
AMERICAN MATHEMATICAL SOCIETY
Volume 243, September 1978

NULLITY AND GENERALIZED CHARACTERISTIC CLASSES
OF DIFFERENTIAL MANIFOLDS1

BY
SIN-LENG TAN

Abstract. Using the Kamber-Tondeur construction of characteristic
classes for foliated bundes, the author has given a method for constructing
generalized characteristic classes for a differentiable manifold M without
imposing conditions on M. In particular a vanishing theorem on the
manifold M is obtained. The construction is particularly useful if the
ordinary characteristic ring Pont*(M) of the manifold M vanishes much
below the dimension of M.

1. Introduction. The theory of generalized (ordinary and secondary)
characteristic classes of a manifold M which is associated with a certain
geometric structure is a recent achievement in differential geometry. In
contrast to the ordinary characteristic classes, the newly constructed
secondary classes carry with them underlying geometric structures. The
construction of secondary classes began in a series of papers by Bott [1], Bott
and Haefliger [2], Chern and Simons [5], Godbillon and Vey [6], Kamber and
Tondeur [7], [8] and others. The idea of the construction is as follows, namely,
if the characteristic form f(K) is zero, then the transgression Tf(K) of f(K)
defines a secondary class in the principal fibre bundle [5]; here / is an
invariant polynomial and K is the curvature form. Kamber and Tondeur
found the usefulness of the Weil algebra W{G) of a Lie group G in this
context. They showed that for a foliated bundle (P, E, {«}) [7], Bott's
vanishing theorem [1], when interpreted in the Weil homomorphism [3], k(w):
W(G)->A(P), gave rise to a new generalized characteristic homomorphism
A,: H(W(G, H)q) -» H(M, R) where E denotes a foliation on the manifold
M of codimension q, {co} is the family of adapted connections and W(G, H)q
denotes the truncated relative Weil algebra [7], [8].

We are able to define generalized characteristic classes on an affine (or
Riemannian) manifold M using the Cartan-Kamber-Tondeur map At. We
can do this by observing that the affine {or Riemannian) manifold is already
foliated by its nullity distribution (§2). This construction is particularly useful if
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76 S.-L. TAN

the ordinary characteristic ring of the manifold M vanishes much below the
dimension of the manifold.

We show that if V is a connection on M compatible with a G-structure
such that N is the (possibly singular) nullity distribution of V, then we have
the following generalized characteristic homomorphism:

^H{W(GtH\n.^-*H(M,R),
where H denotes an //"-reduction of the G-principal fibre bundle P and /* is
the minimum index of the nullity distribution yV (Theorem 4.1). In particular,
we have Pont*(M) = 0, for * > n — ju. (Theorem 4.2). This vanishing theorem
does not hold for integral characteristic ring Pont*(M, Z). Moreover, we
show by an example that the vanishing theorem does not follow from the
underlying fibred structure of the manifold.

We observe that Bott's vanishing theorem not only holds for the normal
bundle of the nullity distribution, but also for the nullity distribution itself.
Finally, there exist examples that the constructions do produce nontrivial
secondary classes.

2. Nullity distributions. Let (M, V) be an affine manifold, namely a
differential manifold M on which V is the connection in the tangent bundle
TM. The curvature tensor R can be considered as a bundle map R: TM-*
Horn (TM, End (TM)). The nullity distribution N [4] can be defined as the
kernel of the map R. The nullity space at m G M is the space Nm = [X G
TMm\R(X, — ) = 0}. The dimension ¡i(m) of Nm is called the index of nullity
at m.

Results obtained by Chern and Kuiper [4] and Maltz [11] on Riemannian
nullity distributions can be generalized to affine manifolds [13]. In particular,
it is shown that the presheaf of N is involutive. Thus, if N is nonsingular, then
TV constitutes a natural foliation on M which foliates the manifold into a flat
part and a nonflat part.

Moreover, it is shown in [13] that for an almost free action of a compact
Lie group G on a manifold M, then there exists an affine structure on M with
nullity index at least the dimension of G. Also for Riemannian symmetric
spaces of compact or noncompact type, their nullity distributions are zero.

3. Foliated bundles and generalized characteristic classes. Let P(M, G, it) be
a principal bundle, and £ be a foliation on M. Let ti be the set of annihilator
1-forms of E. Since E is integrable, ti generates a differential ideal in the
exterior algebra A (M) of differential forms on the manifold M.

Consider now the Weil homomorphism of differential graded algebras,

(3.1) k(cc): W(G)^A(P),
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GENERALIZED CHARACTERISTIC CLASSES OF MANIFOLDS 77

defined by a connection co: A\P)^>® in the principal bundle P(M, G, tr)
[3], [8]. Here W(G) is the Weil algebra which is the tensor product of the
exterior algebra f\%* and the symmetric algebra S@*. The isomorphism
f\x(g>* -» S1©* is denoted by a -» ä. The homomorphism k(u) induces on
the subalgebra of invariant polynomials /(©) c W(G) the Chern-Weil
homomorphism.

Since co defines k(u) uniquely and vice versa, we consider k(co) as a
connection on P. The curvature of the connection is the map K(a>): A'®* ~*
A2(P) defined by dPk(w) - k(u)dA.

There are canonical decreasing filtrations on W(G) and,4(P) defined by

(3 2) F2pW(G) = Sp (©*) ■ W(G),   F2p~lW = F2pW,

FPA(P) = ti"-A(P).

A connection k(u) (or simply co) on P is said to be E-adapted (respectively
basic) if K(u)ß(X, Y) = 0 (respectively K(u)ß(X, - ) = 0) for X, Y E E
and ß E ©*. Here we identify the basic elements A(P)G in A(P) with A(M)
[3]. Two adapted connections co, and co2 in P are said to be equivalent if
co, — co2: ©* -» ti. Clearly, this defines an equivalence relation on the set of
adapted connections. The filtrations defined in (3.2) are preserved by E-
adapted connections. The fact that FPA(P) = 0 for p > q implies that
/c(co)F2(9+1) =0 and, in particular, /c(co)/(@)2(?+1) = 0. This is Bott's
vanishing theorem [1]. Moreover this fact gives rise to secondary classes [5],
[6], [8].

Following Kamber and Tondeur [7], a. foliated bundle is a triple (P, E, (co})
such that E is a foliation on M, and {co} is an equivalence class of adapted
connections on P with respect to the foliation E.

Let H be a closed subgroup of G. Then we have the following commutative
diagram:

W(G, H)-^—> A(P)H = A(PIH)

W(G, H)q = W(G, ÍÍ)IF2^+1'>W(G, H)

where W(G, H) denotes the H-basic elements in W(G). W(G, H)q is called
the truncated relative Weil algebra. Hence, if s: M -> P/H is an //-reduction
of the principal bundle, then we have
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78 S.-L. TAN

W(G,H)q- -+A(P¡H)

seo = A(co, s)

A(M)

Theorem 3.1 (Kamber and Tondeur [8]). Let P(M, G, m) be a principal
bundle with an H-reduction s: M -» P/H. Let (P, E, {co}) be a foliated bundle,
and let co be an adapted connection in {co}. Then there exists a generalized
characteristic homomorphism

\:H(W(G,H)q)^H(M,R)
such that A„ = A(co, s)^ is independent of the choice of adapted connection co in
{co} and depends only on the homotopy class of s. Moreover if co is basic, the
homomorphism A„, is the map

K:H(W(G,H)lq/2])^H(M,R).
The Kamber-Tondeur construction above contains, besides the usual

characteristic classes of P, secondary invariants [8], [9]. We shall use Theorem
3.1 to construct some secondary invariants on affine manifolds naturally.

4. Generalized characteristic classes. Let (M, V) be an affine manifold. Let
co be the corresponding connection form of V in F(M), the frame bundle of
M. Let P (M, G, it) be a G-reduction of the frame bundle. We say that the
connection V is compatible with the G-reduction if co reduces to a connection
in P. We denote the induced connection in P again by co. We note that
K(u)a(X*, Y*) = 0 if and only if R(X, Y) = 0, where X* and Y* are the
horizontal lifts of X and Y in Z(P) - A l(P) and a E A1®*-

Recall that Nm is the nullity space at m E M. The index of nullity at m is
denoted by n(m) which is the dimension of the nullity space Nm. Let
ju = mmimumm eM¡i(m). From the definition of Nm, we have R(X, — ) = 0
for all X E JVm.

Theorem 4.1. Let (M, V) be an affine manifold. If V is compatible with a
G-structure P, then we have a characteristic homomorphism

AsH(W(G,H)lq/2])-*H(M,R),   q = n - *
where H denotes an H-reduction of the principal G-bundle P.

Proof. We first show that ¿(co): W(G) -+A(P) maps F2(-^2]+l)W(G) into
zero. Since /c(co) is an algebra homomorphism, it suffices to show that k(u)
maps elements of type äx&2 • • • &k in Sk(Gb*) into zero, where a¡ E S '(©*),
and A: > [q/2] + 1. Since
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GENERALIZED CHARACTERISTIC CLASSES OF MANIFOLDS 79

fc(co)(«i«2 . ..äk) = Ä"(w)a,Ä"(<u)a2 . . . K(u)ak

is a horizontal 2 ¿-form on P, A:(co)(aj . . . äk) = 0 if and only if

k(u)(äl...äk)(X*,...,X2*k) = 0
for all X¡ E TMm. Since ¡i = Min ¡¡.(m), at each point ofmEM, we see that
2k > n — n(m). At the point m E M, let

l M im»  Mim» • • • » ^n-u(rn)' ^1im> • • • > ̂ /i(ih)im)

be a basis for rAfm such that y,m E 7Ym, and ZJm E JV„,. Since k - \>
[(« - M)/2], either the 2A>vectors Xx,...,X2k are linearly dependent, or
they must be linear combinations of the Yim's plus at least one vector
from the Z,m's. In the first case, k(u)(dl . . . ak) = 0 automatically, and
in the second case, we have

where £0 denotes the sign of the permutation a such that a (I) <
o(2),..., a(2k — 1) < o-(2/c). Without loss of generality, we assume X¡ =
Zlm. Then it is clear that each term on the right-hand side of (4.1) vanishes,
since one of KiafaiXfa^y, X*(2i)) must be K(u)a¡(Zfm, X*^), which is zero
from the preceding remark. Hence A:(co)(â1 .. . ák) = 0. Now it follows from
the proof of Theorem 3.1 [8] that we have such a characteristic
homomorphism. This completes the proof.   Q.E.D.

Theorem 4.2. Let (M, V) be an affine manifold. Then Pont*(M) = 0 for
* > n — fi.

Proof. This is immediate from the proof of the above theorem by putting
P = F(M), H= G = GL(«, R).   Q.E.D.

If the index of nullity is equal to ju, then locally, the manifold M splits off a
ju-dimensional Euclidean factor. From the homological point of view, the
manifold M behaves as if it would split off an Euclidean factor globally. In
the case of (globally) symmetric spaces, this is indeed the situation [13,
Theorem 4.6]. However, at the end of this section, we are able to construct a
locally symmetric space M which has the vanishing property of Theorem 4.2
and which is not a submersion over a second manifold of dimension n — p.

If the ordinary characteristic ring Pont(A/) of the manifold M in Theorem
4.2 vanishes much below the dimension of M, then the ordinary characteristic
invariants give us very little information about the manifold. However, the
generalized characteristic homomorphism A% in Theorem 4.1 defines a larger
set of invariants. It contains not only the ordinary characteristic invariants
but also the secondary invariants. Consequently, the secondary invariants which
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80 S.-L. TAN

we have constructed actually supplement the ordinary characteristic invariants of
the manifold M. They-are finer invariants than the ordinary characteristic
classes. In fact they depend not only on the bundle in question, but also on
the foliated structure on the bundle. They may be nontrivial even if the
underlying bundle is trivial. We shall discuss these secondary invariants in
more detail in §§5 and 6.

Corollary 4.3. // N is a (nonsingular) nullity foliation, then Pont*(M) = 0
for * > codimension of N.

It turns out that Theorem 4.2 is the strongest such general vanishing
theorem we can get. There are many 4«-dimensional manifolds M such that
Pont 4n(M) ¥= 0; here the minimum index <x of ¡i(x) is 0. This theorem is not
true for integral cohomology.

Example 4.1. In [12], Pasternack defined an almost free S1 (the circle
group) action on a 4-dimensional manifold M which is a real blow up of
P2(C). He shows that there exists a nontrivial Pontrjagin class in
Pont4(Af, Z). From a remark in §2 the nullity index is at least 1. Thus, this
serves as a counterexample of Theorem 4.2 for integral cohomology.

Our next example shows that the vanishing of the characteristic ring
Pont*(M) = 0, * > n — ¡i, in Theorem 4.2 does not come from the
underlying geometric structure on M. Namely, if the manifold M is a
fibration /: M -» N over another manifold N (N of dimension n — jn) such
that ker/ c TM gives us the nullity distribution which is a flat subbundle of
TM by itself, then we have TM s ker/ ® f*(TN), which implies that
Pont'(M) = /"Pont'(TN) = 0, / > n — jti. We construct a locally symmetric
space below, and show that the vanishing of the characteristic classes in
Pont (M) does not actually result from a fibration.

Example 4.2. Consider the 2«-dimensional complex projective space
P2n(C). The manifold P2„(C) is a symmetric space which is isomorphic to
17(2/3 + \)/(U(2n) x U(l)), where U(2n + 1), U(2n) and i/(l) are the
unitary groups. The involutive automorphism a of U(2n + 1) is given by
setting a(a) = sas-1, where

"ft -,)
and I2n is the identity matrix rank 2n. The canonical decomposition of the
Lie algebra is given by © = 3 + 3K> where © = u(2n + 1): all skew-
Hermitian matrices of degree 2n + 1, 3 = {"(2«) + «(1) = Q °), A + X =
0, x E u(2n)}, and 2R - {(°£ ¿), £ E C2"}.

Let D be the canonical U(2n + l)-(left) invariant connection on P2„(C).
Then the 3 component co of © with respect to the decomposition © = 3 + 3Ji
defines the corresponding U(2n + l)-invariant connection in the principal
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GENERALIZED CHARACTERISTIC CLASSES OF MANIFOLDS 81

i/(2/j) X 1/(1) bundle U(2n + 1) -* P2„(C).
Next, we regard the 2/? + 1-dimensional Euclidean space R2n+l as a

symmetric space. Let M be the product P2„(C) X /?2n+1. Then it is clear that
M a (7(2n + 1) X R2n+i/U(2n) X 1/(1) X {0}. Thus, the manifold M be-
comes a symmetric space with respect to the involutive automorphism ä of
(7(2/i + 1) X /?2n+1 given by a(a, v) = (a(a), - v), for a E U(2n + 1),
ü E R2n+1. The canonical (7(2/2 + 1) X R2n+'-invariant connection V
on M is given by the connection form cö in the principal bundle
(7(2« + 1) X R2n+1 -+ M by ü(x, v) = (u(x), 0), for x E ©, ü E a2"*1.
The nullity distribution of the symmetric space P2n(C), which is of
compact type is zero [13]. It follows that the nullity distribution of M is
M X R2n+1.

Let vx, v2,..., v2n+1 be any basis for R2n+l. Let L be the subgroup of
R2n+1 generated by o„ u2,..., v2n+l:

(2n+l "I
L = I   2 míüi! m¡ integers |.

The action of L on R2n+l is properly discontinuous and the quotient
manifold R2n+l/L is a torus. Let r2n+1 = (7(1) x (7(1) x • • • x (7(1) be
the maximal torus in ¿7(2« + 1). Let y: L-» T2n+l be any homomorphism
such that y(L) is dense in T2n+1. Let T = {(y(v), v): v E L}. It is clear that
T is a discrete subgroup of (7(2« + 1) X R2n+l. The induced T action on
M, \p: T X M -» A/, is given by

*((y(°)» »)»(£• «)) = (y(v)s>v + ")>
for (y(t>), ü) E T, (g, u) E A/, and g an element in P2n(C). It is clear that the
action \p on M is properly discontinuous. Hence, the left coset space T \ A/ is
a (6 m + l)-dimensional compact manifold such that M -> T \ M is a covering.
Since the connection V on M is left (7(2/2 + 1) X R2n+l invariant, it induces
a connection V on T \ M. It is clear that, with respect to the induced
connection V, T \ M becomes a locally symmetric space. Since the nullity
distribution of M is equal to M X R2n+l, the nullity distribution N of T \ M,
which is a regular foliation of T \ M [13], is also of dimension 2/j + 1. Hence
Pont*(r \ M) = 0, * > 4« (Theorem 4.2). Although Af is a fibration over
P2n(C) which has flat leaves of the nullity distribution defined by V as its
fibres, the manifold T \ A/ is not a submersion over y(L) \ P2(C), because
y(L) \ P2(C) is not even a manifold (y(L) does not act properly discon-
tinuous on P2n(C)). Thus, we have a family of examples such that the
vanishing of the characteristic ring does not come from the underlying
geometric structure.

We note that Pont4"(r \ M) ^ 0. Since M A T \ M is a covering, we have

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



82 S.-L. TAN

7T*(T(T\M))= T(M). Since M and P2n(C) are of the same topological
type, we have Pont*(M) = Pont*(P2„(C)). Let Pn(N) denote the «th
Pontrjagin class of a manifold N. It is well known that

Pn(M) = Pn(P2n(C)) = (-l>"(2n + 1)7, * 0,
where tj is the fundamental form of P2„(C). By the naturality of characteristic
classes, we have m*Pn(T \M) = P„(M) ^ 0. This proves that Pont4"(r \ M)

More generally, we can consider a symmetric space G/H such that H is
compact and uniform. Then the manifold M=G/HXRk = GxRk/H is
a symmetric space whose nullity bundle contains the subbundle M X Rk. Let
L be any infinite discrete subgroup in Rk, and let y: L->G be any
homomorphism such that y(L) has accumulation points in G (that is, y(L)
does not act properly discontinuously on G/H). We define the subgroup
r c G X Rk as above. Then the double quotient T\G X Rk/H, which is
locally symmetric, will have the property that the previous example has,
namely the vanishing property does not come from a submersion.

5. Riemannian nullity foliated bundles. Let (M, g) be a Riemannian mani-
fold with the metric g. Let V be the Riemannian connection on (M, g). We
assume from now on that the nullity foliation N is nonsingular and of
codimension q. Under the metric g, we have the following split exact
sequence,

0—> N -*-»■ TM -£-> Q = TV1—»-0

it j

where Q is the normal bundle of N and is given by A/x = [X E
TM\g(X, Y) = 0 for all Y E A/}.

Using the Riemannian connection V in TA/, we are able to define two
induced connections D and D on the nullity bundle N and its normal bundle
Q, respectively, as follows:

DXY = 77 VXY,   for X E X(M), Y E T(A/),

¿^Z = p \Z,    for X E £(M), Z E T(Ô).

Proposition 5.1. 77je induced connections D and D in N and Q, respectively,
are N-adapted connections which are basic. Moreover they are metric with
respect to the induced metrics in N and Q.

Proof. It is easy to show that the connections are Af-adapted metric
connections. Next we show that D is basic. It suffices to show that R (X, Y) =
0 for X E T(N) and Y E T(Q). Note that VXW E N for X, W E N since
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the leaves of the foliation N are totally geodesic in M [10, §8 of Chapter 7].
We have, therefore,

R (X, Y)Z = DXDYZ - DYDXZ - DlxY]Z,   Z E T(Q),
= P^xP^y2 - P^yP^x2 - pVlx,Y)Z
= pVxVYZ - pVYVxZ + PVYirVxZ - PVlx>r]Z
= pR(X, Y)Z + pi YmlxZ = pVYmVxZ

because R (X, Y)Z = 0. Hence

R(X, Y)Z = 0**pVYnVxZ = 0<*g(VYvVxZ, W) = 0, for W E T(Q).
Since

0 =Yg(<nlxZ, W) = g(VrirVxZ, W) + g(irVxZ, VYW),   and
0 = Xg(Z, trVYW) = g(VxZ, ttVyW) + g(Z,VX„VYW),

we therefore have

R (X, Y)Z = Q<^g(trVxZ, VYW)
= 0<£>g(VxZ,<irVYW) = 0**g(Z, VxirVYW) = 0.

By the remark above, Vxtr VYW E T(N) and the fact that Z E r(g), we
actually have g(Z, Vxm 1Y W) = 0, which shows that D is a basic A/-adapted
connection in Q. Similarly, D is a basic A^-adapted connection in N.   Q.E.D.

Theorem 5.2. Pont*(A/) = 0 and Pont*(<2) = Ofor * > q.

Proof. It follows from the above theorem that the curvature two forms of
the connections lie in ti2.   Q.E.D.

Hence, for a Riemannian manifold (Af, g), all three vector bundles in (5.1)
are A^-foliated bundles. Moreover, the foliated bundles are all basic with
respect to the (ind_uced) metric connections defined on them. For an affine
manifold (M, V), D is a well-defined connection in the normal bundle Q if
Vx Y E N for X, Y E AT. This means that the curvature tensor of V is_parallel
with respect to the nullity foliation AT. Even in this situation, D and D define
Af-adapted connections which are not necessarily basic. Hence we have only

Pont*(AT) = 0   and   Pont*(ß) = 0   for   * > 2q.

The fact that Pont*(ô) = 0 for * > 2q follows from Bott's vanishing theorem
[1] without using the induced connection D.

The B_ott canonical AT-adapted connection V on g is characterized by
putting Vxs = p[X, Y] for X E T(E), s E T(Q) and Y E (M) such that
p(Y) - s.

Proposition 5.3. The two adapted connections D and V in Q belong to the
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same equivalence class of N-adapted connection if and only if pi YX = Ofor all
Y GT(Q)andX E T(N).

Proof. It follows from routine calculation.

6. Nullity foliations and generalized characteristic classes. Let (A/, V) be an
affine manifold with nullity foliation N. Then we have the following split
exact sequence:

(6.1) 0-> N -4 TM -4 2^0.
Hence TM = N (B Q. Therefore the structure group of TM (which is
GL(«, R)) can be reduced to O(k) X 0(n — k), where k is the dimension of
N.

Theorem 6.1. Let (M, V) be an affine manifold which has nullity foliation N
of codimension q = « — k. Then there exists a generalized characteristic
homomorphism,

(6.2) A,: //• (W(GL(n, R),0(k)XO(q))[q/2]) -» H'(M, R),

such that A„, depends only on the equivalence class of adapted connections
determined by the given basic connection V, and depends only on the homotopy
class of the reduction of the structure group of M to O (k) X O (q).

Proof. Since the affine connection is already a basic Af-adapted
connection in TM and since there exists such a O (K) X 0(n — &)-reduction,
the theorem now follows from Theorem 3.1.   Q.E.D.

The above proposition gives a natural way to construct secondary classes
for an affine manifold (M, V). The only assumption we imposed here is that
the nullity foliation should be nonsingular. In the next section, we present an
example constructed by Kamber and Tondeur [8], where if the affine mani-
fold is flat, that is, if N = TM, then there are nontrivial secondary invariants
which can be constructed as in the above proposition.

If the affine connection is a metric connection (with respect to a metric g)
such that locally the metric g splits into a direct product metric of A^ and
Q = N, then the metric g gives rise to an O(k) x 0(n — fc)-reduction P' of
the frame bundle F(M) such that the given metric connection can be reduced
to a connection co' in P. Let /: 0(k) X O (« - k) -> GL(n, R ) be the
inclusion map. Then W(i): W(GL(n, #))-> W(0 (k) x 0(n - k)) is the
restriction which is a 0(k)X 0(n — k)-DG homomorphism. Since the
connection co in F(M) can be reduced to P', we find that A,, in Theorem 6.1
factorizes through W(0(k) X 0(n- k), 0(k)X 0(n - k)\ /2] as follows:
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H(W(GL(n, R), 0(k) x 0(n - k'))[q/2])-*-+H(M, R)

W(i) co

H(W(0(k) x 0(n - k), 0(k) x 0(n - k))[q/2]) = l(0(k) x 0(n - k))

Here co' is the usual Chern-Weil homomorphism. Hence, the generalized
characteristic homomorphism A^ does not give rise to secondary classes.
Consequently, in Theorem 6.1, the nonzero secondary invariants which are
contained in the image of A+ are obstructions to the existence of a metric g such
that locally g splits into a direct product of the nullity N and its normal bundle
Q-

For Riemannian manifold, we have

Theorem 6.2. (i) Let (M, g) be a Riemannian manifold. Then (6.2) becomes

(6.3) A,: H(W(0(n), O(k) X 0(q))[q/2])^ H(M).

(ii) If there exists an H-reduction of the structure group 0(k) of the nullity
foliation, then there exists the generalized characteristic map for N:

(6.4) A„.: H(W(0(k),H)[q/2])^H(M).
(iii) Similarly, on the normal bundle, we have

AQ.:H(W(0(q),HX/2])-*H(M)
if there exists an H'-reduction for the normal bundle Q.

Proof. This follows from Theorems 3.1, 6.1 and the fact that all the
adapted connections involved are basic metric connections.   Q.E.D.

7. Examples. The two examples which we will discuss here were constructed
by Kamber and Tondeur [8], [9]. These examples show that a manifold
foliated by its nullity foliation N actually gives rise to secondary classes.

Let (A/, V) be a connected flat affine manifold. Then from Theorem 6.1,
we have

(7.1) A^.H(W(GL(n,R), O(n)\)^ H(M).

It is shown in [8] that

W(GL(n, R ), O (n))^ (ASK", R )*)0(n) - A(®/o(n))*°("\
the set of elements in /\(gl(n, R)/o(n))* invariant under the induced adjoint
O («factions on /\(gl(n, R)/o(n))*. The cohomology of (/\g\(n, R)*)ow is,
by definition, H(g\(n, R), 0(n)); thus (7.1) is the map

A,: //(gl(«, R), 0(n)) ^ H(W(GL(n,R), 0(n)\)^ H(M).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



86 S.-L. TAN

Now,

H(gl(n, R), O(n)) = A(x,,x2, . . . ,xn.)

where xv ..., xn are the primitive elements which are transgressing to the
Chern-classes cu...,cn in /(GL(n, R)) and «' = 2[(« + l)/2] - 1 is the
largest odd integer < n. Hence we get an odd secondary class At(x¡) E
H2'~\M) in (7.1). If the given flat affine manifold (M, V) is a Riemannian
manifold such that the connection V is the flat metric connection, then these
invariants A^(x¡) are zero.

Proposition 7.1. Let M" be a compact affine hyperbolic manifold. Then
A^x^) is a nonzero cohomology class.

Proof. See [8, Theorem 4.5].
Hence, Theorem 6.1 does produce nontrivial secondary classes even in the

extreme situation.
In the second example, we modify an example in [9] to show that Theorem

6.2 also produces nontrivial secondary classes on the normal bundle of the
nullity foliation.

Let S2r = SO(2r + l)/SO(2r) be the 2r-sphere in R2r+1 where SO(n)
denotes the rotation group of degree n. The sphere S2r is a Riemannian
symmetric space with respect to the canonical SO(2r + 1)-invariant
connection co given by the so(2r) component in the canonical decomposition
© = so(2r + 1) = so(2r) + 3JÍ. Here, an element x E 3 = so(2r) is
identified with the element [<j q] in so(2r + 1), and 27Í is the subspace of all
matrices of the form

0     v
-v    0 v =

«i
v2

»2r

R 2r

Since so(2r + 1) is semisimple, it follows from [13, Proposition 4.2] that the
nullity distribution on S2r is zero.

The isotropy representation p: SO (2r) -» gl(2ft) is given by

P(«) 0
— v

0
— av

av
0

Therefore p is given by the canonical representation of SO(2r) in R2r s Sft.
It follows that p: SO (2r) -> SO (2ÏÏ) = SO (2r) is the identity representation.
Hence, the principal SO (2r) bundle P' = SO(2r + 1) -» S2r is the
orthogonal frame bundle of 52r. We next consider the pull-back of the bundle
P',
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SO(2r + 1) x SO(2r) = f*P" = P     f    > P' = S0(2r + 1)

SO(2r+ I)-?—* S2r

Lemma 7.2. Let cö = /"co be the connection in P defined by co. Let V be the
covariant derivation on SO (2r + 1)  corresponding to   co. Then   the   group
SO (2r + 1) with the affine connection V has nullity foliation N equal to the
foliation defined by the submersion f.

Proof. Let s be the cross-section defined by
s(a) = (a, e)   for a E SO (2r + 1).

Then, it is easy to check that for x, y E so(2r + 1), we have

R(x,y) = (s*Kz,)(x,y) = s*(d¿ + \[¿Aü])(x,y)

= (da + 2-[uAu])(x,y)= -a[x,y] +[u(x), co(.y)].

We need to show that N is equal to ker(/*). Let x E 3- Then R(x,y) =
—co[x,7, +j2] + [x, w(yx) + co(.y2)], where yx E 3 and.y2 E 9ft are such that

y = y i + 72- _
Therefore Ä (x, 7) = -co[;c,j>] - co[x,^2] + [x,^,], since wO'i)=j'i and

u(y2) = 0. Since 50(2/- + l)/SO(2r) is reductive, we have [x,^,] E 3 and
[x,72] E 3JÎ. This implies that R(x,y) = 0. Hence ker(/*) c N. To show that
ker(/*) = AT, it suffices to show that if x E Wl and_R(x,y) = 0 for ah> E ©,
then x = 0. Using the above argument, we have R (x, y) = — [x, y] = 0. But
© = so(2r + 1) is semisimple, which implies that x = 0.   Q.E.D.

We note that P=f*P' is the principal SO(2r) bundle of the normal
bundle of the foliation defined by the submersions /. From the above lemma,
it follows that P is also the normal bundle of the nullity foliation AT. Since P
is trivial, it has an {e}-reduction. Hence, from Theorem 6.2, the generalized
characteristic homomorphism is of the form

Aß.: H-(W(SO(2r))r)^H'(SO(2r + 1))
where 2r is the codimension of the nullity foliation N.

Proposition 7.3.

.     .   /A   v      ( 2r~l - 2[r/2]~1     for reven,dimension im(A„.) = < ,    ,
KQJ      [2r-l + 2lr/2]       for r odd.

Proof. See [9, Theorem 6.52].
Hence, we conclude that there exist nontrivial secondary classes on the

normal bundle Q of the nullity foliation.
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Remark. In [13], we observe that the study of nullity distributions can
be regarded as a study of partial integrability of the underlying geometric
structures. Thus, the generalized characteristic map A* of Kamber and
Tondeur in Theorem 3.1 can be used again to produce secondary classes for
those geometric structures characterized by certain tensors [13, §8].
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