.104.032428. arXiv:
2106.15993 [quant-ph].
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18 A Perspective on Quantum Information and Quantum Computing for
Nuclear Physics
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This is my contribution to the Panel Discussion on 6 May 2021 in the INT workshop INT 21-1b related to
quantum information sciences (QIS) for low-energy nuclear physics (NP). Each Panelist provided initial
comments to start the discussion (with topics that we distributed among ourselves to avoid duplication).
The following text is an approximate transcription of my remarks, regarding things to keep in mind when
considering how to go about effectively transferring QIS techniques into and out of NP (theory) research.
My remarks were mainly reflective in nature, outlining some of the means by which modern quantum
field theory (QFT), the Standard Model, effective field theory (EFT), quantum chromodynamics (QCD)
and lattice QCD (LQCD) techniques and technologies became integrated into the NP community.

Given the multi-disciplinary nature of QIS research, and the many points of connection with NP research,
it is helpful to understand potential paths for a degree of integrating of research in QIS and nuclear theory
at the interface to create an effective, robust and mutually beneficial research program. To provide some
insight and guidance about handling the integration of relevant components of QIS research into NP
and other domain sciences, and vice versa, it is worth reflecting on the integration of QFT, the standard
model, EFT, QCD and LQCD techniques and technologies into the NP community. While QCD was
discovered in the early 1970s, and LQCD soon thereafter, its theoretical footprint essentially remained in
the domain of high-energy physics (HEP) for more than 15 years. This was in part because the success of
perturbative QCD in systematically describing electroweak processes using EFTs and the RG, and the lack
of direct impact on NP at that time beyond hadronic modeling. Despite a rapidly growing experimental
program probing QCD in NP, QFT was not universally considered central to nuclear-theory research
even well into the 1990s. Generally, the existing theoretical tools were integrated into the NP portfolio
by a modest number of NP theorists re-aligning their research efforts and re-tooling (to some extent) and
by hiring early-career scientists with PhDs in particle theory, particularly phenomenology, with interest
in low-energy problems and electroweak processes. This was a remarkably successful recruitment, and
coincided with one of the swings toward string theory in particle theory providing a significant pool
of talent for NP to recruit from, and has contributed in part to present-day cutting-edge nuclear-theory
activities.

LQCD was somewhat delayed in its migration into NP despite its obvious future role, again due to its
significant impact on the HEP experimental program, and the challenges faced in computing the proper-
ties of even one nucleon with precision. This situation evolved during the 2000s, with the NP commu-
nity spawning further single-nucleon and multi-nucleon LQCD efforts and collaborations, and hiring a
number of junior scientists trained in LQCD by HEP, to utilize the rapidly increasing available classical
computing resources. This was enabled and welcomed by the USQCD collaboration 1 that represented
all LQCD practitioners in the U.S. and coordinating developments with SciDAC 2 funding and HPC 3.

In addition to increased funding for efforts in new directions in local research groups at universities and
national laboratories, national summer schools and conferences, major community-driven vehicles to
enable a deeper integration of new ideas and concepts into and out of nuclear theory were established

1https://www.usqcd.org/
2https://www.scidac.gov/
3https://www.usqcd.org/lqcd/WBS/
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around 1990, with the creation of the Institute for Nuclear Theory (INT) 4 in Seattle, USA, embedded in a
university physics department, followed a few years later by the European Center for Theoretical Nuclear
Physics (ECT*) 5 in Trento, Italy connected with their physics department. This deliberate co-location
provides a “low potential barrier” to engaging graduate students and postdocs in an immersive environ-
ment with a large and rotating selection of the world’s leading theorists at all career stages. Currently,
ECT* is embracing QIS as an area of importance for future NP research, building upon its prior efforts
in this area and also in HPC.

These discussions and examples of a previously successful integration pathway, provides guidance for
considering how to accomplish the analogous mutually-beneficial QIS technique and technology transfer
into and out of NP research. The situation for QIS has important differences, one of them being the major
role of technology companies and startups, and the expected growth of the quantum economy to follow a
similar path to that of the silicon economy, driven by Moore’s Law and financially supported by investors
toward a significant fraction of a trillion dollars in the future. Having said this, there is no obvious
reason to “re-invent the wheel”, and the NP community has the necessary institutional knowledge and
infrastructures to rise and meet this challenge. The InQubator for Quantum Simulation (IQuS) 6 was
recently established with the goal of enabling this QIS-NP integration.

4https://sites.google.com/uw.edu/int/home
5https://www.ectstar.eu/
6https://iqus.uw.edu/
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When contrasting the evolution of quantum computing with the advent of microchip technology, one sees
interesting similarities. Let us start with transistors. In 1925, Julian Lilienfeld filed for an early patent for
the design of a field-effect transistor[1], marking the conceptual start of the microchip revolution. It took
several years of development to move from concept to the first working transistor (its birthdate is given as
23 December 1947) for which the team of John Bardeen, Walter Brattain, and William Shockley won the
Nobel Prize in 1956.1 Robert Noyce, who received the first integrated circuit (IC) patent in 1961 (filed in
1959 [2]), joined with Shockley to found the first microchip production firm, Fairchild Semiconductor,
and later founded Intel with Gordon Moore. Gordon Moore is credited with realizing that the number of
transistors in a dense integrated circuit doubles about every two years (Moore’s law [3]). Indeed, from
the Intel-4004 of 1970, with 2,250 transistors on the chip, to today’s chips with billions of transistors, this
observation has held true. The amazing advances made in computer technology have revolutionized every
aspect of life and have had tremendous impacts in our approach to the sciences through the development
and application of computational science across many domains.

Quantum computing is following a similar evolutionary path. We often credit Richard Feynman with the
idea, see e.g. [4], of simulating quantum systems with quantum computers. Furthermore, the thermody-
namics of computing (and potential reversibility of quantum computing) were being discussed contem-
poraneously by Toffoli [5] and Bennett [6]. Influenced by the reversable computing work, Benioff [7]
developed universal quantum gate sets for computation. These tremendous leaps in a theoretical under-
standing of quantum information science and quantum computation mark the start of the current quantum
computing era.

Of course, a theory does not mean a device that can compute. The next steps in the evolution of quantum
computing required the hard work of developing and understanding how to make quantum circuits in the
laboratory [8]. Many laboratories and researchers from across the world have contributed to the necessary
advances required to advance quantum computing in the laboratory [9, 10]. Furthermore, these advances
are leading to significant technical investments from different industrial sectors, and generating many new
start-up technology companies. For example (and this is not an exhaustive list), progress is being made
in generating quantum computers from superconducting qubits (represented by work at IBM2, Google3,
and Rigetti4), trapped ions (represented by work at IonQ5 and Honeywell6), and optical computing7. In
each case, the technical difficulty comes with scaling of qubits and with error control. Nevertheless, the
field continues to make quick progress in implementation within these technologies.

The US government has been keenly aware of the need to invest in quantum computing for several years.
Starting a completely new industry plays into this need, as does the threat of competition from across
the world [11]. The US Department of Energy began to formulate plans [12–15] for research in the
area that would directly impact both coherence times and quantum computing scalability. At the same
time, the DOE began funding research in quantum algorithm development and in use cases that are
germane to the DOE’s mission in scientific R&D. The reports (and others that I have not listed), coupled

1https://www.nobelprize.org/prizes/physics/1956/summary/
2https://www.ibm.com/quantum-computing/
3https://quantumai.google
4https://www.rigetti.com
5https://www.ionq.com
6https://www.honeywell.com/us/en/company/quantum
7https://psiquantum.com
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with the initial base programmatic research, formed the basis for DOE’s role in the National Quantum
Information Act8 which was signed into law on December 21, 2018. The NQI Act establishes federal
coordination among various US government agencies pursuing quantum R&D9 and provides funding for
NQI Research Centers to be established by NSF, DOE, and the DOD. The DOE Office of Science funds
5 National Quantum Information Science Research Centers, each operating at $25M/year.

The Quantum Science Center (QSC)10, for which I was the PI until January 2022 when I transitioned to
JLab, is dedicated to overcoming key roadblocks in quantum-state resilience, quantum-state controllabil-
ity, and ultimately the scalability of quantum technologies. This mission is being achieved by integrating
the discovery, design, and demonstration of revolutionary topological quantum materials, algorithms,
and sensors, catalyzing the development of disruptive technologies. The QSC also develops the next
generation of scientists and engineers through the active engagement of students and postdoctoral as-
sociates in research and professional development activities. Furthermore, by closely coordinating with
industry, the QSC is strongly coupling its basic science foundation and technology development pathways
to transition new applications to the private sector to make quantum technologies a reality. Specifically,
the QSC is organized into three scientific thrusts. First, the QSC is addressing the fragility of quantum
states through the design of new topological materials for quantum information science (QIS). QSC re-
searchers focus on the design, synthesis [16], and characterization of topological superconductors and
quantum spin liquids, both of which are candidate materials for discovering non-abelian quasiparticle
states (anyons) that promise to yield quantum computing gates that are protected from environmental
noise, and thus increasing the robustness of quantum computation, see e.g. [17]. Ultimately, the QSC
will demonstrate controlled interactions between these topological states, or Majorana zero modes, to
realize scalable topological quantum computation. Recent work [18] includes the observation of quan-
tum entanglement phenomena in a triangular antiferromagnet using neutron scattering. The material,
KYbSe2, is a quantum spin liquid candidate which should be exhibit anyonic behavior.

Second, the QSC is developing scalable algorithms and software to exploit the new physics enabled by
topological systems. The QSC develops and tests these algorithms on several noisy intermediate-scale
quantum platforms to characterize their behaviors and to devise algorithms that mitigate the noise [19]. In
other computational work, QSC researchers presented and demonstrated entanglement-enhanced meth-
ods that can be used to learn an entire unitary rather than just its action on a low-lying subspace. The result
is a framework for quantum machine learning of continuous variable (for instance, photonic) quantum
systems capable of exponentially reducing input-output state training resources [20].

Third, the QSC is designing new quantum devices and sensors to unambiguously detect topological
quasiparticles and explore meV regions of dark matter phase space. To manipulate Majorana states, one
must first unambiguously identify them. To that end, the QSC develops new capabilities in detecting the
ultralow-noise nondestructive local sensing of electromagnetic fields. These techniques are also being
developed to detect for the first time, “light” dark matter, one of the theoretically favored candidates for
dark matter, which constitutes 85% of the matter in the universe. Recent results include the discovery of
room-temperature single-photon emitters in SiN, which have the potential to enable direct, scalable and
low-loss integration of quantum light sources with well-established photonic on-chip platforms [21].

The QSC will transition discoveries in fundamental QIS through a progressive series of capability demon-
strations that assess the readiness of quantum technology. The QSC method of co-design actively engages
a broad range of researchers directly involved in pursuing an end goal to design and implement solutions.
Thus, co-design processes generate the scientific integration of QSC-wide research projects toward a
common programmatic outcome, and each co-design process provides feedback across research projects
to focus innovations on new quantum science and technologies. During Year 1, the leads for the co-design
processes identified common interfaces between projects and adopted quarterly milestones for Year 1
activities. The co-design process for topologically protected quantum information in Year 1 focused

8https://www.congress.gov/bill/115th-congress/house-bill/6227
9https://www.quantum.gov

10For further details see https://qscience.org and follow QSC at @QuantumSciCtr (on twitter).
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on the co-design of materials that host anyon physics. The co-design process for quantum simulations
for scientific applications demonstrates quantum simulation for scientific applications by using quantum
computing hardware with tailored quantum algorithms. The co-design process for quantum sensing in
real-world applications demonstrates quantum sensors developed for material science characterization
and dark matter detection.

Nuclear theorists, working with quantum computing colleagues, pursued several early calculations on
quantum computing platforms. For example, early cloud-based quantum computers were used to cal-
culate the binding energy of the deuteron [22]. Furthermore, in the early explorations, researchers also
studied the dynamics of the Schwinger model using quantum computers [23]. These early works laid
the groundwork for collaborations of nuclear theorists and QIS theorists to work at the interface of the
two fields. Indeed, one recent example of progress coming from QSC involves describing neutrino oscil-
lations at high neutrino density [24]. These examples indicate how theoretical nuclear physics research
is incorporating quantum computing technology to solve interesting problems. It is still early days, and
continuing collaborations coupled with efficient utilization of increasingly powerful quantum computers,
will enable considerable progress in the coming decade.

I can draw conclusions from the progress made during the first year of the QSC, and from the exciting
work being performed across the quantum computing community. This could be considered a prediction
of the future. As Yogi Berra said, ‘It’s tough to make predictions, especially about the future’. Nev-
ertheless, I will end this brief discussion with some predictions for the next decade of QIS research,
particularly as it pertains to quantum computing.

• Errors will be addressed in quantum computing. Materials that make up quantum computers (par-
ticularly superconducting materials) will be engineered to the point where the materials are not the
primary sources of loss of coherence. Longer coherence times will enable gate depth to increase,
thus opening possibilities for tackling larger problems. Furthermore, algorithms that mitigate error
will continue to develop and improve. We should remember that HPC derives its power to solve in-
creasingly difficult scientific problems from both hardware and algorithm improvement. A similar
story is emerging in quantum computing.

• Quantum ‘supremacy’ will be claimed several times before it truly happens. Evidence suggests
that the Google supremacy claim [25] rested on the use of a less than effective algorithm for the
HPC comparison [26].

• While leadership computing may hit a plateau in implementation, staying at the exascale for several
years and likely moving away the power-law progression that has characterized the top500 list
for decades11, quantum computers will show significant advances in scientific reach over the next
decade. The scale of R&D funding in quantum computing today is enormous, with roughly $24.4B
being spent in globally thus far12. Trends suggest that the rate of R&D expenditures will continue
to increase over the next decade.

• Anyons will be unambiguously detected in two-dimensional superconductors or quantum spin liq-
uids and manipulation of several anyons and their braiding to produce two-qubit gates will occur
within the next decade. The QSC is built on this scientific goal, and I look forward to the day when
we can say that we succeeded.

• Nuclear theorists, working with QIS experts, will develop research problems that only a quantum
computer can solve, and that are relevant for advances in nuclear physics.

• Quantum computing technology will eventually fold into HPC as accelerator technology. Recent
press releases indicate that this development is already being pursued in Europe13.

Without a doubt, scientists can tackle the challenges that remain in quantum computing. It will take years

11https://www.top500.org/statistics/perfdevel/
12See, for example https://www.qureca.com/overview-on-quantum-initiatives-worldwide-update-mid-

2021/
13https://thequantuminsider.com/2021/11/17/q-exa-collaborative-iqm-quantum-computer-will-be-

first-quantum-system-to-be-integrated-into-a-hpc-supercomputer/
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of sustained R&D and multidisciplinary cooperation to get there, and that is as exciting as the future that
quantum computing will usher in.

Acknowledgements: This work was supported by the Quantum Science Center (QSC), a National Quan-
tum Information Science Research Center of the United States Department of Energy (DOE) under Con-
tract No. DE-AC05-00OR22725 with UT-Battelle, LLC.

References

[1] J. E. Lilienfeld. Method and apparatus for controlling electric currents. US Patent No. 1,745,175
(application filed in the US on October 8, 1926, Serial No. 140,863, and in Canada October 22,
1925).

[2] R. N. Noyce. Semiconductor device and lead structure. Patent No. US2981877A. (filed in the US
on July 30, 1959).

[3] G. E. Moore. “Cramming more components onto integrated circuits.” In: Electronics 38.8 (Apr.
1965).

[4] R. P. Feynman. “Simulating physics with computers.” In: Int. J. Theor. Phys. 21 (1982). Ed. by
L. M. Brown, pp. 467–488. doi: 10.1007/BF02650179.

[5] T. Toffoli. “Bicontinuous Extensions of Invertible Combinatorial Functions.” In: Math. Syst. The-
ory 14 (1981), pp. 13–23. doi: 10.1007/BF01752388. url: https://doi.org/10.1007/
BF01752388.

[6] C. H. Bennett. “The thermodynamics of computation—a review.” In: International Journal of The-
oretical Physics 21.12 (1982), pp. 905–940. url: https://doi.org/10.1007/BF02084158.

[7] P. Benioff. “The computer as a physical system: A microscopic quantum mechanical Hamiltonian
model of computers as represented by Turing machines.” In: Journal of Statistical Physics 22.5
(1980), pp. 563–591. url: https://doi.org/10.1007/BF01011339.

[8] G. Popkin. “Quest for qubits.” In: Science 354.6316 (2016), pp. 1090–1093. doi: 10 . 1126 /
science.354.6316.1090.

[9] L. Gyongyosi and S. Imre. “A Survey on quantum computing technology.” In: Computer Sci-
ence Review 31 (2019), pp. 51–71. issn: 1574-0137. doi: https://doi.org/10.1016/j.
cosrev.2018.11.002. url: https://www.sciencedirect.com/science/article/pii/
S1574013718301709.

[10] M. Motta and J. E. Rice. “Emerging quantum computing algorithms for quantum chemistry.” In:
WIREs Computational Molecular Science (2021).

[11] D. J. Dean. The Race to Harness Quantum is One the US Must Win. https://thequantuminsider.
com/2020/12/18/the-race-to-harness-quantum-is-one-the-us-must-win/. 2020.

[12] J. Carter et al. ASCR report on quantum computing testbed for science. https://science.
osti.gov/-/media/ascr/pdf/programdocuments/docs/2017/QTSWReport.pdf. 2017.

[13] J. E. Moore et al. Opportunities for quantum computing in chemical and materials sciences.
https://science.osti.gov/-/media/bes/pdf/reports/2018/Quantum_computing.

pdf. 2017.

[14] D. Awschalom et al. Opportunities for basic research for next-generation quantum systems. https:
//science.osti.gov/-/media/bes/pdf/reports/2018/Quantum_systems.pdf. 2017.

[15] D. Beck et al. Nuclear Physics and Quantum Information Science. https://science.osti.
gov/-/media/np/pdf/Reports/NSAC_QIS_Report.pdf. 2019.

[16] P. F. S. Rosa, A. Weiland, S. S. Fender, B. L. Scott, F. Ronning, J. D. Thompson, E. D. Bauer, and
S. M. Thomas. Single-component superconducting state in UTe2 at 2 K. 2021. arXiv: 2110.06200
[cond-mat.supr-con].

100

https://doi.org/10.1007/BF02650179
https://doi.org/10.1007/BF01752388
https://doi.org/10.1007/BF01752388
https://doi.org/10.1007/BF01752388
https://doi.org/10.1007/BF02084158
https://doi.org/10.1007/BF01011339
https://doi.org/10.1126/science.354.6316.1090
https://doi.org/10.1126/science.354.6316.1090
https://doi.org/https://doi.org/10.1016/j.cosrev.2018.11.002
https://doi.org/https://doi.org/10.1016/j.cosrev.2018.11.002
https://www.sciencedirect.com/science/article/pii/S1574013718301709
https://www.sciencedirect.com/science/article/pii/S1574013718301709
https://thequantuminsider.com/2020/12/18/the-race-to-harness-quantum-is-one-the-us-must-win/
https://thequantuminsider.com/2020/12/18/the-race-to-harness-quantum-is-one-the-us-must-win/
https://science.osti.gov/-/media/ascr/pdf/programdocuments/docs/2017/QTSWReport.pdf
https://science.osti.gov/-/media/ascr/pdf/programdocuments/docs/2017/QTSWReport.pdf
https://science.osti.gov/-/media/bes/pdf/reports/2018/Quantum_computing.pdf
https://science.osti.gov/-/media/bes/pdf/reports/2018/Quantum_computing.pdf
https://science.osti.gov/-/media/bes/pdf/reports/2018/Quantum_systems.pdf
https://science.osti.gov/-/media/bes/pdf/reports/2018/Quantum_systems.pdf
https://science.osti.gov/-/media/np/pdf/Reports/NSAC_QIS_Report.pdf
https://science.osti.gov/-/media/np/pdf/Reports/NSAC_QIS_Report.pdf
https://arxiv.org/abs/2110.06200
https://arxiv.org/abs/2110.06200


Nuclear Forces for Precision Nuclear Physics: a collection of perspectives INT-PUB-22-002

[17] V. Lahtinen and J. K. Pachos. “A Short Introduction to Topological Quantum Computation.” In:
SciPost Phys. 3 (3 2017), p. 021. doi: 10 . 21468 / SciPostPhys . 3 . 3 . 021. url: https :
//scipost.org/10.21468/SciPostPhys.3.3.021.

[18] A. O. Scheie, E. A. Ghioldi, J. Xing, J. A. M. Paddison, N. E. Sherman, M. Dupont, D. Abernathy,
D. M. Pajerowski, S.-S. Zhang, L. O. Manuel, A. E. Trumper, C. D. Pemmaraju, A. S. Sefat,
D. S. Parker, T. P. Devereaux, J. E. Moore, C. D. Batista, and D. A. Tennant. Witnessing quantum
criticality and entanglement in the triangular antiferromagnet KYbSe2. 2021. arXiv: 2109.11527
[cond-mat.str-el].

[19] S. Wang, P. Czarnik, A. Arrasmith, M. Cerezo, L. Cincio, and P. J. Coles. Can Error Mitiga-
tion Improve Trainability of Noisy Variational Quantum Algorithms? 2021. arXiv: 2109.01051
[quant-ph].

[20] T. Volkoff, Z. Holmes, and A. Sornborger. “Universal Compiling and (No-)Free-Lunch Theorems
for Continuous-Variable Quantum Learning.” In: PRX Quantum 2.4 (2021), p. 040327. doi: 10.
1103/PRXQuantum.2.040327.

[21] A. Senichev, Z. O. Martin, S. Peana, D. Sychev, X. Xu, A. S. Lagutchev, A. Boltasseva, and V. M.
Shalaev. “Room-temperature single-photon emitters in silicon nitride.” In: Science Advances 7.50
(2021), eabj0627. doi: 10.1126/sciadv.abj0627.

[22] E. F. Dumitrescu, A. J. McCaskey, G. Hagen, G. R. Jansen, T. D. Morris, T. Papenbrock, R. C.
Pooser, D. J. Dean, and P. Lougovski. “Cloud Quantum Computing of an Atomic Nucleus.” In:
Phys. Rev. Lett. 120.21 (2018), p. 210501. doi: 10.1103/PhysRevLett.120.210501. arXiv:
1801.03897 [quant-ph].

[23] N. Klco, E. F. Dumitrescu, A. J. McCaskey, T. D. Morris, R. C. Pooser, M. Sanz, E. Solano,
P. Lougovski, and M. J. Savage. “Quantum-classical computation of Schwinger model dynamics
using quantum computers.” In: Phys. Rev. A 98.3 (2018), p. 032331. doi: 10.1103/PhysRevA.
98.032331. arXiv: 1803.03326 [quant-ph].

[24] B. Hall, A. Roggero, A. Baroni, and J. Carlson. “Simulation of collective neutrino oscillations on
a quantum computer.” In: Phys. Rev. D 104.6 (2021), p. 063009. doi: 10.1103/PhysRevD.104.
063009. arXiv: 2102.12556 [quant-ph].

[25] F. Arute et al. “Quantum supremacy using a programmable superconducting processor.” In: Nature
574.7779 (2019), pp. 505–510. doi: 10.1038/s41586- 019- 1666- 5. arXiv: 1910.11333
[quant-ph].

[26] Y. Liu et al. “Closing the ”Quantum Supremacy” Gap: Achieving Real-Time Simulation of a
Random Quantum Circuit Using a New Sunway Supercomputer.” In: Proceedings of the Interna-
tional Conference for High Performance Computing, Networking, Storage and Analysis. SC ’21.
St. Louis, Missouri: Association for Computing Machinery, Oct. 2021. isbn: 9781450384421. doi:
10.1145/3458817.3487399. arXiv: 2110.14502 [quant-ph]. url: https://doi.org/10.
1145/3458817.3487399.

101

https://doi.org/10.21468/SciPostPhys.3.3.021
https://scipost.org/10.21468/SciPostPhys.3.3.021
https://scipost.org/10.21468/SciPostPhys.3.3.021
https://arxiv.org/abs/2109.11527
https://arxiv.org/abs/2109.11527
https://arxiv.org/abs/2109.01051
https://arxiv.org/abs/2109.01051
https://doi.org/10.1103/PRXQuantum.2.040327
https://doi.org/10.1103/PRXQuantum.2.040327
https://doi.org/10.1126/sciadv.abj0627
https://doi.org/10.1103/PhysRevLett.120.210501
https://arxiv.org/abs/1801.03897
https://doi.org/10.1103/PhysRevA.98.032331
https://doi.org/10.1103/PhysRevA.98.032331
https://arxiv.org/abs/1803.03326
https://doi.org/10.1103/PhysRevD.104.063009
https://doi.org/10.1103/PhysRevD.104.063009
https://arxiv.org/abs/2102.12556
https://doi.org/10.1038/s41586-019-1666-5
https://arxiv.org/abs/1910.11333
https://arxiv.org/abs/1910.11333
https://doi.org/10.1145/3458817.3487399
https://arxiv.org/abs/2110.14502
https://doi.org/10.1145/3458817.3487399
https://doi.org/10.1145/3458817.3487399

