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Nuclear Level Density and Inertia Parameters

Mitsuo. SANO and Masamiti - WAKAI

Department of Physics, Osaka University, Osaka

(Received December 20, 1971)

The formulae of calculation of the nuclear level density based on the theory of super-
conductivity .are presented. Special attention is paid.to. the dependence of the level density
on the angular momentum. The moment of inertia is evaluated using the cranking model.
For a deformed nucleus, the Coriolis anti-pairing effect is taken into account. The obtained
formulae do not contain any open parameters. The numerical calculations are made for the
single-particle spectrum of the Nilsson mddel without the use of asymptotic integral expres-
sions. The results of calculations are compared with experimental data for %Ge and 242Pu.
“The agreement is satisfactory.

§1. Introduction

Recently the successful method of the theory of superconductivity” has been
employed in the study of nuclear structure. Studies in this field are likewise
focussed mainly upon the ground states or the low-lying excited states. The
authors have considered it worth while applying the method to higher states, and
to discuss its physical consequences. In order to make the investigation of the
over all character of nuclear sepectra, it is necessary at least to make use of
known properties of nuclei at low excitation, and to extend the low energy
picture to higher excitation.

In a previous paper,” we employed a statistical approach to examine the
effect of the pairing interaction on the gross structure of nuclear spectrum. The
main conclusion is the existence of the transition energy of about 5 to 10 MeV
below which the Fermi gas model is invalidated. In fact, in this superconduct-
ing phase, the energy-temperature relation is much different from that expected
for the latter model, and the level density is much smaller than is expected by
the extrapolation from the normal phase. Afterwards, such an investigation was
performed by many authors,” and it was shown that the agreement between ex-
periments and theory is better than when the Fermi-gas model is applied. How-
ever, we made no reference to the angular momentum in the previous paper. As
the angular momentum is a good quantum number for atomic nuclei, the statis-
tical considerations should be applied also to statistical ensemble with a definite
value of angular momentum. The angular momentum plays an essential role in
the analysis of compound nuclear reactions such as the isomeric cross section
ratio and the angular anisotropics of evaporated particles and fission fragments.
Therefore it is important to determine the density of nuclear levels with a given
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Nuclear Level Density and Inertia Parameters 161

angular momentum:.

In §2 we give a formulation of the statistical dynamics of the system taking
into account both the pairing interaction and the angular momentum. This is
applied in § 3 where the thermodynamical properties of nuclei are studied. For
a deformed nucleus, if we assume an axially symmetric shape, the theory contains
two inertia parameters; one is a moment of inertia about an axis perpendicular
to the symmetry axis and the other is a moment of inertia about the symmetry
axis. For spherically symmetric nucleus we can describe the distribution of an-
gular momentum with only one inertia parameter corresponding to rotation about
the z-axis. The moment of inertia in the Fermigas model or non-interacting
particle model coincides with the moment of inertia of the rigid rotor. How-
ever, the moments of inertia which can be defined from the rotational sequences
of the low-lying energy levels are smaller than those of the rigid rotor. It is
seen that the observed values are from 0.2 to 0.5 of the rigid-body values. If
the effect of the pairing correlation is taken into account, the values of moment
of inertia are in a satisfactory agreement with experiments due to the existence
of the energy gap. In our treatment, the energy gap parameter 4 is a function
of both temperature and angular velocity, i.e., the excitation energy and the
angular momentum. It decreases with increasing the excitation energy and also
the angular momentnm. The reduction of the energy gap 4 results in an increase
in the moment of inertia. At the limit of 4=0, the moment of inertia becomes
a rigid rotor value. The critical temperature or the transition energy corres-
ponding to disappearance of the energy gap is also a function of the angular
momentum. A relationship between the transition energy and the angular mo-
mentum is derived. In §4, we give the derivation of level density formula and
discuss the effects of the pairing interaction and the angular momentum on the
gross structure of nuclear spectrum.

In the numerical calculation, we try to employ the single particle levels of
the Nilsson model as in the calculations related to the ground states or the low-
lying excited states. At the present time the analysis of the density of excited
states of nuclei is usually carried out on the basis of simple analytic expressions
in the Fermi-gas model. The influence of the discrete structure of single-particle
spectra on the behavior of the thermodynamic functions was considered by a few
authors.” In the continuous-spectrum approximation, the sum over the single-
particle states is substituted into an integral on the single particle energy. The
derivation of the thermodynamic functions in analytical form always involves
numerous approximations. A series of these approximations may be avoided by
using the Nilsson levels. The results obtained are given in § 5.

§ 2. Pairing interaction and thermodynamical functions

We consider a system of nucleons interacting with the pairing force. The
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162 M. Sano and M. Wakai

Hamiltonian of this system is written as follows:
H=§(ea——l)ca+ca+ ;’:Vaﬁraca+cﬁ+cacr s @
afry

where ¢,* and ¢, are the creation and annihilation operators of a nucleon in the
state «, €, is the energy of this single particle state, A the chemical potential of
the system and V,4; the matrix elements of the interaction.

The introduction of angular momentum is made by the technique of a
Lagrange-multiplier. For spherically symmetric nuclei, in addition to being cha-
racterized by the energy, the nuclear states are also characterized by the projection
of the angular momentum on the z-axis. For deformed nuclei, in addition to the
rotational motion about the symmetry axis 2, we must also consider the rotational
motion about the z-axis perpendicular to the symmetry axis. For simplicity, we
consider the z-component of angular momentum and the z-component indepen-
dently. This approximation corresponds to the case such that we assume the
angular momenta to be classical vectors. The terms which must add to the
Hamiltonian (1) are

Hw_‘_ = - w..LJI = 0L 2}9 szﬁca+cﬂ ’ (2)
H, = —oypds=—wy 25 Koca™ca, 3

where @, and w; are components of the angular velocity on the x- and z-axes,
Ja.s and K, are matrix elements of the angular momentum operator.

Jap=<t|j=| B, (4a)
K.=<alj|a. (4b)

Thermodynamical behavior of a quantum mechanical system can be described
by the statistical operator e #* of the ensemble. Here § is the inverse of tem-
perature of the system and 4 is of the form

,ﬂ[:H—lez—a)”J, . (5)

For spherically symmetric nuclei, however, it is not necessary to consider the
z-component of the angular momentum. The term corresponding to the z-com-
ponent of the angular momentum should be equal to zero.

The approximation method developed by BCS, Bogoliubov, and Valatin®
consists, at non-zero temperature, of a self-consistent linearization of the statis-
tical operator on such a way that the operator represents an ensemble of inde-

pendent quasi-particles. The previous expression is then replaced by e~*%, where
Y, is the linearized Hamiltonian. The normalized statistical operator is then

C))

e—ﬂﬂn
Uo - Tr e—ﬁﬂo ’
and the ensemble average of any quantity A is given by

{A>=Tr(AU,). @
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Nuclear Level Density and Inertia Parameters 163
In order to obtain the linearized Hamiltonian 4,, we perform the generalized
Bogoliubov transformation®

Ca— Z (Aaiai + thi*ai+) > (8)
i

where a; is an annihilation operator of a quasi-particle. The transformation
coefficients A and B obey the orthogonality conditions
Z(Aai*Aaj'*‘ Bui‘Baj) =6ij s Z(AaiBaj+BaiAaj) =0, (93)

a

zi] (AaiAﬁi* + Bai*BBi) = 6¢xﬁ > Zi (AuiBﬁi* + Bai*Aﬂi) = O . (gb)

We assume 4, to have the form

v=const+ 3 E,Da,*a, . (10)
i
For the expectation value of an operator
ﬁi=a¢+ai ’ (11)
we obtain
N 1
{Ap=fi= 12)

1-+exp [BEi‘T)] ’

that is, a Fermi distribution of independent quasi-particles. The ensemble average
of the Hamiltonian 4 is given by

Wh=9>
= ; (ea— D02 +3% ; IR +3% ; AReSE

-0y ; Jer0 P — 0y ; K08 . 13)

The quantities 7" and 4™ are defined by
48 =~ 452=2 3 Vs, (14a)
ro=ri =2 EZJ: (Vagrs— Vagsr) 057 (14b)

where

£ = — 50 ={cye,y = ; (A5'B," (1 —f) + AB"f), (15a)
05F = 05" =g er) = ; (45" Ao+ Be'By" (1-11). (15b)

The free energy of the system is obtained from W™ by adding an entropy term:
F=W®"_TS, (16)
The entropy expression for the system of independent quasi-particles is given by

TS= -7 2 filog fi+ A1 —fDlog(1—fD}. an
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This depends only on the Fermi distribution f;. One can minimize the free
energy independently with respect to the functions f;, 0™ and £®. The minimi-
zation with respect to f; for given o™ and £‘® leads to the Fermion distribu-
tion (12). If we vary the free energy with respect to p™ and £ for f; fixed,
this amounts to the same as varying W™. We then obtain the Hartree-Fock-
Bogoliubov equation:

Ei(T)Aai = (ea - l) Aui + ; ['og)Art + ; AErT,;)Bﬁi —0y ZT JarArt - wIIKuAai,

BByt = — (ea— N B, — L TSB! — 3 457 At + 0. 3 JEB, + 0,K.B.'.
3 8 3
(18)
The complex conjugate of these equations becomes

- E\i(T)Bai‘ = (au - i) Bai* + Z rtg)BTi‘ + ; A‘%)Aﬂt* — Z JurBri* - a)IIKaBai*’
T I3

—E®MAS =~ (= DAS L TPAN— 4GB +o. T IEA"+ oK A"
T T

19)
The chemical potential | is determined by fixing the average number of particles
N=(¥>=(Z ertedy =502 (20)
The angular velocity w must be determined from the following conditions:
VITTD =K== 5 Justf = 0.1, &)
K== % Ko = 0Ty, 22)

were I is total angular momentum and K is its projection on the symmetry axis

z. These equations also give the definition of the moments of inertia &', and .

By using Egs. (18), (19), (21) and (22) we obtain the energy of the system
E(T) ={H+w,Jc+ 0]

Id+1H-K' K
20, 2g,™’

=U(T) + (23a)

where

U(T) = % aZ' (eu - A) (BaiBai* (1 _'fi) + AaiAaﬁ i)
—3 D ED (BB (1—f) —ASAL).  (23b)

Thermodynamical functions of our interest, such as the entropy S and the speci-
fic heat C, can be derived from Egs. (12) and (17) as follows:
Em

1+exp(BET)’ @4)

§=31log(1+ exp(—BED)) +8 3]
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copiSoly B0 (B0 10EM

df 4 T cosk*(BE™/2)L T' T 6T

§ 3. Thermodynamical properties of atomic nuclei

In this section we discuss some characteristic features of the thermodyna-
mical functions with the aid of simplifying approximations.

First of all we assume that the strengh of the pairing interaction is a constant.
Then the pairing potential can be written as

453 =00, -psd(T) (26)
with

A(T) = ~% Sk Dy @7

Here 4(T) is the so-called the energy gap parameter, s, is a phase factor re-
lated to the time reversal of the state @, and s;*=1, sus_,= —1. With the further
substitution

C.=s,B,, (28)
the Hartree-Fock-Bogoliubov equation (18) becomes
E\i(T)Aui = (8a - ]\) Aui + Z I-'OE;‘)Ari + A (T) Cai — Wy Z JarAri - CO[IKaAaia
T T

R ©(29)
EONC = — (6a—)C =X TE'Cl+ A(TY A — 0, 20 C,f— 0, KuC.
7 7

3-1 Perturbation approach

In order to investigate thermodynamical properties of nuclei we want to
solve Eq. (29) by using a simple perturbation calculation. The matrix element
of the angular momentum about the .axis of rotation parallel to the symmetry
axis of the nucleus is diagonal. Then we have not any difficulty in solving the
Hartree-Fock-Bogoliubov equation.

We treat @,J, as a small perturbation. A and C are expanded in powers
of w,J,. The zeroth-order amplitudes A® and C® obey the following equations:

EMAO = (ea— D A+ L TH A — 4(THC,
2

EMCO = — (6,~ ) C.% — T TP'C,O — 4(T) A, ¢
T

where
ED=ED 4K, .

It is possible to find the representation diagonalizing these equations. However,
for the sake of simplicity we assume here as follows:
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A =4, W, C, M=o, W, . (31
Under these assumptions we have
u¢’=—;—|:1+ siE—;;l){l, vi’=%[1—8—2:%], (32a)
XN e ETend (32)
where ¢ and W, are the solutions of the eigenvalue equation
aWii=¢e,W, +ZF,§$)W‘ (33)

This equation involves only the Hartree potential '® and determines the energies
& of odd-particle states. Higher order terms in w, of A and C can be calculated
from Eq. (29) and these complex conjugate equations. We take into account to
the second order terms of w;J,. The results are given as follows:

first-order terms

Aa@)i — 213 E(T):O—L"Z];i(f');{vid (T) + Ei(T)Zh + (81 el }\) ui} Waj, (34&)

C.t= 32 Em;"*—éﬂm{um(ﬂ +E®v— (6~ Do W, (34b)
{1

second-order terms

@i a)_L,kain (T)2 [¢5) _ T _
4 jZ,G (BT — E;T%) (E,T? — E, %) [ AB? + EiD (85— 1) + B/ (86— )

+A(TY+ (65— 1) (ex— D} + v {2E,D4(T)
+4(T) (ex—2) — 4(T) (e, — D} W.F

_ 0y JHESD { 4(T) (Ei_sj)} :
;(Ei(T)‘—E,(T)’)Ei(” vi 2E,DE;D We

2 12
5 Y D (B0 By - amioE
b

1 (es—A) (=) +4(T) } i
x = O ), (34c)
C =¥ 0. TuFy [ou B — Ef® (8, 1) — Ei® (64— 1)

7 (BT — E, %) (B, _ E,07
+A(TY+ (ex—2) (€= D} + w {2E, D A(T) — 4(T) (ee—2) + 4(TXe; — D}y ] W

+ 3 o JHE® {u 4A(T) (s — 51)
(B —ESNE® ' 2E,OE,M

a

1 s
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Nuclear Level Density and Inertia Parameters 167

1 g—}; ( ‘—]\ +A(T)2 1
X~ <1 (e )Ee{T)Ej)(T) )} Wi (34d)

3-2 Energy gap and critical temperature

As a result of the perturbation calculation, the gap equation (27) becomes

-p 880w 3 x), (35)
where
XO— g3 <1_ (6= (e;—A) +A(T)’) 4 Ji (e6—2) (ei—¢p)
K (E;D + E,;DY EME/D EDM4 EM EWEMD

This gives a dependence of 4 on the angular velocity in addition to the tempera-
ture. The energy gap equation in the ground state rotational band® is given by
the zero-temperature limit of this equation. For sufficiently large values of the
angular velocity, the Coriolis force prevents the formation of the coupled pair.
Thus it is expected that there is a critical value of the angular velocity or the
angular momentum. The relationship between the transition temperature and
the angular velocity is given by the following equation:

éz; tanh{(|e; [M ;IOIIKi)/ZT}[l @ zZX(T)(A 0)]. (36)
If Eqs. (35) and (36) are expanded in powers of @,K;, it may be appro-
ximated that the coupling constant G of the pairing interaction is replaced by
an effective constant G,

CN=G{1-0XZP w0, 2 XD}, 37
: 7
where Z$? is given by

AL B'K’ exp (BE,™)
Y Qtexp(BEM))

The average { >,, is taken over the states i. The effect of the angular velocity
is to reduce the value of the effective coupling constant G‘®. We shall discuss
some qualitative features of the pairing system with the aid of the following
rather crude assumptions.

a) The strength of the pairing interaction is a constant G with an energy
interval § around the Fermi surface

le;— 2|0 (38)

and is equal to zero otherwise.

b) The sums over Z can be approximated by integrals with the single particle
level density set equal to a constant g. In every case of our interest
the assumption gG<1 is justified.
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168 M. Sano and M. Wakai

The energy gap 4(w) at the zero temperature is determined from Egs. (35) and

(37) with the aid of above assumptions.

2 v g
2 (4 .. 39
oS J—0¢5’+A(w)’ =e (39

This equation gives

_ 0
4(w) = m ’ (40)

and as gG©®<1 is valid in our case, we have the approximate equality

4(0) =20 exp(—1/9gG®). (41)
Equation (36) determining the critical temperature similarly becomes
dg
G(Tc) f tanh £ (42)

from which we obtain

Te=1.14 0 exp(—1/9GT), I 236
(43) ' v

~ 10

3
From Eqs. (41) and (43) follows = |
the relation between the transition ﬁ
temperature and energy gap at the i o
zero temperature, 2

wl

24(w)/T,=3.50

1/ 1 1 I | DU
XeXP[ <G‘°) %ﬂ 00 0z 03 04 05 06 07 08
Temperature T (Mev)
(44)

Fig. 1. Temperature dependence of the neutron
3-3 Moments of inertia and proton energy gap parameters for 226U,

The moment of inertia which can be defined from the rotational sequences
of low-lying energy levels has been calculated by means of the cranking model.”
If the effect of the pairing correlation is taken into account, the values of mo-
ments of inertia are in satisfactory agreement with experiment.

At a finite temperature, the moment of inertia about the axis perpendicular
to the symmetry axis of deformed nucleus can be calculated from Eq. (21) and
(34). The lowest order term is given by the following equation:

go=1sJi(d-fi f,)< _(e—d) (e,—l)+A(T)’>
2% E®LE® EDE,™®

1 Ji(fi—1o) (er—2) (&~ ) +4(TY
T3 ‘;‘ Ei(im E® <1+ EME,® )

(45)
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The moment of inertia at the zero tempera-
151 . . . .
| 23 ture is obtained by putting 7=0 into the
- ' above equation.
o L
§ r gl(0)=_}_ 3 Jji
p 1.0_ 2 T EO+E®
@ _ _ 2
£ % (1_ (e:—4) (e;—4) +4(0) > (46)
s E,©E;®
[ul
T 05 3,/059 .
s /) es,/1019 The expression reduces for 4=0 to the
z cranking model formula.
- ¢ T ri szi
1 t L L b g_l_ 8= 2 — (€i>sl7'>ej)7 wlza)ic ]
01 02 03 04 05 06 i7 g —&y
Temperature T (MeV) (47)

Fig. 2. The moments of inertia for 23U
relative to the rigid rotor values, I jF8= . .
648 MeV-!, I, #6=2506 MeV-1 and also gives an expression for the moment of
9T5=864 MeV versus the nuclear  jinertia associated with the rotation of a
temperature for the deformation §=0.6.

where ¢r means the Fermi energy. This

rigid body.
The moment of inertia about the symmetry axis of deformed nucleus or
about the z-axis of spherical nucleus can be derived from Eq. (22) as follows:

go=Kf. (48)
oy ¢

If we expand f; in powers of v K; and take it into account to the first order
contribution, then the moment of inertia becomes

g”u"):B Z K2 exp(BE¢(T)) . (49)
i (1+exp(BEP))

Equation (49) may be simplified by making use of some approximations. With

the aid of assumptions (a) and (b) we replace the sums over 7 by integrals.

Since the statistical factor e#%¢/(1+e°%%)! is peaked at E;=0, the integration

reduces practically to an integration in a shell near the Fermi surface. If K/

is replaced by the average <{K;., taken over the states { near the Fermi sur-
face, Eq. (49) becomes

T =20CK,, [Tar LEREED_ 50)

For temperature sufficiently low as to satisfy 4(0)/7>1 we have

g”(i”);N/zn—‘j”(OZe—d(m/Tg‘”(o), (51)

where
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g = 2g<Ki >av C_T”“g

For a normal state, we find the expected , 7ok 236
result €
- 2 60
T =2g¢K 3 J _Be” e 5
I 9<K*» v (14 5y E sob
=29<K¢2>" . (52) —'—-E 4ok
o
=
3-4 Excitation energy and temperature ; 30+
The intrinsic energy of the system with T g0k
o
temperature 7T can be written as
R ik
Exn(T)Y=U(T) + KN
1 6— 1 07 0z 03 04 05 08
=— Z[Ei{ _2:(7') (1 Zfi)} Temperature T {(MeV)

Fig. 3. The values of the critical angular

_A(TY ] 1 momentum for 238(J plotted as a func-
2E, (T)(l 210 2 ; oK. (53) tion of the temperature.

The intrinsic energy of the ground state is obtained by putting 77=0 into the
above equation. Under the assumptions (a) and (b) one has

_1 si—l 1 4(0)2
Ein(0)==-20e(1— 1
O = e V(=15 + 40y

~ i (0) — —;-gA R, (54)

where Ex(0) is the normal ground state energy. Thus the intrinsic excitation
energy of the nucleus corresponding to the temperature 7 is given by

gint - Eint (T) — Eint (O)

=5 Feaf-%

ST B DICCRUCEET SRR 3% 7

i

E®

— Ex(0) + %gd (0)". (55)

Below the critical temperature the functional relationship of the excitation
energy and the temperature is not so simple. Assuming BuyK; as a small per-
turbation and taking it into account to the second order terms, Eq. (55) can be
expanded as

5in¢;% Z} [St {1___ & — tanh BEi(T)} . A(TY tanh BEt(T)]_ K

E, <T> 2 2E,® 2 29,
1 Bz X oK, 126:(es—A) +4(T) exp(BE:!™) (1—exp(BE, D)) _
2E™ 1+ exp(BRE,D))

(56)
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For low energies, however, we have

Eim=294(0)'[K,(4(0)/T) + K, (4(0) /1] +—I£—(A 0)/T-1), &7
2,(T)
where I, is given by Eq. (51) and the function K, is the modified Bessel func-
tion of the second kind.
Above the critical temperature 7, the energy expression is much simplified.
In fact, in the normal phase one has, putting 4=0 into Eq. (53),

K?
Eu(T) = & - . 58
D = e T eep e D—anKd JT] 2T, ©
Similarly the occupation number of the single particle state i becomes
1 (59

T Y exp[{(ei— D—oyKa} /T

In this case the occupation number 7; includes the term a),,K,-. This has been
neglected in the calculations based on the Fermi gas model employed by many
authors. Equation (58) allows the usual low temperature expansion in terms of
T, and then the intrinsic excitation energy is given by

Em=aT*+194(0), (60)

where a= (7?/6)g. This equation not only shows the quadratic dependence of
the energy on temperature but also reflects the lowering of the ground state energy
due to the pairing interaction.
From Eq. (23a), the total excitation energy becomes
e 2
I(I+1)—K K (61)

+

= Cing T .
=6 ( )+ zg_L(T) 23‘”(7')

Here, we have measured the excitation energy from the ground state with the
angular momentum I=0. For odd or odd-odd nuclei, we must further take
into account the energy correction for the angular momentum of the ground state
and the pairing energy. For spherical nuclei, the second term in the right-hand
side of Eq. (61) must be disregarded because the rotational motion about the
axis perpendicular to the symmetry is physically meaningless.

The transition energy &., corresponding to the critical temperature T, is
given by

Ic(Ic+1) _Kc2+ I<¢:2

80=€im T+ .
( ) Zﬂ' J_(Tc) 29 ”(Tc)

(62)

The critical temperature T, is determined by Egq. (36). The critical tempera-
ture T, has different values corresponding to the angular momenta I and K, and
then the transition-energy &, is a function of the angular momenta.
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3-5 Entropy and specific heat

Taking into account to the second order terms with respect to wy, the entropy
S can be expanded as follows:

ED BK?
S log (1 _QE® i —
S=2.log(1+exp(—BE™)) +4 3] 1+exp(RE®) 29,D

L1 e B exp(BES™) (1— exp (BE/Y)
2?2 orks (1+ exp (BELD) '

For temperatures sufficiently low as to satisfy 4(0) /T>1 we have similarly to
Eq. (67)

(63)

S= 822084 O [KO)/T) + Kod©) /T)1+-EE acor/r ).
I

(64)

In the superconducting phase the entropy is a much more complicated function
of the energy. Combining Egs. (57), (61) and (64), we have

S—s,~ge_BII+D-K" _ gK

. 65
In the normal phase the entropy is much simplified as
S§S=8,~24T . (66)
Combining Egs. (60), (61) and (66) one has
. 1 I(I+1)-XK? K?
Sn=2~/a[8— ZgA(O)z'—ZEZ‘_L(T)(AZO) - ZBCZ‘I-’(T)(Azo) :, . (67)

As long as the rotational energy {(J(I+1) — K% /29, (4=0) +K*/29, (4
=0)} is small, we can expand Eq. (67) as

Y S S 0+ 1 1 1y,
S"=2~/“<5‘ 2‘7"(°>>‘2Tﬂ1<f>(4=0)‘2T <E[,,<T)(A=O) T T4=0) >K

(68)
where the nuclear temperature 7" is defined by the equation
E—-1g4(03P=aT?. (69)
The specific heat (25) can be rewritten as
c=1 E® [ £ 1 aEi(T):I _1 > _ oKy
4 % cosh®(BE;™/2)L T* T oT 4 7 cosh’(BE;"/2)

e e e )

+8 tanh(%‘m)} + B*E™ tanh (&2@’_> _g ] 70)
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The second term in the right-hand side is a rather

15F complicated function of the temperature. If we
neglect ‘this term, below the critical temperature
5 o the same approximation as used for Egs. (57)
:‘é: and (64) gives
5_
C=C,=9B4(0)'[3K.(4(0)/T") + Ks(4(0)/T)].
(71)
30f
Above the critical temperature the specific heat
L. 20r becomes
E ok C=C,~2aT. (72)
The discontinuity of the specific heat at the
transition temperature is given by
. 60} 1 &—4 (dd(T)
3 Co— Cpog= — = h’—‘—-(—)
£l ( R L Ul Wy
£
) dA(T)’)
w20+ 2 —
g< pi (73)
R a—T:

The energy gap 4 is a function of the angular
Fig. 4. Intrinsic excitation ene velocity, that is, the angular momentum. There-
1g2. 4. nirinsic Xcitation nergy
(@), entropy (b) and specific fore, the value of (d4*/dT )r—r, depends on the
heat (c) for 26U plotted as func-  angular momentum. If we neglect the contribu-
tions of the temperature. The tion from the angular momentum, we obtain the

arrows indicate ?h.e energies of result derived by BCS,
the phase transition from the

superconducting state to the nor- 1 /da(T)
mal state, T

¢

ar

Temperature T (MeV)

~-94. (74)

T=T,

§4. Nuclear level density

We have discussed in the preceding section the thermodynamical proper-
ties of atomic nuclei. In our case many of the thermodynamical quantities are
not measured directly in contrast with the case of the superconducting metals.
These properties, however, are expected to manifest themselves in various aspects
of nuclear reactions. The nuclear level density is the most characteristic quan-
tity in this respect as it can be inferred from nuclear reaction experiments. In
the following we will first mention the level density of spherically symmetric
nuclei. The case of deformed nuclei will be discussed later.

4-1 Lewvel density for spherically symmetric nuclei

In addition to the energy ¢;, the single Fermion states are also characterized
by the projection of the angular momentum on the z-axis, m;. In the super-
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174 M. Sano and M. Wakai

conducting model the nucleons having angular momentum (m;, —my) couple so
as to form a quasi-bound pair state. Therefore, the projection of the total angular
momentum J, M, on the z-axis of the system is the sum of the projections of
the excited particles. The level density W(E, M) of the N nucleon system
having energy E and angular momentum M is related to the thermodynamical
functions by the following relation:

e~ [ [WB Mye2e-wagan. (75)
The inverse Laplace transformation of Eq. (75) gives

1 2 +ico +1too _ a
W (E, M)=<é—,> I g f_mdaem ~F)-al

e -

(a=Pw, r>0) (76)

These integrals can be evaluated by the method of steepest descent at the saddle
point given by

=0 __ 0 .
E= 28 BF)x,o M e (BF)w,e - 77
Thus we have
WE M= & (78)
2rv/det A  27vdet A
where
0* o
~oF (BF), 2800 (BF)
det A= - 5 . (79)
_ ——_(BF
T (BF), oo (BF)

It is allowable to neglect higher than first-order angular velocity terms in the
denominator in comparison to the much more rapid variation of the exponent.
Then, we can approximately obtain the following relations:

O opy~7
s CD=TC,

~ e BT,

0* —_
—W(BF)_O .

Thus we have

W(E, M)= (80)

eS
2T, PCT"
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In accordance with the usual convention we consider the level density as a
function of the excitation energy and write as W(&, M). As we discuss in the
following, the level density W (&, M) differs in many respects from that expected
on the ground of the Fermi-gas model.

Above the transition energy, the situation is very much alike to the case
where the pairing interaction is absent. In fact thermodynamical functions are
in accordance with the prediction of the Fermi gas model with only an excep-
tion that the relation between the excitation energy and temperature is different
from that predicted by this model. As we discussed already in § 3; this relation
is given by

~ i 1 M

E=aT +504 (0)+W. (81)
The second term in the right-hand side of this equation represents the pairing-
interaction energy in the ground state. In view of the importance of the pairing
energy in nuclear spectroscopy, phenomenological attempts® have been made to
introduce the even-odd difference in the nuclear level density. The ground states
of the even and odd mass nuclei have been depressed by an amount similar to
the corresponding odd-even shift in the semi-empirical mass formula. The even-
odd difference in this case was attributed to the pairing interaction which was
supposed to affect only the ground state of even nucleus. Accordingly, the
energy-temperature relation for even nucleus obtained was written as E=aT?
+P+ M?*/25,, P=24(0). Contrary to this approach, the second term in Eq.
(81) is quadratic in the pairing energy. The even-odd difference should be at-
tributed to the fine structure of the second term in the right-hand side of Eq.
(81). When a level near the Fermi surface is occupied by an odd particle, the
effect of the pairing correlations is reduced. The reduction necessarily depends
on what level is occupied. The blocking effect can be taken into account by
subtracting the occupied odd particle state from the sum in the right-hand side
of Eq. (27) which determines the energy gap. The change in 4 between the
even and the odd case due to the blocking of one level by the odd particle is
estimated as®

odd ~ geven 1 1 \7!
4O =870 ~ e B i) (82)
where i’ indicates a state occupied by the odd particle. The actual calculations,
in which the blocking effect has been included exactly, indicate a difference in 4
between even- and odd-system of the order of 20%. These results are roughly
in agreement with Eq. (82). Presumably 4°*(0) will be slightly smaller. It
should be noted, however, that the pairing qualitatively produces an odd-even
effect of the magnitude observed although the change in the energy gap para-
meter is relatively small. In the superconducting model, the energy correction
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is quadratic in 4(0) rather than linear as is usually assumed.

Above the transition energy, the entropy, specific heat and excitation energy
are much simplified, and are given by Egs. (67), (72) and (82). However, in
these equations we should disregard the terms with the component of the angular
momentum perpendicular to the z-axis. Below the transition energy the thermo-
dynamical functions are rather complicated functions of the temperature. At
low temperature, however, Eqs. (57), (65) and (71) are available. In the two
extreme cases, the level density can be written as

W&, M) =W ()R M /23, T)

N (83a)
where
_ exp(RE)
W(é’)—mﬁﬂ,z & (A(O)/T>1‘) (83b)
_2a@I0d0D) e oy
W(&)= JoTC, (E=E) (83c)

Making use of the fact that each nuclear level consists of (2I+1) magnetic
substates corresponding to the value's;- of M=0, +1, £2, .-, +1I, the level den-
sity with angular momentum I is given by the difference between the level
density of angular momenta M=1 and M=I+1.

W& J)=W(E& M=I)—W(E, M=I+1)

- (2I+1) r ,
~ W(@)Wexp (—IUI+1)/2T,T).  (84)

4-2  Level density for deformed nuclei

The single particle states arise from the motion of a nucleon in the deformed
average potential. They are characterized by the projection £ of the angular
momentum on the nuclear symmetry axis. The projection of the total angular
momentum, K, on the nuclear symmetry axis is the sum of the projections of
the excited particles. The distribution of the angular momentum K is associated
with a rotational energy about the symmetry axis. In addition to the rotational
motion about the symmetry axis, we must also consider the rotational motion
about the axis perpendicular to the symmetry axis.

The level density W(E,J) of the N nucleon system becomes

WE D= (1) [ e @E-F-0-1)dpa (g0, (85)

where

m'szxJz"f'way_!'wng .
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The integrals can be evaluated by the method of the steepest descent at the
saddle point given by

-0 —_1 0
E—a—B(BF)N,m, J= 3 o (BF ),z . (86)
Thus we obtain
_ 1 exp(BE-F—wJ)_ 1 &
W(E, ‘])_(27z)2 Vdet A (2r)* Vdet A’ &7)
where
det A= ‘— " (BF)|,  a=(,pw). (88)
fouboy

By using the transformation of the coordinate system by the rotation about the
z-axis, we can write

a)xe_i'way:wJ_Jz’ ’

e (89)

oL =Vost+o,} .
The z’-axis is perpendicular to the z-axis and its direction is the same as that
of the vector (ws, v, 0). By using Eq. (89), in the last step of Eq. (87) the
exponent was identified with the entropy (17). Neglecting the higher-order
terms than @, we get

det A=TCT , ™'T . (90)

The level density of the N nucleon system having excitation energy &, total
angular momentum I and its projection K

can be written as follows:

S

i W&, 1K) = ¢ )
3 @ ) @rVT°CT T D

(oD

Now we will consider the level density in
the two extreme cases, i. e., the low and
high excitation energy corresponding to
superconducting and normal state, respec-
ol tively. We will not reproduce the expres-
sion for the level density in the intermediate
region which is somewhat complicated. The
& e level density is thus given by

1 L ) L 14 4 1 L
2 4 6 8 10 12 4 16

Exitation energy & (MeV)

Fig, 5. Level density for 228U calculated on the basis
of the Nilsson diagram,
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~__ W& II+1) K
K=\ - -
W, 1, K) \/Zﬂng_L(Tﬂg/,(T) eXP[ 2 T ZELET]’ 92)

where W(&) is given by Eqs. (83b) and (83c) and T is defined as

Too= (g o )"l. (93)
I g o

The reduction of the energy gap 4 results in an increase in the moment of
inertia. The nuclear phase transition will certainly not have the sharpness of the
transition in a superconductor. However, it may manifest itself by a more rapid
increase of the level density in the transition region and by a sudden increase
in the moment of inertia associated with the angular momentum distributions.

§5. Numerical calculations

There are several parameters entering in the calculation, such as the single-
particle energies ¢, the strength G of the pairing interaction and the deformation
parameter 0, etc. The calculations are made for ®Ge and actinide nuclei by
using the Nilsson levels employed by Gustafson et al® without the use of
asymptotic integral expressions. We included all states of the N=2, 3, 4, 5
shells for protons and neutrons in the former case, and also all states of ‘the
N=4, 5, 6, 7, 8 shells for protons and all states of the N=5, 6, 7, 8, 9 shells
for neutrons in the latter case. The interaction between the neutron and proton
is neglected. In so far as the neutron-proton correlation can be neglected, the
neutron and proton superfluids are independent. Then the values of the ther-
modynamic functions are the sum of those for neutrons and protons. For ex-
ample, the intrinsic excitation energy corresponding to a given temperature is

8im=8i(:ﬂ>+ ei(nnt) .

We must know the strength of the pairing interaction. It can be determined
by relating the energy gap parameter with the empirical odd-even mass difference
P. If one assumes the same quasi-particle vacuum for the odd and even nucleus,
this leads to P=24. The energy gap 4, at the fission barrier can be determined

from the difference between the fission barrier heights B for odd and even nu-
cleus.

B(odd) — B(even) =4, — 4,(0).

The results obtained in this way is 4,=1.0 MeV ‘for *U. The behaviour of
energy gap parameters for protons and neutrons is shown as functions of the
temperature in Fig. 1 for ™U. There are two critical temperatures correspond-
ing to disappearance of the neutron and proton energy gaps. Here, we assumed
that the energy gap 4,(0) is equal to 4,(0) at the zero temperature, the nuclear
shape at the fission barrier is of the quadrupole deformation with §=0.6 and the
Coriolis anti-pairing effect is neglected.
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Since the interaction between the proton and neutron is neglected, the value
of the moment of inertia is the sum of proton and neutron moments of inertia.
T=d,+9,.

Figure 2 shows the moment of inertia for ®**U plotted as a function of the nuclear
temperature. The quantities <), &, and T were evaluated at the top of the
fission barrier. In fact, the energy gap parameter and the moment of inertia are
functions of both the temperature and the angular momentum, and then there is a
critical angular momentum for a fixed temperature. The values of the critical
angular momentum obtained for *'U are shown as a function of the temperature
in Fig. 3.

It is known that the energy levels in the ground state rotational band are
well reproduced by taking account of the Coriolis anti-pairing effect. On the
other hand, the necessity of taking account of the Coriolis anti-pairing effect for
the inertia parameters in the nuclear level density is not yet found out.

In Figs. 4(a) and 4(b), the excitation energy as well as the entropy are
plotted as functions of the temperature. The specific heat is given in Fig. 4(c).
The discontinuity of the specific heat is seen at the critical temperature. In
Fig. 5 the calculated level density

1 2 3 4 5 6 7
Exitation energy £ (MeV)

Fig. 7. The moment of inertia with excitation
energy for ®Ge. The closed circles denote
the observed values and the solid line shows
the results calculated with the parameters

W (&) is presented. The discontinuity -
of the level density at the transition 58Ge
energy is due to the denominator of6
Eq. (83). 15 ) Jrig
3 et
P
—': < .
2 «of £ |
=~ o
4= = 5k S
s | :.’
8
§ 3o
8 1 i ) I 1 i 1
2
2
s
5
3

[ 3
(=]
—TT

4

RitP,

p

5 10

Excitation energy & (MeV)

Fig. 6. Effective level density parameter, aess,

for 23607,

defining the single-particle level spectrum
employed by Gustafson et al.1® The strength
of the pairing interaction is adjusted to give
the empirical values, 4,(0)=1.6MeV and
4,(0)=14MeV for neutrons and protons,
respectively.
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Above the transition energy, the situation is very much alike to the case
where the pairing interaction is absent and the relation between the excitation
energy and temperature is given by  Eq. (60). Below the transition energy, as
we have discussed in the preceding section, thermodynamic functions are rather
complicated functions of the temperature. It may, however, be convenient to
define the relations like those for the Fermi gas.

Em=a’T*+394(0), 99
S=2a"T. (95)
Here, @’ and a” are functions of the temperature and do not agree with each

other below the critical temperature. We can then define a parameter . which
is an analogue of the level-density parameter @ in the Fermi-gas model.

a//! Sﬂ

2 4(Cm—3gd(0P)

Aot =

(96)

The energy dependence of a.r for *U is plotted in Fig. 6. Tne effective level-
density parameter a. becomes approximately independent of the excitation energy
above the critical temperature.

The moment of inertia is ex-
pected to be less than the rigid-body L
value below the critical temperature.
In Fig. 7, the theoretical prediction

200
for the moment of inertia &, is com- Kz

pared with the result obtained by Vogt A /

et al™ for ®Ge. We assumed the 150k I,/'Zba"'.erl §

spherical shape for ®*Ge. The cal- - ‘

culated values are smaller than the

experimental values. Jook- /
The temperature dependence of I

'™ is especially seen in data on the .

angular distribution of fission frag- s0|-

ments. Such angular distributions e

depend on the quantity K’ which is s erag

the mean square value of the projec- e

tion of angular momentum on the

nuclear symmetry axis. The quantity

“~2_ barrier I

Excitation energy (MeV)

Fig. 8. Variation of K¢? with the excitation energy

K is given by

_ _ 1 1\
.K07 = Tgeﬁ‘ — T(ﬂ_—”(ﬂj)' W) .

97

The dependence of K,* upon excita-

of the nucleus 22Pu. The experimental points
are taken from Ref. 12). The calculated values
of K¢? corresponding to the barrier 1(6=0.37)
and barrier II(§=0.63) are shown by dashed
line and the solid line, respectively. The cal-
culation was made with the energy gap para-
meters 4,(0) =4,(0) =12 MeV.
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tion energy is therefore a good test of the persistence of superconducting effects
to finite excitation energies. Figure 8 shows the experimental values of K.’
versus the excitation energy for a typical case of alpha-induced fission of **U, to-
gether with the theoretical curves calculated for the shapes corresponding to
barrier 1(§0=0.37) and barrier I1(0=0.63). It is seen that the agreement between
the calculation for the shape corresponding to barrier II and the experiment is
good. In the calculation, however, the Coriolis anti-pairing effect was not taken
into account. The evidence for the Coriolis anti-pairing effect is not seen in the
analysis of the level-density.

We hope that in time the model of nuclear level density presented in this
paper will serve as means of calculating the total cross sections, the cross sec-
tion ratios for isomeric state formation in reactions involving the intermediated
formation of compound nuclei and the angular distribution of fission fragments.
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