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AnaxAGORAS: By fiery vapors rose this rock you’re seeing.—GOETEE, Faust,
Part 2, Act 11

ABSTRACT

The evolution of nuclear abundances starting from pure 285i is traced under assumed conditions of
constant temperature and density. Calculations are carried out for temperatures from Ty = 34 to Ty =
5.0 and for densities from p = 10° to p = 10° g cm™3. It is shown that the abundance distributions may
be approximated by a succession of quasi-equilibrium configurations in which the number densities of
the nuclei between A = 28 and 4 = 62 correspond to quasi-equilibrium with the remaining 285i and
the free alpha particles and nucleons. The time rate at which the system progresses through the successive
quasi-equilibrium configurations is calculated from the photodisintegration rates in the alpha-particle
nuclei below 288, particularly the 2@Mg(v,a)?"Ne rate. The concentrations of 22Ne, #0, and !2C are gen-
erally not in alpha-particle equilibrium with 288i and are much less abundant relative to 28Si than they
are in natural solar-system composition.

For temperatures and densities in a band extending from 7y = 3.8 and p = 107 g cm™3 to Tg = 5.0
and p = 10% g cm™3, it is found that the quasi-equilibrium abundances, when about 65 per cent of the
285i has been consumed, correspond to the natural solar-system abundances in important aspects. The
quasi-equilibrium distributions are peaked in the alpha-particle nuclei, accounting (sometimes after beta
decays) for the observed abundances of the dominant 4 = 4 nuclei from A = 28 to 4 = 56. The ob-
served abundances in the iron group, 4 = 49 through 4 = 57, can also be understood largely in terms
of nuclei formed in quasi-equilibrium. In the quasi-equilibrium solutions the peak abundance occurs at
A = 56, almost entirely in the form of %¥Ni which subsequently decays to #Fe, the most abundant nucleus
in the natural iron-group abundance distribution. For the remaining nuclei between 4 = 28 and 4 = 62,
the quasi-equilibrium calculations predict abundances which are usually much lower than the natural
abundances.

The number of beta-decay and electron-capture events is sufficiently small under the conditions
examined that the mean value of Z/N remains close to unity. However, even small departures from
unity can have appreciable effects on the ratio of free-nucleon densities, #,/n,, and on the abundances.
The role of these weak decays in the burning of pure ?55i is considered in detail. The main contribution
to decay processes is found to come from electron capture in *Ni. As the temperature of silicon burning
is lowered, the beta decays and subsequent strong interactions cause 54Fe to replace %Ni as the most
abundant iron-group nucleus.

In view of the agreement between calculated and observed abundances, and in view of the emergence
of silicon burning as a natural stage in the history of a thermonuclear gas, it is plausible to attribute the
natural solar-system abundances of the 4 = 4n nuclei (4 = 28 through 4 = 56) and the dominant
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nuclei in the lower part of the iron group (4 = 49 through A = 57) to the results of a superposition of
quasi-equilibrium 23Si-burning sequences. Subsequent secondary processes such as neutron capture are
apparently responsible for the abundances of the remaining, less abundant, nuclei.

The 285i burning is found to be endoergic at the beginning of the 28Si conversion and at relatively high
temperatures and low densities. For most of the region considered, however, the process is strongly
exoergic, with typical energy releases of 10%-1018 ergs g~1 sec™L, This power will provide for a short epoch
of thermonuclear stability in presupernova cores.

The distinctive conclusions of the present analysis are the following: (1) the synthesis of the alpha-
particle nuclei and the synthesis of the iron-group nuclei occur simultaneously in silicon burning (to be
explicit, the a-process and the e-process of Burbidge ef ¢, and Fowler and Hoyle occur simultaneously);
Awwv the chief equilibrium product in the iron group is %Nji, the decay to 56Fe occurring after the termination
of the quasi-equilibrium silicon burning; and (3) under the most likely conditions, the production of the
iron~group nuclei in silicon burning is accompanied by a large release of nuclear energy.

I. INTRODUCTION

The idea that equilibrium between nuclear species may occur at some time and place
in stellar evolution and that the associated abundance patterns may persist in the stellar
matter when ultimately dispersed into space is an old and attractive one. In principle,
the assumption of equilibrium circumvents the problem of determining detailed reaction
rates; one needs only to know the binding energies and partition functions of the various
nuclear species. To establish equilibrium there must be reactions connecting all com-
ponents, and a time must be available which is large compared with the lifetimes of the
interacting nuclei.

As early as 1922 Tolman (1922) studied thermodynamic equilibrium between hy-
drogen and helium as a possible explanation of their relative abundances. Urey and
Bradley (1931) examined the isotope ratios in the light elements in order to determine
whether or not the observed relative abundances of those isotopes might indicate a single
thermodynamic equilibrium, and in the same year Pokrowski (1931) formulated an
equilibrium theory for the relative abundances of the elements. Only partial success was
achieved, and the difficulties were made even more apparent in a detailed investigation
by Chandrasekhar and Henrich (1942). An equilibrium origin for ¢/l the elements was
ruled out by these investigations.

In the work of Hoyle (1946) and Klein, Beskow, and Treffenberg (1946) it was sug-
gested that the abundance peak in the iron group, where the binding energy per nucleon
is a maximum, might nonetheless be due to a thermodynamic equilibrium, in which case
other sources of the light and very heavy elements would be required. This point of view
was adopted by Burbidge, Burbidge, Fowler, and Hoyle (1957; hereinafter referred to as
“B2FH”’), who determined the astrophysical environment which best reproduced the
iron-group nuclei and simultaneously postulated non-equilibrium events to synthesize
the remainder of the elements in stars. Clifford and Tayler (1965) made an extensive
computation of the composition of matter in nuclear statistical equilibrium for the range
of environments suggested by B?FH. Every detail of the iron-group elements cannot be
reproduced in this way, and indeed some of the important abundance ratios, such as
Fe/Ni, are also not well established observationally. Nevertheless, these results have
been so suggestive that there is little doubt that these prominent nuclei owe their high
abundances to some type of equilibrium process.

At the time of the writing of their paper it appeared to B2FH that the dominance of
the intermediate alpha-particle nuclei (#Mg, #8Si, 25, 36Ar, Ca) was to be interpreted
as being due to a chain of alpha-particle captures (called the a-process) involving these
intermediate-mass nuclei and that the composition of the iron group was established by
a complete nuclear equilibrium (called the e-process) at a subsequent time. In this paper
we investigate the possibility that the situation is actually more unified than the one
presumed for an a,e-sequence—that, in fact, the abundances of the most abundant nucles
between 8BSt and the iron group, up to and including ¥ Fe, have been established by a partial
equilibrium in whick the nuclet heavier than %51 are in equilibrium with 51 under the ex-
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change of photons, nucleons, and alpha particles. The 28i itself is not in equilibrium with
those light particles, and the heavy nuclei are not in equilibrium among themselves,
because the only effective reaction links are those involving light particles and photons.

We find that the correctness of this idea is strongly attested to by two results which
we will discuss: (1) the corresponding abundance pattern bears a remarkable resemblance
to the observed solar-system abundances; and (2) the burning of silicon, which now ap-
pears to be a fundamental late stage of nuclear burning in stars, leads naturally to such
a partial equilibrium. We call this partial equilibrium “quasi-equilibrium” to distinguish
it from true nuclear equilibrium, in which #S$i is a negligible constituent. These results
constitute a major refinement of the a,e-sequence described by Fowler and Hoyle (1964)
and Fowler (1966¢, b), which corresponds approximately to that special case of silicon
burning in which the #8Si is quickly depleted to a very small value, followed by a pro-
tracted phase of nuclear equilibrium during which beta decays gradually shift the
dominant nucleus from %Ni (¥ = Z) through ¥Fe (N = Z 4 2) to *Fe (N = Z + 4).

Because of the conceptual difficulty associated with this process and the reasons why
it should occur, we first describe in broad terms the sequence of events that occurs when
pure #Si is heated to temperatures in the vicinity of four billion degrees (T = 4). It
should be acknowledged at this point that our understanding of this process took root
from a numerical investigation by Truran, Cameron, and Gilbert (1966; hereinafter re-
ferred to as “TCG”) and from an unpublished analysis by Finzi and Wolf (1966). The
possibility of a process of this type seems to have been mentioned first by Hayashi ef al.
(1959; see p. 122).

When %8i is heated to temperatures in excess of 7'y = 3, light particles begin to be
ejected at a significant rate, both by #Si(y,a)?*Mg and by 2Si(y,2)(v,p) (v,7)(v,n)*Mg.
A pool of free alpha particles is established, so that the abundance of Mg stabilizes at
a value of the order of 102 of the %Si concentration when the inverse reactions

v + ®Si =2 #Mg + *‘He

come into equilibrium with the free alpha particles and the thermal photons. Subsequent
depletion of #Si occurs via (v,a) reactions on *Mg, followed in turn by (v,e) reactions
on *Ne, 180, and 2C. The equilibrium hetween 2Si and Mg greatly slows the disinte-
mHm%ob of %51 into seven alpha particles. The rate for the over-all process is calculated
in § I11.

Most of the liberated alpha particles do not remain free, of course. Initially they are
consumed rapidly by the reaction #Si(a,v)%S, resulting in a buildup of *2S. However,
since the %25 undergoes photoejection with shorter lifetime than 5%, the capture of alpha
particles and the buildup of *2S are halted by the equilibration of the inverse reactions

%Si + ¢He = 2§ 4 v .
In a similar manner the reactions
25 4 ‘He == ®¥Ar + v,
%Ar 4+ ‘He <= ¥Ca + v

Fe + ‘He = *Ni + v

also achieve equilibrium. This situation is possible basically because the other (v,a) life-
times are all shorter than the effective (v,a) lifetime of #Si. Thus we have a situation in
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which the concentrations of the heavy nuclei build up to such a value that they liberate
alpha particles at almost the same rate at which they consume alpha particles, i.e., tke
alpha-particle density assumes a guasi-static value. On a much longer time scale, the 2Si
slowly “melts,” thereby injecting more alpha particles into the bath., These new alpha
particles are captured in the formation of more heavy nuclei, thereby establishing a new
quasi-equilibrium with more iron-group nuclei and less %Si. The quasi-static equilibrium
can be maintained because the intermediate nuclei capture and lose alpha particles at
rates much greater than the actual rates of change of their abundances.

The equilibria are characterized by a series of Saha equations similar to the following
one for *Si + ‘He = 35 4 v:

n(®S) (™S A(S) P 20EE N\ B.(®S)
n(®Si) e o (=Sh) Fﬁgmciﬁi Oﬁﬁ &P (1)

where the partition functions w are approximately unity for alpha-particle nuclei; the
A’s are the atomic masses in units of M, the atomic mass unit; and B.(??S) is the separa-
tion energy of an alpha particle from the ground state of **S. Numerically,

(20 h2/ MET)¥2 = 1.6827 X 10-%Ty~%2 cm™3 .

It turns out that near Ty = 4 the nuclear system is in the process of building up 5Ni
as the most abundant heavy nucleus because it has the greatest binding energy per
nucleon of those nuclei having Z = N. From the product of seven equations like the one
above, we see at once that the free-alpha-particle density grows slowly as %Si is con-
verted into ®Ni; in fact, #, =< [#(°*N1)/%(®S1)]'/7. When this relationship is coupled
with those like equation (1) it becomes clear that the concentration of each alpha-
particle nucleus may be regarded as a function of temperature and of the concentrations
of #5i and of *Ni. Note that these equations imply equilibrium only with respect to
alpha particles and photons—we do not have the relationship 2(*®Ni) « [»(*Si)]?, for
instance, which would be true if the equilibrium were complete.

As #, grows, the equilibrium amount of *Mg decreases, as does, therefore, the effec-
tive photodisintegration rate of %Si, and the quasi-equilibrium becomes more nearly
exact. For this and other reasons to be detailed later, it turns out that, as the conversion
of Si to %Ni progresses, the rate of that conversion falls rapidly. At long times the
distribution asymptotically approaches that of complete nuclear statistical equilibrium,
in which %S is a quite negligible constituent (Clifford and Tayler 1965).

Not all the nuclei are alpha-particle nuclei, of course. Consider the neutron-rich
nuclei, of which **Fe is one of the most interesting examples. Because of its very large
neutron separation energy, B.(*Fe) = 13.6 MeV, it frequently happens that 5Fe is
the most abundant of the neutron-rich nuclei. On a very short time scale an equilibrium
proton density is established by photoejection such that the following inverse reactions
come into equilibrium:

¥Ni+vy=5Co+p, %Co+y="%"Fe+p, etc

Thus the abundances of prominent neutron-rich species such as #Fe and the free-proton
density », are determined by equations of the form

n(Fe)n,? = f(T)n(Ni) , (2)

together with the conservation of nuclear charge in nuclear reactions. To clarify this
point, suppose, as an example which is often not far from the truth, that no beta decays
have occurred and that Fe is overwhelmingly the most abundant neutron-rich nucleus,
Then we would have immediately from charge conservation that #, ~ 2z(%Fe), a rela-
tionship that yields both 7, and #(**Fe) as being proportional to »(%Ni)Y/3, When beta
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decay is significant, this relationship is replaced by the more complete, but similar,
relationship #n, = 2n(**Fe) — 2D, where D is the total number of beta-decay and
electron-capture events which change protons to neutrons, The inclusion of the remain-
der of the neutron-rich nuclei only makes the arithmetic more complicated, while leaving
the essence of the equilibration the same as when only 5Fe is considered.

A relatively small density of free neutrons #, is also maintained by the gas. The value
of #, is in equilibrium with the densities of free protons and alpha particles, viz., 7,1, «
#,. This equilibrium is maintained by rapid cycles of the type

2S(v,p) (v, p) (v,7) (v,n)®Si(a,v)*S

plus their inverses. With the aid of this assembly of equations, the relative quasi-equilib-
rium abundance at a given temperature of every nucleus heavier than #Si can be com-
puted from two densities, say, #, and #, or Fe and %Ni.

The preceding discussion was for typical events near Ty = 4, but we can now easily
describe the contrasting features at other temperatures. The densities of free protons,
neutrons, and alpha particles are sharply rising functions of temperature. For T'g > 5
the equilibrium %Fe +- 2p = %Ni switches toward Fe - 2p, with the result that *Ni
is no longer the dominant iron-group nucleus, and for T > 6 the buildup of an iron-
group peak is suppressed in favor of merely tearing down *Si into a free-alpha-particle
gas. At lower temperatures the conversion of %Si to the iron group becomes so slow that
beta decay and electron capture occur at competitive rates, with the result that the iron
peak grows from a gas that is increasingly neutron-rich. At Ty = 3 the conversion is
slow enough so that the neutron-rich nucleus 5Fe exceeds *Ni, and for Ty < 3 the con-
version becomes so slow that **Fe is the dominant product. We may look ahead at this
point to remark that the dominance of *Fe in solar abundances could be due either to
the dominant production of *¢Fe in long-lasting equilibrium processes or to the sub-
sequent decay of %Ni, which is formed as the dominant product in rapid equilibrium
processes (for 7'y < 5).

This sequence of events is related to the nuclear evolution of the core of a presuper-
nova star. It is now believed (Fowler 1968) that helium burning results in the production
of approximately equal amounts of 2C and %0 in stars in the wide range of masses
from 0.5 to 50 Me. The result of carbon burning followed by oxygen burning in the
presence of the debris of carbon burning has not been worked out at the present time.
However, general arguments indicate that the dominant nuclear species at the end of
this stage of stellar evolution will be #Si and 32S. In any case, the remarks now to be made
are illustrative of the complexities which arise when nuclei other than #Si are included
in the stellar material prior to silicon burning. As the residue of carbon-oxygen burning
is heated, the %S undergoes photoejection more quickly than does the #Si, about half
the 32S reverting to #Si and about half transforming to heavier nuclei in equilibrium
with 28Si and the free light particles. This system is describable by an extension of the
techniques of this paper. A similar extension can be made in those cases where a nucleus
lighter than %Si, such as ?*Mg, is mixed in substantial proportions with the %Si. Thus
the problem under consideration is an instructive step in the study of the nuclear evolu-
tion of a star.

This quasi-equilibrium technique is quite different from that of the related investiga-
tion of TCG, who followed the abundances numerically as the explicit network of re-
actions dictated their evolution. We have been motivated to the present investigation
because the assumption of quasi-equilibrium is valid after relatively short relaxation
times, it greatly simplifies the conceptual understanding of the process, and it provides
abundance information that is readily calculated and interpreted. The method to be
presented will be inaccurate at early times, when the abundances are in the process of
relaxing toward their quasi-equilibrium values, but at later stages of the calculation it
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has greater numerical accuracy than does a method based on the explicit inclusion of
each pair of inverse reactions.

i

II. CHARACTERISTICS OF QUASI-EQUILIBRIUM SOLUTIONS

It has long been known that it is not possible to match the full range of natural solar-
system abundances by a true equilibrium model. The failure is particularly pronounced
for nuclei heavier than the iron group, but the failure at intermediate masses has also
been severe except at the embarrassingly high temperatures required to keep the abun-
dances from collapsing into the iron group. For this reason most modern comparisons of
natural and equilibrium abundances have concentrated on the region of the iron peak.
The novel feature of the present calculation within the history of equilibrium calcula-
tions is the starting point of %Si, whose slow rate of destruction allows its abundance to
remain much larger than a true equilibrium value. The 28i starting point has already
been recognized by others as being important. Fowler and Hoyle (1964) discussed this
and decided that the alpha-particle nuclei would be abundant during silicon burning
because of the prominent role of (a,y) and (v,a) reactions. TCG carried out numerical
integrations of the differential equations during silicon burning which revealed these
same abundance features. But neither group of authors emphasized the quasi-equilibri-
um nature of the burning process or indicated the crucial factors in the determination of
its rate. We hope to clarify these points in this paper.

The quasi-equilibrium solutions of the present analysis are exact solutions to the
following Gedanken problem: “What are the steady-state abundances at fixed tempera-
ture T, fixed mass density p, and fixed 2851 mass fraction f, if it is assumed that the photo-
disintegration lifetime of *8Si is infinite, if no beta decays occur to change Z/N, and if
the heavy nuclei are able to interact oE% with photons, nucleons, and alpha particles?”
(We adopt the notation of Fowler and Hoyle 1964 in letting N\Z designate the fofal
proton-to-neutron ratio of the nuclear gas; Clifford and Tayler 1965 used the symbol R
for that ratio.) The burning of *Si at constant T and p may be approximated by a suc-
cession of such solutions in which f and Z/N are decreased slowly as the 2Si conversion
progresses. In advancing from one solution to the next, quasi-equilibrium can be very
nearly achieved in the actual system because of the fast rates for reactions induced by
alpha particles and nucleons and for the photodisintegration of nuclei heavier than %Si.
These processes dominate the consumption and liberation of the free nucleons and alpha
particles. In particular, the net rate of liberation of alpha particles by the photodisinte-
gration of 2Si is negligible compared with the rates of liberation and capture of alpha
particles in heavier nuclei. This feature is necessary for quasi-equilibrium solutions to
be a good approximation to the real situation.

In this section we search for the existence of quasi-equilibrium solutions with abun-
dances which match the observed natural abundances of elements. We defer until sub-
sequent sections the crucial but separate question: Can these abundances be reached as
silicon burning proceeds?

Because the quasi-equilibrium abundances relative to #Si are determined by the num-
ber densities of free alpha particles, protons, and neutrons, it is convenient to express
the equilibrium number density #(4Z) in the form

n(42) = CAZ)n(BSD)ng *n, Pn, @

where 8., 8,, and 8, specify the numbers of alpha particles and nucleons in (4Z) in excess
of the number in 2Si. These numbers are computed with respect to the largest &@rm-
particle nucleus contained within (4Z). If this largest alpha-particle nucleus contains V '
neutrons and Z’ protons (N’ = Z’), then it follows that the integers 8., 6,, and 8, are
given by

b= LN' + 2/ ~28), 8,=Z—2', 8.=N-—N. (4)
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The nucleus 13K, for example, may be thought of as being composed of 15?°Ar, the
nearest &wrm-wmﬂnn_m nucleus within #¥K, plus one proton and one neutron. Thus §, =
2,8, =1 and é, = 1,
_HWm @cmsﬁﬁom O ?Nv are functions of temperature but are independent of all densi-
Smm Again representing the partition function of the nucleus (4Z) by w(4Z), taking
= 1 and w, = w, = 2, we have

nett:N m
h E?»Nv la._.m:v b E» g:m«ﬂ upﬁa @m Nv
Ct2) = Tagy 27 MO 55 exp ﬁ T ;  G)

where, in terms of the atomic masses, we have

A¢Z)

gy ACHe) AT AT (6)

UHAZ) =

and where
Q(*Z) = B(4Z) — B(*Si) — 6,B(*He) (N

is the energy required to decompose (4Z) into ®Si + §,(*He) + nucleons, B(4Z) being
the total binding energy of (4Z). The alpha particles, protons, and neutrons maintain
an internal equilibrium via chains, such as the chain cited above for 32S = *§i, so that

= Conta*ny? | (8)
where

Co =

\_QHIH& EM&_&%HIEN wﬁmov
1 -

l% A4 \ 2w ) &P ﬁ kT ; . ®)
The equilibrium abundance of each heavy element relative to #Si can be characterized
by any fwo independent number densities or by appropriate combinations of the densi-
ties. These may be taken to be #, and #,, Sg\\a: and nyn,, n,/n, and n,, n, and *Fe,
5Fe and *Ni, etc. The particular pairs chosen in subsequent discussions are selected as
a matter of convenience.

In Table 1 we list for each nucleus considered the quantities 6,, 8., 8., Q(4Z), and
the alpha-particle and nucleon separation energies, which are temperature-independent,
and the values at several temperatures of C(4Z). In calculating C(4Z), the numerical
values of the partition functions w(4Z) are taken in most cases from the (temperature-
dependent) prescription of TCG. For those few nuclei which are included here but which
are not considered by TCG, the approximate (temperature-independent) prescription
employed by Clifford and Tayler (1965) was used. The partition functions, at most,
vary only weakly with temperature, and therefore, for illustrative purposes, their values
at Ty = 4.0 are also presented in Table 1. The Q-values are obtained from the tabulations
of Mattauch, Thiele, and Wapstra (1965).1 Approximate values of C(1Z) at intermediate
temperatures may be obtained from Table 1 by interpolation, using the functional form
of equation (5) and neglecting the temperature dependence in w(42).

‘The character of the guasi-equilibrium abundance distributions depends upon the
magnitudes of #(®Si), #,, #,, and #,. For a very wide region of number densities, and in
particular for the values which will be seen to occur in the conversion of %81, the following

I Note added in proof—For a number of proton-rich nuclei, where data were not given by Mattauch
et al. (1965}, Q(4Z) was calculated from a tabulation of binding energies by Clifford and Tayler (1965),
as indicated in Table 1. The corresponding atomic masses are 1-4 MeV less than masses derived from
Coulomb displacement energies, as analyzed by Harchol ef al. (M. Harchol, A. A, Jaffe, J. Miron, I. Unna,
and J. Zioni, 1967, Nucl. Phys., A90, 459). If the latter estimates are noﬂ,mnﬁ then the present calculation
has greatly overestimated the n@EEﬁEB abundances of these nuclei. The. consequences are significant
only at 4 = 45 and 4 = 47, where the corrected total abundances are roughly one-half and one-fifth,
respectively, of the abundances indicated in Figures 3, 14, and 21.
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TABLE 1. PARAMETERS FOR NUCI¥I ENTERING INTO THE QUASI-EQUILIERIUM GAICUIATIC!{*

%0¢

wNsAQS ey SHMSAYdoaIsy YSVN ) A PIPIAGL] « £J0E [EIUICUOI)SY URILRDULY ()

* §

Kucleus . Q(AZ ) Separation Energy (MeV) u(AZ) -log C(AZ)
P n o {MeV) P n o' T9=Lo Ty=3.8 Té=mh Ty=5.0
Mg 2b 0 0-1 -9.981 11,694 16.532 9,37 1.10 -22.243 -2l4,261 «25.636
81 28 0 0 0 0. 000 11.583 17.175 9.981 1.01 0.000 0. 000 0. 000
81 29 01 0 8.475 12.327 8,75 11.128 2.15 23,362 24,978 26.210
P 29 l1 00 2,74k 2,744 17.356 10.439 8.91 30.339 30.935 31.403
81 30 02 0 19.092 13.510 10.617 10.650 1.01 Lk, 533 hg.177 50,968
P 30 110 1k. 087 5,592 11.323 10.411 15.80 50,001 52,741 sh.8k8
s 30 2 00 7.178 L. L3l 9.383 1.35 60,205 61,699 62,859
P 31 120 26.380 7.287 12,312 9.666 2.11 69.479 7h.527 78,392
8 31 2 1 0 20,151 5.084 12.973 9.031 8.91 77.109 8.0l 8k.071
5 32 0 0 1 6.948 8.864 15.082 6.948 1.02 26.239 27.589 28,825
g 33 0 11 15.589 9,569 8.6k1 7.124 4,22 L9, o9k 52,098 54, k01
Cl 33 1 01 9,238 2,290 16.275 8,hok 8.91 57.189 59,055 60.499
s 34 0 2 1 27.011 10.888 11. k22 7.919 0.99 69.502 74,875 78.640
€1 34 1112 20,746 5,157 11.508 6.6879 15.80 76.608 80.651 83,760
Ar 34 2 01 13.907 4.869 8.729 1.35 86.746 89,552 91.721
Cl 35 1 2 1 33.381 8.370 12.635 7.002 2.11 95,661 102.070 106,979
Ar 35 2 1 1 26.635 5.889 12.728 8,484 8.9 103.977 109.180 113.182
Cl 36 13 1 k1.958 7.961 8.577 7.642 5,95 118,772 126,814 132.973
Ar 36 0 0 2 13.591 8.506 15.252 6.5644 1.0l 52,904 55,553 57.588
Cc1l 37 1 bk 1 52.274 8.399 10.317 7.835 k09 140,177 150.203 157,887
Ar 37 01 2 22,382 8.720 8,791 6,793 k.10 75.569 79,900 83.221
X 37 1 0 2 15.459 1.867 16,151 8.221 8.91 k. k10 87.497 89.879
(continued)
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TABLE 1 (continued)

+ §

Fucleus 8 a(®z) Separation Energy (MeV) w(®z) - log c(*z)
Pna (MeV) P n o T9=Lo T, =3.8 T9=Lh Tg=5.0
Ar 38 0o 2 2 34,201 10.242 11.839 7,209 0.99 95,414 101.987 107.026
K 38 11 2 27.508 5.124 12. 047 5.760 15.80 103,117 108.478 112.599
Ca 38 2 0 2 19.628 4,169 5.721 1.10 11k, 721 118.658 121.696
Ar 39 0 3 2 L0.812 10,724 6.591 6.816 8.85 120.688 128.543 134,565
K 39 1 2 2 40,595 . 6.37h 13.089 7.214 3.99 121.288 129.111 135,11k
Ca 39 2 1 2 33,309 5.803 13,681 6.674 8.91 130.602 137.108 12,110
Ar 40O 0 4 2 50.684 12.527 9.872 6.808 1.09 143,415 153,130 160,56k
K 4o 1 3 2 k8,396 7.584 7.801 6.438 16.91 145,25k 154.585 161. 70k
" Ca Lo 0 03 20,632 8.333 15.619 7.041 0.99 79.051 83,076 86.171
K 4 1 4 2 58,487 7.803 10.091 §.212 4.50 167,383 178.603 187.193
Ca k1 01 3 28, 996 8.896 8.36k4 6.614 8.03 101,983 107.611 111.931
Se 41 1 0 3 21,719 1.086 15.818 6.260 8,91 111.588 115.902 119.228
Ca 42 0 2 3 Lo.4e7 10.276 11.471 6.246 1.11 122,573 130.3k44 136,289
Se ko 113 33,286 k.290 11.567 5.780 15.80 130,932 137.435 142,433
T 42 2 0 3 25.486 3.767 5,858 1.10 142,430L 147.525 151.L452
Ca 43 0 3 3 48.395 10.667 7.928 7.583 11.37 145,985 155.278 162,399
Sc 43 1 2 3 45.390 h.923 12.104 4,795 9.88 150,027 158,786 165.502
T4 43 2 1 3 37.774 4. has 12.288 4,485 8.91 160.163 167.572 173.271
Ca. 4b 0 4 3 59.530 12.170 11.135 8.848 1.19 167,133 178.532 187.255
Se 4k 1 3 3 55,101 8.706 9.710 6. 704 19.36 171.805 182,375 190.476
T8 44 0 0 4 25.867 8.773 16.389 5.235 1.1 107.550 112.587 116.446
Ca 45 0 5 3 B6.950 12.737 7.420 10.166 12.09 191.216 204, 068 213,918
Se 45 1 4 3 66.420 6.890 11.318 7.933 11.43 191.950 20k.681 214.430
4T 45 0 1 4 35,283 8.478 9.415 6.287 14.85 128.875 135.720 140.971
Vv i5 1 0 & 29,045 8.91 137.358 143.093 147.509
(continued)
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TABIE 1 (continued)

* §

Kucleus ) Q( Ay ) Separation Energy (MeV) w( Az ) - log C(AZ )
P n o (MeV) P n o T9=mo Ty =3.8 T9=mh Ty =5.0
Ca L6 0 6 3 77.351 15.797 10.401 11.143 1.08 213.401 228,228 239,581
Sc 46 15 3 75.186 8.236 8.787 9.162 28.50 214,862 229,277 240,325
™ 46 0 2 k L8.475 10.351 13.192 8.008 1,39 1h7.348 156.642 163,758
4V 46 11k 40.830 5.347 7.3h4% 15.80 156.680 164,806 170.697
Cr 48 2 0 4 33,782 1.35 166,830 173.517 178,667
Sec 47 1 6 3 85,828 8.477 10.8%2 10.172 9.09 236.175 252,626 265,227
™ 47 0 3 L 57.350 10.460 8.875 8.955 11.%7 169.590 180.6086 189.053
4V b7 1 2 4 53,651 5.176 13.021 8.261 9.79 174,571 16k.897 182.811
Cr 47 2 1 4 k7,712 8.91 182,471 191,773 198,922
™ L8 ok I 68.978 11.kh6 11.628 9,448 1.31 190,052 203,247 213,346
Vv ks 13 4 ek.182 6.8%32 10.531 9.082 14.53 195,369 207.893 217.135
Cr 48 0 0 5 33,447 8.092 7.580 1.31 132,922 139,404 kb, 370
T 4o 05 & 77.12k 11.342 8.146 10,174 8.20 213,376 228,179 239,523
Vv Lo 1 4 L 75. 734 8.756 11.552 9,314 16,11 21k, 905 229.456 2k0.592
4G kg 01 5 lth, 095 8.209 10.648 8.813 7.13 152.995 161,518 168.052
Mn ko 1 0 5 37.01% 8.91 162.280 169.552 175.146
™ 50 0 6 & 88.068 12,171 10.944 10,717 1.05 23k,895 251.585 26k, 485
v 50 1 5 b 85.071 7.947 9.337 9,885 19.23 237,414 253,716 266.204
Cr 50 0 2 5 57.026 9.568 12.930 8.551 1.57 171.452 182,379 190.7h7
4 50 115 k8,842 4,87 8,013 15.80 181.545 191.015 198,292
Fe 50 2 0 5 Lz, 633 1.35 189.256 197.820 204,108
Vv 51 1 6 & 96.126 8,057 11,085 10.297 12,85 257.864 276.265 290,365
Cr 51 0 3 5 86.295 9.520 9.289 8.945 9,08 193.319 206.053 215.810
M 51 1 25 €2.326 5.300 13.683 8.675 10.34 198.528 210,542 219.780
Fe 51 215 55,484 8.91 207.657 218.460 226.760
Cr 52 0 k s 78.330 10.501 12,035 9,352 1.10 213.214 208,213 239,691
Mn 52 13 5 72,839 8.54} 10.513 8.657 16.51 219.319 235,327 24k, 083
Te 52 0 0 8 43,387 7.357 7.940 1.18 157,93k 165.964 172,121
(eontinued)
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TABIE 1 (continued)

* %
Rucleus Q(AZ) Separation Energy (MeV) w(AZ) ~-log C(AZ)
P naQ (MeV) D n a 'r9=h.o Ty=3.8 T9=l+.l+ Ty=5.0
Cr 53 0 5 5 86.272 11.134 7.9%1 9.148 5.07 236,959 253,481 266,133
Mn 53 1 4 5 84,891 6.560 12.051 9.157 10,07 238, k85 254,778 267,268
*Fe 53 0 1 ¢ 51.828 T.285 10.441 7.733 8.25 178.18k4 188,202 195.904
Co 53 1l 0 86 i, 823 8.91 187.417 196.197 202.949
Cr 5% 0 6 & 95,993 12.039 9.721 7.925 1.50 259,540 277.897 291,952
Mn S5k 1l 5 5 93,832 7.560 8.941 8,761 12.35 281.488 279.456 293,220
Te Sk 0 2 8 85. k7 8.852 13,619 8.421 1.13 195.910 208,482 218.108
Mn 55 1 6 3 104,056 8.063 10,224 7.931 12.56 282,851 302,787 318,062
Fe 55 0 3 6 Th.746 9.210 9.299 8.451 7.h6 217.706 232,029 243,004
*Co 55 1l 2 8 70.504 5.057 1%.091 8.179 8.19 223,272 236,881 24k7.319
M 55 2 1 6 62.562 8.91 233,766 245,945 255.301
Fe 56 o 4 6 85,950 10.190 11,205 7.619 1.45 238,495 254,945 267.542
Co 56 1l 3 8 80,593 5.848 10.088 7.75k 15.44 24k ,565 280,068 271.951
M 56 6o 0 7 k9,382 7.174% 7.996 1.00 182,885 192.h82 199,848
Fe 57 ¢ 5 8 93.591 10.561 7.642 7,320 13.11 262.3L41 280,275 29k, 017
Co 57 1k 8 91,972 6. 022 11.379 7.082 8.17 284,678 282,362 295.919
M 57 o 1 7 59.659 7.362 10.276 7.831 L.21 203,572 215.117 223,972
Fe 58 C &6 6 103,634 11,955 10.042 7.641 l.82 284.877 304,699 318.874
Co 58 1 5 6 100,543 6.951 8.571 6.711 20.84 287.855 307.149 321,935
Ni 58 c 2 7 71.85k 8.178 12,195 6,407 1.10 222,922 236,752 247,344
Co 59 l 86 &6 111.009 7.375 10,486 6,953 8.90 309.278 330.572 346,882
N 59 c 3 7 80.856 8.610 9,002 6,110 1.71 245,089 260,613 272.508
Cu 59 1l 2 7 75.274 3,420 12.771 4,770 8.91 252.408 268. 982 278,169
N 60 0o 4 7 92,240 9.527 11.383 6.290 1.186 265.747 283,442 296,989
Cu 60 i 3 7 85,332 4. k78 10,058 4. 740 15.80 273.759 290,247 302.900
Zn 60 0O 0 8 52.094 5.118 2.712 1,35 214,857 224 . 847 232,681
(continued)
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TABIE 1 (concluded)

* 9
Fucleus 5 Q(AZ) Separation Energy (MeV) w(AZ) - log C(AZ)

P na (MeV) P n 1 Tg=4.0 Ty =3.8 Tg=l.4 Ty =5.0
N 61 0 5 7 100. 061 9,858 7.821 6.469 8.91 289,414 308.661 323,421
Cu 61 1 4 7 97.042 k.802 11.709 5.070 8.91 293,417 312.118 326,464
Zn 61 0 1 8 62,539 5.523 10.465 2,901 8.91 234,898 247,078 256,432
Wi a2 0 6 7 110.680 11.107 10.599 7.026 1.10 311,205 332,46k 348,765
Cu 62 1 5 7 105. 942 5.882 8.900 5.400 15.80 316.304 336.710 352,362
Zn 62 0 2 8 75.174 6.k28 12.61% 3.320 L.35 263,926 268,481 279.654

¥*
The velues of Q(AZ) (eq. [7]) and the separation energles are based on tsbulations of Mattauch, Thiele, and

Wepstra (1965), unless otherwise indicated.

i The valt(zes o:l)’ Q(A'Z) for these nuclel are obtalned from a tebulation of binding energies by Clifford end
Tayler (1965).

+

Calculated from tabulation by Truran, Cameron, and Gilbert (1966).

For those cases not covered by Truran
et al., the following values were adopted for w(AZ) (after Clifford and Tayler 1965):
1.10; even-even -- 1.35; odd -- 8.91; and odd-cdd ~- 15,80,

even-even (magic) --

§ For convenience in tabulation, the negative of log [C(AZ)] (eq. [5]) is listed. Values of log [C(AZ)I at
unlisted temperatures, T, can be calculated from the values at the nearest listed temperature 1 To from the
aprroximate relation (which neglects the temperature dependence of the partition functions w(4Z) 3:

where Q(AZ) is expressed in MeV and T 18 expressed in lO9 k.

log [0(%2),1)] > 20g [c(*2),1)] + 5 (8, + 8 +8,) log (T,/T) + 5.040 a(*z) [2/T - 1/m]
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generalizations apply: (1) the alpha-particle nuclei #8i, 325, 3%Ar, and “Ca are much
more abundant than any other nuclei between 4 = 28 and A = 40; (2) there is an abun-
dance minimum in the range 40 < 4 < 50; and (3) there is an abundance maximum at
the iron group. These features are similar to the main features of the natural abundances
of the nuclear species. A recent compilation (Cameron 1967) is shown in Figure 1, and
the general features which we have listed as characterizing the quasi-equilibrium are
quite evident in this figure.?

T T T T T T T
9 |- -
T T T 4 T N T 8 i
v & NATURAL (CAMERON 1967, Fe x 1/5)
10 |~ ] 7F T
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HO ~ +—
si < &r 1
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Frec. 1 . F1c. 2

F1c. 1.—Natural abundances of the elements in the solar system (Cameron 1967). Isotopes of the same
element are connected by solid lines. Cameron’s value for the iron abundance has been reduced by a factor
of %, corresponding to a choice of the solar photospheric abundance for iron rather than the meteoritic
abundance.

Fic. 2.—Determination of values of #,/#, and n%, which provide a match to the natural solar-
system abundances of elements. Solid lines are loci of points for which the quasi-equilibrium abundances
match the indicated natural abundance ratios. The regions labeled 4 and B represent two solutions cor-
responding to the best over-all matches.

In order to explore the possibility that the most abundant nuclei between 4 = 28
and 4 = 60 are formed in a quasi-equilibrium process, we have performed a search for
free-nucleon concentrations that could account for the solar-system abundances shown
in Figure 1. To this end, we have examined how key abundance ratios depend upon the
parameters #,/#, and #gn,. The abundance ratios 9Ca/%8i, 5Fe/4Ca, %Fe/%Fe, and
%Fe/%Ni have been selected as providing important tests of a quasi-equilibrium solution.
The locus of points in the [log (#,/%,), log (#m,)]-plane that satisty the solar-system
ratios of these abundances is shown in Figure 2 for the specific choice Ty = 3.8.

The ratio ¥°Ca/®8Si, for example, involves nuclei with equal numbers of protons and
neutrons and therefore defines a straight line at constant #,n,. A different natural ratio

2 The Cameron (1967) abundance for iton has been reduced by % to match the solar photospheric
abundances. The iron-abundance problem is discussed in § IX.
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of 9Ca/*8Si would have resulted in a parallel line at a slightly different value of #,#,. In
fact, we see from equations (3) and (8) that

2C8) _ cocaynd = COICa)CA(npna)" 10
Aumm..—v A Nv§n - A Nv a AR@»@&V s A v
so that the product #1,7, is proportional to the one-sixth power of the chosen abundance
ratio. Similarly, the ratio ®Fe/®Ni defines a straight line at constant #,/#,. The ratio
6Fe/%Fe leads to a more complicated curve because the observed Fe may have come
from several different mass-56 parents. The upper half of that curve, at high values of
"/, corresponds to an equilibrium condition for which the mass-56 nuclei are pri-
marily in the form of ®Ni (which ultimately decays to **Fe), whereas the half at low
values of #,/7, corresponds to a condition for which 5%Fe s itself produced in the equilib-
rium.

The natural abundances are best accounted for in an equilibrium model by values of
np and #, corresponding to regions where the individual lines in Figure 2 intersect. There
are two qualitatively distinct regions in Figure 2 where the agreements are most sug-
gestive. One of these, designated as region B, offers simultaneous fits to the three ratios
involving the isotopes of iron but provides a poor fit to the relative size of the iron group
and the alpha-particle nuclei, as represented by the ratio #Fe/4Ca. For this region the
iron-group nuclei are much more abundant than are the lighter nuclei, because this
region corresponds to conditions of true nuclear statistical equilibrium where ®Si is quite
small. It was in this general region also that Fowler and Hoyle Qoo@ and B?FH before
them, sought the nuclear equilibrium that best characterized the iron peak.

Another possibility, and it is this one that is really the subject of the present paper, is
suggested by the agreements near region A. This solution fails to fit the ¥Fe/®Ni and
%Fe/5Fe ratios, but it does preserve the %Fe/%*Fe ratio in the form of *Ni/*Fe, and it
simultaneously provides a good representation of the abundances of the alpha-particle
nuclei, relative to each other and relative to the iron group. We will find that abundances
of this general character are naturally encountered in those stages of silicon burning in
which a substantial amount of the original #Si remains. This suggests that a quasi-
equilibrium with #Si, which appears in the sequence of thermonuclear burning stages in
stars, may have played a very major role in nucleosynthesis.

At first one might hope that some other choice of temperature could result in the
satisfaction of all abundance ratios. It appears, however, that such hopes are doomed to
Emm_u@oEgmuﬂ and that the situation in Figure 2 for \D 3.8 is indeed characteristic
of the situation throughout the temperature region in which equilibrium sclutions of
any sort are successful.

Examples of abundance distributions correspending to these two regions are shown
in Figures 3 and 4. Figure 3 illustrates the abundances for a solution corresponding to
region A of Figure 2. The relatively large value 1p/ M = 10788 corresponds to a gas in
which Z/N = 1 if we have (as illustrated in Fig. 3) a large unburned component of %Si.
This last condition requires emphasis, because the work of Clifford and Tayler (1963)
showed that complete nuclear equilibrium at, that value of #,/#, is characterized by a
negligible component of 8Si and a value of Z/N near 0.9. This contrast illustrates the
way in which this calculation differs from previous equilibrium calculations. This solu-
tion gives an excellent fit to the abundances of the alpha-particle nuclei and to the
dominant iron-group nuclei up to A = 57, but it fails badly elsewhere, underestimating
the abundances of the remaining nuclei.

In Figure 4, illustrating a solution of type B, there is no match to natural abundances
for A < 50, but the fit is reasonably good between 4 = 51 and A = 62. This solution
is essentially the same as that of Fowler and Hoyle (1964). It represents a very late stage
of the burning when the %Si has almost vanished, and the gas has become neutron-rich
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F1c, 3.—Comparison of natural solar-system abundances with quasi-equilibrium abundances for a
Type A solution. The parameters are taken from Table 2. It will be found (§ Vd) that these values are
closely achieved during ?88i burning at Ty = 4.2 and p = 10 g cm™3. Vertical lines with arrows represent
cases in which the quasi-equilibrium abundances fall off-scale.
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to the extent that Z/N < 0.9. The achievement of such values of Z/N in silicon burning,
where Z/N = 1.0 initially, requires sufficient time for the necessary beta-decay and
electron-capture processes to act. The ratio of free-proton to free-neutron density exceeds
unity (n,/n, = 1027) because neutron binding energies are greater than proton binding
energies within the iron group.

A simple relationship between region A and region B exists within the context of
silicon burning. As will be seen below, there exists a wide range of temperatures and
densities for which », and #, fall near region 4 at a time when about two-thirds of the
51 has been converted to heavier elements. At Ty = 4.0, for example, this point is
reached about 10 seconds after the start of the #Sij conversion. If the system remains
with temperature and density unchanged, the conversion of #Si into heavier elements,
predominantly %Ni, will continue. Beta decay and electron capture gradually lower the
value of Z/N below unity, with a corresponding (but much larger) decrease in #,/#, but
on a time scale much longer (at 7y > 4.0) than that required to reduce the #Si fraction
to one-third. The decrease in #,/#, is accompanied by a transfer of the abundance peaks
from the alpha-particle nuclei to the neutron-rich isotopes of iron. At that time the
system has passed into region B.

The evidence for an equilibrium with #%Si in region 4, where the abundance of %Fe
is identified with that of its %Ni progenitor, may be seen in another form of display of
the observed abundance ratios of the alpha-particle nuclei. This display also provides,
in principle, a systematic means for determining the values of the temperature, T, and
alpha-particle density, #,, that can account for the abundances. If equilibrium is as-
sumed, it can be shown that the abundance ratios are given by

.%mmc ﬂ; %mmciﬁ M

4(22)]  w(®Z)n(®si)

B(4Z) — B(®Si)
N+Z—28 °

(N + Z — 28)~ log x
(11)

= a(T)n.) + 5(T)

where

a(Tn,) = — Hom_”hﬁmmv
b(T) = 5.040/T .

MJETT  1.260B(‘He) |, ,
Ik y 7, Talen, g

Thus a plot, as in Figure 5, of the left-hand side of equation (11) against the relative
binding energy [B(4Z) — B(®Si)]/(N¥ + Z — 28) should give a straight line whose slope
determines Ty and whose ordinate determines #,. (For Fig. 5 we approximate w(4Z)/
w(®Si) by its value at Ty = 4.0.) The relation does indeed appear to be linear, although
the sensitivity to temperature is not great enough to determine the temperature with
any precision, Values ranging between Ty = 3.8 and Ty = 5.0 appear plausible, and
temperatures outside this range cannot be definitely excluded.

The data points of Figure 5, together with equations (11) and (12), can be used to
determine 7, at any given value of Ty between 3.8 and 5.0. These values are presented
in Table 2. At a given temperature, the proton number density, #,, can be determined
from the equilibrium %Ni = 5Fe + 2p, assuming that the equilibrium ratio #(®*Ni)/
n(**Fe) is equal to the natural abundance ratio #(**Fe)/xn(*Fe). Finally, #, can be de-
termined with the aid of equation (8). The values of #, and #, which are found in this
manner are also presented in Table 2, There is, of course, no assurance that these values
are reached in #Si burning, but it will be found in § V that they can in fact be closely
approached at certain densities, for temperatures between Ty = 4.0 and Ty = 5.0, when
about 60 or 63 per cent of the Si has been consumed. Approximate values of the densi-
ties at which this occurs are listed in the last column of Table 2.
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Fic. 5.—Systematics of the abundances of the alpha-particle nuclei. Coordinates for each nucleus are
determined by the relative abundance (left-hand side of eq. [11]) and the relative binding energy (co-
efficient of (7)) in eq. [11]). Solid lines are examples of fits to the points. The slope of the line determines
the temperature 7T, and the position of the line determines #,. For cases in which the alpha-particle
nucleus is not stable (4 > 44) the abundance is taken to equal the natural abundance of its stable beta-
decay product.

TABLE 2

NUCLEON AND ALPHA-PARTICLE NUMBER DENSITIES (cm™%) FOR BEST MATCH
TO THE NATURAL ABUNDANCES OF THE ALPHA-PARTICLE NUCLEI
AND THE NATURAL RATIO n(®*Fe)/n(*Fe)

Hmaw%”w—nﬁm log ng log np log np log (np/nn) log p*
3.8.......... 26.03 27.45 18.93 852 |...........
4.0.......... 26.52 27.89 19.72 8.17 7.5
4.2.......... 26.96 28,29 20.43 7.86 8.0
4.4.,........ 27.38 28.66 21.09 7.57 8.5
4.6.......... 27.74 29.00 21.68 7.32 9.0
4.8.......... 28.08 29.31 22.23 7.08 9.0
50.......... 28.38 29.60 22.72 6.88 9.5

* Approximate values, from the analysis discussed in § V. The density p is in grams per cubic centimeter,
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The linear relationship in Figure 5 is a striking one, despite the failure to determine T
accurately, and it is difficult to see how it could be obtained except by alpha-particle
equilibrium. If these abundances were due to an unimpeded flow of alpha-particle cap-
tures, they would be inversely correlated with the alpha-particle capture cross-sections
rather than with the binding energies. We draw the conclusion that quasi-equilibrium
events have been prominent contributors to nucleosynthesis in this mass range.

This suggestion has a practical consequence for observational astronomy, viz., the
abundances from %5i through the iron group should be strongly correlated in the inlersiellar
medium. A test is to be sought in the metal-deficient stars, where we expect these ele-
ments to be deficient by roughly the same factor. Elements synthesized in other burning
stages, such as helium, carbon, nitrogen, oxygen, sodium, magnesium, and barium may,
on the other hand, have uncorrelated deficiency factors, although they are by no means
required to. Evidence along this line has been presented by Peat and Pemberton (1967),
who have found that in the moderately metal-deficient old stars the elements calcium
and iron appear underabundant by similar factors, whereas *0 and 2*Mg do not seem
to be as underabundant. It seems to us that observational studies of this type have im-
portant implications for the early evolution of the Galaxy.

It should be noted that this same argument cannot be applied to stars with large
overabundances in the range from silicon to iron. Such stars have presumably mixed
material to their surface that has been synthesized within the interior, or they have
produced these elements on the surface. At the present time it appears impossible that
any star can have an inner region pass through a nuclear burning phase as advanced as
silicon burning and yet live sufficiently long to mix these products to the surface. A more
promising approach to the cases of surface overabundances seems to lie with especially
intense flash phenomena during helium or carbon burning, along the general lines sug-
gested by Fowler ef al. (1965), or with non-thermal surface reactions by preferentially
mmoom_,wwwﬁma alpha particles, along the general lines suggested by Brancazio and Cameron

1967).

Finally we must add that the element silicon, and perhaps also sulfur, may participate
only partially in this correlation. In particular, it may be possible to synthesize %Si and
325 at an earlier stage, namely, oxygen burning, without synthesizing the remainder of
the heavier elements. This possibility depends upon regions of a star being expelled
during oxygen burning, and we are not yet able to assess its likelihood under general
circumstances. For the material which comprises the solar system, the agreement be-
tween the natural abundances and the predictions for quasi-equilibrium abundance
distributions (especially those shown in Figs. 3 and 5) argues against such expulsion
of pre-equilibrium %Si and S having taken place in large quantity.

III. PHOTODISINTEGRATION FLOW DOWNWARD FROM 2Si

We have assumed in the foregoing discussion that the densities #,, #,, and #, take on
quasi-static values determined from the quasi-equilibrium above #Si. That is to say,
their densities are very slowly varying, inasmuch as they are determined by the near-
equality of the rates of capture and photoejection within the nuclei near #Si. The rela-
tively slow disintegration of %Si merely throws fresh nucleons into the pot, which are
quickly captured in the establishment of the new quasi-equilibrium. We continue to
make this assumption in the following discussion because the quantitative results will
confirm its correctness. We now turn to a detailed consideration of the problem of con-
verting the silicon in the face of established densities of protons, neutrons, and alpha
particles that vary only slowly in time.

Because the great size of the Coulomb barrier virtually prohibits #Si from reacting
with itself, the conversion from %Si into heavier elements proceeds by a process of
photodisintegration rearrangement. Protons, neutrons, and alpha particles are liberated
by two sequences leading to #Mg:
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BSi(y,p) TAL(y,p) Mg (y,n) Mg (y,n) Mg

#8i(v,a)*Mg ,

the first of which occurs at the more rapid rate (Fowler and Hoyle 1964; TCG; Fowler,
Caughlan, and Zimmerman 1967 [hereinafter referred to as “FCZ”]). Although it might
appear that the rates of these reactions would govern the consumption of #8i, it was
pointed out by Finzi and Wolf (1966) that the Mg will quickly assume a concentration
corresponding to equilibrium with 281, In this equilibrium each of the photodisintegra-
tion rates is balanced by the corresponding capture rate. For example, the rate of
#Mg(a,y)?Si will be as large as that of %Si(yy,a)?*Mg, and the rate of %Si(y,p)%Al is
balanced by the rate of #Al(p,y)®Si. Thus the Mg concentration is determined by an
equilibrium with #Si and the free-alpha-particle density:

n(*Mg) = C(*Mg)n(®Si)n." . (13)

and

The ratio #(**Mg)/=(*Si) is always very small for alpha-particle concentrations large
enough to correspond to an appreciable (say, >3 per cent) conversion of #Si to other
elements, because the binding energy of an alpha particle in %Si is large compared with
the binding energy in the heavier alpha-particle nuclei (325, ... ,5Ni).

After the Mg reaches its equilibrium concentration, further (net) disintegration of
28Si can proceed only at a rate governed by the photodisintegration of 2*Mg. The over-all
effect is a reduction in the effective photodisintegration rate of #Si, because the product
of the Mg concentration and its photodisintegration rate is much less than the cor-
responding product for #Si, as indeed it must have been for the ?*Mg-#8Si equilibrium to
have been established. As the *Si conversion to the iron group proceeds, the flow down-
ward is slowed even further because (@) the free-alpha-particle density is proportional to
[#(58N1) /#(®S1)]/7, with the result that over most of the nob<9.m5n 7, rises and n(*Mg) \

n(%Si) falls, and (b) in some cases the alpha-particle capture in *Ne creates an appreci-
able flow upward (this point will be considered below in more detail). Thus #8i burning
is characterized by the property that, as #Si is converted to iron-group nuclei, the rate of
the conversion decreases.

We must next inquire into the fate of the **Mg. FCZ have analyzed the nuclear data
for the reactions *Na(p,y)**Mg and **Ne(a,y)**Mg. The photodisintegration rates de-
termined from detailed balance are found to be

sec”t,

Ap(#Mg) = 5.08 X 108742 exp ml 140. av

(14)

secl.

A (#Mg) = 5.22 X 104732 exp Al 123. mmv

The (v,p) rate is only 3 per cent of the (v,a) rate at Ty = 3, and it rises to 30 per cent
at Ty = 5. In what follows we will quantitatively include only the (v,a) branch, with
the following justification. In the lower temperature range we make an error of only a
few per cent in the disintegration rate, whereas near Ty = 5 the **Ne approaches alpha-
particle equilibrium with 2*Mg, with the result that the **Mg photodisintegration rate
no longer controls the photodisintegration flow. (This situation is analogous to that of
Mg vis-2-vis 381.) Thus we use A, as the total photodisintegration rate of Mg with
very little error and with considerable simplification in the analysis below. The reaction
2Mg(y,a)®Ne is followed by ®Ne(v,a)!®0, *0(y,a)!2C, and ?C(y,a)*Be(a)*He. The
net result is #Si— 7 ‘He. We now calculate the rate of this over-all process.

Any simple quantitative estimate shows that the concentrations of the light alpha-
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particle nuclei must be much less than that of %5i at all times during this process. In
fact, each of these nuclei exists with a concentration just sufficient to produce a net
downward photodisintegration flow equal to that received from above. After a rapid
initial adjustment, the rate of change of the concentrations of 2*Ne, %0, and ?C becomes
much smaller than the alpha-particle flow in and out of each nucleus. If we define the
net downward alpha-particle current from 4 to 4 — 4 as

J(4) = Mua(*Z2)n(AZ) — Naof*™4(Z — DIn[*4(Z — 2)], (15)
where N,y = n.(c(a,v)v), the previously described assumption of conserved flow implies
J(24) = J(20) = J(16) = J(12) . (16)

This assumption will be valid if dn(42)/dt << J(A). These four equations can be solved
simultaneously for the photodisintegration current, which we hereafter designate by J:

_ Au(*Mg)n(*Mg) — 7(*'Ne)n(*0)n(*C)7sa

J 17
T+ 2CNS U F (0L +2EOf an
where n(4Z) is the ratio of the alpha-capture rate to the photoalpha rate of (4Z),
Aay(42Z)
A7y — Na\"L)
dA NV Venﬁth b AHmv

and where 73, 1s the rate of the reaction 3 *He — ?C. The same equations may be solved
for the concentrations of the light alpha-particle nuclei:

n(2C) = !T Nﬂ.mmww. #(150) = J +M{\Nm“uﬁvv3msmuv.
" 16 16 " (19)
n(®Ne) = J+ Muu%cmwﬁ 0)

These four equations give J, #(12C), #(1%0), and #(**Ne) in terms of the alpha-particle
density #,, the temperature, and the density of Mg, which is in turn given by the
density of %Si (eq. [13]). All reaction rates X are taken from FCZ. This completes the
prescription used for the calculation of the effective disintegration rate of #Si, which is
equal to J, and of the concentrations of the light alpha-particle nuclei. It is this rate
which controls the time scale for the conversion of %Si into heavier elements.

The constant-current hypothesis upon which the calculation is based is equivalent
to assuming that the abundances of the light alpha-particle nuclei are constant. This
assumption is of course not strictly correct, but it will be an excellent approximation to
the extent that J >> dn/dt. We now draw upon results of the final calculation to examine
the validity of this assumption. Inspection of typical results of these calculations shows
that %0 is the most abundant of the nuclei *Ne, 0, and !2C, and the condition for
validity of our calculation becomes J 3> dn(1%0)/di. These two rates are compared in
Figure 6 for a typical temperature and density. The condition is not fulfilled early in
the burning when almost all the %Si remains, but it becomes increasingly better fulfilled
as the burning proceeds. This and other results indicate that our calculdtions will be
valid except for a brief initial period of time, which will be shown to have little effect
on the total time required to burn a significant amount of #Si and will have virtually no
effect on the nuclear abundances.

Further results of the final calculation can be used to obtain perspective on other
qualitative features of this photodisintegration chain. In the region of interest for the
present analysis (79 = 3-5, p = 105-10° g cm 3, and the %Si reduced to not less than 5
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per cent of its initial abundance) the rate r;, is negligibly small. This fact is a consequence
of reactions in nuclei above #8i, such as (a,y) and (a,p) reactions, which remove free
alpha particles before the alpha-particle density can approach equilibrium with 12C.
One can view the heavier nuclei as acting as alpha-particle absorbers. The low alpha-
particle density forces the 2C density to be small, and this condition of less-than-
equilibrium concentration propagates upward to **Ne.

The Mg achieves alpha-particle equilibrium with %8i throughout the region of inter-
est primarily because the alpha-particle separation energies in both #Si and #*Mg are
unusually high. The high separation energy in *Si is responsible for the fact that the
equilibrium ratio #(**Mg)/#(®8i) is typically less than 10-3, and the high separation
energy in 2*Mg renders its photodisintegration rate sufficiently small that the Mg can

1§ _ T — T |—| T _
a.w-h.N
- p *108 g/cc
1030 |-
.F'_ONO —
(%]
w
[
- s J
uw
=
1028 1~
1027 |-
4 (60)
L 1 I i . L L 1
0.8 0.6 0.4 0.2

FRACTION OF 285 REMAINING

F16. 6.—Examination of the extent to which the alpha-particle current J exceeds the rate of change of
the abundance of 1*0, under typical conditions of 28Si burning.

easily maintain its abundance at the equilibrium value. Thus, as mentioned above, the
number of photodisintegrations per second, %X, is much higher for %Si than for Mg,
even though N\,.(2Mg) > \,(®51). The condition N,.(%S1)%(*Si) >> J is easily satisfied,
implying that equilibrium between %8Si and **Mg is well achieved, whereas equilibrium
between Mg and *Ne may not be achieved.

_Although the calculations of the present paper used the full expression for J (eq.
[17]), it is interesting to note situations in which simpler relations give instructive ap-
proximations. At relatively low temperatures the product of #, and #(**Ne) is so small
that there are no appreciable alpha-particle captures by #*Ne, in which case 7(*Ne) =
0 and equation (17) reduces to

J = Ay (*Mg)n(*Mg) . (20)

Figure 7 displays the results of the final calculations (see § V) at T’y = 3.6. It is seen
here that J remains fairly close to the rate \,.(*Mg)n(*Mg), confirming that alpha-
particle capture in 2Ne is relatively small, In other words, the *Ne concentration is well
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below the value it would have in alpha-particle equilibrium with #Mg. The much larger
rate for 2Ne(vy,a)'%0 indicates that the equilibrium *Ne + v =2 1°0 + “He has almost
been established.

At higher temperatures the back current from *Ne(a,v)**Mg becomes quite appreci-
able. Specific results at Ty = 4.4 are displayed in Figure 8, which reveals an appreciable
difference between J and M., (*Mg)n(**Mg) in the later stages of the burning. They
differ by a factor of 6 when the %Si has been depleted to S per cent of its initial concentra-
tion. At that point the ?**Ne is nearly in alpha-particle equilibrium with Mg, and a
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Fic. 7.—Comparison of alpha-particle current J and photodisintegration rates M under conditions
of 2851 burning where J o~ A(2*Mg)n (2*Mg).

F16. 8.—Comparison of alpha-particle current J and photodisintegration rates Az under conditions
in which the back current from 2*Ne is important.

large departure from equilibrium does not occur until %0 + v = 2C + *He. We see
that equation (20) is a poor approximation at temperatures as high as Ty = 4.4. The
value of \,.(1%0) replaces the value of \,.(**Mg) as the most important rate in the de-
termination of the photodisintegration flow at higher temperatures.

IV. METHOD OF CALCULATING QUASI-EQUILIBRIUM CONVERSION OF %Si

In this section we will outline the method used for calculating the quasi-equilibrium
abundances and the method of determining the time scale for this conversion. The
silicon-burning process could be calculated in the usual manner for studying a complex
network of nuclear interactions, namely, by starting with the basic equations for the
time rate of change of the abundance of each of the species:

dn(*Z)/dt = R (*Z) — R_(*Z) , (21)
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where R.. are the production and destruction rates for nucleus (4Z) due to all relevant
nuclear interactions. Integration of such a system of equations yields a self-consistent
set of abundances as a function of time. TCG have integrated these equations numerical-
ly for two sets of conditions: Ts = 3, p = 108 g cn?, and T's = 5, p = 107 g cm™2. This
is the most obvious way to handle the problem and the only one Valid in some circum-
stances.

For a wide range of circumstances, however, the abundances are quasi-static in the
sense that the time derivative in equation (21) is a small difference between two large
and nearly equal numbers. In this case, the system of equations reduces to a simulta-
neous set of homogeneous linear algebraic equations, which implies that the abundance
ratios are determined algebraically. It is then possible to determine the value of each
by normalizing their sum to a desired density. In this section we present the numerical
technique for evolving the abundances with the quasi-equilibrium assumption. We limit
ourselves to the problem of silicon burning at constant density and temperature, as a
first step toward the understanding of the probable situation in real stars.

The number densities #(4Z) of nuclei in equilibrium with %Si are given by equations
(3) and (8). Conservation of baryons and of charge impose two constraints upon the
systems:

1. The total number of nucleons, N g, is constant; it is conveniently written as?

Ng=mn,+n, +4n, + L+ M??B (22)
A=24
where
L = 12n(2C) 4+ 16x(1%0) + 20n(*Ne) (23)

is the density of nucleons in those light nuclei which have appreciable abundances. These
nuclei are generally not in equilibrium with Si, and their number densities are found
from equation (18). The sum in the final term is over nuclei that do participate in the
equilibrium, and their number densities are found from equation (3).

_ 2. The number of {ree protons is related to the number of free neutrons by the expres-
sion

Hy = ta + Z(N — Z)n(4Z) — 2D, (24)

where 2D is the total neutron excess of the gas. (When no limits are listed in a summa-
tion, the summation is to be taken over all nuclei of the calculation, namely, *He, *C,
180, 2Ne, and the nuclei listed in Table 1. These represent the nuclei with appreciable
abundances.) In a case like the present, where Z/N = 1 initially, D is the net number
of beta-decay and electron-capture events in which protons change to neutrons:

dD

o = Zn(AZ)\F(AZ) + A=(4Z) — N (42)] . (25)
In our numerical work we have used the extensive tables prepared by Hansen (1966)
for the rates NM4Z).

The %8Si is photodisintegrated at the rate J given in equation (17). The product 287
is therefore equal to the rate at which nucleons appear in the form of increased abun-
dances of all nuclei other than #Si. Thus

87 = Uy By gty 50D LS4 — 2D

A-12 dt =

3 In this equation and elsewhere A has its common meaning of atomic mass number. This is to be dis-
tinguished from our use of A(42) for the atomic mass in amu.
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With the aid of equation (22), this statement can be reduced to
J = =2 dn(42)/dt = —dS/dt, (27)

A=28

where S is defined to be the sum of the concentrations of all nuciei having atomic weights
greater than or equal to 28:

S = 2. n4z). (28)

428

" The evolution of the abundance distribution as a function of time is followed by ob-
taining a series of quasi-equilibrium distributions at discrete time steps, which are
labeled by the subscript k. For instance, n(4Z), represents the concentration n(4Z) at
the time ¢ = #. Equation (27) is used to calculate the time elapsed between the kth
distribution, where S = S;, and the previous one, where S = Sy_;. The difference
(AS)r, = Sk — Si—1 is related to the time by

(29)

where (J ) is an appropriate average value of J(f) between f;_; and £;. The proper aver-
age depends upon the functional form of J(f); because we found that J(f) generally
decreased in a roughly exponential manner, we have taken {J); to be

.N.Nn[u.l.\w
Qvani. (30)

which is exact for an exponential dependence.

This prescription does not define (J) during the first time interval, during which the
distribution changes from pure #Si to the first quasi-equilibrium distribution. However,
a crude approximation to (J), suffices because the distribution initially changes with
such rapidity that the time required to burn a small fraction of the #Si, say 10 per cent,
is very much less than the time required to burn a substantial fraction, say 50 per cent.
Thus an error in the initial time step eventually becomes a negligible error in the total
elapsed time. We have found the approximation (J) = 2J; to be adequate for the first
time interval, in which case we have

S1 — Np/28
| | h= 27, (31)
and equation (29) thereafter.

The increment in the number of proton-to-neutron transitions during the time interval
(Af)x, has been calculated using a simple average of the abundances:

n(42) + n(42)r
2

- (AD) = (A1) MH(AZ) 4 Nee(4Z) — M™(42)] , (32)

and the accumulated number of transitions is
k

D; = MADUY .

v=1

Before specifying in detail the manner in which the preceding equations are employed
to calculate the abundance distributions, we will summarize the spirit of the procedure.
For-a selected temperature (T') and density (p or, equivalently, Ng) the silicon conver-
sion is followed through a discrete succession of quasi-equilibrium solutions, each charac-
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terized by a certain remaining mass fraction of ®Si (f = 28x#(%51)/Np) and a certain
neutron excess (2D). As the %Si is consumed, f decreases and D increases. At each step
in the succession, the quasi-equilibrium distribution is calculated through an iterative
procedure in which T and Vg are specified constants, f assumes a value chosen for con-
venience, and D assumes a value dictated by the time scale and decay rates. Trial
values of the alpha-particle and proton densities (and hence neutron density) are chosen
and then readjusted in an iterative cycle until (¢) the quasi-equilibrium abundances are
consistent with the specified value of Vg and () the neutron excess equals 2D. The in-
clusion of beta decays in the time evolution entails an appreciable complication because
the value of (AD); is not known until the values of #(4Z) have been determined, but
those values in turn depend upon Dy. Therefore, the iterative procedure must readjust
(A?);, and (AD); until a self-consistent solution is found.
The detailed procedure, for given values of T, Np, and f, is as follows:

a) Pick trial values of #4, #p, 2., L, and D, where #, is related to #, and #, by equation
(8).

b) Calculate #(®Si) from equation (22) by expressing #(4Z) in terms of #(*Si), #a, #p,
and #.,, with the aid of equation (3) and factoring »(%Si) out of the summation. This
value of #(*Si) will not generally equal the desired silicon mass fraction f.

¢) Readjust #, to make #(*Si) conform more closely to the desired value of f.

d) Solve equation (24) for #, with the aid of the equilibrium relations (3) and (8).

e) Calculate #, from equation (8).

f) Recalculate #(%Si) as in ().

g) Calculate #(4Z) from the latest values of #(®Si), n,, #,, and #,.

#) Calculate S from equation (28).

i) Calculate J and {J) from equations (17) and (30).

7) Calculate L from equations (19) and (23).

k) Calculate Af from equation (29) or equation (31).

) Calculate D from equation (32).

m) Return to step a, using the latest values of #,, #,, #4, L, and D as the new trial values.

n) Repeat the cycle until satisfactory convergence is reached. We have adopted the
criterion that the mean of the absolute value of the change in log #(4Z) (i.e., {|A log
7(4Z)| )) must be less than 0.001. At this point a self-consistent set of quasi-equilib-
rium abundances has been obtained.

0) Advance to the next value of the silicon mass fraction f and repeat the procedure.

This particular iterative procedure did not always bring rapid convergence, and in
some cases diverging or oscillating solutions were encountered. Such difficulties frequent-
ly could be eliminated by bypassing some of the iterative steps. If convergence had not
been achieved after eight cycles, the readjustment of n,, step ¢ above, was dropped. This
introduces no error, but f no longer is held at the preset value. If after two more cycles
convergence still had not been attained, steps # through / were omitted and the quanti-
ties S, J, L, At, and D were left frozen at their previous values. If this process brought
convergence in #{4Z) within five more cycles, the abundances were recorded and new
values of S, J, L, Az, and D were calculated from them. The differences between the new
and “frozen’” values were examined to test the internal consistency of the calculation;
small shifts (<5 per cent) were accepted. Finally, if no convergence had been reached
at this point, the calculation at this temperature and density was terminated, and the
results for this last case were discarded.

We have found that this particular iteration procedure converges well if the tempera-
ture is not too low, if f is not too low, and if p is not too high. When these conditions are
not met, the above algorithm cannot be cured by minor modifications. It has been con-
structed on the supposition that #, rises monotonically as f decreases—a supposition
that is incorrect for burning times long enough for significant beta decays (and electron
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captures) to have occurred. For substantial beta decay, the chief abundances transfer
to the neutron-rich nuclei such as *Fe, and even later to **Fe, at which time #, and
np/M. begin to decrease as f decreases. In other words, the iteration is inappropriate
whenever the conversion has substantially switched from region 4 toward region B of
Figure 2. At each temperature and density, this iteration scheme is successful down to
a minimum silicon mass fraction fnin (0 attempt was made to carry f below 0.05, al-
though in many cases this would have been possible). Values of fmin, for various tempera-
tures and densities, are presented in Table 3. To pursue the burning to smaller values of
f would require a different iteration scheme, In the present work, however, we limit
ourselves to solutions near region 4, where the computational program is adequate.

TABLE 3

MINIMUM VALUES OF THE FRACTION OF ST REMAINING
FOR SATISFACTORY CONVERGENCE*

TEMPERA- DEnsITY (g cm™3)

TURE

(T 108 108 107 108 109
3.4...... 0.47 0.52 0.62 ... .
3.6...... 17 .28 .44 0.61  (............
3.8...... .05 .05 .19 45 0.65
4.0...... .05 .05 .05 .29 .54
4.2 .. .05 .05 .15 .45
4.4...... .05 .05 .05 .05 .27
4.6...... 0.05 .05 .05 .05 .15
4.8, . ... . .05 .05 .05 .05
5.0, .. 0.05 0.05 0.05 0.05

* No attempt was made to carry the calculation below f=0.05, even in the many cases where
convergence might have been achieved for f <0.05.

V. EVOLUTION OF ABUNDANCES DURING 2Si BURNING

The raw results of the calculations we have carried out on %81 burning consist of com-
puter outputs in which the following quantities, among others, are listed at successively
decreasing values of the Si concentration (typically at f= 0.95, 0.85,..., 0.05):
elapsed time; #q, %y, #,, #(2Z) for all nuclei listed in Table 1 and moH. the rmwﬁ alpha-
particle nuclei (12C, 180, and 2Ne); Z/N; D; J; Ney(4Z)n(4Z) and \,o(AZ)n(4Z) for the
light alpha-particle uc&mr the energy release due to the change in total rest mass of the
nuclei; the fractional contributions of individual nuclei to the beta-decay rates; and
quantities bearing on the convergence of the iteration procedure. Some of these numeri-
cal results are presented in Table 4.

In the present section we summarize the main features of the results. We are especially
interested in considering the following aspects: (@) the time scale of the conversion;
(8) the role of electron capture and beta decay; (¢) the abundances during the conver-
sion; and (d) a comparison with the natural abundances.

a) Time Scale for the Conversion of 2835i

The 258i conversion times are strongly temperature-dependent. Typical results are
displayed in Figure 9, where the time required to burn 65 per cent of the #Si is plotted
as a function of temperature. The required time falls from ¢ = 1000 sec at Ty = 3.6 to

= 0.003 sec at Ty = 5.0, both at p = 107 g cm3, reflecting the strong temperature
dependence of the photodisintegration rates (see § III).

© American Astronomical Society * Provided by the NASA Astrophysics Data System
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TABLE 4

RESULTS OF THE SILICON-BURNING CALCULATION: TIME SCALE, KEY
ABUNDANCES, BETA DECAYS, NUCLEAR ENERGY GENERATION

TABLE k.01 Ty = 3.0 P = 1.0 x 106 gn em™3

k 1 2 3 L 5 6 7 8 9 10
g* 0.910 0.880 0.850 0.821 0.799

10g t 4.296 4.618 | L.o0k 5.152 | 5.321

log np/nn 6.288 6.355 6.420 6.360 6.230

log n, 22,844 22,907 | 22.959 22,940 | 22.878

log n 16.556 16.552 | 16.539 16.5680 | 16.648

log n, 22,547 22,66k 22,743 22,786 22,798

log n(2BSi) 28,292 28,277 28.262 28,247 28.235

log n(ShFe) 25.128 25.811 | 26.245 26.568 | 26.764

1og n(®m1) | 21.777 | 2o.s86 | 23.124 | o3.h06 | 23.h81

-(20g a)F 4.389 3.856 | 3.h462 3.150 | 2.957

log € 11.339 11,061 | 10.990 10.948 | 10.927

gl 4.5 7.1 11.0 6.6 22.5

TABLE .02 Ty = 3.4 p=1.0X210° gm em™ >

k 1 2 3 L 5 8 7 8 9 10
g* 0.950 0.900 0.850 0.800 0.750 0.700 0.650 0.600 0.550 0.501
log ! 0.984 1.539 1.960 2,262 2,552 2,795 3.027 3.250 3.462 3.652
log np/nn 5.715 5.950 6.400 6.858 7.234 7.520 7.713 7.806 7.798 7.712
log n, 24,313 24,510 | 2k.782 25.045 | 25.259 25,423 | 25,536 25.596 25.001 | 25.564
log n, 18.597 18.560 | 18.382 18,187 | 18.025 17.903 | 17.823 17.790 17.803 | 17.852
log n, 23.729 2. oh9 24,237 2k, 372 2k.478 2k.561 2h.628 2k.680 24,717 2L, 7h2
log n(28s1) | 27.310 27.287 | 27.262 27.236 | 27.208 27.178 | 27.1k6 27.111 27.073 | 27.033
log n(SkFe) 21,747 23,565 24,314 2,705 2l 983 25,214 25,426 25,637 25.851 26. 054
log n(°6m1) | 18.7h2 20.955 | 22.247 23.164 | 23.870 24,429 | 24,869 25.198 25.423 | 25.552
-(log d)* 6.950 6.062 5.426 4,900 L. 438 4,021 3,637 3.285 2,97k 2,719
log ¢! 14.237 13.962 | 13.620 13.388 | 13.217 13.103 | 13.039 13. 00k 12.976 | 12.943
q'l 1.7 h.1 6.5 9.1 1.9 15.% 20,4 27.9 38.9 53.3
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TABLE 4—Continued

TABLE k.03 Tg = 3.1 o =1.0x 10° gm cem™3

Kk 1 2 3 4 5 6 7 8 9 10
£ 0.950 0. 900 0.850 0.800 0.750 0.700 0.650 0.600 0.551 0.523
log t 0.988 1.537 1.945 2.259 2.527 2.776 3.021 3.262 3.482 3.601
log np/nn 6.598 6.697 6.992 7.363 7.656 7.840 7.906 7.862 7.733 7.807
log n, 2k, 755 24,885 | 25.079 25,298 | 25.472 25.586 | 25.635 25.624 | 25.567 | 25.506
log n, 18.158 18.187 | 18.087 17.936 | 17.816 17.745 | 17.729 17.763 | 17.835 | 17.900
log n, 23,735 24,055 | 24,243 24,379 | 2k.L8s 24,570 | 24.636 24,685 | 24,713 | 2k.721
log n(®8s1) | 28.310 28.287 | 28.262 28.236 | 28.208 28.178 | 28.146 28.111 | 28,074 | 28.051
log n(5uFe) 21.903 23.8L8 24,759 25.250 25,622 25,958 26,287 26,603 26,887 27.04k
log n(>®¥) | 19.783 21.987 | 23.287 oh.218 | 24.935 25,408 | 25.926 26.221 | 26.392 | 26.426
- (log &) 6.575 5.725 | 5.1%9 4.666 | Lk.033 3.835 | 3.hek 3.2 | 2.831 | 2.686
log e’ 14.295 13.986 | 13.662 13.456 | 13.305 13,195 | 13.115 13.054 | 13.007 | 12.987
gt 2.0 4.5 7.0 9.8 13.0 17.2 23.1 32.5 45,2 5.8
TABLE L. Ol T, = 3.k o =1.0 X210 gnem™

k 1 2 3 L 5 6 7 8 9 10
£ 0.950 0. 900 0.850 0.800 0.750 0.700 0.650 0.616

log gt 0.989 1.537 1.943 2.257 2.528 2.786 3.05k 3,24k

log np/nn 7.315 7.040 7.143 7.440 7.661 7,743 7.6k42 7.438

log n, 25.11% 25,056 | 25.155 25,338 | 25.475 25.536 | 25.500 25.40p

log n 17.799 18,016 | 18.012 17.898 | 17.81k 17.793 | 17.858 17.965

log ng 23.736 24,054 | 2k.243 2k.380 | 2k.kes 2h.568 | 2b4.825 2k, glk

log n(?8s1) | 20.30 | 29.287 | 29.262 | 29.236 | 29.208 | 29.178 | 29.146 | 29.122

log n(5hFe) 22,195 24,510 25,813 26.178 26.617 27.0k0 27.1480 27.782

log n(°®m) | 20.793 22,992 | 2,292 25,222 | 25,936 26.482 | 25.850 26.957

- (log a)* 6.179 5.410 4.938 §.513 k. 098" 3,676 3.236 2.948

log €d 14.308 13.991 | 13.669 13.470 | 13.325 13.22h | 13.168 13.1h9

' 2.1 k.6 7.1 10.0 13.4 18.1 26.1 35,2
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TABLE 4—Continued

TABLE k.05 T, = 3.6 p=1.0x10° gn em™

k 1 2 3 I 5 6 7 8 9 10
£ 0.950 0.850 0.750 0.650 0.550 0.150 0.350 0.248 0.172
log t -0.157 0.714 1.376 1.852 2.259 2.623 2.9k9 3.256 3,486
log n/n, 5.017 5.508 6.399 6.977 7.369 7.606 7.701 7.648 7.477
log n, ok, 721 25,141 | 25.600 25,927 | 26.150 26,287 | 26.349 26,334 | 26.255
log n_ 19.704 19.543 | 19.201 18.950 | 18.781 18.682 | 18.648 18,686 | 18.778
log ny U317 ol.e3h | 25.069 25,201 | 25.329 25,405 | 25,462 25.507 | 25.533
10g n(®s1) | 27.310 27,262 | 27.208 27.146 | 27.073 26,986 | 26,877 26.727 | 26.569
1og n(>*re) | 21.805 ol,536 | 25.209 25,560 | 25.79% 25,967 | 26,132 26.329 | 26.512
jog n(°Cm1) | 18.529 | 22.098 | 23.690 | 2h.696 | 25.37% | 25.803 | 26.112 | 26.278 | 26.303
-(log a)* 7.900 6.529 5.492 4,712 k. O46 3.469 2.978 2,554 2,273
log € 15, 084 h.982 | 14,353 13.989 | 13.817 13.736 | 13.667 13.576 | 13.468
g 0.8 5.3 9.6 Th. b 21.9 35,5 57.9 95.6 | 131.7
TABLE 4. 06 Tg = 3.6 o =1.0x 108 gm om™

K 1 2 3 4 5 6 7 8 9 10
£ 0.950 0.850 0.750 0.850 0.550 0,450 0.345 0.281

log ¢ -0.150 0.691 1.320 1.805 | 2.252 2.653 3.006 3.200

log nP/nn 5,903 6.361 7.151 7.734 8.03h 8.039 7.838 7.643

log n, '25.168 25.526 | 25.982 26.313 | 26.490 26.509 | 26.420 26.328

log n 19.265 le.18% | 18.831 18.579 | 18.k56 is.4k70 | 18.583 18.685

log 7, | 24.333 2k,8h7 25.092 25.252 | 25.358 25,427 25.473 25,492

1og n(°%s1) | 28.310 28.262 | 28.208 28,148 | 28.073 27.986 | 27.871 27.782 -

log n(ShFe) | 22.021 2k.861 | 25.605 26.000 | 26.321 26.875 | 27.061 27.288

log n(®®w1) | 19.638 | 23.19% .| ou.sue | 250907 | 26.582 | 26.975 | 27.185 | 27.224

+(log-a)* 7,54} 6.229 | 5.217 |. L.399 | 3.681 |- 3.099 | .2.637. | 2.405 |

log e¥ | as.32e | T1s.086 | 14.510 | C1ki202 | 14:016 - ¥3./882 |=13.755 | -13.648 o - -

q! 1.6 6.6 12.0 19.0 . | .31.k . 52.8 85.9 112.1
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TABLE 4—Continued

TABLE L. 07 Ty = 3.6 p=1.0X%X10 gnem >

K 1 2 3 4 5 6 7 8 10
£ 0.950 0.850 | 0.750 0.650 | 0.550 0.442

log t' -0.146 0.688 | 1.305 1.795 | 2.266 2.707

log ny/n, 6.763 7.062 | 7.683 8.076 | 7.993 7.592

log n, 25.609 | 25.877 | 26.249 | 26.485 | 26.469 | 26.282

log n_ 18.826 | 18.815 | 18.566 | 18.410 | 18.476 | 18.690

log n, 24,337 | 24.850 | 25.097 | 25.257 | 25.358 | 25.410

log n(28s1) | 29.310 29.262 | 29.208 29.1h6 | 29.073 28.978

log n(**re) | 20.169 | 25.181 | 26.206 | 26.695 | 2v.357 | 28.00k

log n(°®m) | 20.668 | 24.216 | 25.884 | 26.9k6 | 27.576 | 27.sus

-(1og a)¥ 7.082 5.826 | k.885 y.08L | 3.321 2.673

log € 15.372 | 15.079 | 14.549 | 1h.262 | 14.081 | 13.963

g 1.7 6.9 12.5 20.5 37.7 6.5

TABIE .08 Ty = 3.6 p=1.0%10% gm em™>

k 1 2 3 4 5 6 7 8 10
£ 0.950 0.900 | 0.850 0.800 | 0.750 0.700 | 0.650 0.613
log t' -0.146 0.358 | 0.765 1.080 | 1.349 1.602 | 1.868 2,082
log np/nn 7.303 7.141 7.085 7.262 7.488 7.536 7.397 7.135
1og n 05.869 | 25.869 | 25.878 | 26.011 | 26.140 | 26.196 | 26.1k2 | 26.017
log n_ 18.566 | 18.728 | 18.81% | 18.7%9 | 1s.67% | 18.661 | 18.7k6 | 18.882
log n, o4.338 | 24.660 | oh.851 | 24.988 | 25.005 | 25.181 | 25.243 | 25.267
log n(®s1) | 30.310 | 30.287 | 30.262 | 30.236 | 30.208 | 30.178 | 30.146 | 30.120
log n(®*re) | 22.65% | o2h.se1 | 26.179 | 26.847 | 27.31% | 27.769 | 28.280 | 28.670
log n(®m) | 21.673 | 23.909 | 25.216 | 26.151 | 26.875 | 27.443 | 27.845 | 27.986
-(10g a)F 6.357 5.619 | 5.151 b.762 | k.361 3.916 | 3.h12 3.037
log € 15.382 15.212 1k.847 2h. 632 1. y72 1k, 354 14.288 14,270
L 1.8 4.4 7.0 9.8 12.9 17.1 23.9 32.9
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TABLE 4—Continued

TABLE k.09 Ty = 3.8 p=1.0 X 10° gm em™>

x 1 2 3 L 5 6 7 8 9 10
£ 0.950 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
log t -1.164 -0.3k46 0.368 0.842 1.227 1.568 1.885 2.195 2.528 2.982
log np/nn 4.390 4.866 5.561 6.095 6.485 8.771 6.980 7.132 7.226 7.206
log n,, 25.080 25,455 | 25.858 26,161 | 26.383 26.546 | 26.668 26.758 | 26.821 | 26.833
log n 20,690 20.587 | 20.297 20.087 | 19.898 18.776 | 19.688 19.627 | 18.595 | 19.827
log n, 2k. 817 25.358 | 25.586 25,733 | 25.839 25,920 | 25.987 26,047 | 26,108 | 26.196
log n(8s1) | 27.310 27.262 | 27.208 27.148 | 27.073 26.986 | 26.877 26,731 | 26.508 | 26.031
log n(tre) | 21.683 24,672 | 25.L410 25,764 | 25.991 26.150 | 26.266 26,355 | 26.437 | 26.548
log n(°%N1) | 18,145 21.881 | 23.427 oh,388 | 25,059 25.545 | 25.904 26.17h | 26.381 | 26.518
-(log d)* 8.736 7.4h48 6.403 5.683 5,088 ). 564 4,085 3.631 3.168 2,594
log € 16,216 15.920 | 15.183 1h.698 | 1h.4e2 14,390 | 14,324 204 | 1k.03k | 13,759
qf -1.2 2.1 5.1 7.5 10.5 15.6 on.3 37.5 57.7 gh. 7
TABIE 4,10 Ty = 3.8 o = 1.0 X 105 gn em™> |

I 1 2 3 in 5 6 7 8 9 10
£ 0.950 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0,150 0. 052
1log t -1.151 -0.379 0.286 0.778 1.213 1.610 1.963 2,289 2.622 3,047
log np/nn 5,264 5.664 5,398 6.997 7.417 7.684 7.831 7.866 7.752 7.331
log n 25,527 25,859 | 26.287 26.826 | 28.864 27.017 | 27.105 27.136 | 27.092 | 26.897
log n_ 20,283 20.196 | 19.889 19.629 | 19.hh7 19,333 | 19.275 19.270 | 19.340 | 19.586
log n, oh,857 25.386 | 25.629 25,788 | 25.898 25.977 | 26.037 26.088 | 26,139 | 26,203
log n{®®s1) | 28.310 28.262 | 28.208 28,146 | 28.073 27.986 | 27.877 27,731 | 27.508 | 27.049
log n(ShFe) 22,087 25,082 | 25.850 26,220 | 26.448 26.803 | 26.736 26.888 | 27.113 | 27.L490
1og n(>%mt) | 19.42k 03,082 | 2k.726 25,775 | 26.478 26.940 | 27.249 o7.h62 | 27.598 | 27.588
~(10g a)* 8.399 7.175 6.146 5.3kl k.836 L. 023 3.509 3,062 2,639 2.178
log €8 15,982 26,161 | 15.515 15.155 | 14.926 14,758 | 1h,598 ab hok | 1h.227 | 13,911
Al 0.7 5.9 11.0 17.0 26.1 40.5 61.5 89.7 128.0 186.6
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TABLE 4—Continved

TABLE 1.11 Ty = 3.8 p=3.1x105 gm em™3

k 1 2 3 L 5 8 7 8 9 10
gf 0.950 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.1h49
log f ~1,1k7 -0.383 0.267 0.756 1.207 1.619 1.978 2.306 2.636
log np/nn 5,709 6.055 6.761 7.369 7.783 8.002 8.038 7.900 7.592
log n, 25,751 26.056 26,470 26.815 27,049 27,178 27.210 27.153 27.0%0
log n 20.0k2 20.001 19.709 19.4k46 19.267 19.176 19.173 19,253 19.418
log ng 2k, 864 25,391 | 25,636 £5.798 25.909 25.986 26.042 26.089 26.133
log n{*8s1) 28.802 28.754 28.699 28.637 28,56k 28.4717 £8.368 28.222 27.996
log n(ShFe) 22.159 25,192 26.025 26.403 26.640 26.833 27.058 27.355 27.721
1og n(°%m) 19.963 23.606 25,267 26.335 27.041 27.492 27.781 27.963 28, Ok
-(log d)* 8.1sk 6.993 5.986 5.168 4, Loy 3.784 3.261 2,818 2.4k12
log € 16.126 16.183 15.561 15.220 14,988 1%.808 14.641 14.h67 1k.261
g 1.0 6.k 11.8 18.4 28.9 45.7 70.0 102.5 146.0
TABIE k.12 Tg = 3.8 o =1.0x10 gmem™

k 1 2 3 b 5 6 7 8 9 10
gf 0.950 0.850 0.750 0.650 0.550 0.450 0.350 0.245 0.193
log "y -1.14% -0.38k4 0.256 0.745 1.205 1.628 1.990 2,325 2.48L
log np/nn 6.162 6.455 7.111 7.709 8.069 8.120 7.907 7.553 7.297
log n, 25.979 26.257 26,646 26.986 27.19% 27.238 27,144 26.977 26.852
log n 19.817 19.802 19.535 19.277 19.125 19.118 19.237 19.424 19,555
log n, 2L.867 25,393 25.64%0 25.802 25.913 25.988 | 26.039 26.078 | 26.090
1o0g n(%Cs1) 29.310 29.262 29.208 29.1k46 29,073 28.986 28.876 28.721 | 28.619
log n(ShFe) 22.238 25,315 26.206 26. 60k 26.894 27.239 | 27.878 28.130 | 28.359
log n(56N1) 20.497 24,130 | 25.801 26.878 27.583 28.017 28,268 28.386 | 28.36k4
-(l0g a) 7.940 6.759 5.776 L4, ok8 4.166 3.495 2,956 2.503 2.310
log d 16.184 16.191 | 15.58L 15,255 15,022 1h.842 14,683 1k4.525 1k, 423
q! 1.1 6.6 12.1 19.1 30.5 49,4 77.1 116.5 2,2
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TABLE 4—Continued

TABLE k.13 Tg = 3.8 o =1.0x10% gm om3
X 1 2 3 4 5 6 7 9 10
gf 0.950 0.850 0.750 0.650 0.550 0.ksh

log t 21,143 | -o.38% | 0.250 0.743 | 1.208 1.650

log np/nn 6.86h 7.047 7.504 7.854 7.652 7.162

log n, 26.330 | 26.553 | 26.843 | 27.059 | 26.983 | 26.750

log n_ 19.466 | 19.506 | 19.339 | 19.205 | 19.332 | 19.587

log ngy oh.870 | 25.395 | o5.842 | o5.80h | 25.908 | 25.951

10g n(®s1) | 30.320 | 30.262 | 30.208 | 30.146 | 30.073 | 29,990

log n(suFb) 22.551 25.732 26.825 27.468 28,264 28,959

log n{°®mt) | 21.515 | 25.140 | 26.814 | =27.887 | 28.535 | 28.760

-(10g a)¥ 7,133 5.991 | 5.077 L2k | 3.376 2,697

log €t 16,222 | 16.196 | 1s.600 | 15.295 | 15.096 | 1k.989

q" 1.2 6.8 12.4 20.1 3h.8 62.9

TABLE h.1h4 Ty = 3.8 p =1.0 X 10° gm cm™3
X 1 o 3 4 5 6 7 9 10
£ 0.950 0.850 | 0.750 0.648

log ¢ 21,143 | -0.383 | o0.271 0.855

log n /n, 6.937 6.535 | 6.705 6.511

log n, 26.367 26.297 26,442 26.378

log n, 19.430 | 19.762 | 19.737 | 19.868

log n, 2k,870 25,394 25,836 25,768

log n(®%s1) | 31.310 | 31.262 | 31.208 | 3114k

log n(**re) | 23.479 | 27.038 | 28.586 | 29.579

log n(°8Nt) | 22.514 | 26.133 | 27.773 | 28.637

~(10g a)* 5.927 L.888 | k047 3.103

log ? 16.231 | 16.200 | 15.631 | 15.k29

qlt 1.3 8.9 13.3 28.0
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TABLE 4—Continued

TABIE k.15 Ty = 4.0 0 =1.0 X 10° gm em™>

k 1 2 3 L 5 6 7 8 9 10
g* 0.950 0.850 0.750 0.650 0.550 0.450 0,350 0.250 0.150 0.050
log gt -2, 06L -1.360 | -0.553 ~0.077 0.289 0. 606 0.90k4 1.202 1.53h 2.008
log nP/nn 3,812 k.208 k,773 5.238 5.593 5.870 6.088 8.26L 6.405 6.506
log n, 25,381 25.730 | 26.070 26.338 | 26.541 26.699 | 26.826 26.930 | 27.018 | 27.093
log n 21.570 21.525 | 21.297 21,100 | 20.948 20,830 | 20.738 20.666 | 20,613 20.587
log n, 25.201 25.810 | 26.03%6 26,175 | 26.277 26.358 | 26,428 26,493 26.561 | 26.681
log n(*%s1) 27.310 27.262 | 27.208 27.1h6 | 27.073 26.986 | 26.877 26.731 | 26.509 | 26.028
log n(Sth) 21,147 24,661 | 25.507 25.88% | 26.120 26.287 26,414 26.513 | 26.592 | 26.658
log n(°6mi) 17.325 21.538 | 23,06k 23.976 | 2h4.817 25.102 | 25.483 25,790 | 26.04k | 26.261
-(1log d)* 9.504 8.348 7.231 6.568 6.048 5.597 5.180 4,769 k. 308 3.738
log € 17.776 15.499 | 14.331 15.205 | 15,102 .776 | 13.791 1hk.107 1k.1k6 | 13.808
ql -5.3 -5.2 -5.3 -6.3 -7.7 -9.0 -9.2 -8.2 -5.5 -2.7
TABIE k.16 Tg = 4.0 p = 1.0 X 10% gm cm™

k 1 2 3 b 5 8 7 8 9 10
gf 0.950 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
log gt -2,033 -1.379 -0.6kh -0.140 0.288 0.675 1.028 1.36k 1.717 2.120
log np/nn L.686 5.038 5.690 6.255 6.671 6.967 7.175 7.322 7.418 7.418
log n, 25,844 26.161 26,547 26.868 27.104 27.272 27.393 27.1480 27.543 27.566
log n, 21.158 21.125 | 20,857 20.613 | 20.L433 20.306 | 20.218 20.158 | 20.125 | 20.1h48
log n, 25.305 25,867 26,108 26,263 | 26.37h 26.456 | 26.521 26.578 | 26.637 26.727
1og n(°%s1) 28,310 28.262 | 28.208 28,146 | 28.073 27.986 | 27.877 27.731 | 27.509 | 27.031
log n(Sth) 21.948 25,201 | 26,060 26.443 | 26.675 26.826 | 26.928 27.004 | 27.07% | 27.181
log n(SGNi) 19.053 22,939 | 24.570 25.598 | 26,300 26,787 27.129 27.382 | 27.577 27.729
-(20g a)* 9.152 8.070 6.980 6.202 5.536 L.951 4,438 3.971 3.507 2,925
log e$ 17.040 17,204 | 16.38L 15.980 | 15.727 15.559 | 15.393 15.19h | 1h.93% | 14.526
ol -1.1 4.3 8.1 14,0 20.7 31.2 46,4 66.6 92.3 129.0
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TABLE 4—Continued

TABIE 4.17 Ty = k,0 p=1.0 %20 gn em™3

K 1 2 3 4 5 6 7 8 9 10
£ 0.950 0.850 | 0.750 0.650 | 0.550 0.450 | 0.350 0.250 0.150 | o0.051
log t -2.021 -1.382 | -0.693 | -0.188 | o0.272 0.696 | 1,071 1.4 1,765 2.218
log np/nn 5.588 5.856 8.453 7.048 7.488 7.772 7.919 7.926 7.731 7.200
log n, 26.301 | 26.573 | 26.955 | 27.272 | 27.520 | 27.682 | 27.770 | o7.787 | 27.703 | 27.Lsk
log n_ 20.715 | 20.717 | 20.480 | 20.224 | 20.032 | 19.910 | 19.851 | 19.861 | 19.972 | 20.25k
log ny 25,3351 | o5.881 | 26.128 | 26.290 | 26.403 | 26.483 | 26.543 | 26.596 | 26.648 | 26.717
log n(%%s1) | 29.310 | 29.262 | 29.208 29.146 | 29.073 08.9868 | 28.877 28.731 | 28.508 | 28.037
log n(P*re) | 22214 | o5.47h | 26.h2s | 26.82h | 27.0k8 | 27.195 | 27.331 | 27.517 | 27.829 | 28.337
log n(°%W1) | 20.231 | 24.037 | 25.709 | 26.783 | 27.50k | 27.975 | 28.288 | 28.507 | 28.651 | 28.662
~(log a)* 8.701 7.660 | 6.627 5.807 5.038 4.350 | 3.770 3,267 2.791 | 2.261
log € 15.625 | 17.267 | 16.522 | 16.158 | 15.896 | 15.687 | 15.h91 | 15.287 15.048 | 2n.699
q! -0.0 6.1 11.6 18.3 28.3 43.8 65.6 ok.1 131.% | 186.6
TABLE 4,18 T, = 4.0 p=1.0 % 108 gm em™>

X 1 2 3 4 5 6 7 8 9 10
£ 0.950 0.850 | 0,750 0.650 | 0.550 0.450 | 0.346 0.291

log t' 2,018 -1.380 | -0.706 -0.20k4 0.268 0.709 | 1.101 1.290

log n /n, 6.368 6.579 | 7.066 7.627 7.935 7.801 | 7.381 7.109

log n, 26.695 | 26.936 | 27.281 | 27.862 | 27.745 | 27.696 | 27.h99 | 27.367

log n_ 20,325 | 20.357 | 20.175 | 19.935 | 19.810 | 19.885 | 20.118 | 20.258

log n, 25.337 | o5.88% | 26.132 | 26.296 | 26.509 | 26.484 | 26.532 | 26.548

log n(®s1) | 30.310 | 30.262 | 30.208 | 30.146 | 30.073 | 29.986 | 29.872 | 29.796

1og n(**re) | 22472 | 25.771 | 26.840 | 27.284 | 27.638 | 28.171 | 28.792 | 29.090

log n(°®m1) | 21.27% | 25.058 | 28.739 | 27.825 | 28.543 | 28.980 | 29.206 | 29.240

-(10g a)F 7.862 6.846 | 5.865 5.026 | %.176 3,417 2,801 2.531

log € 16.322 | 17.275 | 16.549 | 16.202 | 15.950 | 15.755 | 15.597 | 15.499

al 0.2 6.5 12.1 19.2 30.6 ho.8 80.6 103.0
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TABLE 4—Continued

TABIE L.19 Tg = b.2 p=1.0%10° gm em”

k 1 2 3 k 5 6 7 8 9 10
g* 0.950 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
log tf -2.816 -2.419 -1.502 -0.970 -0.549 -0.176 0.171 0.509 0.871 1.372
log np/n,n h.ah9 L.k76 5.035 5.552 5.948 6.243 6.464 6.632 6.760 6.848
log n, 26.108 26.434 26.774 27.070 | 27.296 27.hek 27.592 27.691 | 27.771 27.839
log n, 21.959 21.959 21.739 21.519 | 21.348 21,221 | 21.128 21.059 | 21.011 | 20.991
log n, 25,841 26,293 26.533 26.685 26.79% 26.878 26.947 27.008 27.071 27,187
log n(%®s1) 28,310 28,262 28.208 28.146 | 28.073 27.986 | 27.877 27.731 | 27.509 27.030
log n(SMFe) £1.396 25,255 26.206 26.612 £6.856 27.018 | 27.132 27.214 | 27.278 27.331
log n(*%m) 18.222 22,73k | 2k.384 25,363 26.057 26,557 26,926 27.206 | 27.429 | 27.619
-(10g a)* 9.843 9.072 7.740 6.981 6.632 5.819 5.330 4.871 4,403 3.799
log € 18.492 18.4k05 | 17.128 16.641 | 16.346 16.193 | 16.056 15.87h4 15.6806 | 15.125
q! k.9 1.1 k.9 8.4 12,k 18.6 28.2 L1.8 59.4 81.7
TABLE 4,20 Ty = 4.2 p=1.0 X 10’ gn em”

k 1 2 3 L 5 6 7 8 9 10
gf 0.950 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
log gf ~2.792 -2.380 ~1.568 -1.032 -0.566 -0.139 0.2hk 0. 600 0.968 1.465
log np/nn 5.053 5.312 5.844 6.410 6.848 7.154 7.366 7.511 7.589 7.503
log ny 26.578 26.859 27.187 27.511 27.757 27.932 28, 054 28.140 28.194 28.173
log n 21.525 21,547 21,343 21.101 | 20.911 20.778 | 20.687 20,629 20.604 | 20.670
log ng 25,712 26.320 | 26.568 26.729 06.843 26.926 | 26,989 27.045 27.103 £7.192
log n(%%s1) £9.310 £29.262 | 29.208 29.146 | 29.073 28.986 | 28,877 28,731 | 28.509 28.031
log n(suFe) 21.951 25.596 26.621 27.04k2 27.275 27.514 27.506 27.577 27.858 27.845
log n(°°ni) 19.717 23,925 25,605 26.673 | 27.399 27.888 | 28.223 28.467 28.656 | 28.801
-{log d)* 9,383 8.616 7.408 6.588 5.844 5.171 4,585 L, 062 3.550 2.918
log et 18.178 18.457 17,374 16.96% | 16.680 16.460 | 16.250 16.020 | 15.736 | 15.304
q! -2.5 5.1 10.7 17.0 25.8 39.% 58.3 82.4 112.3 153.8
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TABLE 4—Continued

TABLE k.21 Ty = h.2 p=3.0x10" gnem3

k 1 2 3 4 5 6 7 8 9 10
£ 0.950 0.850 0.750 0. 650 0.550 0.450 0.350 0.250 0.150 0.050
10g th -2.788 -2.371 | -1.582 21,048 | -0.573 -0, 13k 0.256 0.615 0.982 1.468
log n_/n, 5.475 5.708 6.193 6.762 7.209 7.517 7.708 7,78k 7.685 7.195
log x, 06.792 27,057 | 27.363 27,6688 | 27,941 28,115 | 28.226 28.277 | 28.2h2 | 28.017
log n, 21,317 21,352 | 21.170 20,927 | 20.732 20.598 | 20,518 20.h9k | 20.557 | 20.822
log Ny 25,723 26,324 | 26,573 26,737 [ 26.851 26,933 | 26.995 27.050 | 2£7.105 | 27.18Y4
log n(?®s1) | 29.788 | 29.739| 29.685 | 29.623| =29.550 | 29.463 | 29.354% | 29.208 | 28.986 | 28.508
log n(SAFe) 22.078 25.707 26,784 27.215 27.4kh2 27.577 27.682 27.813 28.052 £28.573
log n(®®N1) | 20.271 | ou.bse| 26.120 | 27.201 | 27.933 | 28.418 | 28.745 | 28.978 | 29.146 | 29.217
~(log a)* 9.055 8.294 7.126 6.293 5.496 L. 762 4,132 3.583 3,057 2,449
log € 18.102 18.454 | 17.405 17.011 | 16.724 16.493 | 16.276 16.051 | 15.786 | 15.397
ql -2.1 5.6 11.4 18.1 27.9 42,9 63.8 90.8 125.5 176.7
TABIE }.22 Ty = k.2 p = 1.0 X 10% gm em™®

k 1 2 3 4 5 6 7 8 9 10
£ 0.950 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.148

log t' -2.785 -2.366 | -~1.589 -1.058 | -0.578 -0.131 0. 26l 0. 624 0.987

log n /n 5.886 6.00k 6.530 7.002 7.538 7.793 7.808 7.556 7.103

log n, 26,998 27,052 | 27.532 27,854 | 28.106 28.254 | 28.276 28.163 | 27.947

log n, 21,113 21,158 | 21.002 20,762 | 20.568 20.461 | 20,469 20.607 | 20.845

log n, 25.729 £26.326 26.578 26.740 26.855 26.938 26.997 27.048 27.091

10g n(®s1) | 30.310 30.262 |  30.208 30.146 |  30.073 29.986 | 29.877 29.730 | 29.502

log n(SuFe) 22.227 25.856 26.987 27.431 27.662 27.846 28.114 28.540 29.059

log n(°®m) | 20.833 | oh.9s9 | 26.661 | 27.750| 28.hek | o8.96h | 29.277 | 29.476 | 29.564

~(log a)F 8.523 7.770 6.636 5,797 4,959 b.18Y4 3,535 2.987 2.491

log * 18. 055 18.452 | 17,420 17.036 | 16.750 16.518 | 16.311 16.106 | 15.878

q" -1.9 5.9 11.7 18.7 29.0 45.2 88.5 99.8 142.9
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TABLE 4—Continued

TABLE k.23 Tg = 4.2 0 =3.0 % 10% gm en™

k 1 2 3 I 5 8 7 8 9 10
£ 0.950 0.850 0.750 0.650 0.550 0.450 0.349 0.253
10g th -2.785 -2.365 | -1.592 -1.085 | -0.578 -0.124 0.277 0.608
log np/nn 6.158 6.353 6.749 7.287 7.65k 7.637 7.267 6.833
log n 27.135 27.382 | 27.6h2 27.952 | 28.164 28.175 | 28.00k 27.795
log n 20. 977 21.029 | 20.893 20.665 | 20.510 20.539 | 20,737 20. 962
log ny £5.730 26.327 | 26.577 26,741 | 26.856 26,935 | 26,988 27.020
log n(®s1) | 30.788 30.739 | 30.685 30.623 | 30.550 30.463 | 30.353 30,213
log n(**re) | 22.443 26,078 | 27.251 27.721 | 28.029 28.469 | 29,071 29.575
log n(56N1) 21.323 25,451 27,144 28,235 28.968 22.430 29.688 29.775
~(1log a)* 7,08k 7.154 6.041 5.208 L.362 3.587 2,952 2,483
log € 18.035 18.453 | 17.h427 17.0k8 | 18.770 16.552 | 16.372 16.222
q! -1.8 6.0 11.9 18.9 29.8 47.8 75.6 113.0
TABIE k.24 Ty = 4.2 p = 1.0 x 10° gm cm™3

k 1 2 3 L 5 6 7 8 8 10
£ 0.950 0.850 0.750 0.650 0.550 0.446

1og t' -2.785 -2.365 | -1.593 -1.081 | -0.565 -0.081

log np/nn 6.317 6.498 6.822 7.241 7.273 6.819

log o, 27.21h 27.454 27.679 27.929 27.913 27.762

log n, 20.898 20,956 20.858 20.688 20,700 20.943

log n, 25,731 26.327 26.577 26,741 26.853 26.917

1og n(®s1) | 31.310 | 31.262 | 31.208 | 31.146 | 31.073 | 30.982

1og n(®tre) | 22.810 26.457 | 27.701 28.289 | 28.909 29.693

log n(°%N1) | 21.840 25,975 | 27.869 28,757 | 29.L65 23,827

~(10g a)* 7.171 s.ho2 | 5.329 k517 | 3.682 5,902

log € 18.026 18.453 | 17.431 17.082 | 16.807 16. 639

q! -1.8 6.1 12.0 19.3 31.6 56.8
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TABLE 4-—Continued

TABLE 4.25 Ty = bk p=1.0 % 10° gm em™>

x 1 2 3 " 5 6 7 8 9 10
g* 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.149 0.048
log t -2.752 -2.193 | -1.736 -1.398 -1.115 -0.853 | -0.588 -0.286 0.171
log np/nn 3.027 3.343 3.666 3.929 4,143 k. 324 4478 Lb.608 L, 702
log n, 26.156 26.384 | 26.582 26.739 26,866 26.973 | 27.087 27.150 | 27.222
log n 23.130 23.041 | 22.916 22.810 22.723 £22.650 | 22,589 22,8k | 22.520
log n, 26. 44k 26,724 26.870 26.971 27.050 27.119 27.185 27.255 27,357
log n(®Bs1) | 27.262 27.208 | 27.146 27.073 26.986 26.877 | 26.730 26.506 | 26.015
log n(ShFe) 23.705 25.150 | 25.717 26.035 26.249 26.408 | 26.535 26.637 | 26,717
log n(°m) | 19.891 | 21.791 | 22.75h | o3.385 | 23.853 | oh.oos | on.sul | oh.sos | 25.034
-(10g a)* 9.659 8.784 8.175 7.748 7.403 7.098 6.8086 6.500 6.083
log e’ 19.350 18.661 | 18.181 17. 904 17.675 17.471 | 17.251 17.008 | 16.677
g -41.3 -63.1 -81.9 -99.9 -118.0 -137.4 -159.2 -186.6 -234.,1
TABLE 4.26 Tg = b.} o =1.0 X 10% gm em™3

k 1 2 3 k 5 6 7 8 9 10
g* 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
log ¢ -2.715 -2.17% | -1.696 -1.302 -0.952 -0.621 { -0.290 0.073 0.586
log nP/nn 3.962 L.Los 4.884 5.248 5.532 5.757 5,934 6.076 6.184
log n, 26.678 26.972 | 27.238 27,447 27.610 27.740 | 27.845 27.933 | 28,012
log n_ 22,717 22,546 | 22.354 22,199 22,078 21,983 | 21,913 21.857 | 21.827
log n, 26,663 26.909 | 27.057 27.16k 27.249 27.319 | 27.38k4 27.451 | 27.551
1og n(9s1) | os.062 | 28.208 | 28.146 | 28.073 | 27.988 | 27.877 | 27.731 | 27.500 | 27.030
log n(sth) 25,190 26.271 | 26.715 26,97h 27.151 27.2718 | 27.374 27.hk49 | 27.508
log n(56N1) 22,420 Ph,088 | 25.084 25,741 26.244 26.631 26.937 27.187 27.404
~(10g a)* 9.279 8.390 7.688 7.123 6.632 6.182 5.749 5.296 L. 698
log e’ 18. 4ok 17.565 | 16.901 16.406 16,371 16.371 | 16,292 16.060 | 15.486
q! -5.1 -3,2 -2.1 -1 b 0.2 3.3 8.8 16.8 25.3
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TABLE 4—Continued

TABIE .27 Tg = b.b 0 = 1.0 X 107 gm em™3

k 1 2 3 N 5 6 7 8 9 10
gf 0.850 0.750 0.650 0.550 0.1450 0.350 0.250 0.150 0.050
log ' -2.719 -2.241 | -1.757 -1.310 | -0.893 -0.509 | -0.145 0.235 0.752
log np/nn L.818 5.285 5.816 6.238 6.547 6.770 6.935 7.058 7.133
log n, £7.119 27.416 | 27.721 27.961 | 28.136 28.26% | 28.361 28.438 | 28.499
log n, 22.302 22,130 | 21.905 21.723 | 21.590 21.494 | 21,427 21.380 | 21.366
log ny, 26.714% 26.9685 | 27.125 27.239 | 27.32k4 27.390 | 27.hk8 27.509 | 27.602
log n(%%s1) | 29.262 29,208 | 29,148 29,073 | 28.986 28.877 | 28.731 28.509 | 28,032
log n(ShFe) 25,668 26.776 27.226 27.473 27.625 27.723 27,790 27.842 27.897
log n(°®mi) | 23.779 25,481 | 26.541 27.267 | 27.770 26.124 | 28.386 28.591 | 28.767
-(log d)* 8.895 8.066 7.285 8.576 5.930 5.352 L. 825 L.300 3.839
log ! 18,213 18.151 | 17.680 17.387 | 17.143 16.932 | 16.897 16.395 | 15.90%
gl 3.2 8.8 4.7 22.3 33.6 49.7 70.7 96.5 129.1
TABIE k.28 Ty = b.b p=1.0 X 10° gn cm™

k 1 2 3 L 5 8 7 8 9 10
g* 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
10g t -2.716 -2.267 | -1.794 -1.327 | -0.880 -0.476 | -0.104 0.277 0.781
log np/nn 5.636 6.020 6.552 7.002 7.322 7.527 7.613 7.516 8.987
log 1, 27.532 27.787 | 28.094 28.348 | 28.529 28.647 | 28.704 28.670 | 28.425
log n, 21.895 21.767 | 21.5k42 21.346 | 21.207 21.120 | 21.091 21.153 | 21.438
log ny, 26.726 26,979 | 27.1kk4 27.260 | 27.343 27.4%07 | 27.Lhe2 27.519 | 27.599
10g n(%®s1) | 30.262 30.208 | 30.146 30,073 | 29.986 29.877 | 29.731 29.509 | 29,031
log n(ShFe) 25,929 27.133 | 27.809 27.84k | 27.978 28.078 | 28.205 28.450 | 29.018
log n(°%m) | 2b.865 26.579 | 27.670 | 28.412 | 28.908 29.245 | 29.486 29.662 | 29.741
-(1og a)* 8.075 7.294 6.498 5.687 L.919 4,253 3.872 3.118 2.480
log € 18.392 18.232 | 17.795 17.481 | 17.228 16,995 | 16.756 16.478 | 16.074
q' k.9 11.1 18.0 27.7 42.8 63.3 90.1 12h4.5 175.4
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TABLE 4—Continued

TABIE k.29 Tg = 4.} p = 1.0 x 10° gm em™3

X 1 o 3 4 5 6 7 8 9 10
£ 0.850 0.750 0. 650 0.550 0.450 0.349 0.271

log gt -2.715 -2.274 -1.80% ~1.331 -0.870 -0.453 -0.173

log np/nn 6.138 6.458 6.953 7.318 7.307 5.921 6.545

log n £27.783 28,006 | 26.295 28,507 | 28,521 28.342 | 28.160

log n_ 21.645 21,548 | 21.3h2 21.189 | 21.214 21.420 | 21.615

log ny 26.728 26,981 | 27.147 27.263 | 27.343 27.397 | o7.422

log n(®8si) | 31.262 31.208 | 31,146 31.073 |  30.986 30.875 | 30.766

log n(>*Fe) | 26.ub1 27.710| 28.229 28.548 | 28.993 29.613 | 30.043

10g n(°%mi) | 25.879 27.595 | o28.692 | o29.434| 29.908 | 30.169 | 30.235

-(10g a)* 6.699 5. 942 5.162 k.337 3.559 2,912 2.518

2og €° 18.4e2 18.248 | 17.804 17.520 | 17.287 17.100 | 16.963

q" 5.3 11.5 18.7 29.3 47.0 75.3 105.7

TABIE k.30 Ty = k.6 p=1.0X10° gm cm™>

k 1 2 3 4 5 6 7 8 9 10
£ 0.8L49 0.750 0.650 0.550 0,451 0.350 0.250 0,149 0,048
log 4 -3.623 -3.047 | -2,597 -2.219{ -1.925 -1.663 | -1.hok -1.113 | -0.670
log n /n, 2.500 2.685 2,933 3.164 3,355 3,514 3.649 3.759 3.827
log n, 26,289 26.480 | 26.649 26.793 | 26,910 27.008 | 27.092 27.165 | 27.223
log n_ 23,789 23,794 |  23.716 23,630 | 23.556 o3.hol | 23,443 23,406 | 23.396
log n, 26,53k 26,92k | 27.107 o7.202 | 27.308 27.380 | 27.4k8 27.517 | 27.616
log n(®s1) | 27.262 o7.208 | 27.146 | 27.073| o26.986 | 26.877| 26.730 | 26.506 | 26.015
10g n(**pe) | 22.084 o4.381 | 25.258 25,705 | 25.984 26,185 | 26,340 26.460 | 26,540
log n(°Ni) | 17.859 20.536 | 21.752 | 22.u85| 23.000 | 23.397| 23.720 | 23.985 | 24,182
-{log d)* 10,53k 9,752 9,022 8.565 8.226 7.939 7.676 7.408 7.05¢
log et 20,400 19.972 |  19.339 19.012 | 18.77% 18.558 | 18.343 18.097 | 17.760
g ~61.9 -107.9 | -149.1 -186.5 | -222.5 -259.3 | -299.8 -348.7 |[-1430.0
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TABLE 4-—Continued

TABIE 4.31 Tg = b.6 p=1.0%X10° gm e3>

k 1 2 3 N 5 6 7 8 9 10
£ 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.049
log t7 -3.413 -2.899 | -2.405 -2.018 | -1.681 -1.365 | -1.046 -0.688 | -0.171
log n /n, 3.483 3.856 L.251 4,576 L.840 5.055 5.23L 5.382 5,498
log n, 26.890 27.1k3 | 27.377 27.566 | 27.719 27.84k | 27.950 28.042 | 28,126
log n 23,407 23,286 | 23.126 22,990 | 22.879 22,789 | 22.717 22.660 | 22.628
log ngy 26.969 27.234 | 27.383 27.488 | 27.572 27.644 | 27.711 27.781 | 27.88%
10g n(%®s1) | 28.262 28,208 | 28.146 28,073 { 27.986 27.877 | 27.731 27.509 | 27.027
log n(5hFe) 24,931 26.224 | 26.733 27.020 | 27.213 27.356 | 27.L66 27.554 | 27.626
log n(°C¥i) | 21.908 23,705 | 2k.883 25,347 { 25,846 26.240 | 26.563 26.835 | 27.073
~(1og a)* 9.892 9.055 8.361 7.837 7.393 6.988 6.596 6.179 5.618
10g €' 19.590 18.436 | 18.008 17.77% | 17.523 17.198 | 16.858 16.49% | 16.244
L -15.6 -18.0 -20.8 24,3 -28.2 -31.9 -35.1 -39.1 -47.8
TABLE 4,32 Ty = k.6 p=1.0x10 gmem?

k 1 2 3 L 5 8 7 8 9 10
£ 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
log gt -3.403 -2,951 -2,4h7 ~1.999 -1.587 -1.205 -0.836 ~0. 445 0.088
log np/nn Lh.36h 4,772 5.260 5.662 5,987 6.195 6.368 6.502 6.802
log n, 27,354 27.622 | 27.906 28.136 | 28.310 28,441 | 28,543 28.625 | 28.699
log n, 22,990 22,851 | 22.647 22,474 | 22,343 22,248 | 22.175 22.12k | 22.098
log ny 27.065 27.323 | 27.u82 27.596 | 27.682 27.751 | 27.811 27.875 | 27.971
log n(Os1) | 29.262 | 29.008 | 29.146 | 29.073 | 28.986 | e8.877 | 28.731 | 28.509 | 28.031
log n(ShFe) 25,671 26.885 | 27.370 27.635 | 27.801 27.910 | 27.987 p8.043 | 28.088
log n(ssmi) 23,576 25.325 26.378 27.102 27.618 27.988 28,268 28,490 | 28.883
-{log d)* 9.490 8.709 7.928 7.248 6.633 6.074 5.551 5.021 L.3hs
1og €° 17.100 18.866 | 18.309 17.956 | 17.725 17.522 | 17.292 16.988 | 16.472
q! 0.1 5.6 10.7 16.8 25.5 38.1 55.1 76.5 103.1
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TABLE 4—Continued

TABIE 4.33 Ty = b6 p=1.0x2108 gm cm™3

k 1 2 3 L 5 6 7 8 9 10
£ 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
log t7 -3.396 -2.985 | -2.495 -2.017 | -1.564 -1.151 | -0.767 -0.371 0.159
log ny/n, 5.209 5.548 6. 045 6.482 6.808 7.0h1 7.204 7.301 7.221
log n 27,782 28.016 | 28.308 28,554 | 28,738 28.871 | 28.967 29.030 | 29,013
log n_ 22.57% pp.keg | 22,261 22,072 | 21.930 21,830 | 21.763 21,730 | 21.793
log ny 27,088 27.346 | 27.511 27.629 | 27.714 27,779 | 27.837 27.897 | 27.988
log n(®®s1) | 30.262 | 30.208 | 30.146 | 30.073 | 29.986 | =290.877 | 29.731 | 29.509 | 29.032
log n(Sth) 25,975 27.259 27.774 28,027 28.167 28,252 28,316 28,389 28.583
1og n(°N1) | 24.735 26,488 | 27.582 28.330 | 28.839 £9.190 | 29.L4e 29.646 | 29.806
-(10g a)* 8. 66k 7.943 7.145 6.352 5.598 4. 929 L.33Y4 3.757 3,05k
log € 18.900 19.00% | 18.490 18,143 | 17.874 17.629 | 17.371 17.082 | 16.595
ql 3.3 9.9 16.9 26.1 39.8 58.9 83.4 113.8 1s5.2
TABLE 4.3k Ty = 4.6 p=1.0 % 10° gm cm™3

k 1 2 3 Y 5 8 7 8 9 10
£ 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.149

1og ¥ -3.39h -2.995 | -2.512 -2.029 | -1.561 -1.137 | -0.748 -0.366

log n /n, 5.793 6.075 6.550 6.988 7.257 7.268 6.968 6.1465

log n, 28,076 28,281 | 28.580 28.809 | 28,96k 28.985 | 28.8L48 £8.607

log n, 22,282 22,206 | 22.010 £1.821 | 21.707 21.718 | 21.880 22,142

log n,, 27.092 27.350 | 27.517 27.635 | 27.720 27.783 | 27.833 27.875

10g n(%8s1) | s1.282 | 31.208 | 31.146 | 31.073 | 30.986 | 30.877 | 30.730 | 30.505

log n(ShFe) 26.417 27.760 28.307 28.563 28,756 29. 047 29.527 30.079

log n(°Cwt) | os.784 | 27.518 | 28.623 | 29.376 | 29.881 | 30.214 | 30.419 | 30..89

-(10g a)F 7.257 6.563 5.783 4. 968 L.163 3.505 2,930 2.h26

log F 18.981 19.030 | 18.531 18,188 | 17.918 17.685 | 17.465 17.234

q! 4.0 10.8 18.1 28.1 13,6 66.5 98.3 k3.0
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TABLE 4—Continued

TABIE k.35 T = 4.8 o =1.0 X 106 gm cm3

Kk 1 2 3 L 5 8 7 8 9 10
£ 0.850 0.750 | 0.650 0.550 | 0.450 0.350 | 0.250 0.150 |  o0.048
log gf -4. 079 -3.638 -3.101 -2.704 -2.373 -2.089 -1.761 -1.h14 -0.902
log np/nn 3.030 3.315 3.651 3.938 h.17h 4.373 L. 5k2 k.e85 4,796
log n, 27.062 27.283 | 27.491 27.661 | 27.800 27.917 | 28.019 28.108 | 28.190
log n 24,032 23.968 23.840 235,723 23.628 23, 5Ll 23. 477 23.423 23.§9h
log ny 27.190 27.50% | 27.862 27.769 | 27.853 27.925 | 27.993 28.065 | 28.169
log n(%®s1) | 28.262 | o28.208 | 28.148 | 28.073 | 27.986 | 27.877 | 27.731 27.508 | 27.022
log n(” Fe) 2l 304 26.011 26.638 26.97h 27.194 27.355 27.481 27,583 27.665
log n(°®ni) | 20.999 | 23.149 | o4.192 | 2k.ss7 | 25.366 | 25.761 | 26.090 26.371 | 26.616
~(log d)* 10.507 9.768 9.027 8.519 8.109 7.7k 7.393 7.023 6.526
log € 20.557 19.838 | 19.206 18.915 | 18.658 18.hilk | 18.158 17.868 | 17.512
q" -31.2 -41.6 -51.4 -61.5 -72.2 -83.7 -96.8 -113.0 | -1hk2.3
TABIE 4.36 Tg = 4.8 p=1.0 X107 gm cm™>

X 1 2 3 I 5 6 7 8 9 10
£ 0.850 0.750 0.6850 0.550 0.450 0.350 0.250 0.150 0.050
log t -4, 02k -3.621 | -3.088 -2.635 | -2.229 -1.851 | -1.hk81 -1.085 | -0.539
log n/n, 3, 9l L. 294 %.736 5.113 5.409 5.638 5.817 5.959 6.067
log n, 27.56k 27.808 | 28.068 28.285 | 28.455 28.587 | 28.693 28.780 | 28.859
log n, 23,620 23.513 | 23.332 23.172 | 23.046 22,949 | 22.875 22,821 | 22,791
log 1, 27.371 27.64k3 | 27.803 27.916 | 28.003 28,074 | 28.138 28.204 | 28,302
log n(%s1) | 29.262 | 29.208 | 290.146 | 29.073 | 28.986 | 28.877 | 28.731 28,509 | 28.030
10g n(*re) | 25.572 26.935 | 27.468 27.75k | 27.936 28.06C | 28.148 28,215 | 28.267
log n(°®m) | 23.271 | e5.122 | 26.277 | 26.896 | 27.417 | 27.806 | 28.105 28.347 | 28.556
-(log d)* 10.033 9.327 8.526 7.872 7.292 6.760 8.250 5.724 5.0kl
log ¥ 19.731 19.540 | 18.843 ie.k2h | 18.181 17.997 | 17.78L 17.486 | 16.949
q! -5.3 ~0.1 b1l 8.2 13.8 22.3 3h.2 49.8 68.9
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TABLE 4—Continued

TABIE 4.37 Ty = k.8 o =1.0x 108 gm em

k 1 2 3 L 5 6 7 8 9 10
g* 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0. 050
log e -4.009 ~3.656 -3.142 -2,649 -2.189 ~1.769 -1.375 -0, 969 -0.k422
log np/nn 1.809 5.111 5.573 5.993 6.316 6.554 6.731 6.864 6.940
log n, 28,007 28,225 28,498 28.737 28.920 29.056 | 29.160 2g.2k2 | 29,303
log n 23.198 23.114 22.925 22, 7hl 22.605 22.503 22,429 22.378 22.363
log n, 27.413 27.681 | 27.847 27.965 | 28.051 28.119 | 28.178 28.240 | 28.33Y4
log n(28s1) 30.262 30.208 30.146 30.073 | 29.986 29.877 29.731 29.509 | 29.032
log n(ShFe) 25.97h 27.360 | 27.917 £28.190 | 28.344 28.437 28.498 28.546 28.605
log n(56N1) 24,560 26,382 27.48h 28,237 28.1756 29,121 | 29.389 29.601 | 29.783
-(1og a)* 9.198 8.563 7.742 6.961 6.223 5.558 L, 956 4.366 3.637
log € 18.842 19.766 | 19.131 18,741 | 18.455 18.203 | 17.938 17.615 | 17.10%
q! 0.7 8.1 15.2 23.8 36.3 | 55.8 76.3 104.2 139.9
TABLE .38 Ty = 4.8 p =1.0 % 10% gm em™3

k 1 2 3 4 5 6 7 8 9 10
g* 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.051
log tF -4. 006 -3.667 -3.167 -2.666 | -2.187 -1.752 -1.350 -0.942 -0.430
log np/nn 5.463 5.710 6.148 6.585 6.915 7.11% 7.150 6.907 6.220
log n, 28.336 28.527 £8.788 29.036 | 29.223 29.339 | 29.371 29.263 | 28.937
log n 22.873 22,816 22,640 22.451 | 22.308 22,224 | 22.221 22,357 22,717
log n, 27.421 27.688 | 27.856 27.976 | 28.062 28.128 | 28,185 28.241 | 28.311
log n(EBSi) 31.262 31.208 | 31.1k6 31,073 | 30.988 30,877 30.731 30.509 30. 040
log n(5th) 26.374 27.809 28.403 28.669 28,814 28.9368 | 29.12h4 29,511 30,178
log n(56N1) 25.618 27.435 28.551 29.313 29.831 30.185 30.437 30.609 | 30.82h
-(log a)* 7.766 7.163 6.365 5.555 L.77L 4. 083 3.477 2.905 2.291
log et 19.287 19.807 | 19.192 18.808 | 18.509 18.249 | 18,994 17.710 | 17.323
q! 2.0 9.7 17.2 27,0 L1.5 62.1 89.7 126.7 182.7



http://adsabs.harvard.edu/abs/1968ApJS...16..299B

e

wNsAQ eye(q SHMSAYdoaIsy YSVN ) A PIPIAGL] « £J0E [EIUICUOI)SY URILRDULY ()

TABLE A—Continued

TABLE k.39 Ty = 5.0 b =1.0x 108 gn em™

k 1 2 3 in 5 6 7 8 9 10
g* 0.843 0.750 0.650 0.550 0.450 0.350 0,250 0.149 0.048
log t -4.750 -4,600 | -3.851 -3,384 | -3,049 -2.745 | -2.hkh -2,106 | -1.803
log np/nn 2.578 2.800 3.07h 3.329 3.542 3,721 3.875 %, 005 4,100
log n, 27.164 27.392 | 27.576 27.733 | 27.861 27.969 | 28,063 28.146 | 28.220
log n 2k.586 2k.593 | 2k.502 24,403 | 24,319 oh,248 | 2k,188 2h.1kl | 24,129
log n, 27.234 £7.703 | 27.889 £8.005 | 28.092 28,166 | 28.235 28.307 | 28,411
10g n(*®s1) | 28.259 £6.208 | 28.146 28.075 | 27.986 27.877 | 27.731 27.507 | 27.018
log n(ShFe) 22,728 25,502 | 26.378 26,804 | 27.071 27.261 | 27.407 27.524 | 27.812
log n(%®m) | 19.050 22,280 | 23.524 ok,263 | 24.786 25,192 | 25,527 25.810 | 26,045
-(log a)* 11.211 10.862 9.758 9.20% 8. 800 8.458 8,139 7.810 7.378
log € 21.455 21.427 | 20.268 19.885 | 19.61k 19.372 | 19.126 18.849 | 18.481
q! -52.5 -72.8 -95.1 -116.0 | -136.8 -159.0 | -183.8 -21k.8 | -268.4
TABLE 4,40 Tg = 5.0 0 =1.0x 10" gm em™

k 1 2 3 b 5 6 7 8 9 10
g* 0.850 0.750 0.850 0.550 0.450 0.350 0.250 0.150 0.050
log t -4,594 -L.286 | -3.701 -3.233 | -2.831 -2.459 | -2.093 ~1.69% | -1.139
log np/nn 3.547 3,847 k241 L,588 k.870 5.096 5,278 5.426 5,543
log n, 27.746 27.972 | 28.209 28,411 | 28.57% £8.706 | ©28.813 28.90% | 28,988
log n, 24,199 oh,125 | 23.989 23,823 | 23,704 23,609 | 23.535 23.478 | 23.4L5
log ny, 27.623 27.927 | 28.090 28.202 | 28.290 28.363 | 28,429 28,498 | 28,599
10g n(?®s1) | 29.262 29,208 | 29.146 29,073 | 28,986 28.877 | 28,731 28,509 | 28.030
log n(suFe) 95,287 26,909 | 27.512 27.827 | 28.027 £8.166 | 28.268 28.347 | 28.467
1og n(°®mi) | 202.773 | oh.eks | 2s.925 06.643 | 27.168 | 27.571| 27.888 | 28.149 | 28.377
-{log d)* 10.543 9.975 3.102 8.480 7.914 7.414 6.929 6.h18 5.745
log €t 20,72k 20.242 | 19.215 18.636 | 18.363 18.232 | 18.083 17.809 | 17.185
q! -14.0 -9.2 -6.7 -5.,0 -2,9 0.5 8.4 14,5 22.8
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TABLE 4—Continued

TABLE k.h1 T, = 5.0 p = 1.0 X 108 gm em™3

k 1 2 3 b 5 6 7 8 9 10
gf 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
log gt -L.564 ~h.303 -3.748 -3,233 -2,766 -2.34%0 -1.939 ~1.522 -0.962
log np/nn L, L33 4,704 5,131 5,533 5.848 6.088 6.270 6.412 6.520
log n, 28.208 28.415 28.670 28,901 29.081 29.218 29.324 29.h411 £9.489
log n 23.775 23,711 | 23.540 23.368 | 23.232 23.130 | 23.054 £20.999 | £2.969
log ny 27.699 27.985 | 28.153 28.272 | 28.360 28.429 | 28.L490 28.584 | 28.650
log n(%8s1) 30.262 30.208 | 30.1ks 30.073 | 29.986 29.877 { 29.731 29.509 | 29.032
log n(ShFe) 25.899 27.430 | 28.036 28,331 | 28.500 28.60% | 28.673 28.722 | 28.762
log n(°®nt) 24,308 26.253 | 27.370 28.127 | 28.656 29.034 | 29.315 29,538 | 29.733
-(log d)* 9.686 9.190 8.302 7.522 6.803 6.147 5.542 4,94z k.199
log € 20.095 20.581 | 19.728 10.283 | 18.977 18.720 | 18.452 18.122 | 17.590
Q! -3.5 5.3 12.5 20.5 31.6 b7.1 67.5 92.9 12k.8
TABIE 4.h2 Ty = 5.0 P =1.0 X 109 gm cm™3

k 1 2 3 y 5 6 7 8 9 10
g* 0.850 0.750 0.650 0.550 0.450 0.350 0.250 0.150 0.050
log y -4.556 -4.31k -3.781 -3.254 | -2.760 -2.313 ~1.901 -1.480 | -0.924
log np/nn 5.1k45 5.366 5.768 6.189 6.527 6.770 6.926 6,964 6.615
log n, 28.568 28.749 | 28,992 29,233 | 29.424 29,563 | 29.655 29.690 | 29,538
log n 23.423 23,383 | 23,225 23,044 | 22.897 22,793 22,730 22,726 | 22,922
log ny 27.715 27.997 | 28.168 £8.289 | 28.377 28.445 28.50% £8.565 28.653
log n(%3si) | 31.262 | 31.208 | 31.146 | 31,073 | 30.986 | 30.877 | 30.731 30.509 | 30.031
log n(Sth) 26.289 27.849 28,196 28.785 28. 932 29,022 29,104 29.240 29.684
log n(°®wi) | os.bis | 27.341 | 28.475 | 29.2he | 29.77% | 30.141 | 30.kos 30.614 | 30.753
-(10g a)F 8.231 7.772 6.916 6.098 5.322 k. 628 L. 009 3.411 2.699
log € 19. 63k 20.641 | 19.817 19.376 | 19.054% 18.777 | 18.501 18.185 | 17.731
ql -1.2 8.2 16.1 25.8 39,6 58.0 84.3 116.8 164.9
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NOTES TO TABLE 4

* f = fraction of ?85i remaining after iteration step 2.
Tt = cumulative time in seconds through iteration step Z.

1 dr = Di/N 3, where Dy is the net number of transitions of protons to neutrons through beta decay
and electron capture, cumulative through iteration step % (see eq. [32]).

§ e = [(AM) — (AM)is)/p(f — te—y), In units of ergs g1 sec™!; & is the average rate of nuclear
energy generation during the interval #_; to #. See eq. (33) for definition of AM. When e is negative, log
(—¢) is tabulated and is underlined.

| gx = (AM)&/N 5, in units of keV per nucleon; gz is the total nuclear energy released per nucleon from
the start of the silicon burning through the time #. To compare with Figs. 15 and 16, g; must be divided
by (1 — f), since these figures display the nuclear energy released per converied nucleon.

On the other hand, the times are almost independent of density, as illustrated in the
lower part of Figure 9. This insensitivity can be understood by noting that the term
[(58N1)/n(®BS1)]"7, which is nearly fixed by the choice f = 0.35, determines #, and
hence fixes ratios such as #(**Mg)/#{®S51). Increasing the density at constant f leads to
little change in #(**Mg)/p and J/p and therefore leads to little change in the time.

The rate of silicon burning has a further very significant property: the rate is a rapidly
decreasing function of time. That is, the magnitude of df/di falls markedly as f decreases.
Figure 10 shows the time required at several temperatures to deplete the silicon to the
indicated mass fraction, It is seen that at each temperature the early burning is much
more rapid than the later burning. For example, the time required to reduce f from 0.8
to 0.7 is in each case a small fraction of the time required to reduce f from 0.4 to 0.3.
Because of this fact we expect partially burned silicon, say 0.8 < f < 0.2, to be common
under astrophysical circumstances. The initial burning rate is relatively rapid, so that
whenever 2851 begins to burn we may expect to burn at least 20 per cent. On the other
hand, the final 20~30 per cent takes so much longer to be consumed that we may expect
the burning to have been truncated if, for example, it takes place in non-central zones
that may be ejected by the more rapid evolution of the presupernova stellar core. It
does not seem surprising, therefore, that the abundance distribution of the elements in
this mass range resembles the distribution for partially burned silicon.

The decrease in the burning rate with decreasing f may be understood as the result
of several factors: (1) It is a general property of a system relaxing toward equilibrium
that it does so in an exponential fashion if the individual reaction rates are constant
(thus one might expect df/dt « f). The initial change is relatively rapid, but the equi-
librium is approached asymptotically. (2) The value of #, increases during the burning
because of its dependence on [#(*5Ni)/#(?Si)]Y?. Thus the abundance of #*Mg, which
limits the disintegration current J, falls more rapidly with decreasing f than is implied
by the decrease in #(®Si) alone. (3) As the burning progresses, the reverse flow from
alpha-particle capture in *?Ne becomes more significant, and J becomes increasingly
smaller than \,.(3*Mg)n(**Mg), as has been seen in Figures 7 and 8. .

In Figure 10 we have also plotted results obtained by TCG at Ty = 3.0and T’y = 5.0
as dashed lines. Exact agreement cannot be -expected, inasmuch as we have adopted
somewhat different nuclear parameters. For example, our value for \,.(**Mg), which
was taken from FCZ, is about a factor of 3 smaller than the value used by TCG. This
difference turns out to be unimportant at Ty = 5.0, where the burning is not controlled
by A,.(*Mg) alone, but at Ty = 3.0 it becomes significant, as do secondary effects in-
volving beta-decay rates. Test calculations with the parameters used by TCG confirmed
our expectation that the difference in the results can be attributed largely to differences
in parameters. Therefore we conclude that either computational technique is valid for
the determination of the time required to burn a substantial amount of silicon.
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b) The Roles of Electron Capture and Beta Decay

A system of nuclei evolving from %81 initially has an equal number of neutrons and
protons. As the system moves toward higher mass numbers, the most stable nuclei in-
clude nuclei with Z < 4/2 (such as Fe). In the absence of electron or positron emission
and electron capture (called, generically, beta decay), the free-neutron density, #,, will
perforce be much less than the free-proton density, #,, and this in turn will inhibit the
rise in the abundance of neutron-rich nuclei. This explains the high density of %Ni for
much of the region studied here, in the face of the tighter binding of both #Fe and *Te.

T T T T
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) I B B B
2
10° - . -
f- 0.35 : \ T i
— . 4 \\\ ._.wnU.O .
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w O ] —7" - TCG GALGULATION
w i i — PRESENT CALCULATION 7
i 1 L ] L i L ] L i L J
_Om _Om _Oﬂ _Om 08 Q.6 0.4 0.2
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F16. 9.—Time required in 28Si burning to deplete ?8Si to 35 per cent of its initial density. Top: as a
function of temperature at fixed density. Botfom. as a function of density at fixed temperature.

F16. 10.—Time required in **Si burning to deplete 285i to a given fraction f. Dotted curves give anal-
ogous resuits from the calculations of Truran, Cameron, and Gilbert (1966).

Even a relatively small number of conversions of neutrons to protons by beta decay
can alter the abundance ratios considerably. One expects that the values of #,/%, will
be significantly reduced when the number of past decays, D, has become comparable in
magnitude to #,. Commonly, this point is reached when Z/N is still very close to unity,
e.g., Z/N = 1 — 4d > 0.99, where d = D/Np (see Table 4).

The computer program kept track of the number of beta-decay events attributable to
each nuclear species as the »Si conversion progressed, using rates calculated from the
tables of Hansen (1966). These rates are dependent upon density and temperature, the
density dependence of the electron-capture rate being particularly strong. At Ty = 4.0
the capture lifetime for %Ni is 2600 sec at p = 10 g cm—® and 16 sec at p = 108 g cm™2.
The importance of electron capture and its dependence upon density stem from the high
concentrations of free electrons at high densities. (In contrast, there are relatively few
free positrons; hence positron capture has been neglected.) For much of the region con-
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sidered in the present study the most important single contributor to all beta-decay and
electron-capture processes is %Ni, by virtue of its large abundance and large capture
rate. For example, at Ty = 4.2, p = 108 g cm3, and f = 0.35, about 70 per cent of the
total magnitude of D is attributable to electron capture in Ni alone.

Although for most aspects of the present study nuclei with Z > 4/2 could be neglect-
ed as having negligibly small abundances, their high rate of positron emission can make
them important at low densities (where electron capture is slow) and low temperatures
(where the 2Si conversion is slow). Thus, at 79 = 3.4 and p = 10% g cm™%, positron
emission in P and 3'S accounts for over half the magnitude of D during the early stages
of 8Si depletion (f 2> 0.6). At this point the free-proton density, #,, has already begun
to fall because of the relatively long time (1800 sec) required to reach f = 0.6, and thus
the positron emission has had a decisive effect on the character of the abundance distri-
bution. It is for this reason that these nuclei are included in the present calculation.

The over-all consequence of beta decay is to reduce the relative abundances of proton-
rich nuclei, such as 5Ni, and to raise the relative abundances of neutron-rich nuclei,
such as %Fe or 56Fe. As discussed above, and displayed in §§ Ve and Vd below, these
effects will be strongest at low temperatures, at high densities, and late in the conversion
(low f). A corollary to the sensitivity of the abundance to beta decay and electron cap-
ture is the unimportance of these processes for the over-all energy balance. If we con-
tinue to be interested in solutions corresponding to the production of a large amount of
56Ni, we are limited to small values of D/Ng. Hence, even if several MeV are lost in
each event through neutrino emission, the total energy loss is small compared with the
total nuclear energy release. More detailed consideration of the energy balance is pre-

sented in § VL
¢) Nuclear Abundances during the Conversion

The evolution of some of the more interesting nuclear abundances is shown in Figure
11, at several values of temperature and density. Among the notable general features

T ) T T T T T T
Ty =36
- p=107 g/ee

NUMBER DENSITY (CM™3)
NUMBER DENSITY (CM~3}

0.6 0.6 0.4 0.2 0.8 08 0.4 0.2
FRACTION OF 28Si REMAINING FRACTION OF 285 REMAINING
Fic. 11a Fic. 115

Fic. 11a.—Evolution of nuclear abundances during ?8Si burning at 7 = 3.6 and p = 107 g cm™.
Fic. 115,—Evolution of nuclear abundances during 28Si burning at 79 = 4.0 and p = 10" g cm™.
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are (¢) the monotonic rise in #, over the region displayed; (b) the rise in #, and its
subsequent turnover when electron capture begins to take hold; (¢) the interchanges in
the relative magnitudes of n(%¢Fe) and n(%¥Ni), correlated with the magnitude of n,, (d)
the early turnover of #%S and the later turnover of ¥Ca, as the fall in #(*Si) becomes more
important than the rise in #,; and (¢) the decrease in #(**Mg), which is closely related
to the decrease in the burning rate discussed above. -

At smaller values of f than those illustrated in Figure 1la, the values of n. pass
through a maximum and begin to decrease. It is at this point that the iterative procedure
becomes inappropriate. The phenomenon occurs when the accumulated beta decays
cause dominance in the iron group to switch sufficiently from %Ni to 5*Fe, and thereafter
to 56Fe. Because #, is proportional to [#(%Ni)/#(%81)]", its value begins to decrease
when this shift to neutron-rich nuclei causes #(°¢N1) to decrease faster than »(*Si). The
onset of this region is clearly apparent in Figure 11e, where the calculation was perforce
terminated near f = 0.33.
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Fi1c. 12a.—FEvolution of the ratio n(Ni)/z(54Fe) during ?8Si burning at T'; = 4.0 for several densities.
Arrow indicates observed natural magnitude (solar system) of the ratio #(%Fe)/n(5‘Fe).

F16. 12b.—Evolution of ratio #(*Ni)/n(°*Fe) during 2Si burning at T's = 4.8 for several densities.
Arrow indicates observed natural magnitude (solar system) of the ratio n(%Fe)/n(**Fe).

The proton turnover which marks the advent of the beta-decay processes occurs near
f=0.6at Ty = 3.6 and p = 10" g cm~3 (see Fig. 11a), but at Ty = 4.4 and p = 107
g cm~3 it does not occur until the silicon is almost entirely gone (see Fig. 11c). This re-
flects the fact that as the temperature increases the time rate of silicon burning rises
and the decay processes do not compete so successfully. Examination of Figure 11 also
shows that both #, and #, increase with temperature for the same values of f and density.

At the beginning of the conversion, when #, is small, n(5Fe) will always exceed
n(*Ni). As n, rises, #(**Ni) rises more rapidly than #(5*Fe) and, in the absence of beta
decay, eventually becomes dominant. This dominance lasts until such time as #, has
substantially fallen because of beta decay. These characteristics can be seen in Figure 11
and are displayed more explicitly in Figures 12¢ and 125, where the ratio #(5¢Ni)/n(*Fe)
is displayed as a function of the fraction of 2Si remaining. Without beta decay this
ratio would be highest at high densities, because then #, is highest, and at low tempera-
tures, because then the tendency to the dissociation #Ni— Fe + 2p is least. However, in
just these conditions the decay processes are most important. The consequences of these
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conflicting effects are seen in Figure 12, where at low temperatures and high densities
(e.g., Ty = 4.0 and p = 10® g cm™?) the ratio starts relatively high but soon reaches a
peak and then falls. On the other hand, at high temperatures and low densities (e.g.,
Ty = 4.8 and p = 107 g cm™?) the ratio starts so low that, although it rises throughout
the region displayed, it is still comparatively small even when f has been reduced to
values as low as f = 0.05. The highest values of the ratio are attained at high tempera-
tures and high densities.

These considerations enable us to understand the results of TCG, who found **Fe to
be the most abundant iron-group nucleus produced in two different special cases: one at
Ty = 3.0 and p = 10 g cm~? and the other at 79y = 5.0 and p = 1.3 X 107 g cm—3. At
Ty = 3.0 the temperature is sufficiently low that the beta-decay and electron-capture
processes have had ample time to establish *Fe as the dominant iron-group nucleus. At
Ty =35.0and p =13 X 107 g cm~? the dominance of %Ni does not occur until a late
stage in the burning, at values of f lower than those considered by TCG. However, in a
large and important range including much of the region depicted in Figure 12, 8Nj is
characteristically the dominant iron-group nucleus produced in incomplete *Si burning.

d) Comparison with Natural Abundances

As discussed in § II, the natural abundances of elements in the solar system can be
partially accounted for in terms of quasi-equilibrium with #5i. A comparison was pre-
sented in Figure 3 between the observed abundances and the quasi-equilibrium abun-
dances calculated for a set of values of T', #,, and #,/#, chosen to match the observed
relative abundances of the alpha-particle nuclei and the observed natural ratio #(**Fe)/
n(*Fe) = 15.7. Values of the nucleon and alpha-particle densities which would give
similar matches at other temperatures were listed in Table 2. In this section we turn to
the question of whether the evolution of #Si burning carries the system through points
where these particular sets of quasi-equilibrium abundances are achieved and the values,
if any, of temperature and density for which this happens.

The quasi-equilibrium distribution at fixed temperature is determined by two inde-
pendent parameters. Possible choices for this pair include (1) #(*Ni)/#(**Fe) and f
and (2) n, and #n,/n,. The comparison for the first set of parameters follows directly
from the discussion of Figure 12. For the natural abundances discussed in § IT (Cameron
1967) the fraction of mass between A = 28 and A = 64 (inclusive) which is contained
in %Sj is about 25 per cent if one uses the meteoritic abundance for iron or about 36 per
cent if one uses one-fifth of the meteoritic abundance. Continuing to adopt the latter
choice for the present analysis, we look for solutions at about f = 0.35 (or slightly
higher if we remember from § II that type A solutions underestimate the abundances
of many of the neutron-rich nuclei below the iron group). Even allowing for the pos-
sibility that the meteoritic abundance should be used for iron, a good match will not
be obtained for f < 0.2. From the natural ratio for »(**Fe)/n(5'Fe) the quasi-equilibrium
calculation should give [log #(**Ni) — log #(*‘Fe)] = 1.2.

Examination of Figure 12 shows that the desired parameters are fairly closely ap-
proached but not quite reached at Ty = 4.0. The action of beta decay keeps n(**Ni)/
n(**Fe) from rising above about 10 at any density. On the other hand, at Ty = 4.8 the
desired point is reached, at densities slightly below p = 10° g cm™3,

An analogous comparison for the second set of parameters is made in Figure 13, where
evolutionary tracks of #,/n, are plotted at several temperatures and densities. The
“target point,” i.c., the best-fit values at each temperature {rom Table 2, are also dis-
played in the figure. This point depends upon the temperature but is independent of
the density. Characteristically one sees, as #, increases, that #,/#, rises until such time
as beta decay causes it to peak and subsequently begin to fall. This falloff in #,/#, ap-
pears to exclude solutions at temperatures as low as Ty = 3.8. At Ty = 4.0 there is
somewhat better success but still not a very good match. The effect of the beta decay is
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F16. 13a.—Evolution during 2881 burning at 75 = 3.8 of the ratio #,/n, as a function of n, for several
densities. Circled cross represents the best match at 7'y = 3.8 to the natural solar-system abundances; its
coordinates are taken from Table 2.
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Fic. 13b.—Evolution during 285i burning at T's = 4.0 of the ratio #,/#, as a function of #, for several
densities. Circled cross represents the best match at T's = 4.0 to the natural solar-system abundances; its
coordinates are taken from Table 2. Dotted line indicates evolution at p = 107 g cm™ were there no beta
decay or electron capture.

352

© American Astronomical Society * Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1968ApJS...16..299B

T T T L T '
Tg:4.4
8 | DENSITY 8  DENSITY
(g/ec) {g/cc)
& F
~
[ L a I~
m (=
o
< 9 Q
o
% ol _Om e _OM
S 10 10
L oo -
ﬁ . 107
6
s 10 4 08
{ 1 | I ] 1
26.0 28.5 27.0 26.5 27.0 27.5
LOG ng4 {CM-3) LOG anaoz_..uv
F1c, 13¢ Fi1c. 134

Fic. 13¢.—Evolution during 2Si burning at Ty = 4.2 of the ratio #,/#, as a function of #, for several
densities. Circled cross represents the best match at Ty = 4.2 to the natural solar-systemm abundances;
its coordinates are taken from Table 2.

Fic. 13d.—Evolution during »Si burning at Ty = 4.4 of the ratio #,/#, as a function of #, for several
densities. Circled cross represents the best match at Ty = 4.4 to the natural solar-system abundances; its
coordinates are taken from Table 2. Solid dot cortesponds to the point at g = 108 g cm—3 where f = 0.35;
the abundance distribution of Fig. 14a corresponds to this point.
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F16. 13e.—Evolution during 28Si burning at Ts = 4.8 of the ratio n,/n, as a function of #, for several
densities. Circled cross represents the best match at Ty = 4.8 to the natural solar-system abundances; its
coordinates are taken from Table 2. Solid dot corresponds to the point at p = 10° g cm—® where f = 0.35;
the abundance distribution of Fig. 145 corresponds to this point.
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explicitly displayed at p = 107 g cm—3, where the results of a calculation with no decay
are also shown. Were it not for the decay, a trajectory for a density of about 3 X 107
g cm—3 would pass through the desired point.

Results displayed in Figures 13¢—13e indicate that good fits can be achieved at temper-
atures between Ty = 4.2 and Ty = 4.8. In each case, one of the plotted curves passes
close to the point, and with intermediate choices of density still better fits can be ob-
tained. Extrapolation of the present results indicates that a similarly good fit can be
obtained at 7Ty = 5.0, for a density somewhat above p = 10° g cm™3.

Above Ty = 5.0 one will find it increasingly difficult to match the abundances of the
alpha-particle nuclei as a whole. While an arbitrary desired value of #, might be attained
in the evolution of *Si, examination of Figure 5 shows that no value of », will provide
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F16. 140.—Comparison of natural solar-system abundances with quasi-equilibrium abundances
reached in 2851 burning at 7o = 4.4, p = 10* g cm™, and f = 0.35.

simultaneous fits for the entire group. In fact, even the fit at T = 5.0 is of marginal
quality. Were one to use the meteoritic abundance for iron, rather than one-fifth of this
abundance, the %Ni point would be raised, making the agreement still worse at high
temperatures. :

A more detailed comparison of calculated and observed abundances may be made by
exploring the success of the present solutions in matching the abundances of the nuclei
between 4 = 28 and 4 = 62, A comparison of this sort has already been made at
Ty = 4.2 in Figure 3. The values used, log #, = 26.96 and log (n,/#n.) = 7.86, were
selected a priori for a good fit. However, as can be seen in Figure 13¢, the evolutionary
track at p = 108 g ca—3 passes quite close to this point, going through log (n,/#.) =
7.82 at log n, = 26.96. This implies a 5 per cent disagreement in the value of #, and a 10
per cent disagreement in the ratio #(5%Ni)/#(5Fe). Such discrepancies are too small to
note in Figure 3, and this figure is an excellent representation of the abundances from
%51 burning at Ty = 4.2 and p = 10 g cm™® for f = 0.4.

Similar abundance comparisons at Ty = 4.4 and Ty = 4.8 are shown in Figures 14¢
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and 144 for points (indicated by heavy dots) on the evolutionary tracks in Figure 13.
These points, both for f = 0.35, are close to the target points from Table 2 but do not
exactly match them. Because of the slightly high value of #, at T’y = 4.4, the calculated
value of #(%Ni) is slightly too high in Figure 14a4. Otherwise the fit at Ty = 4.4 is
about as good as can be obtained for any type A solution at this temperature. At
Ty = 4.8, the value used for », is again higher than the best-fit value. As might be
anticipated from examination of Figure 5, this results in a good match at 4 = 56 but
a sizable discrepancy at A = 48 and 52. The growing inability to match simultaneously
the abundances of all the alpha-particle nuclei argues against pursuing the *Si-burning
calculation above Ty = 5.0,
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Fic. 14b.—Comparison of natural solar-system abundances with guasi-equilibrium abundances
reached in 2831 burning at Ty = 4.8, p = 10° g cm™3, and f = 0.35.

We conclude that for temperatures between Ty = 4.0 and T’y = 5.0, 51 burning can
indeed lead naturally to alpha-particle and nucleon densities which give the natural
abundances of the alpha-particle nuclei and the natural ratio #(**Fe)/#(%¢Fe). For the
lower temperatures this occurs at densities between p = 107 gcm3 and p = 10® g cm™®
and at the higher temperatures near p = 10° g cm™2. A precise delineation of a region of
acceptable fits or a search for the very best fit among the acceptable fits is not attempted.
It is most unlikely that the observed solar-system abundances are the consequences of
processes limited to one single temperature and density. Therefore, quantitative com-
parisons of observations with results calculated at a single constant temperature and
density are of interest for illustrative purposes only. Tke important conclusion of the pres-
ent analysis is that there exists a region, extending from about Ty = 3.8 and p = 10" g cm™3
to Ty = 5.0 and p = 10° g em=3, within which a superposition of BSi-burning histories,
over a range of temperatures and densities, can account for important features of the natural
solar-system abundances. In particular, they account for the abundances of the A = 4n
nuclei and the abundances of the dominant iron-group nuclei from A = 49 to A = 57. The
quasi-equilibrium abundances of the remaining nuclei between 4 = 28 and 4 = 62 are
less than the natural abundances, and secondary processes must therefore be invoked
to explain these abundances.
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A comment on this analysis can be made for burning in which other alpha-particle
nuclei, most probably Mg and S, may be present initially in appreciable quantities.
These nuclei undergo photodisintegration more rapidly than does #Si, and this leads to a
quasi-equilibrium with %Si in a considerably shorter time than in pure silicon burning.
The burning of a gas in which initially 325/%Si = 2, for example, achieves a silicon
quasi-equilibrium with a silicon mass fraction equal to 0.5 faster than the value f = 0.5
is achieved in the burning of pure ®Si. The quasi-equilibrium abundance distributions
are identical if beta decays have been unimportant. For evolutionary tracks like those
in Figure 13, however, the shortened time can have the effect of delaying the turnover
in #,/#.. A thorough analysis of the silicon quasi-equilibrium when beta decays have
been effective therefore depends upon the initial composition. The final products of
carbon and oxygen burning, which serve as the initial composition for silicon burning,
are not yet well established. It may, in fact, happen that carbon or oxygen burning merg-
es continuously into a silicon quasi-equilibrium. This point needs further research for
its clarification.

VI. THERMONUCLEAR ENERGY GENERATION

The determination of the rate of thermonuclear energy generation is essential to
the understanding of the relationship between the nuclear processes and the possible
stellar environment. As an aid toward the eventual development of a self-consistent
picture for this relationship, we here consider the energy generation under idealized con-
ditions of constant temperature and pressure. We first discuss the total amount of nucle-
ar energy that has been liberated at given stages in the burning process, and then we
discuss the time rate of the nuclear energy generation.

The conversion of #Si to the iron group is, for the most part, accompanied by a de-
crease in rest mass and a release of nuclear energy, because the binding energy per
nucleon increases as one proceeds along the nuclear stable valley from 4 = 28 to 4 =
56. An exception to this primarily exoergic trend is provided by the disintegration of
8Si into lighter elements, particularly protons and alpha particles. In the conditions of
the present study, the protons are particularly important in energy considerations be-
cause of the large energy expended in the production of free nucleons (8.4 MeV per nucle-
on) and because the number densities of free protons are large (usually in excess of the
alpha-particle number density). As will be discussed further below, the role of the free
protons is very appreciable near the high end of the range of temperatures considered
(Ty = 5.0), but over most of the temperature interval of interest the exoergic production
of iron-group elements is dominant.

The nuclear energy released in reaching any stage of the *Si conversion can be calcu-
lated from the number densities and masses of the constituents. In the present program
it was calculated at each step of the iteration from the expression for the mass decrease,
AM:

E(S) mﬁﬁ , (33)

—_ A
AM = T An(12)| g -
where E is the mass excess per atom, and the summation is taken over all nuclear species,
including free nucleons. Results of these calculations are shown for several representative
cases in Figures 15 and 16. The energy released per (converted) nucleon, AM /Np(1 — f),
is plotted in Figure 15 as a function of the fraction f of %Si remaining and in Figure 16
as a function of the density p. Several trends are apparent:

1. After an initial endoergic stage when the abundance of *Mg and lighter constitu-
ents Is first built up, the energy released per nucleon increases as the %Si depletion pro-
gresses (at constant temperature and density). For a broad intermediate interval follow-
ing this initial period, the most abundant nucleus other than %5i is 325, for which the
energy released is 45 keV per nucleon. The dominance of S in determining the energy
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released is particularly striking at 7' = 4.0, p = 107 g cm™3, and f = 0.65, when together
2851 and %?S contain 92 per cent of the nucleons, and the energy released has been about
52 keV per converted nucleon, Still later in the conversion the iron-group nuclei become
the most important. The energy released is 195 keV per nucleon for 5*Ni production and
290 keV per nucleon for *Fe production. It is to be noted that the process 2 %5i—
84Fe 4 2p is endoergic (—23 keV per nucleon) but that the production of *Fe itself is
exoergic 1f the free-proton density is kept low by the nuclear rearrangements consequent
upon electron capture. This distinction is relevant for the present purposes because both
situations are encountered. We can consider two examples, both at p = 107 g cm™3 and
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F16. 15.—Cumulative nuclear energy released in 285i burning. Ordinate is cumulative energy release
per converted nucleon, AM/Ng(1 ~ 1), at p = 107 g cm™3 for several temperatures.

F16. 16.—Dependence on density of nuclear energy released in 285i burning. Ordinate is cumulative
energy released per converted nucleon, AM /N (1 — f), at f = 0.35 for several temperatures.

f = 0.35, in cases in which #(**Fe) > #(**Ni). At Ty = 3.6 the conversion has been slow
enough to allow appreciable beta decay and electron capture, Z/N being reduced to
0.981. Here #n(**Fe)/n(**Ni) = 5 and #,/#(**Fe) = 515. Thus the endoergic proton
production is unimportant. On the other hand, at Ty = 4.8, #n(5*Fe)/#(*Ni) = 2, and
thus ®*Fe again is the main iron-group nucleus, but #,/#(’*Fe) = 4 and the net effect
of 5¢Fe production is endogeric.

2. At a given %Si depletion and density, the energy released decreases with increasing
temperatures. This trend is a result of the greater dissociation into free protons and
alpha particles. Again considering the case p = 107 g cm—2 and f = 0.35, this dissociation
accounts for the difference in energy liberation at Ty = 4.0, where #(*Ni) > n(5*Fe),
and at Ty = 4.8, where the %Ni has been, in effect, partially dissociated into %Fe - 2p.

3. For fixed temperature and 28i fraction, the energy released per nucleon increases
with increasing density. This effect arises because the magnitudes of #, and #n, are
stabilized by the abundance ratios #(4Z)/n(®Si). These ratios vary relatively slowly
with density at fixed f, whereas the magnitudes of #(4Z) are approximately proportional
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to the density. Thus the protons and alpha particles constitute a decreasing fraction of
the total mass as the density increases, and their endoergic production becomes less
significant.

In summary, we see from Figures 15 and 16 (and more extensively from Table 4)
that, for a wide range of conditions relevant to #Si burning, the energy released has been
between 50 and 200 keV per converted nucleon. However, the energy liberation can be
substantially less than 50 keV at sufficiently high temperatures, at sufficiently low
densities, or early enough in the #Si burning. In fact, under conditions which are not
very extreme, the burning can consume rather than produce energy.

While the foregoing considerations are of interest for the understanding of the nuclear
energetics, the more important quantity for astrophysical problems is the time rate of
nuclear energy generation. For circumstances in which the energy released per nucleon
can be taken to be roughly constant (e.g., 50-200 keV per converted nucleon), this time
rate of nuclear energy generation is proportional to the time rate of %Si depletion.

A model for the calculation of the energy generation has been developed by Finzi and
Wolf (1966), under the simplifying assumption that 5Ni is the major product of #Si con-
version and, in the spirit of this approximation, that the energy contribution of other
constituents may be ignored. We reproduce their argument, with minor modifications.

Assume that each photodisintegration of #Si, which is assumed to occur at the rate
Ao (*Mg)n(**Mg), results in the reaction %Si + 3Si— %Ni 4+ 10.92 MeV. It is then
elementary to show that the lifetime of %8i is

3/2 28Q7 1/7
1 = HOmm.quﬁxm.mv ﬁSA mbg AQn.QAmovaﬂnva_.E‘cdn:

7 (B8] n(8Ni
o s.aaf To\/2 SMwmmwv VI _ysasorme 4 3
~ 1015- AMV _Hgg € s€cC
and the time rate of energy release, e, is then
~ —b ]§ AmeI.mv —1 —1
e~1.74 X 10 207 (5D ergs g ! sec™!. (35)

With the additional approximation that X(®Si) + X(*Ni) = 1, which is consistent
with the assumption that the basic reaction is 2 25i — %Ni, one would insert in the ex-
pression for = the approximation

n(®S) o
n(®Ni) ~ 1 —f

(36)

and obtain therefrom expressions for = and for ¢ that depend only upon f and 7%. Thus

€= Howu.;.nﬁmw.vws HWINM :qmzrs.me s ergs gt sec™! . (37

This calculation focuses more clearly on the crucial issues than did previous ones and
has the merit of physical simplicity. However, several of its assumptions are not always
well satisfied;

1. In taking %¥Ni to be the only product of #Si conversion, the calculation overesti-
mates the alpha-particle density and therefore underestimates the concentration of
24Mg in equilibrium with %Si. Thus e is underestimated. This effect is particularly pro-
nounced at low values of f, where #(**Ni) is very low; at low temperatures (T < 3.6),
where the action of beta decay and electron capture cause 5Fe to be the dominant iron-
group preduct; and at high temperatures (T > 4.8), where the dissociation *Ni—
34Fe + 2p is favored. However, even large fractional errors in #(%Ni) lead to compara-
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tively small fractional errors in ¢, because the dependence is only through a term in
T (PN,

2. The production of nuclei other than *Ni leads to an energy release which is usually
less than for 56Ni alone. As was seen in Figure 14, a typical average for the energy liber-
ated (at Ty = 4.0) is about 100 keV per nucleon, corresponding to an overestimate in e
of about a factor of 2. Near Ty = 5.0 the error in € can be much larger.

3. In assuming a downward flow from 2Si equal to A,.(**Mg)n(**Mg), the calculation
neglects the upward flow from alpha-particle capture in *Ne and thereby overestimates
e (see Fig. 8). The error is greatest at high temperatures and near the end of the con-
version.
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Fic. 17 —Time rate of nuclear energy generation in 22Si burning as a function of the fraction f of 28Si
remaining. Solid curves are from the present calculation at Ty = 4.0 for several densities. Dotted curve
is from an approximate (density-independent) calculation by Finzi and Wolf (1966).

F1c. 18.—Time rate of nuclear energy generation in #*Si burning as a function of temperature, at f =
0.5. Solid curve is from the present calculation at p = 107 g cm™%. Dotted curves are from (¢) an approxi-
mate Aamum#w-mnamwoumon% calculation by Finzi and Wolf (1966); and (b) an empirical match to the
solid curve near its end points. .

A more precise determination of e, which avoids these approximations, is possible
through the quasi-equilibrium calculation described in § V. At each step of the iteration,
e can be calculated from the increment in AM and from the time interval. Results of such
calculations are displayed in Figures 17 and 18. These results show that e increases
rapidly with increasing temperature, that e decreases as the conversion proceeds to
smaller f, and that e is relatively insensitive to density. These dependences can be under-
stood in terms of the time rate for %3i conversion, discussed in § Va, or from the qualita-
tively equivalent model of Finzi and Wolf.

The results of the Finzi-Wolf model are also shown in Figures 17 and 18. It is seen
that the main trends of the present, more complete calculation are well reproduced and
that the quantitative agreement is reasonably good over large regions, However, there
are discrepancies of about a factor of 10 at extreme points in these figures, and even
greater discrepancies exist at still less representative points.
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A somewhat better match to the quasi-equilibrium calculation is given by the empiri-
cal expression:
log e~ 30.84 4 log [f/(1 — f)] — 60.77/T, . (38)

This expression is similar to the expression from the Finzi-Wolf analysis but differs
slightly in functional form and in parameters. It is intended to match the results of the
quasi-equilibrium calculation at p = 107 g cm™3, which are displayed in Figures 17 and
18, In particular, it gives an exact match at p = 107 g ecm=3, f = 0.5, for Ty = 3.6 and
Ty = 4.8. It gives a good match at intermediate temperatures, as seen in Figure 17. The
match is not quite so successiul at other values of f, as can be shown by a comparison
(not plotted) with the results in Figure 17. It is to be emphasized that this empirical
expression can be relied on only near Ty = 4.0, p = 107 g cm—3, and f = 0.3. It is par-
ticularly deficient in that it contains no dependence on density, which, as seen in Figure
16, is a serious failing at low densities and high temperatures. For more accurate rep-
resentations of the results of the quasi-equilibrium calculation, the reader is referred to
Table 4.

The rate of nuclear energy generation, €, can be compared to other energy sources and
sinks which may exist in the stellar environment. The case 7y = 4.2 and p = 108 g cm ™3
will be considered as a somewhat typical situation, in the sense that here the quasi-
equilibrium abundances and the natural solar-system abundances are in relatively good
agreement. Under these conditions the energy release is roughly between 10!7 and 1018
ergs g1 sec™! for f between 0.6 and 0.2. The cumulative energy which has been liberated
at f = 0.35, reached at ¢ = 1.8 sec, is 7 X 10'® ergs ¢! or about 70 keV per nucleon
(considering all nucleons, not just the converted nucleons). In the brief time interval
required to reach f = 0.35, beta decay and electron capture can account for less than
2 per cent of this energy in neutrino losses. Neutrino luminosity from pair annihilation
accounts for only about 1 per cent of the total energy (Fowler and Hoyle 1964, eq. [21]).
Increases in thermal kinetic energy due to an increase in temperature or in the number
of nuclear particles can also account for only a small fraction of the total energy output.
Finally, it can be noted that the energy release of 7 X 10¢ ergs g~! corresponds to a
velocity of about 3600 km sec™?, if all converted to kinetic energy, which does not differ
greatly from possible speeds of the mantle plus envelope in typical type II supernovae
(as discussed by Fowler and Hoyle 1964, p. 58).

VII. THE APPROACH TO QUASI-EQUILIBRIUM

The quasi-equilibrium with #Si cannot be established at once. As the first alpha par-
ticles are liberated by the photodisintegration of %5i, they are consumed in a simple flow
from %Si toward the iron group. The heavier elements must build up in abundance be-
fore their own photodisintegration becomes prominent enough to balance (approximate-
ly) the capture flow coming from smaller atomic weight. It is at this point, when the rate
of formation of (4Z) from lighter nuclei and the rate of destruction of (4Z) to lighter
nuclei substantially exceed dn(41Z)/dt, that the quasi-equilibrium assumption becomes
a good approximation, Thus a minimum test for quasi-equilibrium is that the production
and destruction rates for each nuclear species be much greater than the rate of change of
the abundance of that nucleus as computed from two successive quasi-equilibrium dis-
tributions, This condition is, however, not sufficient to guarantee that the quasi-equilib-
rium could have been established. It only guarantees that the equilibrium, once achieved,
can be maintained.

The most serious obstacle in 2Si burning for the attainment of equilibrium is connect-
ed with the abundance minimum near 4 = 44. Reference to Figures 3 and 14 illustrates
that the quasi-equilibrium abundances in this region are several orders of magnitude
smaller than the abundances on either side. The danger to quasi-equilibrium is that the
current through this abundance minimum may not be large enough to provide for the
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buildup of the more abundant iron peak. The relevant nuclear reaction rates, calculated
from nuclear systematics, have been tabulated by TCG. Inspection of these rates sug-
gests that there is indeed a bottleneck at #Ti. The *“Ti quasi-equilibrium abundance is
typically a factor of 100 less than that of *°Ca. The upward flow from #Ti is carried
primarily by the *Ti(a,p)¥V and “Ti(n,v)*T1 reactions. The (a,p) reaction wins over
the competing (ea,y) reaction because the (a,p) Q-value is —0.5 MeV, and proton emis-
sion from the compound nucleus ¥Cr is more probable than gamma emission for typical
incident alpha-particle energies of about 5 MeV. Other reactions, such as #*Ca(a,p)*’Sc,
sometimes contribute appreciably, but they are not the dominant paths. The rate at
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Fic. 19.—Approach to quasi-equilibrium in 2851 burning. Abundances calculated by Truran, Cameron,
and Gilbert (1966) are compared with quasi-equilibrium abundances obtained by using the TCG values
of #4, #,, and #, in eq. (3). Horizontal dotted lines represent a region (£ 5 per cent) in which disagree-
ments may be attributed to computational errors rather than to a violation of quasi-equilibrium.

which nuclei pass from 4 < 44 to 4 > 44 is thus largely dependent on #(*T1), #,, and
n,. If these concentrations are not sufficiently great to provide for the rate of growth of
the entire iron peak, the abundances of the iron group will lag behind their quasi-equilib-
rium values.

This lag does occur, as can be seen by examining the extent to which the results of
the TCG numerical integration at Ty = 5.0 and p = 1.3 X 107 g cm™? correspond to
quasi-equilibrium. In Figure 19 we have plotted the variation with time of the ratios
of the concentrations of *Q, Ca, ¥V, and **Fe, as given by TCG, to the quasi-equilib-
rium values from equation (3). The TCG densities for #(*Si), #., #,, and #,, at the suc-
cessive times, were used in the later calculation. It can be seen that #Ca attains its
quasi-equilibrium value almost at once, whereas ¥V and 5Fe lag appreciably. However,
for these nuclei as well, the quasi-equilibrium abundances and the TCG abundances
have reached good agreement {within 5 per cent) by the time that the #Si fraction has
been reduced to f = 0.35. (The fact that the TCG abundance for #Fe does not quite
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reach the quasi-equilibrium value even by the end of the period considered is not taken
as evidence that quasi-equilibrium is not attained. For other iron-group nuclei, not in-
cluded in Fig. 19, the TCG abundance exceeds the quasi-equilibrium abundance by
several per cent, Discrepancies of a few per cent are not considered here to be computa-
tionally significant.) It should be added that #,, #,, and #, attain their internal equilib-
rium much earlier in the burning. On the other hand, #(**0) does not reach its equilib-
rium value even by the end of the period considered and must be determined in a quite
different fashion, as discussed in § ITI.

The time scale in Figure 19 is taken from TCG, and that comparison is concerned
only with questions of abundance and not with time. However, it has already been seen
in Figure 10 and the associated discussion that the time scales are in good agreement for
the TCG calculation and the present calculation. It is concluded from these and other
comparisons that quasi-equilibrium is a good representation of the actual conditions of
285} burning at Ty = 5.0 and p = 1.3 X 107 g cm™? after the *Si concentration has been
reduced below f = 0.5. Although the agreement is not good during the relatively rapid
first stages of the burning, we are in fact primarily interested in the later stages, because
it 1s here, near f = 0.35 or 0.40, that a match to the natural abundances is sought.

The case Ty = 5.0 and p = 1.3 X 107 g cn—3 has been examined in particular detail
because it provides the one example in which the quasi-equilibrium results can be com-
pared in detail with those of TCG. It does not, however, represent the most probable
conditions for 2Si burning. The situation at other temperatures and densities, as well
as for this case, can, in principle, be examined through an analysis of the internal con-
sistency of the quasi-equilibrium calculation, without recourse to comparisons such as
the one made with the TCG results. The criterion for quasi-equilibrium to be established
in the face of a bottleneck at #Ti is that the total number of reactions at this bottleneck
be large compared to the quasi-equilibrium number of nuclei above #Ti. Thus, for quasi-
equilibrium to be valid at time ¢, it is required that

o\wS% > > n(AZ,h) , (39)

A4

where 7(r) is the sum of the contributing reaction rates at time = and #(4Z,t) is the num-
ber density of (4Z) at time ¢ The term in 7 from the Ti(a,p)¥V reaction, for example,
is the product #,2(*T1){c,.,(**Ti)v,). An approximate evaluation of the integrated re-
action rate (the left-hand side of relation [39]) was carried out, summing the contribu-
tions of the *Ti(a,p)¥V, #Ti(n,7)*Ti, and 2Ca(a,p)*Sc reactions. The cross-section
terms, {ov), were taken from TCG, and the number densities at successive times 7 from
the quasi-equilibrium #Si-burning calculation. The total number of nuclei above #Ti
(the right-hand side of relation [39]) is also obtained from this calculation.

The comparison of the two sides of relation (39) is displayed in Figure 20 for two
cases: (@) Ty =50and p=10X 10" gcm3and (J) Ts=42and p =10 X 10¥ g
cm—3, Case a is chosen for its similarity to the conditions of Figure 19; case b is chosen
because the temperature and density are probably more typical of the actual conditions
of %Si burning. It is seen that in both cases the criterion of relation (39) is well fulfilled
when the 2Si depletion has progressed to f = 0.4 but that it is not fulfilled early in the
28i burning. The criterion is fulfilled slightly earlier for case & than for case a. This sug-
gests that the comparison at Ty = 5.0 and p = 1.3 X 107 g coo— represents a somewhat
unfavorable case, and in more typical circumstances the quasi-equilibrium calculation
is a slightly better representation of %Si burning than was implied by the earlier examina-
tion of this case.

The conclusion reached from this one test was confirmed by a rough survey at other
temperatures and densities in which the products of the reaction rates and elapsed time
at f = 0.65 were compared with the total numbers of nuclei above A = 44. In agreement
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with the previous more restricted result, it was found that the quasi-equilibrium require-
ments were better fulfilled for most temperatures and densities in the interval 7y = 3.4—
5.0 and p = 105-10° g cro2 than for the reference conditions at 79 = 5.0 and p = 107 g
cm .

An exception to this generalization occurs in the region of low densities and high
temperatures. Here the quasi-equilibrium is approached more slowly. Among a host of
competing effects, the slow attainment of equilibrium under these conditions (and, to a
lesser extent, at Ty = 5.0 and p = 107 g cm—?) can be attributed chiefly to the fact that
the concentrations of alpha-particle nuclei, such as *Ni and *Ti, are relatively low and
the concentrations of neutron-rich nuclei, such as #¢Fe, are relatively high (see Fig. 12).
Then, considering the situation at fixed f, specifically f = 0.65, it follows that (1) the
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Fi6. 20.—Exzamination of impediment to the attainment of quasi-equilibrium caused by the slow
rate of reactions at #4Ti. Solid curves give as a function of f the total number of nuclei above 4 = 44,
Dotted curves give as a function of f the total (cumulative) number of #Ti(a,p)*V, #Ti{(n,v)*Ti, and
#Ca(a,p)¥Sc reactions, as calculated using quasi-equilibrium densities found from the present calculation.

low magnitude of #(**Ti) makes the reaction rate low and (2) the small fractional reduc-
tion in the very large number density of 328 frees enough nucleons to increase substantial-
ly the total number of nuclei above 4 = 44, particularly 54Fe. Both of these effects work
against the attainment of equilibrium. However, it is to be noted that the low-density,
high-temperature conditions, in giving an abundance peak at 4 = 34, cannot provide
a match to the natural abundances. Therefore, they presumably do not correspond to
the actual conditions of %Si burning, and one is less concerned with quantitative preci-
sion than in the case of more typical conditions.

In summary, it appears that quasi-equilibrium is well fulfilled (within S or 10 per
cent) in the most relevant circumstances after about half the 2Si is burned. Quantita-
tive details of the validity of this approximation depend on the fraction which has been
burned, the temperature, and the density. In general, the approximation is best at low
values of f and for temperatures and densities which match the natural abundance peak
at 4 = 56.

If necessary, the quasi-equilibrium calculation could probably be modified to give
better results early in the burning. It seems that nuclei up to “Ti are early in quasi-
equilibrium with #Si and that the iron group is in quasi-equilibrium with *Ni, #,, and
n, but that there is an early impediment to the transfer of nuclei from the lower pool
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to the upper pool. A refined approximation, therefore, would be the modification of the
computational procedure so that it explicitly follows the transfer of one group of quasi-
equilibrium nuclei into the other group of quasi-equilibrium nuclei. This modification
could be made but has not been attempted in the present work.

VIII. COULOMB-ENERGY CORRECTIONS

The equilibrium relations contain exponentials of the energy difference between com-
bined and dissociated states of the composite nuclei. In first approximation these energy
differences are simply the differences of the atomic-mass excess of the particles, inasmuch
as the number of electrons remains the same in each dissociation. The Coulomb inter-
action energy between nuclei and electrons, which is usually ignored for conditions rele-
vant in laboratory experiments, may in the present problem amount to a non-trivial
fraction of 27" and hence should be considered.

The atomic-mass excess of an isolated neutral atom is smaller than the mass excess
of the nucleus plus electrons by an amount equal to the atomic binding energy. In the
conversion to nuclear-mass excesses, therefore, the atomic values should be augmented
by their atomic binding. Empirical adjustment of the Thomas-Fermi atomic model
(Foldy 1951; we have changed Foldy’s numerical coefficient from 15.73 to 15.6) yields,
as a good approximation to the atomic binding,

W(4AZ; atom) ~ —15.62717 ¢V . (40)

In the thermal environment characteristic of silicon burning, on the other hand, the
nuclei are completely ionized. A Coulomb interaction between the ions and the electrons
nonetheless persists because of the polarization of the plasma surrounding each ion.
Because the electron density near each nucleus is considerably larger than for a neutral
atom at terrestrial densities, the plasma polarization energy, which we will call W(4Z;
plasma), is generally greater than the normal atomic binding energy W(4Z; atom). The
nuclear process

A.be + A}NN& - T_T»»ANH + Z3)]

liberates the increase in nuclear binding energy plus the increase in the plasma binding
energy. These two Coulomb corrections may be included by using for the mass of each
ion

M(AZ; plasma) = M(4Z; atom) — Zm, — W(4Z; atom) -+ W(4Z; plasma) . (41)

The calculation of the plasma interaction energy is a difficult matter. For qualitative
orientation we wish to examine the value given by the Debye-Hiickel model, although
the requirements for the validity of that model (cf. Salpeter 1954) are not satisfied in all
silicon-burning circumstances. In that approximation

2,2
W(4AZ; plasma) = —1% NMW , (42)
where the Debye radius is designated by Rp:
M RT N2
Rp = Lneiogs (43)
and where
N. 1/2
¢ = | @+ 23] (44)
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is something like an average ionic charge. Numerically, taking ¢ = 3 for partially burned
8Gj

1/2
W(AZ; plasma) = &m@@& keV (45)
9

where p; = p/10". It is quite evident that, in the Debye-Hiickel approximation, the
plasma interaction energy is much larger than the atomic binding energy. As seen from
the negative sign and the quadratic Z dependence, the composite particles are more
tightly bound than in the absence of the plasma interactions.

The main consequences of the plasma interaction in changing equilibrium abundances
in the region from 2Si to %Ni can be understood by considering the alpha-particle
nuclei alone. Thus we consider reaction chains which connect 28Si and §,. alpha particles
to the nucleus (4Z). The true energy release, Q°, which includes the correction for the
plasma interaction, differs from the value Q taken from the atomic masses by AQ =
Q° — Q, where

AQ = —[W(AZ; plasma) — W (®Si; plasma) — §,W (*He; plasma) ].  (46)
Using equation (45), this gives
AQ/RT = bd,(1 + 6./13) , 47
where
b = 1.6p2Ty7%2 (48)
The corrected number density, #°(4Z), is then
#*(4Z) = C(AZ)n(BSi) (n,5) e A QI*T (49)

where #,° is the alpha-particle number density in the corrected calculation. For a given
fraction f of %Si remaining, #°(4Z) would differ by the very large factor exp (AQ/kT),
were n,° = #n,. However, it is not possible for all concentrations to rise and p and f still
to remain constant. To hold the total density fixed, #,¢ will be related to #, by the ex-

pression
na® = na exp [— &(1 + (6.)/13)], (50)
where (8, ) is an average value of §, such that the requirement
ZAC(HZ)n(BSi)n," = ZAC(AZ)n(BSi) (n,°) s 2 QAT (51)

is satisfied. Under typical conditions of 2!Si burning, (8.) is in the neighborhood of
(8.) = 6. Substituting the value of »,* from equation (50) in equation (49), one finds

n(4Z) = n(4Z) exp [86.(6. — (8.))/13]. (52)
Thus, for example, under conditions where {8,) = 6,
n°(88N1) ~ n(6Ni)er/? . (53)

This correction factor, while not negligible at all densities and temperatures of interest,
is far smaller than the correction factor exp (AQ/%T) which would apply were the alpha-
particle density fixed.

More quantitative statements are not appropriate without further analysis, because
in the region of temperatures and pressures where the correction becomes appreciable,
say T's = 4 and p; = 10, the Debye-Hiickel criteria of validity become seriously violated.

A corollary to the changes in abundances implied by the Coulomb corrections is a
change in time scale, The corrected value of the alpha-particle density is less than the
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uncorrected value by the factor exp [6(1 -+ {5(8.))], and therefore, in equilibrium,
#n°(**Mg) will tend to be increased by the same factor. This factor is partially compen-
sated by the increase in the average binding energy of the alpha particle in #Si, which
reduces #°(**Mg) by the additional factor exp [—&(1 — #;)]. In first approximation, the
effective photodisintegration rate of »Si is proportional to #°(**Mg), so that the cor-
rected time scale is smaller than the uncorrected time scale by the factor exp [—&((6.) +
1)/13}. For example, were & = 0.2 and {8,) = 6, this would correspond to a reduction
in the time by about 10 per cent. However, a time shift of this magnitude is insignificant
in the context of %Si burning, because the value of \,,(**Mg) is not known to that ac-
curacy and because the same shift may also be achieved by changing the burning tem-
perature by the very small amount ATy >~ 0.01.

The calculations of the present paper have been made without the Coulomb correc-
tions discussed in this section, and at the present time we see no compelling reason to
include them. As seen above, although the abundance ratios at fixed #,, p, and T are
altered considerably by these corrections, the distributions at fixed f, p, and T are not
much altered. Furthermore, the time scale without Coulomb corrections at temperature
T is nearly indistinguishable from one at T" 4 AT where the increment AT is small,
The astrophysical circumstances are not known with sufficient precision to distinguish
the two situations.

IX. DISCUSSION

The study described in this paper has examined silicon burning under conditions of
constant temperature and density. The site of this burning has not been spectfied. How-
ever, even if we could assign one specific site to the burning process, such as a shell ex-
terior to the core of a supernova, it is unreasonable to suppose that the temperature and
density are constant, either in space or time, during any one burning history o+ that the
temperature-density histories of different supernovae are identical. A meor. realistic
analysis must include evolutionary histories of the stars, in which the tempe.ature and
density are changed in accordance with an appropriate model of the stellar dynamics.
The observed solar-system abundances are then to be attributed to the superposition
of a number of such silicon-burning sequences.

In making comparisons with natural abundances, an abundance has been chosen for
iron which is one-fifth of the meteoritic value tabulated by Cameron (1967). The intro-
duction of this reduction factor was motivated by the fact that the abundance for iron
found from solar photospheric studies is substantially less than the abundance found
in meteorites. It must be recognized, however, that there is no firm basis for preferring
the photospheric abundance to the meteroritic abundance, especially since the solar
coronal abundance substantially exceeds the photospheric value. A general review of
the conflicting evidence relating to the abundance of iron has recently been presented
by Urey (1967), with references to the relevant literature. In view of the continuing
uncertainty, the correct abundance for iron must be viewed to be an open issue, and the
factor of + may turn out to be incorrect.

It is therefore of interest to examine the consequences of using the meteoritic abun-
dance for iron, which raises the natural abundances of all iron isotopes by a factor of
5 over the values used in the earlier parts of the present paper. With this change the best
agreement between the quasi-equilibrium solutions and natural abundances will be
achieved at relatively low temperatures. This is evident, for example, from Figure 3,
where a high value for the point at 4 = 56 implies a relatively steep curve (shifted up-
ward in absolute position), corresponding to Ty =~ 4.0 or less. The match to the total
array of points will not be particularly good, with rather large discrepancies at 4 = 40
and 4 = 52.

A more complete comparison is presented in Figure 21 between the natural abun-
dances (without the factor 1) and the quasi-equilibrium abundances. Results are shown
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for Ty = 4.0, p = 10" g cm™3, and f = 0.25. The match in Figure 21 is poorer than those
achieved with the lower iron abundance (Figs. 3 and 14). Perhaps the most flagrant dis-
crepancy is at ®Mn, where the quasi-equilibrium abundance in Figure 21 exceeds the
natural abundance by a factor of 7. The discrepancy throughout the chromium isotopes
may also prove troublesome to an interpretation of this kind.

It is difficult at the present time to assess the implications of the disagreements which
appear in Figure 21 between the calculated and observed abundances. Despite the dif-
ferences in details, there is agreement in the broad major features, namely, the abun-
dance peak at 4 = 56 and the relatively high abundances for much of the iron group
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F1c. 21.—Comparison of natural solar-system abundances with quasi-equilibrium abundances at
Ty = 4.0, p = 107 gm cm™3, and f = 0.25. The meteoritic iron abundance is used in this comparison.

and for the A = 4x nuclei. Thus the main conclusion expressed at the end of § V applies
in its essential qualitative features for either choice of iron abundance. It is possible, al-
though not assured, that extensions of this model would eliminate the quantitative dis-
crepancies. Individual points whose quantitative impact should be investigated include
(e) the consequences of realistic superpositions of distributions resulting from different
values of T, p, and f; (&) the dependence of the quasi-equilibrium abundances on the
initial composition (assumed here to be pure 2Si) and on the initial charge-to-mass ratio
(assumed here to be exactly 1); (¢) the readjustments in abundances which occur when
freezing first disrupts the equilibrium coupling between different groups of nuclei; and
(d) the changes in abundance produced by the subsequent secondary processes that are
invoked particularly to explain the abundance of the neutron-rich nuclei outside the
iron group but that must affect all nuclei to some extent. Until such studies are carried
out, it would be premature to conclude that the present model is in decisive quantitative
agreement or disagreement with any plausible choice of iron abundance.
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No attempt has been made in the present analysis to trace histories in which the
temperature and density vary with time. However, it is possible to use the results for
constant temperature and density, as presented in Table 4, to construct rough approxi-
mations to such histories. Details of implementing this procedure are described in the
Appendix. As discussed in the Appendix, it is particularly important to take cognizance
of the fact that the free-particle densities change rapidly with changes in temperature
and therefore, for example, that the actual nuclear energy generation during intervals
of rising temperature is less than the nuclear energy generation when the temperature
1s constant.

The proposition of this paper that the large natural abundance of %Fe is due to the
decay of %6Ni following the expulsion of silicon-burning zones from supernovae suggests
some major revisions of long-standing astrophysical arguments. The Fowler and Hoyle
(1964) contention that the dominance of 3Fe points to the universality of the weak inter-
action was based on the assumption that 5°Fe was synthesized during a complete nuclear
equilibrium near the presupernova core. If that scheme for the production of 5Fe is
replaced by the scheme of this paper, their conclusion regarding the universality of the
weak interaction could, of course, not be drawn. Present arguments and information do
not establish conclusively the extent to which either of these schemes is correct. The
radioactive decays of %*Ni and of other unstable but abundant alpha-particle nuclei
(5?Fe, #Cr, #*Ti) have, in addition, important implications for the thermal budget of
the nebula and for gamma-ray astronomy. The energy released by these decays before
the expanding nebula becomes thin may maintain a high thermal temperature in the ex-
panding gas with resultant effect on the supernova light curves {Colgate and McKee
1968), in much the same spirit as the older californium hypothesis (B*FH). The 6-day
decay of ®Ni and the 77-day decay of %Co would seem to dominate these considerations.
The gamma rays of nuclear de-excitation following these electron captures should be
quite profuse from young supernova remnants {Clayton, Colgate, and Fishman 1968).

It does not appear likely that nucleosynthesis in silicon burning is related to silicon
burning in the core of a presupernova star. While such burning probably does occur, it
is difficult for the material to escape from the core, and, further, the temperatures
necessary to account for the observed abundances (74 > 4.0) are probably too high to
allow controlled core burning to occur. Presumably the core burning stabilizes briefly at
a lower temperature, where the nuclear energy generation can be in balance with the
energy losses.

A more probable site for the silicon burning that is responsible for the observed prod-
ucts of nucleosynthesis is in a shell ejected from the supernova. This possibility has been
discussed frequently, most recently by Truran, Arnett, and Cameron (1967) and by
Finzi and Wolf (1967). One imagines that silicon burning progresses to some value of
f and passes through a temperature maximum before the material is ejected into space.
Although the quasi-equilibrium approximation is a good one during the high-tempera-
ture burning, it cannot remain good as the matter is ejected. When the cooling begins,
the abundances will adjust at first to quasi-equilibrium at a lower temperature, but, if
the temperature falls rapidly, the nuclear abundances may not be able to readjust quick-
ly enough to match the new quasi-equilibrium distribution. In particular, this may well
be the case for f ~ 0.33, for which the time scale of nuclear burning becomes fairly long.
The necessary freezing calculation will depend explicitly on the time scale of the expan-
sion and on the nuclear reaction rates. Thus the quasi-equilibrium calculation does not
obviate the need for knowledge of nuclear cross-sections in this mass region.

One may seek in the freezing calculations an explanation of the abundances which are
higher in nature than is predicted by quasi-equilibrium, namely, the abundances of most
of the nuclei with 28 < 4 < 50, other than the alpha-particle nuclei. The synthesis of
these nuclei is apparently due to secondary processes, starting with nucleon capture in
the abundant alpha-particle nuclei. Because proton reactions in these nuclei will be less
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hindered by the Coulomb barrier than will alpha-particle reactions, proton-capture re-
actions will persist relatively far into the freezing period, provided that the free protons
are not exhausted. If, nevertheless, these nuclei cannot be produced during freezing by
proton capture (followed by beta decay), they may have to be attributed to neutron-
capture processes starting with the alpha-particle nuclei as seeds. The answers to these
and other interesting questions remain for future investigation. Thus concludes this
“Handbuch des Siliziumbrennens.”
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APPENDIX
USE OF PRESENT RESULTS FOR TRACING EVOLUTIONARY HISTORIES

Approximations to realistic evolutionary histories in silicon burning can be obtained by re-
placing the actual history by a series of discrete steps, each at constant temperature and density.
With suitable interpolation, the results presented in Table 4 can be used to describe the behavior
during the successive steps.

The system is imagined to burn for some period in state a, at Tz and pa, and then change,
essentially instantaneously, to state 8 at Tg and pg. To study the burning in state 3, it is necessary
to relate the initial fraction of 285i remaining, ( fg)initial, to the final value of state a, (fa)sinal.
The quasi-equilibrium assumption implies that, when the transition is made from a to §, the
heavy nuclei, 4 > 28, can immediately readjust to quasi-equilibrium at the new temperature
and density, but that the total number of these nuclei, S, is constant. The constancy of S is then
the basic condition imposed on the transition from a to 8. In general,

PWR@U&LA%VEJA% Ap. (A1)

The nuclear composition is much more sensitive to changes in temperature than to comparable
fractional changes in density. Thus the requirement AS = 0 reduces to

A d
Amwv& ~ IA%DH . (A2)
For a change in temperature from 7a to T, the corresponding change in f is then
A.\.mvmbmﬂm.— - A\nvzﬁg_ = y\\mmam - &Jnv 9 ﬁ>mv
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/)

Values of Y(T,p,f) are listed in Table A1,

A special problem arises in considering the energy generation. If, for example, one considers
a period during which the temperature rises, the temperature increase will be accompanied by
a very rapid rise in the free-proton and free-alpha-particle densities. Thus the true rate of energy
release may be much less than the constant-temperature values of € given in Table 4. In prob-
lems involving changing temperatures one should use from Table 4 the energy liberated per
nucleon, ¢, rather than the tabulated time rate of energy release, e. The true time rate of energy
generation can then be calculated from the change in ¢ and the elapsed time, for given changes
inf, T, and p. As an extreme case, we may note that the total energy liberated is about the same
at Ty = 4.0, p= 103 g cm3, mam.\ 0.50 as at Ty = 5.0, p = 10% g cm~? and f = 0.40. Thus,
if the ﬁvamSﬁE.m were to rise from Ty = 4.0 to Ty = 5.0 during the time f was falling from
0.50 to 0.40, then there would be no nuclear energy release during this period.

where

TABLE Al

VALUES OF ¢(7,p,f) OBTAINED FROM AN EVALUATION OF THE
APPROXIMATE EXPRESSION = —(AS/ATy) /(AS/AS)

FracTioN oF 2880 REMAINING (f)
TeMP. log p*
(Ts)
0.85 0.75 0.63 0.55 0.45 0.35 0.25 0.15

5 40.05 | +0.10 | 4011 | +0.07 | ... | i
36.......... 6 021 4+ .03 00 — .06 .. e e
7 Ol — 01| — 07 4........]..... O I A O
5 08 + 130+ 17 ¢ 4+ 18 40615 | F0.12 ... .
3.8 6 0214+ 050+ 07| 4+ 05| 4 0L |4 0L ). .......] ...... .
TR 7 D2+ 014+ 0f )~ 02—~ 07— .11 |........ ] .......
8 .02 00| — 05 . ..o
6 O5 |+ .07 (4 .10+ 10|+ .07 | + .05 4+0.03 ! +0.02
4.0 7 0314 .03 4+ .03+ .02 O — 02 — .034........
Tttt 8 03 + .01 00— 04— 06 ...
9 +0.03| —~ 01| — .09 1. .. B O
6 ... + 10|+ 43|+ .13+ 12|+ .10 + .07 | 4+ .05
4.2 7 | + .04} 4+ 05|+ 04| 4+ 03| 4 .01 .00 .00
.......... 8 iieiea |+ 03 4+ .02 003 — 02— 04
9 ... 4+ 01— 01 ] — 08 ... e
6 |........ + 124+ 15| 4+ 47+ d6 ! 4 14 4+ 12| 4+ .09
4.4 7 |........ + 061+ O7T| 4+ 06+ .05+ .03+ 02| 4 .01
TR 8 e + 03|+ .03} 4 .01 00t — 01| — .02 — .02
9 i 020 0L = 02 — 06
6 |........ + 14+ 17+ 190+ .20 4 19| 4+ 17| + .15
4.6 7 e+ 081+ 094+ 09|+ 07| 4+ 05| + 04 4+ .03
.......... 8 e+ 04+ 034+ 03] 4+ 01 .00 00| — .01
9 |, + .04 | 4 .02 00| — .02 — 04| . .......0........
6 |........ 4+ 16|+ 174 20 + 221 4+ .23 4+ .22 ) 4+ .20
4.8 7 .. + 10|+ 114 11|+ .10+ 08| + 061 + .03
......... 8 ciieeen )+ 064+ 0414+ 04 + 02 4 01 .00 .00
g ... +0.06 | 40.02 | 40.01 | -0.01 | —0.02 | —0.03 | ~0.03

* The density p is in grams per cubic centimeter.
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