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NUCLEOLUSES OF COMPOUND SIMPLE GAMES*
NIMROD MEGIDDOfY

Abstract. The nucleolus is a unigue solution concept for a cooperative game. It belongs to the
kernel of the game. Given m games over disjoint sets of players and an m-player game, one defines a
compound game over the union of the m disjoint sets. These m games are the components and the
above m-player game is called the quotient.

The nucleolus of the compound game is a combination of the nucleoluses of the components. i.e..
the payofls in the components are proportional to the payoffs in the compound. The combination
depends on the quotient game and on the two highest levels of excesses with respect to the nucleoluses
of the components. This combination is the solution of a problem of the same nature as that of the
nucleolus.

1. Introduction. The nucleolus of a cooperative game was defined by D.
Schmeidler in [10]. It is a solution concept for a characteristic function game
which consists of a unique point. As a point of the kernel of the game (see [2])
the nucleolus reflects strength relations between players and symmetry properties
of the characteristic function.

Compound simple games were defined by L. S. Shapley in [11]. Shapley
proved in [12], {13], [14] (also proved by G. Owen in [9]) that von Neumann-—
Morgenstern solutions of the component games compose in a natural manner
which results in a solution of the compound game. Kernels have a very similar
property (see [5]).

The nucleolus of the product of simple games was characterized in [4]. In
most of the cases (when the maximum excesses with respect to the nucleoluses
of the component games are distinct) the nucleolus of the product coincides with
the nucleolus of the component the maximum excess of which is the least. In this
case the players in the other components get zero. When the maximum excesses
in the components are not distinct the nucleolus of the product isa convex combina-
tion of the components’ nucleoluses.

In this paper we generalize the results of [4]. A compound simple game is a
tensor composition (see [9]) with simple components. In view of the results
presented here, the computation of the nucleolus of a decomposable game (with
simple components) is easier than that of a prime one. It is equivalent to the
computation of the components’ nucleoluses plus a similar computation in the
quotient game.

2. Definitions. A characteristic function game is a pair I' = (N; v) where
N = {1,---, n} is a nonempty finite set (whose elements are the players) and v
is a real-valued function defined over the subsets of N (the coalitions in the game).

A simple game is a characteristic function game I' = (N ; v) where for every
S < N either o(S) = 1 or v(S) = 0. Those coalitions that have a unit value are
called winning coalitions. The set of the winning coalitions is denoted by #~ and
the game is represented also by I' = (N; #'). We always assume N € #. A game
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is said to be monotonic if the function v is monotonic with respect to the inclusion
ordering. A player i in a simple game I = (N; %) is called veto player if i€ S for
every Se .

A compound game is defined as follows. Let I'; = (N;: #7%), i=1,---, m,

be m simple games over disjoint sets of players, N;,i = 1, ---, m. Let [y = (M : u)
be an m-player characteristic function game (M = {1, ---, m}). The compound
game I' = I',[["},---, ] is defined over the set N = N,U---U N,, and its
characteristic function v is defined by

(2.1 uS)=u({ieM:S N N,ew}), S < N.
Iy is the quotientand I, - - -, [, are the components.

A simple committee in a game ' = (N;v) is a coalition C < N such that
forevery § = N,

o SUC) ifSNCewg,
(2.2) o(S) ={

WS\ C) ifSN C¢we,

where # is a set of subsets of C. ['c = (C; #() is a simple committee-game of T.
A simple committee-game is equivalent to a simple component in a compound
game (see [6, Lemma 2.4]).

An imputation in an n-player game is an n-tuple x = (x,, - -, x,) of non-
negative numbers such that 7 | x; = v(N). The set of all the imputations in a
game I is denoted by X(I'). For ¢J # S = N and x € X(I') we denote x(S)
= Zies x; and define x(&J) to be equal to zero. The excess of S with respect to x
is defined by

(2.3) e(S, x) = v(S) — x(S).

For every x € X(I') we denote by 6(x) the 2"-tuple whose components are
the numbers e(S,x), S < N, arranged according to their magnitude, ie.,

0(x)20(x) forl <i<;j<2"

The nucleolus of a game I is the imputation v € X(I') such that 6(v) is a lexicographi-
cal minimum in the set {f(x):x € X(I')}. The existence of a unique v such that 0(v)
precedes every 6(x), v # x € X(I'), in the lexicographical order on R?" was proved
in [10].

The barycentric projection of an imputation x on a coalition S such that
x(S) # 0 is defined to be the imputation Bgx where (Bgx); = x,/x(S) for i€ S and
(Bsx); = Ofor i ¢ S (see [14, p. 237]).

3. Some general properties of the nucleolus.
LemMa 3.1, Let ye X(I') be any imputation different from the nucleolus, v,
of agame I' = (N;v). In this case

(3.1 max {e(S, v):e(S,v) # €S, y)} < max {e(S, y):e(S,v) # &S, ).
Proof. Suppose

(3.2) O(v) = (e(S,,v), -+, &Sy, V),

(3.3) 0y) = (e(Ty, ), -+, &Tzn, ¥).
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That means

(34 eSy,v) 2 - 2 €Sy, v),

(3.5) Ty, )z - 2 dThn, ).

Let ig (1 £ iy £2") be the first index of unequal excesses:
(3.6) eS;,,v) < e(T,, y),

3.7 i< ip=e(S;,v)=eT,y).

We shall prove that for every i < iy,

(3.8) e(S;,v) = e(S;, ).

First,

(3.9 e(S;,—1,v) > e(S;,, v)
(otherwise (3.5) and (3.7) contradict (3.6)). Let i* (1 < i* < 2") be defined by
(3.10) Sy, v) # elS;, )

and

3.11) i < i* = e(S;,v) = e(S;, y).
Without loss of generality we assume that for every i > i*,
(3.12) e(Sy, v) = e(S;, v) = e(Sp, ) 2 e(S;, ¥)
and forevery i < i*, S; = T,. It can be easily seen that i* < i;. We shall prove that
i* = iy. Suppose

(3.13) i* <.

Statements (3.7), (3.10) and (3.13) imply

3.14) e(Si, v) > e(Sis, ¥).
Statements (3.9) and (3.13) imply

(3.15) e(Si, v) > elS;,, v).

There exists ¢ > 0 such that the imputation z = (1 — ¢)v + &y satisfies for every
I > i* (see (3.12))

e(Sy,2) = (1 — &)e(Si, v) + ee(Si, y)
(3.16) = (1 — g)e(S;,v) + ee(S;, y)
= e(S;, 2).
Also, (3.11) implies
(3.17) i< i*=eS;,v) = eS;,2)
and (3.14) implies
(3.18) (S, 2) < e(Si, v).
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Statements (3.16)—(3.18) imply that 6(z) precedes 6(v) in the lexicographical
order on R?" in contradiction to the assumption that v is the nucleolus. Thus,
i* = iy and (3.8) is proved. Relation (3.1) follows from (3.6) and (3.8).

The nucleolus was defined to be an imputation whose excesses vector is a
lexicographical minimum. In order to characterize the nucleolus of a compound
game we would like to define here a general lexicographical problem.

ProOBLEM 3.2. Given a set of m affine functionals over R",

(3.19) afx) = ) apx;+ v, i=1--,m xeR"
j=1

we denote by a(x) an m-tuple whose components are the numbers a(x),
i=1,---,m, arranged in decreasing order. Given a convex polytope X < R",
our problem is to find x,€ X such that a(x,) is minimal in the lexicographical
order on R™ in the set {a(x):x € X }.

Remark 3.3. One possible way to solve an n-dimensional lexicographical
problem with m functionals is by solving at most min (m, n) linear problems
(see [1]). The first one is: Minimize ¢ subject to the constraints

(320) ai(x)§ta ieAO: {1,"‘,}7’1},
(3.21) xeXo=X.
Suppose X, is the set of the solutions to the kth problem and 4, is the set of indices

isuch that a(x) is not constant in X,. The (k + 1)th problem is: Minimize ¢ subject
to

(3.22) a(x) =t, ie A,
(3.23) xeX,.

In view of this method, a lexicographical problem may be simplified as
follows. Denote

(3.24) afx) = afx) — v;, i=1,---,m.

i

. 1s a linear combination of a;

o iy ”

(3.25) a(x) £ min {g; (x):j = 1,---, p}

Suppose a -, a;, and

for every x e X. Then a;, may be omitted without affecting the solution. Our
last claim follows from the fact that, throughout the computation, in every problem,
k, either a, (x) is constant in X, or the constraint g, (x) < ¢t may be omitted (see
(3.25)).

DEFINITION 3.4, Let ¥ < 2¥ be any collection of coalitions in a game
I'=(N;v).

(1) The nucleolus with respect to . is defined to be the set of the solutions of
the lexicographical problem over X(I') with the functionals e(S, x), S€ .. We
denote this set by .A4(I).

(1) . is called a nucleo-sufficient collection if . 4,(I") coincides with the
nucleolus .47 (I') = . 4;3~(I') of I'. That means that throughout the computation of
the nucleolus, one may be restricted to constraints corresponding to the coalitions
in.%.
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LEMMA 3.5, Let I' = (N ; v) be a monotonic game and denote

(3.26) A1) = {S < N:(FeS)(eS \ {i}) < oS!,
(3.27) AT = {S < N:(VT < S)(IS \ T| 2 2= o(T) < o(S))},
N

(3.28) (1) = {{il:ie N},
N ;
(3.29) AT = (1) U (£,() N A5(I)).

Then A(T) is a nucleo-sufficient collection in T

Proof. A coalition S has property 1 if there are Sy, ---, S, € A(I') such that
S; = S,0(8;) = v(S),i = 1, ---, k, and the characteristic vector of §, ¥°, is a linear
combination of the characteristic vectors 35t of S;,i = 1, ---, k. We shall prove
that every coalition S has property I. This is certainly true for the 1-player
coalitions (see (3.29)). Let S consist of more than one player and assume, by in-
duction, that every T & S has property L. If S € #(T) then S has property I, so let
us assume that S¢ (1) If S ¢ #,(I), then for every i € S,

(3.30) oSN\{i}) = u(S)

and y® is a linear combination of the vectors x* M? ie § (recall that there are at
least two players in S).
If S¢ #,(I') then there exist i, j € S (i # j) such that

(3.31) o(SN{i,j}) = vS\{i}) = (S\{j}) = o(S

Also, ¥* is a linear combination of 5™, ¥\ and yS™N0J Thus, there always exist
coalitions S¢, - - -, S, such that §; = S, v(S,) = v(S), S; has property L,i = 1, --- | k,
and 1% is a linear combination of ¥5', --- | 5% It follows that S has property L. In
view of Remark 3.3, since every coalition S has property I, it follows that (') is a
nucleo-sufficient collection in I'.

LEMMA 3.6. Let T = (N; #°) be a monotonic simple game with no veto players
and denote

(332) #*={Se# (VT < SS\T| = 2=Te¢#) A FeS)S\{il¢#).

Then #™ is a nucleo-sufficient collection.
Proof. 1t is easily verified that

N
(3.33) AT) = ( 1 ) U+,

Using arguments similar to those of Lemma 3.5, we can prove that

(3.34) Ay () = A1)

N
(see Definition 3.4). Since A(I') = ( . ) U # %, it is sufficient to prove that % is a
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nucleo-sufficient collection, i.e.,

(3.35) Ny () = @(7
For every player i there is a winning coalition S such that i¢ S. Also, S U {i} is
winning because of the monotonicity. If {i} is not winning, then for every x € X(I),
(3.36) e(S,x) = e(S U {i},x) = e({i}, x).

Sufi

) U #(I).

Moreover, y'¥ is a linear combination of ¥* and x*** and therefore e({i}, x) may
be omitted throughout the computation of the nucleolus (see Remark 3.3). Thus,
(3.35) is proved.

4. The nucleolus of a simple committee-game. In this section we prove that
the nucleolus of a simple committee-game is the barycentric projection of the
nucleolus of the grand game on this committee. Thus, strength relations between
the members of the committee, as reflected in the nucleolus, are the same in the
committee-game and in the grand game.

We shall use the notation

(41) Q(X): {ai:ai(x);aj(x)’jz 1,“‘7m}’ xEX’

when dealing with Problem 3.2.

LemMa 4.1. If x € X (') (using the notation of Remark 3.3 in the problem of
computing the nucleolus), where I' = (N :v) is a monotonic game, then for every
i€ N there is S € 9(x) such that ie S.

Proof. The proof is immediate in case x; = 0.1fx; > Oand' i¢ U{S:Se€ 2(x)},
then & ¢ 2(x)(N ¢ 9(x), e(J, x) = e(N, x)). For ¢ > 0 small enough we can define
an imputation j,

4.2)

= Ds ifk=1i,

X, + ¢ ifk # i,

such that for every S € %(x),

4.3) e(S,y) < elS,x)
and
4.4 Z(y) < Y(x).

This is a contradiction to our assumption that x € X ((I").
Lemma 4.2. Let T = (N; v) be a monotonic game and T'c = (C; #¢) a simple
committee-game of T. If x € X |(T'), then there exists S € D(x) such that S N C € #,.
Proof. The proof is immediate if x(C) = 0. If ie C and x; > 0, let S € %(x) such
that ie S (see Lemma 4.1). If S N C ¢ #(, then

(4.5) SN\ {i},x) > €S, x)
and, thus, S ¢ %(x)—a contradiction!

! We consider #(X) also as a set of coalitions ; no confusion may be caused since there is a one-to-
one correspondence between coalitions and their excesses.
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DEFINITION 4.3. Given a monotonic game I' = (N;v), a simple committee-
game [ = (C: #{) and an imputation x such that x{(C) # 0, we denote

(C) max {y(C U T) — x(T): T< N\C} if Be ¥,
(4.6) w(B) = :
O max {o(T) — x(T): T = N\C} if B¢ #¢.
We call I = (C; w*¥) the modification of I'- with respect to x. We shall show that
this modification, which does not depend on x; for ie C (but depends on x(C)),
does not affect the nucleolus of the committee-game if x € X ,(I'). We use the
notation eZX(S, y), 02(y), etc. when these expressions refer to the game 'Y,
Let us denote

4.7) 6(I") = min {6,(x):x € X(I')},
(4.8) w§ = w(B)

for any Be #; and

(4.9) w = w(B)

forany B¢ #¢.
LEMMA 4.4. Let T’ = (N ;v) be a monotonic game and T = (C; #¢) a simple
committee-game of . If x € X (') such that x(C) # 0, then

(4.10) o(T'&) z wh?

(see Definition 4.3 and (4.7)4.9)).
Proof. First, it follows from Definition 4.3 that

(4.11) Wi > |

(f T= N\C, then (T U C) — x(T) = x(C)). Let y € X(I') such that
min {y(B):Be #;} = 1 — o(T,)

and let X € X(I') such that

C)-y, ifkeC,
(4.12) xk—{x( Vo ke

X, ifké¢C.
It follows from Lemma 4.2 that
0,(X) = max {&(S,%X):S = N,SN Ce#¢}
=max {o(C U T)— x(T): T = N\C}
— x(C)-min {y(B):Be #;}
= x(O)[W§ — (1 = o(I'))].

(4.13)

Since x(C) - wi? is also an excess with respect to x (see Definition 4.3) it follows that
(4.14) W@ — (1 = a(Te) = wi.
Since for every ze X(I'¢),

(4.15) min {z(B):Be #.} £ 1 — a(Ty),
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it follows from (4.14)4.15) that

(4.16) 099(z) = max {e(S,z):Se ¥}

so that

4.17) o(I'g") = wi? — (1 — o([¢)) = wi.
Remark 4.5. Since o(I'¢) < 1 it follows from (4.14) that

(4.18) wi? > wi?.

Thus, the winning coalitions in I' have (in the modified committee-game) a value
which is still greater than that of the losing coalitions. Moreover, it also follows that

(4.19) a(T¥) = a(l).

LEMMA 4.6. Let T = (N;v) be a monotonic game and let T = (C; #¢) be a
simple committee-game with no veto players. Under these conditions, for every
i€ Cthereis Se Wi suchthati¢ S and Se ZX(y) for every ye X (I'?).

Proof. (a) Suppose, per absurdum, that ie C and ye X (I'¥) such that for
every Se #¢,Se P (y) implies ie S. Since i is not a veto player, there exists
So€ #¢ such that i¢S,. Thus, Sy¢ 2™(y) and, therefore, for every

Se . N 7).
(4.20) e(S, y) > (S, y).

It thus follows that for every S e #, N Z&(y) thereis j¢ S(j # i) such that y; > 0.
Let ¢ be such that 0 < & < min {y;:j # i, y; # 0} and define y* by

yi— & ifj#iand y; #0,
(4.21) yF=+<0 ify, =0,
I — y*(NN\{i)) ifj =1

It follows that for every S e Z(y),
(4.22) RS, y¥) < RS, y).

If £ is small enough, then ¥, N 2¥(y*) <= #- N ZP(y) in contradiction to the
assumption that y € X ,(I"*'). We have proved that for every ie C and ye X,(I')
there is Se #, N Z&(y) such that i S.

(b) The existence of S was proved for every ye X (I'®). Particularly, that is
true for every y in the set

423) XHIP) = {ye X (T):(V2)(ze X (T = 1200 = 12P)); -

It can be inferred from Lemma 3.1 that ye X* and ze X, imply Z&(y) = Z¥(2)
and, therefore, S € 9¥(z) for every ze X (T'¥).

LEMMA4.7. Let T = (N ; v) be amonotonic game and let U = (C; #¢)be asimple
committee-game. If x € X ((T) is such that x(C) > 0 then the nucleolus of I coincides
with the nucleolus of T'™X with respect to X(T'¢).

Proof. (a) If there are veto players in I'¢, then o(I'¢) = 0 and (4.14) implies
wi — 1 = w. Thus, for every ye X(I'¢) and S e #¢, (S, y) = w§’ and the
respective lexicographical problems differ by a constant.
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{(b) Assume that there are no veto players in I'¢. According to Definition 4.3

C
and (3.29), AT¥) = A(¢) = ( |

C
U # & It can be seen that ( 1) U # ¥ suffices

to the nucleolus of I'&? (see Lemma 3.5). Suppose {i} ¢ #¢ and S € #, is such that
i¢ Sand ye X (TY) implies S € %¥(y) (see Lemma 4.6). Under these conditions,
for every y e X (I'%¥") (according to Lemmas 4.4 and 4.6)

e(S,y) z €S U i}, y) = o(l¥) — y;
(4.24)

2w = 3 = e} )

Since ¥ = y51 — ¥ it follows, in view of (4.24), that the constraint ety <t
may be omitted from the problem of the nucleolus of ' (see Remark 3.3). The
collection # % is thus nucleo-sufficient in I'?. That implies that the nuclei problems
in the games I“‘?" and I' have the same solution.

THEOREM 4.8. Let I' = (N ; v) be a monotonic game and let I'c = (C; #() be a
simple committee-game of U. If v is the nucleolus of T and v(C) # 0, then Bcv is the
nucleolus of T'.

Proof. The nucleolus belongs to the kernel. In a simple game with veto players
the nucleolus is the unique point in the kernel {3, Thm. 4.1]. Thus, if there are veto
players in I'¢, then our theorem follows from the compounding theorem with
respect to the kernel (see [5, Thm. 6.1]).

Let us assume that ['¢ is free of veto players. Let v¢ denote the nucleolus of I'-;
it is the nucleolus of I' too (Lemma 4.7). Let x* = B.v and suppose, per
absurdum, that x¢ # v, Let

(4.25) 0D0) = (eXS1, ), -+, €S, v,
(426) 0(‘)()(() = (e(‘) T] 9 x(')’ T e((’\))(T2|C|’ xc))'
Let i, be defined by

(4.27) ¢(Siy, V) < €T, X°),

(4.28) i< i, =S, v = (T, x°).
Without loss of generality we assume that

(4.29) i<ip=>S8 =T

(see Lemma 3.1). Define an imputation y by
vC)-x{ ifkeC,
(4.30) Vi = .
vy, ifk¢C.

Forevery B < C,

1
4.31) B, v = max {e(BU T,v):T =« N\C},
v(C)
1
(4.32) eX(B, x5 = max {e(BU T,y): T = N\C}.

v(C)
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Let R, R, @ N\C be coalitions such that
(4.33) e(Ry,v) = max {&T,v): T < N\C},
(4.34) eR, U C,v) =max {e(TU C,v):T = N\C}.

If S;, ¢ #c we denote S;, U R, by S*, and if S; € #¢, S;, U R, is denoted by S*.
For every R « N\C and i, if S; € #¢, then

4.35)  e(S; UR,p») = vC)- XS, v) + o{C U R) — w(R) — v(C)-w,
and if S; ¢ #¢, then
(4.36) e(S; UR,y) = v(C)-eX(S;,v") + t(R) — »(R) — v(C) - w.

Particularly (see Definition 4.3 and (4.33)4.34)),

(4.37) e(S*, y) = v(C) - e(S;,, V).
Therefore, for every i = ipand R =« N\C,
(4.38) e(S*, y) Z e(S; U R, y).

Analogously, if T, ¢ #. denote T* = T,, U R, and if T;, € #. denote T* = T,
U R,.Foreveryi = igand R @ N\C,

(4.39) e(T*,v) = WC)- T, ,x) = e(T; U R, x).
It follows from (4.27), (4.37) and (4.39) that

(4.40) e(S*, y) < e(T*, v).

Also, (4.28)+4.29) imply for every i < iy and R =« N\C,
(4.41) e(S; U R, y) = e(T, UR,v).

It can be verified that (4.38)(4.41) mean that 0(y) precedes 0(v) in the lexico-
graphical order on R*" in contradiction to our assumption that v is the nucleolus
of I'.

Example 49. The nucleolus of the sum of two simple games. Let ', = (N;; #7),
i=1,2, be two monotonic simple games such that N, N N, = &J. The sum
[, ® T, is defined to be the game I' = (N;#") where N = N, UN, and
# ={ScN:SNNie#w' orSNN,e#?}. The product T\, @ T, = (N;:#)
where # = {Sc N:SN N,e# ! and S N N, e #?} was investigated and its
nucleolus was characterized in [4]. Let T =(N;#)bethe sum I =1, @ T,.
We shall prove that for every x € X {(I'),

(4.42) max {e(S,x):Se# '} = max {e(S,x):Se #?*}.
Suppose, per absurdum, that for example,
(4.43) max {e(S,x):Se #'} > max {e(S,x):Se #7}.
Thus,

0,(x) = max {e(S,x):Se W}

(4.44) = max [max {e(S,x):S N N, e %'}, max {e(S,x):S N N,e # *}]

(cont.)
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= max [max {e(S, x):Se # '}, max {e(S,x):Se #?}]

= max {e(S,x):Se #'}.
If X(N,) # 0 let x' = By,x and if x(N,) = 0 let x' be any point in X (I',). Also,
let x* = By,x (it follows from (4.43) that x(N,) # 0). Regard x',i = 1,2, as an

imputation in I by means of adding zeros for the players who do not belong to N,.
Thus,

(4.45) x = x(N)x! + x(N,)x2.

There is ¢ > 0 such that the imputation

(4.46) X, = (x(N,) + e)x' + (x(N,) — e)x?

satisfies (4.43) and, consequently, (4.44). Since for every ye X ,(I',),
(4.47) min {}(S):Se#'} >0

it follows that

(4.48) 0,(x,) < 0,(x)

in contradiction to our assumption that x € X ((I'). Thus, (4.42) is proved. Let
vi,i = 1,2, denote the nucleolus of I';. According to Theorem 4.8 the nucleolus of
I' has the form

(4.49) p=(1 = ap! + o
where 0 < o < 1. It follows from (4.42) that
_ min {v'(S):Se ¥}
© = min (v(S):Se #°1] + min (vAS):Se # 2}
B 1 — 01(vh
T 2- 010N = 03

(4.50)

This means that the computation of the nucleolus is equivalent to the computation
of the nucleoluses of the summands. The coefficient « is a by-product of this
computation.

5. The nucleolus of a compound game. According to the preceding section the
nucleolus of a simple committee-game is the barycentric projection of the nucleolus
of the grand game on that committee. In a compound game with simple com-
ponents the set of players, N, is a union of disjoint committees. Thus, the nucleolus
of the compound game is a convex combination of the nucleoluses of the compon-
ent games (the nucleolus of a component game is changed to an imputation in the
grand game by adding zeros). This combination depends only on the two highest
levels of excesses in the components’ nucleoluses. It is a solution of a lexico-
graphical problem.

Let I' be a monotonic compound game, I' = I[,[{[",---,T,], where T}
=(Ng;#%,i=1,---,m, are simple games over pairwise disjoint sets and
I'o=(M;u,M={1,---,m}. Let v' denote the nucleolus of I';,i=1,---, m,

and let v denote the nucleolus of I'. According to Theorem 4.8 there are «; = 0,
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i=1---,m suchthat ) a; = u(M) = (N) and
(5.1 v=ovt 4 4, v™

By the *-notation an imputation in a committee-game is changed to an imputation
in the grand game (by adding zeros). The problem is to compute the coefficients
o, i =1,---, m For every component game I';,i = 1,---, m, let us denote the
payoffs to the winning coalitions, in the nucleolus ¥, by

(5.2) o <o < - <o) =1.

The payofls to the losing coalitions will be denoted by

(5.3) 0=140 <A < - < AP.

For every T ¢ M denote

JT)y ==, m:(VieTO =i £ k)
(Vi¢ T)(O < j; = 1)}

(5.4)

For every T = M and je J(T) let a'™* be an affine functional such that for every
B € X(FO)’
(5.5) aT By = w(T)— Y o\PB; = Y A,
ieT i¢T

ASSERTION 5.1. The combination o = (o, - - - , a,)(see (5.1)) is the solution of
the lexicographical problem with the functionals a™? (T = M, je J(T)) and the
polytope X (I'y). A

The proof follows from the fact that for every e X(I'y) the values a'™/(p)
are the excesses with respect to the imputation fv'" + -+ + B,V™.

The number of functionals in the above problem can be decreased con-
siderably. First, let us denote for every T = M,

(5.6) J(T) = {je J(T):(F)(Vi)(i # k= j; = 0) A (j,€{0,1});.

ASSERTION 5.2. The set {a™:T < M,jeJ(T)} is sufficient (in the sense of
Definition 3.4) to the lexicographical problem presented in Assertion 5.1.
Proof. For every T < M and je€ J(T) denote

(5.7 b B) = a T (B) — w(T).

Let e,k = 1, ---, m, denote the m-tuple in which (e}); = J,; (Kronecker delta).
Since {0, ey, €5, - - - , €,} is an affine basis of R™ it follows that the linear functional
bTi¥ is an affine combination of bT:? and b7, k = 1, --. | m. For every k such

that j, = 0 the coefficient of b**¥) in this combination must be equal to zero. Thus,
for every T = M and j e J(T) the functional b/ is a linear combination of b7
and b7 k=1, -, m,j, # 0. Moreover, for every e X(I'y),

(5.8) a" By < min {aTP):1 < k < m, j, # 0} < aT(B).
That implies that the set of functionals a'"*? such that j e J,(T) suffices.

Remark 5.3. If there are veto players in I';, then there is only one level of payoffs
to winning coalitions in the nucleolus of I';. Thus, k; = 0, o = 1 and for every
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jeJ (T) (where ie T), j, = 0. We shall show that it can also be assumed (i.e.,
J(T) may be reduced furthermore) that for every i, if there are no veto players in
I'; and if i ¢ T then for every je J(T),j;, = 0.

We denote

J¥(T) = {jeJ(T):For every k e T such that there are veto players
(5.9) in Ty, j, = 0, and for every k ¢ T such that there
are no veto players in [, j, = 0}.

ASSERTION 5.4. The set {a'T": T = M, je J*(T)} is sufficient to the solution of
the lexicographical problem presented in Assertion 5.1.

Proof. It can be easily verified that at the first stage of the solution (see Remark
3.3)it is sufficient to use only the functionals of the form a'™*?. To see that, note that
forevery je J(T)and e X(I',),

(5.10) am:O(B) = aTI(B).

Suppose k¢ T — M and I'; is a game with no veto players. Let f€ X ,. According
to Lemma 4.1 there exists T* — M such that ke T* and T* € 2() (see (4.1)). Let
le N, be a player such that v = A\P. Since ! is not a veto player, there is Be #*
such that [ ¢ Band B € Z(v¥) (see the proof of Lemma 4.6). Clearly, v¥(B) = o and
also vX(B U {I}) = . The functional a'"**<' may, therefore, be omitted at the
following stages. The last claim follows from the fact that for every fe X,

(5.11) a9y < min [aTOYB), T R(B), aTONB)]
and b7 (see (5.7)) is a linear combination of b7 p(T*9 and pT:9 (see Remark
(3.3).

To conclude, the combination « which determines the nucleolus is the solution
of the following problem.

Problem 5.5. Let I'y = (M ; u) be an m-player game. Letd=(d,, --,d,) be
an m-tuple of nonnegative integers and let ©” and w! be two m- tuples such that

O<w)<w! <1,i=1,---,m Forevery T< M and fe X(I',) let
(5.12) JPPB) = uT) = Y wlp.
ieT

For every k e T such that d, = 0 let

(5.13) gTOB) =uT) — ) o — wiby

ieT\\{k}

and for every k ¢ T such that d, # 0 let

(5.14) 8O = uT) — T ofp B

ieT

By L[T,, w° w',d] we denote the lexicographical problem with functionals {7
and g™* (where T < M and either ke Tand d, = 0, or k¢ T and d, # 0).

The results are summed in the following theorem.

THEOREM 5.6. Let I’ = T',[I'y, -+, I',.] be a monotonic compound game with
simple components (see (2.1)). Let v be the nucleolus of T; and let d, be the number of
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veto playersinT';,i=1,---, m. Let
(5.15) w? = min {v(B):Be %}, i=1,---,m,

(5.16) w! = min {v(B):Be #*,vi(B) > '},

(for i such that d; # O set w} = 1)

(5.17) 0 = (0f, - of), o =(l, 0.

m

Under these conditions the nucleolus of T is
(5.18) v=oav o o, y™

whereo = (o), -, ) is the solution of the problem L[Ty, w°, w', d] (Problem 5.5).

Example 5.7. Let T = M3[M; ® M3, M3 @ M5, M;[M;, M;, M3} (M4 is
the 3-person majority game) and let us compute the nucleolus of this 21-player
game. According to our theorem we find by symmetry considerations that the
nucleoluses of My ® M5, M; @ M3 and M3[M3,M3, M,] are, respectively,
(%7 "(1;7 ?%5 é’ é’ é) (lw 16’ é’ %7 %’ 6) and (5’ 9> (137 %7 é’% ’ ll)’ 9> 715) The minimal payofTs to
winning coalitions (in the nucleoluses in the games are, respectively, 2 5 1,4 The
lexicographical problem is solved in one stage and the solution is (%, %,3). Thus,
the nucleolus of T is

Example 5.8. There are two generalizations of (2.1). L. S. Shapley (see [13, p.40})
suggested
(5.19) uS)= Y Y (=D Ty(T)-min {w(S N N):ieR}

RcM TcR

and G. Owen (see [9]) defined
(5.20) uS)= Y JIwdSN N[ —w(S N NY))-w(T

T<MieT i¢T

Our results do not hold for these generalizations. Let I' = (N ; v) be a 3-player game
such that v(12) = »(13) = 1,0(123) = 1 and v(S) = 0 for any other S = {1,2.3}.

The nucleolus of I” consists of the point (1,1, 3). The nucleolus of the generalized

product I' ® T (using either (5.19) or (5.20)) consists of the point (,§.4.%.6-8)-

Obviously, this point cannot be presented as

(1 - 0‘)(2,4’470 0,0) + «(0,0, 0,2,4’4
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