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Abstract

In the present work, we have reported comprehensive study of the sd-shell nu-
clei Si and P with neutron number varying from N = 9 to N = 20 using
the microscopic effective valence shell interactions, namely, N3LO, JISP16 and
DJ16A. These effective sd-shell interactions are developed using the ab initio
no-core shell model wave functions and the Okubo-Lee-Suzuki transformation
method. For comparison, we have also performed shell model calculations with
the empirical USDB interaction. Energy spectra and electromagnetic properties
of these isotopic chains have been studied. Theoretically calculated shell model
results are compared with the available experimental data, to check the pre-
dictive strength of these microscopic interactions. It is found that the binding
energies of the ground states are better reproduced with the DJ16A interaction
as compared to other microscopic interactions and a proton subshell closure at
Z = 14 is obtained in Si. Spin-tensor decomposition of two-body interaction
is presented to understand the contributions from central, vector and tensor
components into these interactions. Spectroscopic strengths of 23Al(d,n)24Si
are examined for the newly performed experiment at NSCL.

Keywords: Microscopic effective interaction, Monopole property, Spin-tensor
decomposition, Effective single-particle energy

1. Introduction

Over the last few years nuclear structure study of p- and lower sd-shell nuclei
within the framework of ab initio no-core shell model (NCSM) approach has
achieved a great amount of success [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15,
16]. In the NCSM calculations, all the constituents of a nucleus are considered
to be active particles. No concept of inert core as such is assumed in this
approach. When the NCSM approach is implemented to study the properties of
heavier-mass nuclei, dimension of the Hamiltonian matrix becomes too large to
handle with the currently accessible computational power. So, other ab initio
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approaches such as in-medium similarity renormalization group (IM-SRG) [17,
18], coupled cluster (CC) theory [19, 20] and symmetry-adapted no-core shell
model (SA-NCSM) [21, 22, 23, 24] are being used to describe the structure
of heavier nuclei. Electromagnetic properties, spectroscopic factor strengths
and Gamow-Teller (GT) strengths of sd-shell nuclei have been calculated using
former two of the aforementioned ab initio approaches in Refs. [25, 26, 27, 28,
29, 30]. Another ab initio approach, known as the ab initio shell model with a
core, has also been developed in Refs. [31, 32, 33].

In the ab initio shell model with core approach, effective two-body interac-
tion is constructed by performing ab initio NCSM calculation in Nmax model
space for a nuclei followed by explicit projection onto the 0~Ω space using
Okubo-Lee-Suzuki (OLS) transformation method. Thus, the effective Hamil-
tonian is separated out into inert core, one, and two-body terms. In [32], the
J-matrix inverse scattering potential (JISP16) [34] and chiral next-to-next-to-
next-to-leading order (N3LO) interactions [35] for sd-shell have been developed
and it is demonstrated that low-lying energy spectra of 18F using the NCSM
is exactly reproduced with these derived effective interactions. The same inter-
action has been applied on 19F and the shell model results obtained therefrom
are found to be very close to the NCSM results. It has also been reported that
the effective Hamiltonian has weak A dependence, which means that this in-
teraction can be applied to the heavier sd-shell nuclei. Further, new effective
interactions, Daejeon 16 (DJ16) [36] and its monopole corrected version Dae-
jeon 16A (DJ16A), have been constructed for sd-shell [33] similar to the above
mentioned approach. Smirnova et al. [33] have implemented these microscopic
interactions on O isotopes, odd-A F isotopes, 26F, 22Na, 28,29Si, 32S, 39K and
deformed rotor 24Mg. A remarkable consistency between theoretical description
and experimental data is obtained [33]. Success of these effective microscopic
interactions motivates us to fruitfully apply these interactions to study heavier
nuclei in sd-shell. We extend the earlier work [33] to study Si and P isotopic
chains in sd-shell region. Apart from energy spectra, we have also calculated
the nuclear observables for these nuclei. Our present comprehensive study will
add more information to the earlier work [33].

Nuclear structure properties of sd-shell nuclei including proton and neu-
tron drip lines have been studied in several theoretical and experimental works
[26, 37, 38, 39, 40, 41, 42, 43]. In [40], authors have implemented relativistic
Hartree Bogoliubov model with density dependent meson-exchange and pairing
interactions to study nuclear shapes of Mg, Si, S and Ar. They found exis-
tence of magic numbers at N = 8 and 20 with spherical shape in these isotopic
chains and disappearance of N = 28 shell closure with a finite deformation.
Prolate-oblate shape coexistence in some isotopes of Mg, Si, S and Ar isotopic
chains have also been observed. In [26], it has been reported that excitation
of nucleons from sd- to pf -shell plays an important role for “island of inver-
sion” nuclei at N = 20. Ab initio results with IMSRG and CC methods were
seen to be in reasonable agreement with the experimental data for the sd-shell
nuclei Ne, Mg and Si except for N = 20. Considerable success of the USDA
and USDB interactions [41, 42] in describing the nuclear structure properties
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of sd-shell nuclei has led to the construction of new isospin-breaking USD-type
interactions viz. the USDC and USDI interactions [43]. These new interactions
improve predictions for separation energy in the entire sd-shell.

In [44], a new type of ab initio nucleon-nucleon (NN) interaction was devel-
oped for sd− pf model space, viz. the EEdf1 interaction. This interaction was
derived from the fundamental chiral effective field theory (χEFT) [45, 46, 47, 48]
based on Quantum chromodynamics (QCD) [49] and extended Kuo-Krenciglowa
(EKK) method [50, 51, 52]. The Fujita-Miyazawa three nucleon forces [53] were
also included. It was initially implemented on medium mass nuclei Ne, Mg and
Si isotopes [44]. Exotic neutron rich Ne, Mg and Si isotopes were explained in
the aforementioned study by particle-hole excitations across two major shells
without fitted interaction. Further, this interaction has also been applied to
determine the properties of exotic nuclei with Z = 9− 12 and N up to driplines
[54]. This work was extended to determine the spectroscopic properties such as
magnetic dipole and electric quadrupole moments, charge and matter radii for
Na and Mg isotopes, in Ref. [55].

Spectroscopic factor strength describes the nature and occupancy of the
single particle orbits in a nucleus that are used to determine the structure of
nucleus. In Ref. [56], experimental spectroscopic factor strength for ground
state (g.s.) of 24Si from 23Al(p, γ)24Si reaction was obtained. Recently, an ex-
periment has been performed with a transfer reaction 23Al(d, n)24Si at National
Superconducting Cyclotron Laboratory [57] to measure excited states and their
spectroscopic factor strengths that might be of astrophysical interest. Moti-
vated with these recent experimental data, we have calculated theoretical spec-
troscopic factor strengths for g.s. as well as excited states of 24Si for one proton
capture reaction 23Al(d, n)24Si using microscopic N3LO, JISP16 and DJ16A in-
teractions, and have also carried out a comparison with the USDB results, in
the present study.

The present work is organized as follows. In Section II, we briefly describe
the methodology to develop the microscopic effective sd-shell interaction and
details about the interactions used in our calculations. Next, we show the
results of energy spectra of Si and P isotopic chains in Section III. Effective
proton single-particle energies of Si isotopes have been carried out in Section
IV. In Section V, the spin-tensor decomposition of the effective interactions
and the monopole components of decomposed parts have been presented. We
then discuss the electromagnetic properties of Si and P nuclei in Sections VI.
Spectroscopic factor strengths for 24Si are studied in Section VII. Finally, we
draw conclusion of the present study in Section VIII.

2. Microscopic effective sd-shell interactions

To describe the nuclear structure properties of sd-shell nuclei, we have per-
formed the nuclear shell model calculations with microscopic effective sd-shell
interactions in the present work. The detailed procedure to develop these ef-
fective sd-shell interactions has been described in Refs. [32, 33], which we have
briefly presented here.
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In this approach, the microscopic effective valence shell interactions are de-
rived from the ab initio NCSM wave functions. The NCSM Hamiltonian for a
nucleus of A point like nucleons interacting through realistic interaction can be
written as

HA =
1

A

A∑
i<j

(~pi − ~pj)2
2m

+

A∑
i<j

V NN
ij , (1)

where, m is the mass of a nucleon. This Hamiltonian, which is translationally
invariant, has relative kinetic energy term and two-nucleon interaction term
including Coulomb interaction between protons. In these calculations three-
body forces are omitted.

The harmonic oscillator (HO) basis states (Slater determinate basis) up to
Nmax, which is maximum number of HO quanta above the unperturbed A nu-
cleon configuration, are used to solve the eigen value problem of A nucleon
system. Several realistic NN interactions, i.e. charge-dependent Bonn 2000
(CDB2K) [58] and chiral effective field theory interactions [35] generate strong
short-range correlations. To obtain convergent results, large basis states are re-
quired which is constrained by computational limitations. Thus, a renormaliza-
tion method is employed to soften the standard realistic interactions. There are
two renormalization techniques: OLS similarity transformation [59, 60, 61, 62]
and SRG method [63], with the former being implemented in the procedure
outlined here.

To make derivation easier, a frequency dependency is introduced in the
NCSM calculations. Addition of center-of-mass HO Hamiltonian to the initial
Hamiltonian 1 modifies the resultant Hamiltonian as

Ha +Hc.m. =

a∑
i=1

[
~p 2
i

2m
+

1

2
mΩ2~r 2

i

]
+

a∑
i<j=1

[
V NN
ij − mΩ2

2A
(~ri − ~rj)2

]
. (2)

This Hc.m. is subtracted out from the final calculations. If a = A then Ha

becomes the initial Hamiltonian 1. The effective NN interaction for the NCSM
calculations is derived from Eq. 2 in a cluster approximation. In these NCSM
calculations, the a = 2 cluster approximation has been used. First OLS trans-
formation is applied to construct a primary effective Hamiltonian for A = 18
system with NCSM parameters Nmax = 4 and ~Ω = 14 MeV. The lowest 28
eigen states are calculated to perform second OLS transformation. This 18-
body Hamiltonian is projected onto 0~Ω model space. These eigen states of
18F are dominated by the configurations with 16O system in the lowest possible
HO orbits and two nucleons in sd-shell. The secondary effective Hamiltonian
reproduces exactly same energy of the states in 18F, as generated by the primary
effective Hamiltonian. Further, the NCSM calculations have been performed for
16O, 17O and 17F with primary effective Hamiltonian to calculate core and one-
body single-particle energies. These core and one-body components have been
subtracted out from secondary effective Hamiltonian of 18F to obtain residual
two-body matrix elements (TBMEs) for the sd valence shell.

In this work, three microscopic sd-valence space interactions have been used,
viz. N3LO, JISP16 and DJ16A. Together with these microscopic interactions,
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we have also used empirical USDB interaction [42] to know how much reliable
description of nuclei are obtained from the microscopic potentials. The calcu-
lated results with these interactions are compared with the experimental data.
In the case of the empirical USDB interaction, single-particle energies are ε(d5/2)
= -3.9257 MeV, ε(s1/2) = -3.2079 MeV and ε(d3/2) = 2.1117 MeV. As reported
in Ref. [32, 33], one-body terms derived in an ab initio way for microscopic in-
teraction are different from the phenomenological energies; the ordering of the
orbitals d5/2 and s1/2 is reversed and the energy separation between orbitals d5/2
and d3/2 is larger than the USDB difference. Also, the single particle energies
derived from ab initio approach give rise the deficiencies in the nuclear spectra,
mentioned in Ref. [33]. Due to these issues, USDB single particle energies are
taken into account for all these microscopic interaction in order to focus on the
TBMEs. We have calculated only positive parity states of these nuclei. We have
performed nuclear shell model calculations using the code KSHELL [64].

Experimental g.s. energies of sd-shell nucleus relative to the g.s. energy of
16O with the Coulomb energy correction term is determined as:

E(A,Z)r = E(A,Z)− E(16O)− Ec(Z), (3)

where, E(A,Z)r and E(A,Z) are relative and absolute g.s. energy. E(16O) is
the g.s. energy of 16O, which have the value of -127.619 MeV. Ec(Z) is the
Coulomb correction energy taken from Ref. [41].

3. Results and discussion

We have presented a comprehensive nuclear shell model results for 23−34Si
and 24−35P isotopes using N3LO, JISP16 and DJ16A interactions. The empiri-
cal USDB calculations have also been performed for comparison. Here, we have
shown the low-lying energy spectra of Si isotopes with A = 23− 34 in Figs. 1-2
and P isotopes with A = 24 − 35 in Figs. 3-4. Experimental spectrum [65] is
shown in the last column of each figure.

3.1. Si isotopes

All microscopic interactions confirm the tentative experimental spin of g.s.
as 5/2+ for 23Si with dominant configuration of |π(d65/2)⊗ ν(d15/2)〉, except for

N3LO. In 24Si, correct g.s. 0+ is obtained with each interaction. For first
excited state 2+, DJ16A interaction gives 1.786 MeV excitation energy, while
USDB interaction predicts this state to be at 2.111 MeV. Experimental value
is 1.879 MeV which indicates that DJ16A interaction provides better agree-
ment for 2+ state of 24Si, with the experiment. In 25Si, only g.s. spin-parity
is measured experimentally and spin-parity of excited states are unknown. Mi-
croscopic interactions are unable to reproduce spin of the g.s. In case of 26Si,
we observe from the spectrum that microscopic interactions produce 0+2 state
at small excitation energies (∼ 1.2 - 1.6 MeV) in comparison with the exper-
imental value (3.336 MeV). The s1/2 proton orbital occupancy increases with

excitation energy according to the USDB calculations as 0.58 for 0+1 , 0.68 for
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Figure 1: Low-lying energy spectra for Si isotopes in the range A = 23 − 28.
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Figure 2: Low-lying energy spectra for Si isotopes in the range A = 29 − 34.
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2+1 , 1.03 for 2+2 and with DJ16A as 0.84 for 0+1 , 0.92 for 2+1 , 1.05 for 2+2 . For
27Si, correct g.s. spin is reproduced with microscopic DJ16A only, which has
the configuration of |π(d65/2)⊗ ν(d55/2)〉 with probability of 16.42%. USDB in-

teraction also predicts 5/2+ as the g.s. of 27Si with the same configuration as
found in case of DJ16A interaction with 27.36% probability. The IM-SRG and
CCEI give the major configurations in wave functions from |π(d65/2)⊗ ν(d55/2)〉
and |π(d55/2s

1
1/2)⊗ ν(d45/2s

1
1/2)〉 with probabilities of 9.27% and 13.24%, respec-

tively, as reported in Ref. [25]. With DJ16A, energy of 1/2+1 is 0.711 MeV
which is close to the experimental value of 0.781 MeV. The energy spectra with
N3LO interaction is compressed as compared to the other interactions.

28Si and 29Si have been studied in [33], where, small excitation energies of
2+1 and 4+1 due to small N = 14 shell gap, and configurations of 0+1 and 0+2
states for 28Si have been described. We have added some excited states with all
four interactions and have also studied spectroscopic properties (in Section VI).
28Si nucleus is the closed subshell nucleus which contains 6 valence protons and
6 valence neutrons. We obtain correct ordering of the states up to 02

+ in 28Si
with each interaction. Energy difference between g.s. and first excited state
is 1.068, 1.145, 1.296 and 1.932 MeV with N3LO, JISP16, DJ16A and USDB
interactions, respectively, and corresponding experimental energy difference is
1.779 MeV. Similarly, excitation energy for 4+1 state approaches the experimen-
tal value as we go from N3LO to JISP16 to DJ16A. Excitation energies of all
states increase from N3LO to DJ16A for 29Si and, hence, we see remarkable
good agreement between DJ16A and experimental energies. Also, a state at
4.741 MeV is confirmed to be 9/2+ with each interaction. The g.s. of 30Si
corresponding to the DJ16A interaction is dominated by the N = 16 closed
subshell configuration |π(d65/2)⊗ ν(d65/2s

2
1/2)〉 with 24.39% probability and the

USDB interaction also generates the same configuration with 27.54% of prob-
ability. The 0+2 has the similar configuration as g.s. for DJ16A interaction
with 16.65% of probability, while this state is populated using USDB inter-
action with |π(d65/2)⊗ ν(d65/2d

2
3/2)〉 and |π(d65/2)⊗ ν(d65/2s

2
1/2)〉 configurations

with probabilities of 30.81% and 17.44%, respectively. We observe quite small
improvement in the energies of 21

+ and 22
+ with DJ16A. We obtain correct

ordering up to 5/2+1 with each of the interactions in case of 31Si.
For 32Si, energy of first excited state is reasonably improved with DJ16A

interaction (Fig.2). The 2+1 and 2+2 states have the configuration of
|π(d65/2)⊗ ν(d65/2s

2
1/2d

2
3/2)〉 with probabilities of 17.98 and 48.62%, respectively,

using DJ16A interaction. The same configuration is obtained by USDB inter-
action with 20.71 and 48.78% probabilities. We have calculated energy states
with spin up to 7/2+ for 33Si. We can see from the spectrum of 33Si in Fig. 2
that there is a large energy gap between 1/2+ and 7/2+ states for DJ16A and
USDB interactions while this difference is small in case of N3LO and JISP16
interactions. Experimentally, a state is measured at 4.341 MeV with spins 3/2+

and 5/2+. So, we have computed both spin states with all four interactions.
In 34Si, energy spectra obtained with DJ16A and USDB interactions are very
similar. The 34Si has completely filled neutron sd orbitals. For g.s., proton
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configuration with all four interactions is |π(d65/2)〉. For the 2+1 and 2+2 , the con-

figurations are |π(d55/2s
1
1/2)〉 and |π(d55/2d

1
3/2)〉 with probabilities of 89.71 and

88.77%, respectively, corresponding to DJ16A interaction. The same configu-
ration is achieved by USDB interaction for above mentioned states with 87.61
and 89.84% probabilities, respectively.

When we look at the excitation energy of 2+1 state for even-even Si isotopes
with neutrons N = 10 − 20, we found that the USDB interaction gives better
agreement with the experimental data for Si isotopes, except for 34Si. We can
clearly observe from the experimental data that there is a shell gap at N = 20
for Si isotopes. For 34Si, DJ16A and USDB interactions produce large excitation
energy for 2+ state compared to that obtained from the experiment by excitation
of a proton from d5/2 to s1/2 orbit which shows a large subshell gap at Z = 14,
explained in the next section. Hence, 34Si is a doubly magic nucleus with a
major closed neutron shell N = 20 and a closed proton subshell Z = 14. To
reproduce the excitation energy of 2+, inclusion of neutron excitations from
the sd-shell to pf -shell across the N = 20 shell gap is needed as suggested in
Ref. [39].

3.2. P isotopes
25P is the least stable isotope while 31P is the most stable. For 24P and

25P, only g.s. is experimentally measured with unconfirmed spin-parity (1+)
and (1/2+), respectively. Nuclear shell model calculations with all four inter-
actions confirm g.s. to be 1/2+ for 25P. The 26P has g.s. with tentative spin
(3)+, experimentally. The USDB interaction provides confirmation to g.s. spin,
while other interactions fail to do so. In case of 28P, spin-parity of g.s. is 3+

experimentally, which is well reproduced by the empirical interaction, whereas
microscopic interactions predict the g.s. to be 2+. First excited state has the
spin of (2+), experimentally, which is 105.6 keV above the g.s. The energy differ-
ence between 2+ and 3+ states is 337, 266 and 229 keV corresponding to N3LO,
JISP16 and DJ16A interactions, respectively. With USDB interaction, 2+ is 13
keV above the 3+ state. Analysing the configurations of 3+ and 2+ states, it
seems that both states have the same configuration of |π(d65/2s

1
1/2)⊗ ν(d55/2)〉

with USDB and DJ16A interactions. It is observed that the energy spectra of
N3LO and JISP16 interactions are quite compressed. The first 1+ state with the
configuration |π(d65/2s

1
1/2)⊗ ν(d45/2s

1
1/2)〉 obtained from the USDB and DJ16A

interactions is found at higher energy in the spectrum than N3LO and JISP16.
In 29P, dominant configuration of excited state 3/2+ comes from the exci-

tation of proton from s1/2 to d3/2 with probabilities 32.50% and 15.14% using
USDB and DJ16A interactions, respectively. Other interactions produce this
configuration with very small probabilities. Energy of excited states 3/2+ and
5/2+ is best reproduced with USDB followed by DJ16A for 31P. Experimen-
tally, the g.s. spin for odd-P isotopes is 1/2+ and the first excited state is 3/2+

except in case of 25P, for which, first excited state is not measured yet. DJ16A
and USDB interactions reproduce the g.s. and first excited state correctly for
odd-P isotopes, except for 27P. For 27P, DJ16A yields the first excited state
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Figure 3: Low-lying energy spectra for P isotopes in the range A = 24 − 29.
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Figure 4: Low-lying energy spectra for P isotopes in the range A = 30 − 35.
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as 5/2+. The proton configurations with USDB and DJ16A interactions are
|π(d65/2s

1
1/2)〉 for g.s. and |π(d65/2d

1
3/2)〉 for the first excited state with maximum

probabilities. As neutrons increase from A = 25 onwards, they sequentially
occupy d5/2, s1/2 and d3/2 orbitals for ground and first excited states with max-
imum probabilities, except for 31P. For 31P, the configurations of 3/2+ state are
|π(d65/2d

1
3/2)⊗ ν(d65/2d

2
3/2)〉 and |π(d65/2d

1
3/2)⊗ ν(d65/2s

2
1/2)〉 for DJ16A interac-

tion with probabilities of 10.15 and 9.29%. With USDB interaction, the same
configuration is obtained with 15.80 and 15.34% probabilities.

35P has one proton hole beyond Z = 16 with N = 20, hence, lowest 3/2+

excited state is produced by the excitation of proton from s1/2 to d3/2 orbital.

Large energy splitting between 3/2+1 and 1/2+1 at N = 20 indicates a shell gap
at Z = 16, although this shell gap is smaller than shell gap observed at Z = 14.
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Figure 5: Comparison of experimental g.s. energy [65] with the shell model results for Si and
P isotopes with respect to g.s energy of 16O.

Energies of g.s. for Si and P isotopes relative to g.s. of 16O with mass
number A = 23 − 34 and A = 24 − 35 are depicted in Fig. 5. As the number
of neutrons in Si and P isotopes increases from A = 23/24 to A = 34/35,
the energy difference between theory and experiment increases for all three
microscopic interactions. The N3LO and JISP16 interactions overbind the g.s.,
while DJ16A interaction slightly underbinds the g.s. (which is discussed in
Section V). The failure of the N3LO interaction is evident in Fig. 3 due to
the missing 3N interaction. If the 3N interaction is included, the agreement
would be improved. The DJ16A and JISP16 interactions are fitted only up to
A = 16 nuclei which give rise to deficiencies in results of Si and P isotopes.
The JISP16 cannot be applied beyond 16O, which explains the failure of this
interaction to reproduce the g.s. energies in Fig. 3. The failure of JISP16 is not
due to this interaction, but is due to its application beyond the limit, hence, the
discrepancy is anticipated. The DJ16 interaction overbinds the g.s. energy of
Si and P isotopes. The DJ16A results are closer to the experimental data than
the DJ16 results. DJ16A is monopole modified version of the DJ16 interaction,
it produces better results for g.s. energies than the JISP16 due to the non-
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Figure 6: Proton effective single-particle energies of Si isotopes, calculated with the N3LO,
JISP16, DJ16A and USDB interactions.

local addition as a replacement of 3N interaction. The DJ16A and JISP16
interactions yield quite similar results. They produce different results mainly
for the g.s. energies. To get more accurate results with DJ16A, non-monopole
modifications are needed for further tuning of TBMEs. It is also possible to
resolve these discrepancies by the use of (i) primary effective Hamiltonian with
larger NCSM Nmax parameter, (ii) three-body components induced by the OLS
transformation (a = 3 cluster approximation), and (iii) three-nucleon interaction
in the NCSM Hamiltonian in addition to realistic NN interaction.

4. Effective single-particle energies: Monopole properties

The Hamiltonian can be classified into monopole and multipole (pairing,
quadrupole-quadrupole correlations etc.) parts. The monopole part [66] of the
Hamiltonian tells about the spherical nuclear mean fields that give information
of filling of nucleons in the single particle states [67]. It provides the position of
the single particle orbitals which play important role in describing the evolution
of shell gap. In this section, we have shown the proton effective single parti-
cle energies (ESPEs) [68, 69, 70] corresponding to N3LO, JISP16, DJ16A and
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USDB interactions for Si isotopes in Fig. 6. ESPEs describe how single parti-
cles energies of sd orbitals vary as we increase neutrons in the silicon nuclei. In
calculation of ESPEs, monopole term of two-body interaction is needed which
is given by

V (jj
′
) =

∑
J(2J + 1) 〈jj′ ; J |V |jj′ ; J〉∑

J(2J + 1)
. (4)

Monopole interaction shows an average effect between two nucleons in orbits
j and j

′
. This monopole interaction changes the single-particle energy and

consequently the shell gaps as we add more nucleons. Thus, spin-tensor decom-
position of the monopole interaction is carried out in next section to understand
the origin of this shell evolution. Effective single-particle energy and role played
by different components of the two-body interaction in the shell evolution had
been discussed in several papers [54, 70, 71, 72, 73, 74, 75, 76].

Si is a mid shell nuclei, for which, configurations of states have contribu-
tions from both protons and neutrons. From Fig. 6, we can see that ESPEs
of orbitals d5/2 and s1/2 are very close to each other for N3LO interaction due
to small difference between V pnd5/2d5/2 (〈d5/2d5/2|V |d5/2d5/2〉 ) and V pns1/2d5/2 cen-

troids at 28Si. ESPEs of orbitals s1/2 and d3/2 are inverted for N3LO, while
for JISP16 and USDB interactions, these orbitals almost overlap in 28Si. We
note that V pnd5/2d5/2 is less attractive, while V pnd3/2d5/2 is more attractive for N3LO

and JISP16 than centroids for DJ16A and USDB, thus, proton d5/2−d3/2 spin-
orbital splitting is smaller for N3LO and JISP16 than obtained from DJ16A
and USDB at N = 14. As mentioned in the previous section, there is high-lying
2+1 state for 34Si predicted by DJ16A and USDB interactions, this high excita-
tion energy is due to sufficiently large energy difference between d5/2 and s1/2
orbitals. So, it can be argued that there is a subshell closure at Z = 14 for Si
isotopes. This shell gap increases from N3LO to JISP16 to DJ16A to USDB
interaction, thus, excitation energy for this state increases accordingly. It is also
observed that the shell gap at N = 16 between orbitals s1/2 and d3/2 is very
small for microscopic N3LO interaction as compared to other interactions.

5. Spin-Tensor decomposition of the two-body interaction

To understand the contributions from different components of two-body in-
teractions, we have carried out spin-tensor decomposition [77, 78]. A two-body
interaction can be written as

V =
∑

k=0,1,2

(S(k).Q(k)) =
∑

k=0,1,2

V (k), (5)

where, k runs over 0, 1, 2. The term with k = 0 indicates the central
component, the term with k = 1 the vector component and the term with
k = 2 the tensor component. S(k) are spherical tensors of rank k in spin space,
constructed for spin-1/2 nucleons and Q(k) are spherical tensors of rank k in
coordinate space. The 1 and ( ~σ1. ~σ2) operators correspond to the spin part of
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Figure 7: Monopole terms of total, central, vector and tensor forces for (i) T = 0 and (ii) T
= 1 channels corresponding to N3LO, JISP16, DJ16A and USDB interactions.

the central component of the effective interaction. The spin part of the tensor
component is given by [ ~σ1 × ~σ2](2). The vector component includes symmetric
spin-tensor forces, which has operator ~σ1+ ~σ2 and antisymmetric spin-tensor
forces, which have operators ~σ1- ~σ2 and [ ~σ1 × ~σ2](1).

To determine the spin-tensor decomposition of the two-body interaction,
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firstly, one has to transform TBMEs to LS-coupling from jj-coupling as follows

〈nalanblb : LS, JT |V |nclcndld : L
′
S

′
, JT 〉 =

∑
jajb

Nlalb
Njajb

√
(2L+ 1)(2S + 1)(2ja + 1)

×
√

(2jb + 1)

 la lb L
1/2 1/2 S
ja jb J

∑
jcjd

Nlcld
Njcjd

√
(2L′ + 1)(2S′ + 1)(2jc + 1)(2jd + 1)

×

 lc ld L
′

1/2 1/2 S
′

jc jd J

 〈nalajanblbjb : JT |V |nclcjcndldjd : JT 〉 ,

(6)

where, normalization factor Nlalb is

Nlalb =
1√

2(1 + δlalb)
.

In LS-coupling, matrix elements of each component of the two-body inter-
action are written as

〈nalanblb : LS, J
′
T |V (k) |nclcndld : L

′
S

′
, J

′
T 〉 = (2k + 1)(−1)J

′
{
L S J

′

S
′

L
′

k

}
×
∑
J

(−1)J(2J + 1)

{
L S J

S
′

L
′

k

}
〈nalanblb : LS, JT |V |nclcndld : L

′
S

′
, JT 〉 .

(7)

In this section, we have studied the monopole matrix elements of the total,
central, vector and tensor components for T = 0 and T = 1 channels for the
N3LO, JISP16, DJ16A and USDB interactions, which are shown in Fig. 7.
Total monopole term of T = 0 channel is more attractive for all interactions
as compared to T = 1 channel. We can see that the central forces play a
dominant role in total two-body interaction. The vector monopole terms of
Vs1/2s1/2 are zero for T = 0 and T = 1 channels. The tensor monopole terms
of Vd5/2s1/2 , Vs1/2s1/2 and Vs1/2d3/2 are zero corresponding to all interactions for

both channels. For V T=0
d5/2d5/2

centroid, central term is more attractive and tensor

term is smaller for DJ16A and USDB than N3LO and JISP16. For the central
component, the monopole matrix element of Vs1/2s1/2 for T = 0 channel of
DJ16A interaction is less attractive in comparison with other interactions. Both
T = 0 and T = 1 vector monopole terms are relatively flat for all interactions.
The T = 0 tensor monopole term of Vd5/2d5/2 , Vd5/2d3/2 and Vd3/2d3/2 are stronger
than T = 1 tensor monopole. The total, central, vector and tensor monopoles
of Vd3/2d3/2 of T = 0 channel for N3LO interaction are -2.079, -2.612, -0.116 and
0.649 MeV, which means tensor forces give significant contribution in total two-
body interaction. Fig. 7 shows that the tensor force of DJ16A may be too weak
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because the N3LO is more fundamentally endorsed. Similar to Fig. 6, a figure
was shown in Ref. [44], where the effective single-particle energies of ab initio
EEdf1 interaction appears to resemble another ab initio interaction N3LO. The
tensor force shifts the ESPE, and hence changes the separation between the
orbitals. The DJ16A T = 1 total monopoles are similar to those obtained with
USDB interaction except for Vs1/2s1/2 , for which, the former is attractive and
latter is repulsive but with small variation.

It is noted that the DJ16A interaction underbinds the energies of g.s. for Si
and P isotopes. From the above understanding of TBMEs of the interactions,
we can say that this underbinding is related to the central part of T=0 channel
which is more attractive for USDB interaction than DJ16A interaction and
overbinding of N3LO and JISP16 results occur due to attractive T = 1 centroids.

6. Electromagnetic properties

In this section, we have presented reduced electric quadrupole transition
strengths, electric quadrupole and magnetic dipole moments for Si and P iso-
topes. We have shown a comparison between theoretical and available experi-
mental data.

First, we focus on the B(E2) transition strengths for Si and P isotopes. In
Table 1, B(E2) transition strengths using microscopic as well as USDB inter-
actions for the selected transitions are reported. Each microscopic interaction
predicts enhanced transition strength for 2+1→0+1 in the case of 26,28,30,32,34Si,
except for DJ16A in 30Si. Information about collectivity for nuclei can be de-
termined from the B(E2) transition strength. A gradual decrease of B(E2)
value for an isotopic chain shows appearance of magic number. Experimentally,
as neutrons are increased from N = 12 (26Si), the B(E2) transition strength
from 2+1 to 0+1 decreases in even-even nuclei until the closed shell at N = 20
is reached. This trend is observed for the JISP16 and N3LO interactions from
28Si to 34Si. Although, the B(E2; 2+1→0+1 ) results for DJ16A are deviated from
the experimental pattern, its values are still closer to the experimental data
than other two microscopic interactions. For 29Si and 30Si, transitions from
3/2+1 to 1/2+1 and 1+1 to 2+1 , respectively, obtained from both JISP16 and N3LO
interactions, are significantly weaker than that found experimentally. We have
also predicted B(E2) transition strength for 5/2+1→1/2+1 (29,35P), 3+1→1+1 (32P)
and 3/2+1→1/2+1 (33Si,35P). It seems from these data that B(E2) is very sensi-
tive to the details of the wave-functions, thus, further improvement in DJ16A
is required. We have also computed the root-mean-square (rms) deviation for
B(E2) values and obtained deviations corresponding to N3LO, JISP16, DJ16A,
and USDB are 51.55, 47.09, 29.26, and 20.27 e2fm4, respectively. Hence, we can
say that the results of B(E2) calculated using DJ16A interaction are closest to
the experimental value among the microscopic interactions.

Now, we discuss the electric quadrupole and magnetic dipole moments of
either g.s. or (and) first excited state (additionally, 5/2+1 of 31P also), which are
shown in Table 2. We have selected only those states for which experimental
data of either quadrupole or magnetic moment or both are available, to check
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Table 1: Comparison of calculated reduced electric quadrupole transition strengths using
different interactions of Si and P nuclei, with the experimental data [65]. The B(E2) values
are in e2fm4.

Nuclei A Jπi → Jπf N3LO JISP16 DJ16A USDB Exp.

Si 26 2+1→0+1 112.8 109.4 85.2 57.4 70.0(68)

2+2→0+1 8.1 7.1 14.2 25.4 7.8(18)

27 3/2+1→5/2+1 264.3 239.7 148.5 91.4 110.7

28 2+1→0+1 144.9 141.7 125.2 99.8 66.7(25)

29 3/2+1→1/2+1 0.1 0.002 10.1 37.9 21.7(21)

30 2+1→0+1 118.4 112.4 37.8 58.6 47.1(61)

1+1→2+1 0.3 0.01 11.7 2.8 8.3(61)

31 5/2+1→3/2+1 59.0 102.2 111.8 91.6 69(23)

32 2+1→0+1 96.9 90.5 74.4 54.3 26.6(78)

2+2→0+1 0.2 0.7 1.1 2.2 1.03(36)

33 1/2+1→3/2+1 137.0 123.0 84.2 54.6 NA

34 2+1→0+1 46.9 46.1 41.6 43.2 17.0(65)

P 29 3/2+1→1/2+1 2.3 3.4 22.8 55.7 14.3(26)

5/2+1→1/2+1 83.1 100.1 89.7 66.8 NA

30 2+1→1+1 31.0 39.8 60.6 7.6 0.83(22)

31 3/2+1→1/2+1 33.0 34.4 46.1 42.9 24.3(35)

5/2+1→1/2+1 44.8 59.7 29.7 54.2 37.0(29)

32 3+1→1+1 62.8 50.8 19.1 0.3 NA

33 3/2+1→1/2+1 47.4 54.8 54.4 48.4 63(25)

5/2+1→1/2+1 57.5 58.8 47.1 38.4 32.1(50)

35 3/2+1→1/2+1 26.5 29.2 31.6 29.5 NA

5/2+1→1/2+1 34.1 33.0 33.2 32.2 NA
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the predictive power of our theoretical shell model interactions. Calculated
quadrupole moment using all interactions for 28Si and 28P are in reasonable
agreement with the experiment. Effective single particle (SP) quadrupole mo-
ment of 5/2+ corresponding to last unpaired neutron in d5/2 orbital is 0.022
eb for 27Si. Experimental and calculated shell model values are quite larger
than the SP value. As discussed earlier that probability of the configuration
|π(d65/2)⊗ ν(d55/2)〉 is very small, so, collective feature is developed in this state.

For 30Si, sign of quadrupole moment for 2+ is reproduced correctly only by
the DJ16A interaction. We also observe a shape change from 28Si to 30Si with
DJ16A that supports the experimental data. The 28Si has an oblate defor-
mation, whereas 30Si is found nearly spherical. For 3/2+ in 33Si, effective SP
quadrupole moment is obtained as 0.018 eb. The experimental data is not
available to examine the single particle nature of this state. Thus, we have
calculated the quadrupole moment with each interaction and noted that the
quadrupole moment decreases from N3LO to JISP16 to DJ16A to USDB, still
far from the SP value. We have predicted the quadrupole moment for 31P and
32P that will be helpful in future experimental study. Magnetic moment of
2+ using all interactions are in good agreement with the experimental data for
28Si. The SP magnetic moments for 27Si, 29Si and 33Si are -1.913, -1.913 and
1.148 µN for last neutron in d5/2, s1/2 and d3/2 orbitals, respectively. The sign
of magnetic moment for 5/2+ state in 27Si has not been confirmed experimen-
tally yet. The N3LO and JISP16 interactions give positive sign of magnetic
moment for g.s., while DJ16A and USDB predict negative sign that is favoured
by the sign of SP moment. In case of 29Si, our microscopic interactions repro-
duce the correct sign of magnetic moment for 1/2+ state with underestimated
values. Since there is large configuration mixing for these states, they show
collective behavior. Experimental g.s. magnetic moment of 1.21(3) µN for 33Si
is close to the SP magnetic moment. The 3/2+ state has the configuration
|π(d65/2)⊗ ν(d65/2s

2
1/2d

3
3/2)〉 with 69.14 % and 77.99 % of probabilities accord-

ing to DJ16A and USDB interactions, respectively, so, their magnetic moments
of 1.325 and 1.206 µN match well with the SP moment. On the other hand,
the magnetic moments for N3LO and JISP16 are slightly deviated from the SP
magnetic moment because these interactions generate the same configuration
with 38.52 % and 48.75 % of probabilities, respectively. 33Si is one neutron hole
nuclei beyond N = 20 shell closure, thus, it is more likely to show single particle
structure.

Experimental magnetic moment of g.s. for 29,31P is significantly smaller
than the SP magnetic moment (2.793 µN ), revealing mixed configurations in
its wave-functions. Magnetic moment of 1/2+ improves from N3LO to JISP16
to DJ16A for 29,31P, still difference between calculated and experimental value
is large. There is no experimental data available for 35P. So, we have given
prediction for 1/2+ state using all interactions. The g.s. is dominated by the
proton configuration of |π(d65/2s

1
1/2)〉 with 88-92 % probability using different

interactions. SP magnetic moments for 1/2+ is 2.793 µN that is not close to
the calculated shell model results. Thus, we have used different effective values
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[42] as gpl = 1.174, gps = 5.00, gnl = -0.11, gns = -3.44 and obtained magnetic
moment for N3LO, JISP16, DJ16A and USDB are 1.634, 1.696, 1.712 and 1.806
µN , respectively. Now, the effective SP moment is 2.5 µN which indicates that
difference between the shell model and SP values is reduced. The calculated
rms deviation for magnetic moments for Si and P isotopes, which are tabulated
in Table 2, are 1.03, 0.78, 0.70, and 0.21 µN for N3LO, JISP16, DJ16A, and
USDB, respectively. This indicates that the DJ16A interaction shows minimum
deviation from the experimental data.

7. Spectroscopic factor for 24Si

Table 3: Comparison of calculated shell model spectroscopic factor strengths with the exper-
imental data. Experimental excitation energies and C2S of the states of 24Si are taken from
the Ref. [57]. Different l and j values for each state of 24Si are shown in columns III and IV.

Ex Jπ l j C2S

KeV N3LO JISP16 DJ16A USDB Exp.

0 0+1 2 5/2 2.49 2.32 2.92 3.42 ≤ 2.8
1874(3) 2+1 0 1/2 0.07 0.26 0.28 0.25 0.6(2)

2 3/2 0.01 0.02 0.009 0.03 0.07(2)
2 5/2 0.0002 0.04 0.16 0.18 0.4(1)

3449(5) (2+2 ) 0 1/2 0.45 0.36 0.36 0.46 0.7(4)
2 3/2 0.0007 0.00 0.03 0.00 0.002(1)
2 5/2 0.13 0.16 0.27 0.16 0.3(2)

3471(6) (4+1 ) 2 3/2 0.009 0.0001 0.03 0.02 0.07(4)
2 5/2 0.16 0.08 0.00 0.001 0.004(3)

(0+2 ) 2 5/2 0.23 0.47 0.17 0.24 0.8(4)

In the present study, spectroscopic factor strengths for g.s. and excited
states of 24Si from one proton transfer reaction 23Al(d, n)24Si are calculated
within the shell model using microscopic effective N3LO, JISP16, DJ16A and
empirical USDB interactions. These results are compared with the extracted
experimental values [57] in table 3. One proton is captured in l = 0 and 2
orbitals to populate the states of 24Si. Some states of 24Si are generated by
capturing one-proton in d5/2 orbital only and some, from the mixing of d5/2
and (or) s1/2 and (or) d3/2 orbitals. In Ref. [57], experimental spectroscopic
factors (C2S), which are shown in last column of Table 3, have been extracted
using the relation:

C2S
i
exp =

C2S
i
theo × σitheo∑

i′(C
2Si

′

theo × σi
′
theo)

× σexp
σitheo

, (8)

where, C2Stheo were calculated corresponding to USDB-cdpn interaction us-
ing the shell model [41] and i represents individual quantum numbers. Extracted
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experimental C2S [57] for 0+1 state is ≤2.8 which is in good agreement with pre-
vious experimental value 2.7(2) of C2S [56]. The N3LO, JISP16 and DJ16A
interactions give the C2S as 2.49, 2.32 and 2.92, respectively, while the C2S 3.42
is obtained with USDB which is quite away from the experimental value. The
calculated C2S for g.s. of 24Si is very large which shows single-particle nature
of this state. Experimental excited states of 24Si are tentative. For first 2+,
experimentally extracted C2S is much smaller for d3/2 transfer than d5/2 and
s1/2. Except for N3LO interaction, all interactions predict smallest value for

d3/2 transfer. The calculated C2S(s1/2) for (2+2 ) state is in reasonable agreement

with experimental value. For (0+2 ) state, theoretical C2S is slightly smaller than
experimental data.

In the recent work [81], spin-parity assignment has been made for excited
states of 24Si. The second excited state of 24Si was confirmed to be 2+2 . Also,
the state at 3471 keV of 24Si is confirmed as 0+2 instead of 4+1 .

8. Conclusion

In the present work, we have implemented the nuclear shell model with
newly constructed microscopic effective interactions to study Si and P isotopes
with neutron number N = 9 − 20. These microscopic NN interactions, which
are obtained from the NCSM wave functions and OLS transformation method,
are chiral N3LO, JISP16 and DJ16A. Microscopic results are compared with
phenomenological results using USDB interaction and experimentally measured
data. We have studied the energy spectra of Si and P isotopes lying in sd-
shell. We found that monopole modified DJ16 interaction (DJ16A) results for
g.s. energies are better than the other microscopic interactions and the proton
subshell closure at Z = 14 persists in Si. Based on the rms deviations, we
found that the minimum rms deviation is obtained for DJ16A interaction for
both B(E2) and magnetic moment among all microscopic interactions. So, we
can say that the DJ16A interaction is a more suitable interaction for these
Si and P isotopes. Still, some corrections are needed in DJ16A to reproduce
the experimental data. Our calculated results for upper sd shell nuclei will
be helpful to further investigate the modifications such as T = 0 monopole
components, quadrupole-quadrupole and pairing correlations that should be
incorporated in this microscopic interaction. Also, the deficiencies of N3LO and
JISP16 interactions in describing the Si and P isotopes are due to absence of 3N
interaction and tuned up to A=16 nuclei only, respectively, which indicate the
need of the further tuning of the matrix elements at least to the light sd-shell
nuclei.

Variation of proton effective single-particle energies for Si isotopes are pre-
sented using all the interactions to determine the shell evolution. To understand
the contribution from different components of the TBMEs in the shell evolution,
we have also studied the spin-tensor decomposition of the effective interactions.
Apart from low-lying energy spectra, electromagnetic observables have been
also calculated for complete description of these nuclei. Spectroscopic factor
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strengths for 24Si are calculated, which is of importance in astrophysical sce-
nario. It is reported that the C2S for g.s. with microscopic interactions is better
reproduced than that obtained from USDB interaction.
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P. Vary, Ab-initio shell model with a core, Phys. Rev. C 78, 044302 (2008).

[32] E. Dikmen, A. F. Lisetskiy, B. R. Barrett, P. Maris, A. M. Shirokov, and J.
P. Vary, Ab initio effective interactions for sd-shell valence nucleons, Phys.
Rev. C 91, 064301 (2015).

[33] N. A. Smirnova, B. R. Barrett, Y. Kim, I. J. Shin, A. M. Shirokov, E.
Dikmen, P. Maris, and J. P. Vary, Effective interactions in the sd-shell,
Phys. Rev. C 100, 054329 (2019).

[34] A. M. Shirokov and J.P. Vary and A.I. Mazur and T.A. Weber, Realistic
nuclear Hamiltonian: Ab exitu approach, Phys. Lett. B 644, 33 (2007).

[35] D. R. Entem and R. Machleidt, Accurate charge-dependent nucleon-
nucleon potential at fourth order of chiral perturbation theory, Phys. Rev.
C 68, 041001(R) (2003).

25

https://doi.org/10.1103/PhysRevC.100.014322
https://journals.aps.org/prc/pdf/10.1103/PhysRevC.105.034306
https://link.aps.org/doi/10.1103/PhysRevC.96.024316
https://doi.org/10.1007/s10751-019-1582-y
https://doi.org/10.1007/s10751-019-1582-y
10.1103/PhysRevC.105.034333
10.1103/PhysRevC.105.034333
10.1103/PhysRevC.105.034332
10.1103/PhysRevC.105.034332
https://journals.aps.org/prc/pdf/10.1103/PhysRevC.94.064306
10.1103/PhysRevC.97.024310
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.78.044302
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.91.064301
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.91.064301
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.100.054329
https://doi.org/10.1016/j.physletb.2006.10.066
https://doi.org/10.1103/PhysRevC.68.041001
https://doi.org/10.1103/PhysRevC.68.041001


[36] A. M. Shirokov, I. J. Shin, Y. Kim, M. Sosonkina, P. Maris, and J. P. Vary,
N3LO NN interaction adjusted to light nuclei in ab exitu approach, Phys.
Lett. B 761, 87 (2016).

[37] P. D. Cottle, Single proton energies in the Si isotopes and the Z = 14
subshell closure, Phys. Rev. C 76, 027301 (2007).

[38] O. V. Bespalova,N. A. Fedorov, A. A. Klimochkina, M. L. Markova, T. I.
Spasskaya and T. Yu. Tretyakova, Evolution of single-particle structure of
silicon isotopes, Eur. Phys. J. A 54, 2 (2018).

[39] K. Kaneko, S. Yang, T. Mizusaki, and M. Hasegawa, Shell-model study for
neutron-rich sd-shell nuclei, Phy. Rev. C 83, 014320 (2011).

[40] P. Kumar, V. Thakur, S. Thakur, V. Kumar, and S. K. Dhiman, Evolution
of Nuclear Shapes in Light Nuclei from Proton- to Neutron-rich Side, Acta
Phys. Pol. B 52, 401 (2021).

[41] B. A. Brown and W. A. Richter, New “usd” hamiltonians for the sd shell,
Phys. Rev. C 74, 034315 (2006).

[42] W. A. Richter, S. Mkhize, and B. A. Brown, sd -shell observables for the
USDA and USDB hamiltonians, Phys. Rev. C 78, 064302 (2008).

[43] A. Magilligan and B. A. Brown, New isospin-breaking “usd” hamiltonians
for the sd shell, Phys. Rev. C 101, 064312 (2020).

[44] N. Tsunoda, T. Otsuka, N. Shimizu, M. Hjorth-Jensen, K. Takayanagi, and
T. Suzuki, Exotic neutron-rich medium-mass nuclei with realistic nuclear
forces, Phys. Rev. C 95, 021304 (2017).

[45] E. Epelbaum, H.-W. Hammer and U.-G. Meißner, Modern theory of nuclear
forces, Rev. Mod. Phys. 81, 1773 (2009).

[46] S. Weinberg, Phenomenological lagrangians, Physica A 96, 327 (1979).

[47] S. Weinberg, Nuclear forces from chiral lagrangians, Phys. Lett. B 251, 288
(1990).

[48] S. Weinberg, Effective chiral lagrangians for nucleon-pion interactions and
nuclear forces, Nucl. Phys. B 363, 3 (1991).

[49] R. Machleidt and D. R. Entem, Chiral effective field theory and nuclear
forces, Phys. Rep. 503, 1 (2011).

[50] K. Takayanagi, Effective hamiltonian in the extended krenciglowa–kuo
method, Nucl. Phys. A 864, 91-112 (2011)

[51] K. Takayanagi, Effective interaction in non-degenerate model space, Nucl.
Phys. A 852, 61–81 (2011).

26

https://doi.org/10.1016/j.physletb.2016.08.006
https://doi.org/10.1016/j.physletb.2016.08.006
10.1103/PhysRevC.76.027301
https://doi.org/10.1140/epja/i2018-12449-x
10.1103/PhysRevC.83.014320
https://www.actaphys.uj.edu.pl/R/52/5/401/pdf
https://www.actaphys.uj.edu.pl/R/52/5/401/pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.74.034315
https://doi.org/10.1103/PhysRevC.78.064302
https://doi.org/10.1103/PhysRevC.101.064312
https://doi.org/10.1103/PhysRevC.95.021304
https://doi.org/10.1103/RevModPhys.81.1773
https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1016/0370-2693(90)90938-3
https://doi.org/10.1016/0370-2693(90)90938-3
https://doi.org/10.1016/0550-3213(91)90231-L
https://doi.org/10.1016/j.physrep.2011.02.001
https://doi.org/10.1016/j.nuclphysa.2011.06.025
https://doi.org/10.1016/j.nuclphysa.2011.01.003
https://doi.org/10.1016/j.nuclphysa.2011.01.003


[52] N. Tsunoda, K. Takayanagi, M. Hjorth-Jensen, and T. Otsuka, Multi-shell
effective interactions, Phys. Rev. C 89, 024313 (2014).

[53] J. Fujita and H. Miyazawa, Pion Theory of Three-Body Forces, Prog.
Theor. Phys. 17, 360-365 (1957).

[54] N. Tsunoda, T. Otsuka, K. Takayanagi, N. Shimizu, T. Suzuki, Y. Utsuno,
S. Yoshida, and H. Ueno, The impact of nuclear shape on the emergence
of the neutron dripline, Nature 587, 66–71 (2020).

[55] T. Otsuka, N. Shimizu, and Y. Tsunoda, Moments and radii of exotic Na
and Mg isotopes, Phys. Rev. C 105, 014319 (2022).

[56] A. Banu, F. Carstoiu, N. L. Achouri, W. N. Catford, M. Chartier, B.
Fernández-Domı́nguez, M. Horoi, B. Laurent, N. A. Orr, S. Paschalis et
al., One-proton breakup of 24Si and the 23Al(p, γ)24Si reaction in type I
x-ray bursts, Phys. Rev. C 86, 015806 (2012).

[57] C. Wolf, C. Langer, F. Montes, J. Pereira, W.-J. Ong, T. Poxon-Pearson, S.
Ahn, S. Ayoub, T. Baumann, D. Bazin et al., Constraining the neutron star
compactness: Extraction of the 23Al(p, γ) reaction rate for the rp process,
Phys. Rev. Lett. 122, 232701 (2019).

[58] R. Machleidt, High-precision, charge-dependent bonn nucleon-nucleon po-
tential, Phys. Rev. C 63, 024001 (2001).
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