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Outline

1. Control of the structurally damped wave equation with
moving point control

2. Control of the BBM equation with moving point control
3. Unique continuation property for BBM
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Wave equation with structural damping

Yit — Yox — €Ypx =0
y(0,5)=y(1,t)=0
e > 0 strength of the structural (or internal) damping
» Spectrum: \; = k2r2s(—1 £ V1 — 4k—272:72)/2, ke Z
> )\I ~—e 1, A ~ —k2r2e
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» Accumulation point in the spectrum: no spectral
controllability, but approximate controllability (LR-P.
Rouchon ’07)

» Phenomenon already noticed by

» D. Russell 85 (Beam with structural damping)
» G. Leugering ’86 (viscoelasticity)
» S. Micu ’01 (linearized BBM)



Moving control

» Control whose support (a point, an interval) is moving;
Introduced by J.-L. Lions 92

» Wave eq.: Lions '92, Khapalov "95, Castro (preprint)
» Heat eq.: Khapalov '01, Castro-Zuazua '05
» Here, we are concerned with

Vit — Yxx — Yixx = b(x + ct)h(x, t)
x € T=R/(2rZ) ~ [0, 27)

where b denotes dg, or ddp/dx, or b(:) € L>(T),and c € R is
the (constant) velocity.



Control problem in a moving frame

Pick ¢ = —1 for simplicity, and set v(x, t) = y(x + £, t). Then

Yit — Yxx — Yixx = b(x — t)h(x, t)
y(XaO) = yO(X)> yt(X,O) = §O(X)

is transformed into

Vit — 2Vxt — Vixx + Viox = b(X)h(x + £, 1)
V(X7 O) = .yO(X)v VT(X¢ O) = y(,)(X) + gO(X)

The BBM term yu« has generated the KdV term vy !!



“‘New” spectrum
A = (—(K? — 2ik) £ V k% — 4k2)) /2

» A\ =—1+ik+ O(k™2) hyperbolic part
> A\, =—k?+1+ik+ O(k™2) parabolic part
> AT =0, \f =-2+2i, \f,=-2-2/ dble eigenv.
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We expect at most a null controllability in large time



Main results (1)

Thm (P. Martin - LR - P. Rouchon)

Let w C T be any nonempty open set, and T > 2.
Then any (yo, &) € HS2(T) x HS(T) with s > 15/2, there
exists a control h € L?(T x (0, T)) s.t. the solution y of

Yit = YVxx — Yox = h(X7 t)1w(X - t)

(¥, ¥)jt=0 = (Y0, €0)

satisfies (¥, yt);.—=7 = (0,0).



Main results (2)

Thm (P. Martin - LR - P. Rouchon)

Let T > 27. Then for any (yo, &) € HST?(T) x HS(T) with
s > 9/2, there exists a control h € L?(0, T) s.t. the solution y of

Yit — Yxx — Yixx = h(t)0x=t
(Vs Yt)jt=0 = (Yo, o)

satisfies y(T) — [y(T)] =0, y«(T) =0. vl =@m " fry(x)dx



Sketch of the proof

» We reduce the problem to a moment problem (as in
Fattorini-Russell ’71).

» For the first result (h = h(x, t)), we first control to 0 the
means of y and y; in small time, and next use a control

h(x, t) = b(x)h(t), where the “controller” b takes the form

b(X) = 1(a,a+07r)(x) - 1(a+07r,a+207r)(x)

with o a quadratic irrational number, so that

~

bo=0, |bx|>C/k|Pfork #0



Sketch of the proof (cont.)

» Two families {fx} and {gx} are said to be biorthogonal in
L2(0, T) if we have

T -
| gt =5, vk
0

» We need to construct a biorthogonal family to the family of
functions
(eMh), U (e U {te*?! tet-2t)

keZ keZ\{0,4+2}

with A = (—(k® — 2ik) £ VK% — 4k2) /2 5f =5 tork=o,+2
and to estimate carefully the L?-norm of each function of
the biorthogonal family



Step 1. Estimation of a canonical product

» We need to estimate the canonical product

z z z z
P(Z)ZZU_K)“_T) H (1—1-)?) H (1—1.)\77)
2 2 kez\[0+2} K kez\{0,+2} k

» We show that P is an entire function of exponential type at
most 7, with

POl S (1+x) 22V, xer
PN = kI 7%eV2 VML x e 7\ {0, +2)
IP(ixQ) 2 kI 77e™ ) x e z)\ {0,+2}

» To do that, we use the theory of functions of type sine

(Levin)



Functions of type sine

» An entire function f(z) of exponential type = is of type sine
if
» its zeros are separated: |ux — | > const
» Cle™Vl <|f(x +iy)| < Ce™V ly| > H, x
» From of a result of Levin:
If px = k + dx with dy =0, dx = d + O(k~") (d € C) and
the uy are pairwise #, then

is a function of type sine



Step 2: construction of a “good” multiplier

» If a canonical product P with roots i\g is (say) bounded on
the real axis, a biorthogonal family to the e*«!’s is obtained
by taking the inverse Fourier transform of the functions

P(z)
P’(i)\k)(z — I)\k)

» Here, we have to multiply P by an entire function m(z) of
exponential type to “balance” P on the real axis; namely,
s.t.

Im(x)| < C(1 + [x|)e~ V2TV

and with “almost” the same behavior on lines Im z = const
» Following Glass 10, we use Beurling-Malliavin multiplier

obtained by atomization of the measure du(t), where

() = 1(g0)(at — bV't)), B= (b/a)?,a=T/(2n) — 1,

b=+2:
m(z) = oxp [ “log (1- 2 ))w<n




Step 3: Conclusion

» We construct the biorthogonal family by taking the inverse
Fourier transform of some functions involving P and m.
Invoque Paley-Wiener and Plancherel to get the required
properties.

» The moment problem is solved explicitly, the control being
expressed as a series of functions in the biorthogonal
family.



Il. The regularized long wave or BBM equation

U — Upx + Uy + Uuy = 0, XeER, teR

» Introduced by Benjamin, Bona, Mahony in 1972 as an
alternative to Korteweg-de Vries (KdV) equation

Ut+Uxxx+Ux+UUX:O, XER,tER

for unidirectional propagation of water waves in channels

» Nonlocal form: u; = —A(u + 1u?/2) where
A= (1-02)""0x (bounded in each H®)
» » GWPin H'(R) (Benjamin-Bona-Mahony ’72)
» GWP in L?(R) and ill-posed in H$(R) for s < 0
(Bona-Tzvetkov ’09)
» GWP in L?(T) (Roumégoux *10)



BBM compared to KdV

Properties KdV BBM
Invariants infinity 3
Integrability Yes No
Smoothing effect in space in time
GWP in H5(R) s> —-3/4 s>0
Numerics Hard Easy
Controllability of Exact Approximate
linearized eq. in L2(T) No spectral controllability




Control of BBM: some references

Linearized BBM:
Ut — Ux +Ux =0

v

S. Micu ’01: Cost of the control in the approximate
controllability

X. Zhang, E. Zuazua '03: weak stabilization

N. Adames, H. Leiva, J. Sanchez '08: approximate
controllability for u; — Uy + auxx =0

N. A. Larkin, M. P. Vishnevskii '08: weak stabilization for
Ut — Uixx + UUy = 0

Spectrum (for x € T): \x = —ik/(k? +1) — 0 as k — oo

v

v

v

v



Control problem in a moving frame

Pick ¢ = —1 for simplicity, and set v(x, t) = u(x + £, t). Then

Ut — Upx + Ux + Uux = b(x — t)h(x, t)
U(X7 O) = UO(X)

is transformed into the following KdV-BBM eq.

Vi — Vixx + Vixx + Wy = b(x)h(x + 1, 1)
v(x,0) = up(x).

The BBM term usy has generated the KdV term vy !
Spectrum: A\, = ik3/(k? 4 1); spectral gap!!



Moving control for BBM: exact controllability

Thm. (LR - B.-Y. Zhang)

Let b e C>*(T), b# 0,and T > 2x. Then there exists 6 > 0
such that for all up, ur € H'(T) with ||ug||1 + ||uT||41 < 6, there
exists a control h € L2(0, T; H='(T)) driving the sol. u of

Ut — Upx + Ux + UUy = b(x — t)h(x, t)

fromugatt=0touratt=T.



Moving control for BBM: exp. stabilization

Thm. (LR - B.-Y. Zhang)
Let b e C>*(T), b # 0. Then there exist some positive numbers
8, C, X such that for all up € H'(T) with ||up||41 < J, the sol. u of

Ut — Ugex + Uy 4+ Uty = —b(x — 1)(1 — 82)[b(x — t)u(x, 1)]
u(x,0) = up(x)

satisfies
|lu()llpr < Ce™|uo||



Unique Continuation property

Hard! the linearized eq: u; — uxx + ux = 0 has for principal
symbol p(¢, 7) = £27. Characteristic lines: t = const and
x = const
» M. Davila, G. Perla-Menzala '98 Carleman estimate and
UCP for BBM (but results not exact as stated)
» S. Micu '01 UCP for u; — unx + ux = 0, assuming
u(0,t) =u(1,t) =0 =ux(1,t)
» X. Zhang, E. Zuazua '03 UCP for
Ut — Ux + p(X)ux + g(x)u = 0, assuming u = 0 on
w % (0, T) and some hypotheses about p, q
» M. Yamamoto 03 UCP for
Ut — Upx + P(X, t)ux + q(x, t)u = 0, assuming uj;—o = 0 and
u(1,t) =ux(1,t)=0
» Y. Mammeri '09, UCP for KP-BBM-II (based on
Constantin’s work on Camassa-Holm ’'05)



Bourgain approach

> If usolves u; — Uy + Ux + f(U)x =0 0on R x (Q, T)andis
supported in (=L, L) x (0, T), then & = [, ue="**dx is an
entire function s.t.

—

U = —i(1+ €)' (0 + f(u))

» The analysis at high frequencies (¢ — o) works well for
KdV, Schrédinger, not for BBM. Here, the problems occur
at & = +i.

» However, we can use that method to prove the UCP for

> Ut — Upx + UUx =0 (“equal width eq.”)
> Ut — Upx +Ux+(UxU)x =0



UCP for BBM

Consider

U — Ut +Ux+UUxy =0, xeT
U(X,O) = UO(X)

Thm. (LR-B.Y. Zhang)
Assume that ug € H'(T) is s.t.

[ woode =0, unlliecr) <3
lfu=0onwx(0,T),thenup =0
Rmq. UCP false for any ug € L>(T): Take

0 if x €w
u(x,t) = uo(x) = { —2 otherwise



Conclusion and future directions of research

» The null controllability in large time of the wave eq. with
structural damping has been derived in dim. 1.
1. Isittrue in less regular spaces?
2. What'’s about the dimension 2?
» The local exact controllability and exponential stabilization
of BBM with moving control have been derived.
1. Can we obtain global results?
2. Global UCP for KdV-BBM?
» Some UCP has been proved for BBM.
1. Can we drop the two assumptions [, uo > 0, |[up]|r~ < 3?
2. What sort of stability do we have when applying a (fixed)
internal damping?



