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By taking the "0 + "O system as an example, the property of nucleus-nucleus interaction 
is investigated by the use of resonating group method. Special attention is paid to the nuclear 
saturation property which is satisfied in all the interaction region from compact 32-nucleon 
configuration to two separated "0 nuclei. A new kind of effective nuclear force with a 
repulsive three-body interaction is introduced in order to take account of density dependent 
effects in relation to the saturation property. A kind of core in the inner region and a weak 
attraction in the intermediate region are discussed quantitatively for the "0+ "0 interaction. 

§ 1. Introduction 

Experimental systematics on heavy-ion collisions have stimulated the study on 

nucleus-nucleus interaction.ll~al Theoretical interest has been mainly concentrated 

upon a potential description by the use of a local density approximation as an intui­

tive approach!l,ol On the other hand, the orthogonality condition model has made a 

modern current for the study of light two-nucleus systems particularly in Japanese 

group. 6l In this model the nucleus-nucleus potential is assumed as some kind of 

modification of a direct potential. These models, however, are not still placed on 

a foundation of a fully microscopic consideration on nucleus-nucl~us interaction. 

Microscopic treatments of the interactions between composite particles have 

their essential significance in clarifying the interplay of the nuclear force and the 

Pauli principle during the collision process of two nuclei. 7l,sl Recent progress of 

the microscopic treatments has rapidly extended their applicability to heavy two· 

nucleus systems with (Op) or (lsOd) shell nuclei. 9l An introduction of the gene­

rator coordinate10l with respect to the relative motion is a key point to succeed in 

avoiding a serious cumbersomeness in the computational procedures by the use of 

the resonating group method (RGM). This is because the generator coordinate 

method (GCM) allows us to utilize the well-known systematics of harmonic oscil­

lator (h.o.) wave function. (And note that when the center-of-mass motion is 

separated,w the GCM becomes equivalent to the RGM under a Gaussian transfer-
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Nucleus-Nucleus Interaction and Nuclear Saturation ProjJerty 1609 

mation.) It is, therefore, possible to study heavy nucleus-nucleus interaction on the 

basis of the RGM. 

In the microscopic study, one of the basic problems is how to choose effective 

nuclear forces. It was pointed out in a previous paper12) by studying the 160 + 160 

system that the consideration of nuclear saturation properties plays an essential 

role in selecting the effective nuclear force; especially the separation energy of 

160 from two resonating 160 system as well as that from 32S was necessary to be 

considered. When the Volkov No. 2 force 13l is adopted, the strength of the 

Majorana exchange mixture should be taken to be appreciably large for the repro­

duction of the separation energy. On the other side such an effective nuclear force 

with simple central terms as the Volkov ones cannot reproduce the empirical 

binding energy up to heavy nuclei. It is very important for the study of the 

nucleus-nucleus interaction to overcome these defects in the simple effective nuclear 

forces. One of the typical attempts is to introduce the density dependent terms in 

addition to the usual two-body forces. These kinds of effective forces have been 

known to lead to the success of the Hartree-Fock calculations in the wide mass 

region of nuclei.w 

The purpose of this paper is thus to examine the 160 + 160 interaction by the 

use of the effective nuclear forces which satisfy the nuclear saturation property in 

the overall :mass region, and to compare the results obtained in the previous 

studies.12),21) In this paper the Volkov Nos. 1 and 2 (abbreviated to V1 and V2) 

are employed as the basis of the two-body force, and the' zero-range three-body 

interaction is introduced as one of the simplest density-dependent terms. The 

parameters of effective nuclear forces are determined so as to reproduce saturation 

property of 160 and 4°Ca simultaniously such as binding energy and nuclear radius. 

The compressibility is also taken into consideration. The saturation and binding 

property of 32-nucleon configuration are studied by examining the binding energy 

and the separation energies of 160 from 32S and from two resonating 160 nuclei. 

Whether the evaluated effective nuclear forces are suitable for the relative motion 

or not is examined through the systematic RGM study of 160 + 160 configuration. 

In § 2, the definitions and formulas about the saturation property are given and 

the microscopic treatments are recapitulated briefly. The effective nuclear forces 

are selected by considering the nuclear saturation property in § 3. The calculated 

results on the 160 + 160 system are discussed in § 4. Section 5 is devoted to con­

cluding remarks. 

§ 2. Theoretical framework and formalism 

2.1. Expressions for saturation Property 

First of all, the binding energies of a, 160, 4°Ca and nuclear matter are 

expressed by using the effective nuclear force with the zero-range three-body in­

teraction which leads to density-dependent effects. The Hamiltonian is defined by 
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1610 T. Ando, K. Ikeda, A Tohsaki-Suzuki 

(1) 

where the first term represents the kinetic energy operator, the second comes from 
the c.m. motion, the third stands for the two-body operator consisting of the nuclear 
and Coulomb forces and the last term is the three-body interaction. The explicit 
forms of the third and last terms are written as 

(2·1) 

(2·2) 

and 

(2·3) 

where P, and Pr denote the exchange operators on spin and isospin terms, respec­
tively. 

By using the h.o. wave function and the Fermi-gas model, total energies 
per nucleon for a, 160, 4°Ca and nuclear matter are expressed as 

(3·4) 
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Nucleus-Nucleus Interaction and Nuclear Saturation Property 1611 

Each of Eqs. (3 ·1) '"'-/ (3 · 4) is arranged in the order of the kinetic, nuclear two­

body interaction, Coulomb interaction and zero-range three-body interaction energies. 

The h.o. size parameter a is related to hw = fla/ M and (r2) = {I.; (2ni + li + !) } 
/2aA. The nuclear incompressibility defined by 

(4) 

with a 0 and kFo corresponding to energy m1mma 1s also used as a test of the ef­

fective nuclear forces. The incompressibility is related to the giant monopole state 

(G11S) energy by 

(5) 

2.2. The brief presentation of the RGM 

The wave function free from the c.m. coordinate starts with 

(6) 

where Jl 12 is the antisymmetrization operator of nucleons between nuclei and 

¢ C60i) are the internal wave functions of 160. The relative wave function X (r) 

between two 160 nuclei is expanded into the partial waves: X (r) = L,:1m {u1 (r) /r} 

Y1m (Qr). The variational principle of 

(7) 

leads to the well-known integra-differential RG11 equation with respect to the 

radial part of the relative wave function: 

s{Hz(r, r') -EN1(r, r')}u 1(r')dr' =0. (8) 

Here H 1 (r, r') and N 1 (r,r') are the energy and normalization kernels which are 

defined by 

(9·1) 

N 1 (r, r') = o (r- r') - K/ (r, r'), (9· 2) 

where If. is the reduced mass and Vv (r) represents the direct (folding) potential 

which is obtained by removing the antisymmetrizer and by operating two- and 

three-body terms in the Hamiltonian. A straightforward calculation gives the di­

rect potential: 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/6

4
/5

/1
6
0
8
/1

8
7
5
6
9
6
 b

y
 U

.S
. D

e
p
a
rtm

e
n
t o

f J
u
s
tic

e
 u

s
e
r o

n
 1

6
 A

u
g
u
s
t 2

0
2
2



1612 T. Ando, K. Ikeda, A. Tohsaki-Suzuki 

(10) 

with h = 8a/ (8a + 15/r,.'). The Coulomb interaction and three-body interaction 
kernels are correctly evaluated through an analytical derivation in computational 
way as well as the Gaussian type two-body interaction one. 22 l A new method of a 

systematic calculation of all the energy kernels will be reported elsewhere by one 
of the present auth0rs (A. T-S.). 

The RGM equation (8) is solved by means of Mito and Kamimura's method 15l 

which is developed on the basis of the Kohn-Hulthen-Kato variational method.J6) 
By using an approximate trial wave function u1' (r), the variational principle is 
applied to a functional 

J [ u/J = Sr' + i_kf/ f= f= u/ (r) (H 1 (r, r') - EN1 (s, r')] u/ (r') drdr'. (11) 
11 Jo Jo 

A stationary solution obtained from the variation (JJ (ust) = 0 is a sol uti on of Eq. 

(8). The S-matrix S 1 under a proper boundary condition of scattering states is 

obtained by S 1=J[ut], which is an approximate solution within the error of the 
second order (see Ref. 15)). The linear combination of the Gaussian wave packets 

around Ri plus the Coulomb wave function modified in the interial region is 
employed as a trial wave function. When the Gaussian wave packets with an 

appropriate size parameter are adopted, the matrix element of the RGM kernel 

between two wave packets is just in agreement with the GCM kernel itself. In 
this sense, the RGM kernel whose calculation is very difficult for heavy two­
nucleus system is replaced by the GCM one. 

§ 3. Nuclear saturation property and effective nuclear forces 

The aim of this section is to adjust the parameters of the effective nuclear 

forces (2 ·1) "-/ (2 · 3) so that they become appropriate to the study of the interaction 
between (Op) -shell nuclei. Table I summarizes the parameters. For reference 
the Brink-Boeker No. pn (BB1) force will be also used in view of its extremely 

strong Majorana exchange character. Calculated binding energy, rms radius, 

incompressibility and GMS energy are exhibited in Table II for a, 160, 4°Ca and 

nuclear matter. 
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Nucleus-Nucleus Interaction and Nuclear Saturation Property 1613 

Table I. Parameters of the effective nuclear forces to be used. 

Force rk(fm) Vk (MeV) Wk m. bk hk I v<'> (MeV·fm') 

V2(0. 65) 1. 80 -60.65 
0.350 0.650 0.0 0.0 0 

1.01 61.14 
----

MV2 case 1 1. so -60.65 
0.382 0.618 0.0 0.0 4000 

1. 01 40.14 
__ j __ 

-----------

MV2 case 2 1. 80 -60.65 
0.0 4000 0.382 0.618 0.0 

1. 01 38.14 
--- ---

MV1 case 1 1. 60 -83.34 
0.400 0.600 0.0 5000 

0.82 99.86 
--------

MV1 case 2 
I 1. 60 

-83.34 
0.400 0.600 0.0 5000 

0.82 96.86 

MV1 case 3 ! 1. 60 -83.34 

I 

0.400 0.600 0.0 4000 
0.82 104.86 

---------------,---- ------------------------- --- ----------------

BB1 1. 40 -140.6 0.5136 0.4864 0.0 0.0 
0 

0.70 389.5 1. 529 -0.529 0.0 0.0 
-------

Table II. Physical quantities on saturation property and incompressibility and monopole energy. 

a 

Force lvzco. 65)i 

1 E/A (MeV) I -6.991 

I 
hw (MeV) I 21.77 

. rms (fm) 1. 69 

K (MeV) 78. 94 

MJ (MeV) 26. 64 

E/ A (MeV) I 6. 62 

hw (MeV) 16.17 

MV2 
case 1 

7.16 

17.42 

1. 89 

88.13 

31.99 

7.64 

13.06 

"0 rms (fm) 

K (MeV) 

MJ (MeV) 

2. 40 2.67 

-

1 

E/A (MeV)~­
hw (MeV) I 

40Ca . rms (fm) 

60. 11 I 103. ss 

20. 79 I 24. 56 

8.70 

17.62 

2.66 

63.33 

19.29 

8.99 

11.40 

3.30 

129.92 

22.22 
I 

K (MeV) i 

I MJ (MeV) I 

I E/ A (MeV-) ~--'------24-.-34-

N.M. kt (fm-') 

1 K (MeV) 

1. 59 

333.01 

MV2 
case 2 1 

I 

7.38 

17.62 

1. 88 

90.43 

32.60 

7.92 

13.27 

2.65 

107.79 

25.21 

9.34 

MV1 
case 1 

7.04 

17.42 

1. 89 

99.26 

33.95 

7.64 

13.06 

2.67 

117.36 

26.10 

8.79 

MV1 
case 2 

7.24 

17.24 

1. 89 

99.06 

33.92 

7.90 

13.27 

2.65 

122.04 

26.83 

9.10 

MV1 
case 3 

7.19 

18.04 

I BB1 I exp. 

1-6.Ssr 1:08 
1 20.73 

1. 86 I 1. 73 1. 61 

96. 27 . 76. 97 

34. 03 1 32. 621 

7.8-9 -- 5~811-7.93-

13. 89 13.06 

2.59 

120.31 

27.26 

9.27 

2.67 2.64 

92.77 -
1 23.21 ~26. 4 

6.27 I 8.55 

11.61 11.20 11.20 11.82 10.57 

3. z7 3. 33 3. 33 3. z4 3. 43 1 3. 52 

136. 03 145. 33 144. 99 142. 82 1102. 54 I 

22. 95 23. 29 23. 26 23. 72 19. 01 1 ~23. 5 

25. 12 21. 01 ~21. 61 -------;3.5;) 1 15. 691 15. 64-

1. 60 __ 1· __ 1. 4-8 _____ 1 __ ·_ 49 I 1. 57 I 1. 45 1. 36 346. 60 299. 29 311. 57 325. 50 184. 41 I 
I 
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1614 T. Ando, K. Ikeda, A. Tohsaki-Suzuki 

Let us note V2 (0.65) for example. It can reproduce the separation energies of 
160 from 32S and from two resonating 160 configuration, 121 however, serious defects 

are that 

(i) the binding energy of 160 is not reproduced, 

(ii) the rms radius of 4°Ca is too small in comparison with the empirical value, 

(iii) the GMS energies fiQ for 160 and 4°Ca are appreciably smaller than 2/zw 

indicated by the empirical "--'80/ A 113 law, 

(iv) the energy of nuclear matter does not have minimum up to lcp=3fm- 1• 

The zero-range three-body interaction v' 31 of Eq. (2 · 3) has been introduced to 

overcome these defects. The strength of v'3J is determined by paying attention to 

the binding energy of 160. The strength of v'3J and the short range repulsion in 

the two-body interaction are balanced*1 so as to reproduce the binding energy 

of 160. The MV2 and MV1 versions in Table I are modified from Volkov No. 2 

ans No. 1, respectively. The introduction of the repulsive v'31 adjusted to 160 

leads to the following trends: 

(i) The binding energies of 4°Ca and nuclear matter approach empirical values 

only with larger strength of v' 31 , but the energy of a is not so deviated from the . 

experiments. 

(ii) The rms radius of all the nuclei and the incompressibility of 160 and 10Ca 

are in good agreement with experiments. 

The deviation calculated from empirical total energy expressed in terms of (Ecal 

- Eexp) / Eexp is shown versus mass number A in Fig. 1. The energy of nuclear 

matter considerably depends upon the strength v(3). The cases labeled as a cor­

respond to the strength v' 31 = 4000 MeV fm6 while the cases with label b to v(3) 

= 5000 MeV fm6 • If the binding energy of 160 is almost exactly adjusted, that of 

4°Ca becomes somewhat too large. Two types, therefore, are searched; the first one 

generates a slight lack of the binding energy of 160 and a slight excess for 4°Ca 

(denoted by group 1) and the second one reproduces the binding energy of 160 at 

the expense of 4°Ca (group 2). In the mass region between 160 and 4°Ca the 

MV2 case 1 and MV1 case 1 show a common trend in Fig. 1, constituting group 

1, while the MV2 case 2 and MV1 case 2 and 3 belong to the group 2. The 

BB1 force shows a serious defect that neither binding energy of 160 nor that of 

4°Ca can be reproduced. 

Let us next consider the mutual relation of the separation energies of 160 

from 32S and from two resonating 160 configuration. Two kinds of separation 

energies are introduced as 

and 

*1 This procedure was first proposed by Yamamoto"! on the basis of Hasegawa-Nagata 

force.''J 
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Nucleus-Nucleus Interaction and Nuclear Saturation Property 1615 

0.50 

\ 
\ 
\ 
\ 
\ 

-0.25 

00 

\ 
\ 
\ 
\ 

V2 (0.65) 

MV2 easel 

MV2 case2 

MVl case 1 

MVl case2 

MVl case 3 

881 

4 A 

Fig. 1. Energy deviation of the calcu· 

lated total energy from the empiri· 

cal one, which is expressed by 

(Ecal- Eexp) / Eexp· Circle a means 

the force with v<'l =4000 MeV fm 6 

and circle b corresponds to the 

case with v<'l =5000 MeV fm 6 • 

MeV 
-150 

-200 

Fig. 2. Total energy curves with re­

spect to a for "S and 2E0 • 

(12· 2) 

where E 0
5 is the energy of the 32S ground state*) and E0° is the energy of 160 

with (Os) 4 (Op) 12 configuration. The energy E 0 +0 is the minimum value of the 

RGM equation (8), namely, the energy of two resonating 160 nuclei. The size 

parameters a 0 and a 5 are those for the energy minima of 160 and 32S, respectively. 

The empirical separation energy is referred to 

(13) 

Let us Impose the following two conditions which give criteria to select the forces 

*l The ground state (ls0d) 16 configuration is assumed to be {(ls0d) 1'[4444] (A!J) = (48), K"=O+} 

which is practically constructed by a-cluster model as mentioned in the Appendix of Ref. 12). 
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1616 T. Ando, K. Ikeda, A. Tohsaki-Suzuki 

appropriate for the study of the relative motion between complex nuclei. The 
first one is 

(14) 

which means that two resonating 160 configuraton should belong to an excited 

state of 32S nucleus. The second one is that calculated binding energy of 32S 

should be larger than that of the two resonating 160 configuration; that is, 

(15) 

which describes a consistent result for the energy relation within the framework of 
the model calculation. 

For the pure two-body central force, say V2 case, the Majorana strength 

m has to be around 0.65 in order to satisfy these two conditions. However, the 

size parameters conflict with empirical ones as seen in Fig. 2; namely, a 0 becomes 

even smaller than as in addition that both ao and as are too large. This serious 

defect clearly implies the inaclequency of V2 type simple effective forces. 

Calculated energy surfaces are shown in Fig. 2 for all the forces presently 

deviced. Table III summarizes relevant calculated quantities. It is clear from Fig. 

2 and Table III that all the new forces not only satisfy the above conditions but 

also reproduce quite well the empirical binding energies and rms radii of 160 and 
32S nuclei. In Fig. 2, the arrows on the axis of ordinate indicate the empirical size 

parameters a for 160 and 32S while those on the axis of abscissas do the empirical 

binding energies for two 160 and 32S. Note that the BEl case conflicts with 

condition (15), too. Significant improvement achieved by our new forces is entirely 

clue to the introduction of the three-body interaction. This point will be essential 

in studying the interaction between composite particles. It is thus considered that 

BEl force used in detailed calculations of 160 + 160 interaction by Brussel group2v 

1s not suited for the study of two-nucleus system in (Op) and (lsOd) shell mass 

Table III. The energy quantities to consider the mutual relation of separation energy 
of "0 from "S and two resonating "0 system. 

(Unit in MeV) 

Force oE, 
--------'----:------

V2(0. 65) 

MV2 case 1 

MV2 case 2 

-219.7 

-250.4 

-260.6 

15.8 

11.6 

11.6 

-211.8 

-244.3 

-253.5 

-215.8 

-246.3 

-256.1 

16.2 

13.1 

13.3 
-----------~-- I 

-246:-7-- 11~6--r-----=--244. 6-- -243-. 6-- -1-3. 1--MVl case 1 

MVl case 2 

MVl case 3 
I 

BEl --~ 

Exp. 

1

. - 252. 7 - 252. 1 1:). 3 

-252. 6 -253. 3 13. 9 ______ _.__- ---

-255.8 

-258.0 

11.6 

12.0 

-172.3 10.8 -186.0 -179.2 13.1 

-271.7 -255.2 
----- - ______ _._ __ _ 

4.0 

2.0 

2.6 i 

-1.0 

-0.6 

0.7 

-6.8 

7.9 

6.1 

7.1 

2.1 

3.1 

5.4 

-13.7 

16.5 
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1Vucleus-Nucleus Interaction and 1Vuclear Saturation Property 1617 

region. 

§ 4. 160+ 160 interaction by the RGM 

4.1. Phase shifts and energy spectra 

In Fig. 3 calculated phase shifts are shown for the MV2 case 2 and MVl 

case 1 forces in comparison with V2 (0.65) and BBl. The phase shifts for all 

the MV2 forces show a similar behavior and those for all the MVl resemble each 

other. The bound and resonance state energy spectra are exhibited versus l (l + 1) 

in Figs. 4 (a) and (b) for group 1 and 2 forces, respectively. The BEl and 

V2 (0.65) cases are shown for reference. 

Figures 4(a) and (b) indicate two pure rotational bands satisfying the l(l+1) 

rule for all the cases except for BBl. The character of the bands is arranged 

in terms of the band head energy and the rotational constant k = h"/2!/ in Table 

IV. The width of the resonances increases with increasing l and the width of 

l = 18 on the second band becomes about 2.5 MeV for all the new forces. 

MV2 case2 

(a) 

V2 (0.65) 

0, (rad) 

3rr,~----------~~~~~~~~~~~ 

(b) 

Fig. 3. (Continued) 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/6

4
/5

/1
6
0
8
/1

8
7
5
6
9
6
 b

y
 U

.S
. D

e
p
a
rtm

e
n
t o

f J
u
s
tic

e
 u

s
e
r o

n
 1

6
 A

u
g
u
s
t 2

0
2
2



1618 T. Ando, K. Ikeda, A. Tohsaki-Suzuki 

MVI case I 

o, (rod) 
2n·r--------------rr~~~~~v~~~~~~~~~~~-d 

0 

0 
0 

Ecm (MeV) 40 

(c) 

di (rod) B B I 

2n 

(d) 

Fig. 3. Phase shifts. 

Table IV. The properties of the rotational bands for the "0 + "0 system. 

Force 

V2(0. 65) 

MV2 case 1 

MV2 case 2 

I 

No. of band 

1st 

2nd 

1st 

2nd 

1st 

2nd 

-MVl ca:e_l ___ l -· ---ls~ 

MVl case 2 

MVl case 3 

BEl 

[ 2nd 

1st 

2nd 

1st 

2nd 

1st 

Eo (MeV) 

-3.9 

4.8 

-1.9 

5. 7 

-2.7 

5.2 

1.0 

7.9 

0.5 

7. 7 

-0.7 

6.9 

6.8 

K=h'/2J (keV) 

89 

70 

60 

56 

64 

56 

63 

54 

65 

55 

66 

58 

62 
----· .. - ----~- -- -- - --- --- -· -------

The band head energy depends upon whether the force is MVI or MV2 rather 
than whether it belongs to group 1 or 2. The energy for MV1 is higher than 
that for MV2 by 2rv3 MeV. In the energy range Ecm = 20rv30 MeV where three 
prominent gross structures are observed,"3J the resonance energies on the second 
band correspond to l = 16, 18 and 20 for new forces. Considering the energy 
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spacing and the energy region, the resonant partial waves l = 16, 18 and 20 on the 

second band for new forces are expected to play a major role in the gross structure. 

On the other hand, the partial waves Z = 14, 16 and 18 are appropriate to represent­

ation of the gross structure if V2 (0.65) is adopted. This comes from smaller 

moment of inertia than the others. 

In all the cases of new forces the rotational constant k is about 63 ke V for 

the first band, while it becomes smaller by about 7 ke V for the second band. The 

E, MeV 

30 

20 

E, MeV 

30 

20 

MVI case I 

881 

MV2 case I 

10 12 

MV2 case 2 

V2 (0.65) 

MVI case2 

MVI case3 

14 16 18 

(a) 

(b) 

Fig. 4. (a) Energy spectra of bound and resonant states for the forces belonging to 

group 1. (b) Energy spectra of bound and resonant states for the forces belonging 

to group 2. 
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energy splitting between two bands, therefore, decreases with increasing angular 
momentum. The rotational constants for two bands in V2 (0.65) case are 89 ke V 
and 70 ke V, respectively, reflecting larger separation of two 160. The BEl force 
generates only one rotational band whose moment of inertia resembles that of the 
first band for the others, but the resonance widths become wide for high angular 
momentum (F = 3.2 MeV for l = 18, for instance). As far as the adopted effective 
nuclear forces which satisfy the saturation property, the rotational constant k is 
almost independent of the forces. 

4.2. Energy curves 

In Fig. 5 are shown the energy curves defined by subtracting 2E0 from the 
total energy with respect to the relative distance R. The characteristics do not 
depend upon the group of forces but upon either MVl or MV2. 

For all the new forces and V2 (0.65) the energy curves have local minima up 

Et(R) MeV 

\ 
\ \ 
\\ 
\I 
I I 
1\ 

30 \ II 
\ 1\ 
\ ,, 
I \1 

II\ 
\II 

1\1 
I II 
I 11 
I \I 

20 
I II 
I II 
\II 
I 11 

I I 
\I 
I I 
\ I 
I I 
I I 
I I 

10 I 
\ 
\ 
I 
I 
I 
I 
I 
I 
I 
I 

0 
2 

(a) 

MV2 case2-­

V2 (0.65) ---

8 R(fm) 
o~---2~---4L- __ _L ____ L_ 

6 8 R(fm) 

(b) 

Fig. 5. Energy surfaces with respect to the relative distance parameter R. 
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to l = 24 around R = 3"'--'5 fm. The minimum point decreases with the increase of 

angular momentum l because of an antistretching effect mainly due to the Pauli 

principle. However, this point R does not directly correspond to the rms distance 

( V <;.2)) of the relative wave function but the actual rms distance is almost constant 

up to l=24. 

Let us next compare the MV2 case 2 with V2 (0.65) forces which almost 

reproduce the empirical separation energy of 160 from 32S. The energy curve for 

MV2 case 2 is lower at larger R and higher at smaller R than that for V2 (0.65). 

In the inner region the density-dependent effects due to v< 31 push up the energy 

curve of MV2 case 2 while in the outer region the weak Majorana force presses 

it down. In other words, the three-body interaction prevents a compact 32-nucleon 

system from high nuclear density in the overlapping region, while the strong 

Majorana force lifts up the total energy in all the region. The densiy dependence, 

therefore, pushes out the minimum point of the energy curve toward the contact 

distance. This is responsible for the rotational constant k smaller for MV2 case 

E1 (R) 

MeV 

-240 

-2:{) 

0 

MV2 case 2 Et (R)-2Eo(a=0.32 fm-•) 

2 

I: a:0.32fm-• 

2: a=0.29fm-• 

4 6 

MeV . 

40 

30 

10 

0 

8 R(fm) 

Fig. 6. Energy surface to see the behavior 

of the size parameter a. 

700 

600 

500 

400 

-100 

I 
I 

I 

-200 I / 
-300 //// 

-400 

/ 
I 

I 

/ 
/ 

/ 
r(fm) 

XV2 case 2 

HVl case 1 

BBl 

V2(0.65) 

Fig. 7. Direct potentials V D ( r). 
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2. This tendency persists for all the new forces satisfying the saturation property 
of (Op) and (1s0d) shell nuclei. The BB1 force, which conflicts with the condition 
(15) (see Fig. 2 (g)), makes a shallow pocket for the lower l but no longer 
makes any pocket beyond l = 16. 

At the end of this subsection, size parameter dependence in MV2 case 2 is 
examined in all the interaction region. In Fig. 6 energy curves for a= 0.32 fm - 2 

and 0.29 fm - 2 and for l = 0 and 16 are demonstrated. The case with a= 0.32 fm- 2 

reproduces the binding energy of 160, while the case around a= 0.29 fm- 2 leads to 
the energy minimum of the configuration SU3 (24,0). (Note that SU3 (24,0) wave 
function is given by the limit R----'>0.) The energy curve for a= 0.32 fm - 2 is higher 
in the inner region but lower in the outer region. The arrowed and dashed lines 
at a fixed R show energy change for l = 0 and 16, which mainly comes from the 
role of the strong incompressibility. For l = 0 the energy minimum of the case 
with a= 0.32 fm - 2 is lower than the other by 2 MeV, while for l = 16 the two 
energy minima approach each other. This result is interesting, since higher l than 
14 may play an important role in gross structure phenomena observed in the excita­
tion function. 

4.3. Direct potential and effective potential 

Direct potentials calculated by Eq. (10) are shown in Fig. 7. The new forces 
show a repulsive core in the inner region and a weak attraction of "'-' 15 MeV in 
the intermediate region. On the other side, the direct potential of BB1 has no 
pocket in all the regions reflecting its extremely strong exchange character. As 
IS known the V2 (0.65) case leads to a deep attractive well. 

Let us see the roles of the three-body interaction by taking MV2 case 2 as 
an example. Figure 8 demonstrates divided contributions to the direct potential. 
The contribution of the three-body interaction rapidly falls down and disappears 
at the contact distance of about 6 fm. On the other hand, the nuclear two-body 
interaction remains important up to 9 fm. A weak attraction of the direct potential 

originates in this deviation. 

An effective local potential is defined by 

(16) 

where the wave function </J1 (r) free from redundancy is given by </Jz= ~1--K?;z 
with a usual normalization ( </Jzl </J1) = 1.24l This potential is studied on the first band 
for the evaluated new forces. In Fig. 9, the effective local potentials for l = 0 and 
16 of the first band are shown for MV2 case 2 and V2 (0.65) forces. It is as­
sumed by following the investigation of a+ a 7J that the "structural one" is gener­

ated at the outermost nodal point of the inner oscillation. The character of the 
effective local potential in the intermediate region is shown not only in an attrac-
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M•V 

700 

MV2 case 2 

600 -

500 

three-body interaction 

400 

300 -

r(fm) 

-100 

-200 two-body interaction 

-300 

-400 

Fig. 8. Direct potential VD (r) divided into 

three terms, nuclear two-body, Cou­

lomb and three-body interaction ones. 

V2(0.65) MV2 case 2 

Fig. 9. Effective local potentials, where 

dashed curves denote the direct poten­

tial. 

1623 

tion of 10 MeV for l = 0 but also in a behavior like an l-dependent potential.*) 

In the outer region the effective local potential is described by the direct 

potential plus a weak repulsion due to a few particle exchange effects. The MV2 

case 2 pushes out the minimum point by 0.5 fm from that of V2 (0.65). The ef­

fective potential diverges at the nodal points of the wave function because the 

zero point of the denominator of Eq. (21) does not agree with that of the numer­

ator. This is due to the non-locality of the kernels in the RGM equation. In 

this sense, the energy and angular momentum dependences of local potential in the 

wide energy region cannot be discussed at the present stage. In the near future, 

however, this point will be investigated in a wide field on the nucleus-nucleus 

interaction. 

*l In the previous paper, ''l a stronger [-dependency than the present case was illustrated, 

where the Coulomb interaction kernel was approximated by the direct part of it. In the present 

work, however, it is treated exactly. This difference is produced by the exact treatment of it. 
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§ 5. Concluding remarks 

On the basis of Volkov type forces, proposed are new kinds of effective 
nuclear forces responsible for the study of relative motion, which reproduce the 
nuclear saturation property in the wide range of nuclei, especially in the region 

from 160 to 4°Ca. It is indicated that the BEl force has a serious defect about the 
binding energy of nuclei of this region, and that the V2 (0.65) cannot also reproduce 
the empirical nuclear size and incompressibility. The new forces succeed in over­

coming these defects on the saturation property. The introduction of density­
dependent effect as three-body interaction is one of the essential points to satisfy 
the empirical saturation property and incompressibility of nuclei simultaneously. 
These forces also succeed in leading to correcting separation energies of 160 from 
32S and from two resonating 160 configuration. 

In a manner similar to our previous papers, 12J' 25J the interaction of the 160 + 160 

system is summarized by dividing the interaction region into three: 

(i) In the inner region the concept of "core" potential is confirmed to be valid. 

This "core" potential is strengthened by the strong incompressibility of nuclei 
for the present new forces. It is pointed out by the energy height at ongm 

(R = 0) as seen in Fig. 5 and also by seeing the behavior of the wave functions 

that the core may be melted above Ecm~50 MeV. 

(ii) There appears the attractive ability in the intermediate region which produces 

two pure rotational bands. There is no essential difference between the present 
result and the previous one of V2 (0.65). It is also pointed out that even if the 
nuclear saturation property is satisfied in all the region of mass number, the 

character in the intermediate region depends upon the detialed property of the 
effective nuclear force. 

(iii) The outer region may be represented by the direct potential plus a weak 
repulsion when such a force with moderate exchange mixture as the Volkov one 

1s employed. 

The new forces are a kind of the effective nuclear force inducing cluster 

structure and favouring molecular formation in the following meanings: 

(i) The density-dependent effect as the repulsive three-body interaction in the 

inner region prevents two separated nuclei from their dissolution. 

(ii) An attractive two-body interaction with a finite range makes two nuclei 

combine in the interaction region. 

These characteristics of the forces and the role of the Pauli principle may give a 
theoretical basis of the occurrence of "quasi-molecular resonances". 26J It will be of 

more interest that the experimental data are analyzed by the use of new forces 

within the framework of the microscopic model with the introduction of a phenome­

nological imaginary potential. 
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