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It is shown that in a clean two-band (transition-metal) superconductor there appears a
collective excitation corresponding to small fluctuations of the relative phase of the two
“condensates 7. In contrast to the transverse collective excitations in ordinary superconduc-
tors, the energy of this mode can be derived directly from existing experimental data; for '
Nb it lies about at the middle of the smaller single-particle gap. Direct experimental detec-

~ tion of this resonance is estimated to be rather beyond the limits of available techniques,
but its effect on the ultrasound dispersion curve should be easily observable. The pheno-
menon is used to elucidate the physical nature of excitons in superconductors in general.

§ 1 Introduction

It was long ago suggested” that, if sufficiently purified, the transition metal
superconductors should be describable by a ‘two-gap’ theory of superconductivity,
which is the appropriate generalization of the usual BCS theory” to the case
when the Fermi surface intersects two bands. In such a theory Cooper pairs
are formed in each band separately, but under the influence of a self-consistent

field arising from the pairs in both bands. Earlier experimental work on the"

transition metals failed to show the expected ‘two-gap’ behaviour, probably
becausée the samples were too dirty, but recent specific-heat measurements on
niobium® appear to be in good agreement with the theory” and we may there-
fore accept that two-gap superconductors do exist in nature. A number of
authors® have discussed the thermal, electrodynamic and transport properties
of such superconductors ; generally speaking, the results are qualitatively ana-
logous to those well-known in the one-band case. ‘

In this paper we shall investigate a phenomenon which, at first sight
at least, does not have an analogue in the oneband case: the existence of ‘a
collective oscillation corresponding to small fluctuations of the relative phases
of the two ‘condensates’. Such an oscillation arises because the total energy
of the system depends not only on the relative phase of the two condensates
but also on the canonically conjugate variable, the relative density of electrons
in the two bands; in a sense it may be thought of as an internal
second-order Josephson effect. From another point of view, its existence is a
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902 A. J. Leggett

consequence™ of the fact that under realistic conditions the coupled gap equa-
tions for the two-band system have more than one nontrivial solution. This of
course is also true in the usual single-band theory if other spherical harmonics
of the pairing interaction besides the zeroth are attractive; thus, in principle,
the effect we shall discuss here does have an analogue in the /=0 ‘exciton’
modes investigated within the framework of the BCS theory by many authors.®
However, in practice there is the following important difference: in the single-
band case, with realistic values of the parameters, any unstable solutions of the
gap equations have a condensation energy small compared to that of the BCS
solution, so that the corresponding exciton modes lie very close to the top of
the gap. On the other hand, both theoretical® and experimental®® investigations
indicate that the opposite is likely to be true in the case of two bands : there
exists an unstable solution whose condensation energy is very little smaller than
that of the true ground state, and as a result the corresponding exciton may
lie well below the smaller of the two gaps: This feature not only makes its
possible experimental consequences of greater interest but permits a rather
clearer physical picture of the collective excitation than is usually available

in the one-band case. 'In fact, we shall use it to try to shed some light on the

latter.

The experimental detection of this resonance would be of great value in
confirming the basic hypotheses of the two-gap theory of transition metal su-
perconductors. We shall find that in spite of the advantageous feature that it
is well separated from the two-particle continuum, its direct observation probably
lies rather beyond the limit of present experimental possibility, even under rather
favourable conditions. The basic difficulty is that, in a charged system, the
only physical response function in which it appears as a pole is the response
function of the relative density of the electrons in the two bands, and no. external

probe will couple directly to this quantity in the long-wavelength limit. The

most promising method of dynamic detection seems to be indirect neutron scat-
tering via a virtual intermediate phonon, but an order of magnitude estimate
suggests that this is rather beyond the limits of available experimental technique.
On the other hand it turns out to be possible to measure the excitation spectrum
indirectly by observing its effect on the ultrasound dispersion relation ; such an
experiment is estimated to be well within current experimental feasibility. The
existence of this excitation may also have a marked effect on the specific heat

at very low temperatures, but the absolute magnitude of the effect is probably

rather beyond the limit of present experimental accuracy; though not hopelessly
so. It should perhaps be mentioned that Geilikman® has recently suggested
that some transition metals or ordered alloys might become superconducting at
room temperature or above under favourable conditions ; although the mechanism

*) In the simplified model usually used. See the footnote to Eq. (3-12) below.
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. Number-Phase Fluctuations in Two-Band Superconductors 903

he considers most favourable does not lead to a ‘ two-gap * superconducting state,
he concludes that such'a state cannot be ruled out. If this were the case, it
should be comparatively easy to detect the corresponding collective excitation
directly ; however, such a hypothesis must be regarded as very speculative at
present. :

In the next section we shall present a simple physical argument, based on
the number-phase uncertainty relation, which demonstrates the existence of a
collective excitation and enables us to calculate its energy in the long-wavelength
limit under a certain approximation which is probably quite realistic. In §3
the problem is attacked under general conditions by field-theoretic methods and
the dispersion relation is obtained in some physically interesting limits. In § 4
we make a quantitative estimate of the parameters of the excitation for niobium
and discuss the possibility of experimental detection. Section 5 considers various
aspects of the results obtained : the relation to the Josephson effect and to the
[#0 excitons in a one-band superconductor is elucidated, and an interpretation
is given in terms of a quasi-hydrodynamic model of the two-condensate system.
Section 6 is a brief conclusion.

§ 2. Number-phase fluctuations

We shall work with a two-band Hamiltonian of the standard type V-9
ﬁzZ Eh Ao gy + 2 52bg.b

‘ﬁZ Vi airalna- k’lak’ Z qu qub ab-aribgn 2-1
“,%] (Jrq@iraib-qibgr+H.c.).

Here and subsequently the notation is as follow : ajf, and b+ create, respectively,
an electron in the first and second band, with energy sé},’ and ef. We shall
denote the operator of the total number of electrons in the j-th band by ]\A/'j,
and the density of states of both spins at the Fermi surface by g :

o=pi/Tv; (2-2)

when pg; is the Fermi momentum in the jth band and v; the corresponding
Fermi velocity. Here we have chosen units so that #=1 and assumed that the

Fermi surface is isotropic in both bands (an unlikely assumption in practice

but one which is unlikely to lead to qualitative error in the results). We shall
also choose a BCS-type form for the pairing interactions U, V and J:

Viw =V, if le,®], |e@]<<@, =0 otherwise,
U =U, if [e,®], [e2|<@, =0 otherwise, (2-3)
Jrg =J, it &P, [6P|<d, =0 otherwise.
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904 A. J Leggett

In (2-3) the energies are measured from the Fermi energy in the normal state.
Thus, we have omitted a constant term Ne, in the Hamiltonian (2-1) (We
work in this paper with a fixed total number of particles—see below). Again,
the relaxation of the rather artificial assumption of the same cutoff for all three
interactions is unlikely to change the results qualitatively. Rather more ques-
tionable, possibly, is the assumption of symmetry of the interaction with respect
to the Fermi surface; we shall assume that the effects of relaxing it will be
essentially no different from those arising in the one-band problem and will in
any case be negligible in the weak-coupling limit, to which we shall restrict
ourselves, We notice that while -V and U are completely fixed by the physics
of the problem, the phase of J is a matter of convention (corresponding to the
choice of the relative phases of the Bloch waves in the two bands). We shall
take advantage of this to choose J to be real and positive. For the moment we
make no particular assumptions about the signs of U or V or their magnitudes
relative to J. Finally, we shall always deal with pure specimens and work at
zero temperature unless explicitly otherwise stated.

Before starting on the calculations we should make two remarks about the
_Hamlltonlan (2.1). First, it does not include a chemical potential term — ,uN

‘where N= Z\/1+N2 is the total number of electrons in the system; this feature

makes the subsequent argument somewhat clearer, but it means that strictly
speaking we must always choose the wave function explicitly to be an eigen
function of N. This introduces no special difficulties and we shall simply assume
it is done at the necessary points in the argument without always mentioning
it explicitly; this point is further discussed at the end of this section. Secondly,
there are no terms in (2-1) corresponding to interactions diagonal in the qua-
siparticle occupation number (‘Fermi-liquid” terms). In a real system such
terms certainly exist, and if they are large may change the quantitative results
quite considerably (cf. reference 9) where their effect on /50 excitons in one-band
superconductors is discussed). However, if we can calculate the appropriate
correlation functions for the system described by the Hamiltonian (2-1)-—which
is easy to do by the methods of §3, though we do not actually carry out the
calculation®—then it is trivial to incorporate the effects of such ‘ Fermi-liquid’
terms (cf. reference 10)). Since they certainly do not change the results by
more than a factor of order unity, we shall not consider them in this paper.

Let us rewrite the Hamiltonian (2-1) (with the simplifications (2-3)) in
the following identically equivalent form :

H=A,+J+L,

H-O = kZ SI(r:?akraka- + Z 8(2)b+ V ]‘;Z]' azT‘Ztklﬂvk’lak"r .
—U 2] b;Tbtqib—q’le’T - Eo (Nl, N,) , (2-4)
99

*) Cf. also Egs. (6-35-6).
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Number-Phase Fluctuations in Two-Band Superconductors 905

~

J=—J 2 (@ira’inb-aba + bpb qua-man) »
q .

:Eo (Nh Nﬂ)

Here the operator E, (Nl, N2) is defined by its matrix elements in the represen-
tation in which Nl, N, are diagonal ; in this representation E, is also dlagonal

with elements equal to the normal-state ground state energy™®. of H0+Eo for s

the wvalues of Z\/l, N2 in question (We note that K, commutes with N1 and NZ
separately), i.e. we have defined E, so that the normal-state ground state energy
of H, is identically zero for arbitrary values of N, and N, In practice (because
of the boundary conditions, various residual scattering processes, etc.) the values
N9, N, of N,, N, in the real groundstate Whether normal or superconducting,
of Ho-i-Eo are fixed by the conditions

N+ N,=N=const, 0E,/0N,=0E;/0ON,. (2-5)
Let us write
Nl_Ng“f(Nl(O)_N2(O)>EX (2‘6)

and expand E, in powers of K. For the simplified model considered (here, if

desired, we could easily incorporate ‘the effects of ‘Fermi-liquid’ terms) we
have

L=E,(%,, ) =E,,+7K? r=1(0, '+ 0,7) (2-7)

where E,, is the normal groundstate energy of the real physical system, which
is fixed by (2-5). It should be noted that in writing (2-7) we have assumed
we will eventually consider only states with a fixed value of N; otherwise we
should have had to include terms not only in (N —Ny)* but also in (N— NO)K

In Eq. (2-4) the operator H, commutes, of course, not only with N but
also with K. Moreover, the eigenvalues are by construction independent of
K(or N). (This is strictly true only so long as we can neglect the shift of
the limits of integration which is effectively introduced when the Fermi surfaces
of the two bands are shifted (cf. (2-3)) and also the fact that the density of
states p, may depend on the position of the Fermi surface. We shall assume
this to be the case.) Thus, by writing (2-1) in the form (2-4) we have lumped
all the dependence of H on K into the operator L.

The Hamiltonian H, (Eq. (2-4)) is simply the sum of two commuting
BCS-like Hamiltonians referring to the two bands separately, and can be di-
agonalized by any of the standard methods. Let us restrict ourselves to the
subspace spanned by functions of the BCS' type :?

D (4, z)~H[uk+kaama M]H[quqb 161100y - (2-8)

*) Le. the “ ground state energy ” obtained by ordinary perturbation theory without anomalous
pairing. .
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where [@,> is the vacuum state and
luk|2+l7)1c|2:19 ) lu;IZ_}_]-v:IIZ:]_’

* A‘v ) g A | . |
SO (E ) SuVIL N TTED SRVNC

where 4,, 4, are complex constants which we allow for the moment to take
arbitrary values and the energies are measured from the Fermi energy. In the
limit N—oo the functions @(4,, 4,) defined by (2-8) are effectively orthogonal
for different values of the complex parameters 4, 4, (that is, the normalization
integral becomes 0-function-like). If we define operators

?1715; aira’xy quZEZq] bgrb’q, (2-10)

(the sum being understood to be limited by the cutoff (2-3)), then within the
subspace and in the representation defined by (2-8), ¥, and ¥, are diagonal in
the limit N—>o0 ; their eigenvalues are given by

¥, =4 0,4,1n(25/|4; D) (=1, 2) | (2-11)
so that we can equally well label the states (2-8) by their ?F ; values. The

Hamiltonian H, (Eq. (2-4)) is also diagonal within the representation (2-8).

in the appropriate limit; we can WI"ite," in fact, | ' ’
Hy=£(7.]" +£( [WV)—VW][2 Ul?.,*, - (2-12)

where f;(|¥;|") corresponds to the kinetic energy of the electrons in the j-th
band. We see, then, that the energy depends only on the magnitudes of ¥,
and 7, and not on their phases, either absolute or relative. Minimization of
(2-12) in fact leads to two independent ¢ one-band’ gap equations; in our
notation they read simply o

Al=V¢1, A'z:Uwz- (2'13)
(They reduce to the conventional form if we use (2-11).) If we write
V=¥l expig;, | (2-14)

then within the subspace corresponding to given |¥,|, |¥,| all the wave functions
corresponding to different values of the phases ¢, and ¢, separately are degenerate.
Since by an appropriate superposition of states with different values of ¢; we
can construct an eigenfunction of N D, we can therefore choose the eigenstates
of H, to be also eigenstates of N " and/or K if we wish. :

Now we add to H, the term J (Eq. (2-4)). The resultant Hamiltonian A’
is essentially that used in the previous treatments of two-band superconductors,
since in these treatments F, is implicitly treated as a constant. In the represen-
tation (2-8) the extra term can be written

J=—JTF,+TY,*) = _2'][?’1”3”” cos (¢ —¢2) (2-15)
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Number-Phase Fluctuations in Two-Band Superconductors 907

and hence the total Hamiltonian becomes
B =¥ + 127 — VIZ. "= U7,
~2J1¥1||¥,] cos (g1 —¢s) . ‘ (2-16)

<

Since this expression depends explicitly on the relative phase of the two ‘con-
densates’ (4, —@,), we cannot choose ¢, and ¢, independently in the groundstate.
In fact the condition for the energy to have an extremum gives the familiar
coupled gap equations””

4=V +JV, . . (2-17)
4=U¥,+JV,.

Equations (2-17) always have one nontrivial solution unless V<0, U<0 and
J*<UV.™® However, if V>0, U>0, J*<UV they have two nontrivial solutions,
of which one corresponds to the true groundstate and the other to a saddlepoint
of the energy. The stable solution must have ¢,=¢,, as is obvious from (2-16)
(we recall that J is positive by convention); the unstable one has ¢,—¢,=m.
Note that in general the addition of J to K, not only fixes the relative phases
but changes the equilibrium values of |¥,| from those given by (2-13). However,
if U and V are positive and J is small, the relative change of |¥;| is only of
order (J/UV0) (4:/4,), where o, is the smaller of the densities of states, which
in general is associated with the smaller gap. Thus far, our results are in
complete agreement with those of previous treatments. ‘

However, we still have to take into account the term L of Eq 2-4). In
the general case this leads to a rather complicated problem, which is best
handled by field-theoretic methods from ‘the start (see next section); however
in the case U>0, V>0, J<UVp,(4,/4) we can give a very simple and illu-
minating treatment. Therefore for the rest of this section we shall consider
only this case, which, as will be shown later, is actually qu1te realistic from a
physical point of view.,

Going back then to Eq. (2-16) we see that under the conditions we have
assumed the term in J may be treated as a small perturbation on A, (Eq. (2-12)).
Applying firstorder perturbation theory and denoting the values of |¥;| obtained
from (2-13) by ¥, (w1thout the modulus sign), we can therefore approxlmate
(2:16) by |

FY = Wy 20050, (1 — 08 (g — ) ) ~ W+ JU LS (=, (2:18)

where W, is the true groundstate energy of H’ and we have expanded the’

cosine for small values of ¢, —@, (which, we must remember, is an operator in
the subspace of interest to us; this latter, within our approximation, is now
the subspace corresponding to the minimum value of |¥;| but arbitrary ¢;).
If now we add the term in L (Eq. (2-4)) we can finally write the full Ham
iltonian F, within the subspace of interest, in the form
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H:Eoov‘!‘ JW’I‘@'ZO ((/3\1 - sz)z + TK2 . (EOOEWO+ Eng) 5 (2 . 19)

where ¢, —¢, is the operator of the relative phase of the two condensates and
K the operator of their relative density fluctuation. Let us examine the com-
mutation relation of these two operators. According to the definition (2-10)
we have ‘

[N, ¥1=20,7, (2-20)

and hence, using (2-14) and the fact that |¥;| is a ¢-number (equal to 7,°) in
our subspace, we get the ‘number-phase uncertainty relation’

[K, bi— o] = —4i . (2-21)

The derivation of (2-21) sketched here is of course far from rigorous. - It

is by no means obvious prima facie either that (2-20) remains true when the
intermediate states are restricted to our subspace, or that (2-21) is a necessary
as well as sufficient condition for (2-20). Physical arguments can, in fact, be
given to support both these assumptions, but since this section is anyway not
intended as a rigorous demonstration we shall not pause to do so here.

Equations (2-19) and (2-21) simply define the problem of the simple
harmonic oscillator, The frequency of the characteristic vibration is

0, =8 (JU W 2> (2-22)
or, using the values of #}° given by (2-13) and the definition of 7 (Eq. (2:7)),
Do=4{z (0.7 + 0™ (J/UV) dudi . (2-23)

In practice it is very likely® that p,<p,, 4,<4,. Then the ratio of w, to the
smaller threshold for single-particle excitations 24, is given by :

(0o/24,)" = 2T 4/ 4) g (2-24)
UV
A realistic value of @’ is probably of order 0.5 (see §4).  Thus the collective
excitation is well separated from the single-particle threshold. Strictly speaking,
for such a value of &’ the derivation used above is invalid, but we shall see in
§ 4 that the error involved is not great.

Thus, in the limit £=0 there exists in the two-band system a collective
oscillation corresponding to small fluctuations of the relative phase (or relative
density) of the two condensates. In the limit N—oco, V—oo, N/V =const, the
zero-point root-mean-square fluctuation of the relative phase decreases as N~/
while that of the relative number increases as N'’; the zero-point energy of
the .oscillation remains constant in this limit. Thus the conventional results
for the groundstate and one-particle excitation spectrum are not modified.

It may be asked whether the frequency w, given by (2-23) is in fact the
correct limit of w (%) as 2—0 (clearly we expect the collective excitation to exist
also for long but finite wavelengths). The question arises because in setting
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Number-Phase Fluctuations in Two-Band Superconductors -909

up the problem we assumed N=const; this is of course strictly true for 2=0

for a closed system, but for arbitrarily long but finite wavelengths fluctuations
of the total density are possible and it might be thought they would affect the
‘results (since in general the Hamiltonian contains a cross-term NK). Actually,
in a real metal this problem does not arise, because the Coulomb forces screen
out fluctuations of the total density perfectly in the limit 2—0. However, it is
also not difficult to show that even in a neutral system (2-23) is the correct
limit of w(k) as £—0; in this limit the problem is completely analogous to

that of a harmonic oscillator of finite mass coupled to another whose mass tends .

to infinity. . :

The validity of the above treatment is limited: by the assumption that the
weak interband coupling is a small perturbation on a superconducting state
already established by the stronger intra-band forces, and is also restricted to
the limit 2=0. In the next section we remove these restrictions by a more
general field-theoretic approach.

§ 3. Field-theoretic discussion

We shall look for the collective oscillation by investigating the poles of
the scattering amplitude for two particles of nearly opposite momentum. We
start with the case of a neutral system; then we may neglect the coupling of
two-particle states to particle-hole states (this is equivalent to neglecting the
Fermi-liquid terms). If the two particles are initially in (say) the first band
they may as a result of the scattering either both remain in the first band or

both be transferred to the second band; for small total momentum there are .

no processes in which the two particles end up in different bands.® Thus,
provided we are going to be interested only in the even harmonics of the

scattering amplitude, the relevant equations may be written in the form (cf.
references 13) and 14))

Pag=T8s+ % 18 (—GG™—FF), [y 3-D

Here «, B may take the values 1 or 2 (corresponding to the two bands); sum-
mation over repeated indices is implied. .4 is the complete amplitude for the
process in which a pair in" band « is transferred to band B, and I'fs is the
corresponding irreducible amplitude, in the usual terminology. We introduce
the factor 1/2 so that the sum implicit in (3-1) may be taken to include a sum
over spins—a convention we shall use consistently throughout this section.
Thus, Eq. (3-1) written out explicitly is

’ ’ N : de” ”.
Tus(pp’ : o) =T4s(pp’ : ko) — 3 ;;;SZM_ s (pp” : ko)

XAG,(—p”"+k/2, —¢"+0/2)G,(p" +k/2,¢" +0/2)
+F,(—p”+k/2, —¢” +0/2) F,(p” +k/2,¢” +0/2)} X ['ys(p”p’ : ko),
(3-2)
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~where to simplify the notation we have already assumed that /'* and I’ do not
depend on the energies ¢ and ¢ analogous to p and p’. In Eq. (3-1) the
notation is the standard one, i.e. (3-1) is the Bethe-Salpeter equation for scat-
tering of two particles of nearly opposite momenta p-+k/2, —p+k/2 (and
energies e+w/2, —e+w/2) to states p’+k/2, —p’+k/2. If we confine ourselves
to the simple BCS-type theory of the last section, we must make the identifica-
tions ' : -

' (pp’ : ko) =const=—V,

I',(pp’ : kw) =const=—U, v

' (pp’ ko) =T'$ (pp’ : ko) =const=—J. - (3-3)
If we substitute the forms of G and F appropriate to the superfluid phase, the

integrals over ¢” and p” are easily carried out;® we can then write Eq. (3-1)
‘explicitly in the form

\Fu: ;‘V+~V$1r11+ Jézrm
F21:“J‘]‘J51]—'11+U€2F21 ‘ (3'4')
(and similar equations for I'y, I'), where

§;(k, 0) =% 0;In(20/|4;) + 0, (%, »)

B dQ B, arcsin B, _ o= (kv)* 5

0, (k) =4 0, 42 i AN COE @)
“where v, is the Fermi velocity in the j-th band. The vertex parts therefore
have a pole when

(1_V§1)F11_J$2F21:0 R
—J$1F11+(1—U§2)F21=0 ' . (36) .

or .
(1=VE) (1=U8) —J*%:6,=0. N A0

Before proceeding, we emphasize once again that (3-7) is a correct description
of the exciton mode we are looking for only for a neutral system (and in the
limit that ‘F ermi-liquid’ terms may be neglected). For a charged system Eqgs.
(3-1) and hence (3-7) must be generalized ; see below.” However, we investigate
the formally simpler neutral case first to bring out the main features of the
problem. o |
Equations (3-6) always have a solution for k=w=0 . (when 0,=0). With
" the convéntion, which we continue to use in this section, that J iS'positive, this
solution gives the same sign for Iy and [ ; it is in fact just equivalent to the
gap equations (2-17). Correspondingly, there will always be a solution for
small 2 and w, with o proportional to %; this is just the Bogolyubov-Anderson
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Number-Phase Fluctuations in Two-Band Superconductors 911

mode corresponding to a fluctuation of the total density. However, under certain
conditions there will also be a second solution, in which I'y; and I'y have opposite
signs ; at sufficiently long wavelengths this solution corresponds to a fluctuation
of the relative density in the two bands, i.e. to the collective excitation we are

1

looking for.

To see this, we subtract from (3-7) its. value for £=w=0, i.e. the determi-

nantal equation of the gap equations (2-17). This gives
{V+ (' =UV)$ 0. In(20/]4:])} 0, (%, 0)
AU+ (T = UV 0410 25/|4])} 0 (R, 0)
+ (P =UV)0:(k, 0)0(k, 0) =0. (3-8)

- Substituting (2-12) and uéing the gap equatibns (2-17), we can reduce (3-8)
to the form

(41/ 4) 0, (k, 0) + (4a/ 4) 03 (k, ©) + T (T =UV ) 61 (k, 0) 03k, 0) =0 (3-9)

with 0,(k, w) given by (3-5).

The solution of (3-9) in the general case requires rather tedious calculations,
in view of the complicated form of 0;(k, 0). Here we shall examine some
limiting cases of physical interest. First, let us examine the (improbable) case
of complete symmetry between the two bands, ie. 0:=p,, v:=v, V=U. We
recall that while J is positive by definition, U may be positive or negative.
Then we have 4d,=4,=4, 0,=0,=0; if we neglect the solution 0(7e, ®) =0 which
corresponds to the Bogolyubov-Anderson mode, (3-9) reduces to ‘

a(k,_w);ﬁz_*]—ﬂ_,» (3-10)
where |
4+ { d2 PBarcsinfs s 0'— (k-v)
0 (%, =1 —_ = B =X 7 3-10
( v w) =3 93 A (1— Y7 B ) ALl ( a) i

In the limit 2=0 the function 0(k, w) is proportional to (0’/44%) for small o
and tends to infinity as w—24. For »>24 it becomes imaginary, indicating
the possibility of real processes in which two quasiparticles are excited. We
see that a collective mode can exist only if U*>J® If U were negative, such
a condition would mean that the superconducting state could not exist,”® while
if U is positive, it is just the necessary and sufficient condition for the existence
of a second nontrivial solution to the gap equations (2-17). Indeed, the situa-
tion is entirely analogous to that encountered in the theory of excitons in a
one-band superconductor. We can see this more clearly if we rewrite (3-10)
in the form ' ‘ '

Oo)=— L 1
U—J  U+J
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912 A. J. Leggett

In corresponding notation the equation determining the frequencies of the /=0
excitons in a one-band superconductor in the approximation of no Fermi-liquid
interactions is® (in the limit 2—0)

1 1

0k, w) = — s 3-11
ko) == | (3-11)

“where V, is the S-wave part of the pairing interaction which binds the true
ground state and .V, is the appropriate higher harmonic of the interaction. The

analogy is further discussed in §5. It is not difficult to see from (3-9) that

these qualitative considerations hold under general conditions; the general
necessary and sufficient condition for the existence of a collective excitation is

U, V>0, J<UV O (3-12)

which again is just.the condition for the gap equations to have an unstable
solution.® ‘

Next we consider the case discussed in the last section, wherep,=0,, U%V,

etc., but where U, V>0 and J<KUVp,(4,/4,) (we again assume by convention
that p, is the smaller density of states; then usually 4, will be the smaller of
the gaps). In this case we may look for a solution of (3-9) with w, v;k<4..
Expanding 0;(%, w) in powers of w® and £’, we have
| 0,k 0) =} 0,0 =k B /4l (3-13)
whence (3-9) can be written
01 (0 =% E0sd) + 0y (00—} Kord)
—Q(0*—3 Fv) (0" — 3§ k") =0, (3-14)
where | )
Q=0,0,(UV —J*) /8] d:d; . | (3-15)

Equation. (3-14) is valid to zeroth order in w/4,, vk/4, but to all orders
in w/w, vk/w, (this makes sense because under the conditions assumed here
0y<L4,). (w, is defined below.) |
Equation (3-14) has the general solution

w'=1% {a)‘o2 + (e’ + &) kP
. 172
C |:(D04 + ‘(6‘12 — 622)2k4 - 2(1)02 <ﬁpﬂ1;:}—pzﬁ> (612 - 6‘22) kz] } ’ (3 ' 16)

1 2

where

w(f“’EQ* (01 + 02) =38 (01 -+ 02) JAIA?/QIQE (UV— JQ) (3 ) 17)

*) However, the significance of this coincidence should not be overstressed. It appears to
fail when Fermi-liquid’ terms~are’ present.
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Number-Phase Fluctuations in Two-Band Superconductors 913

and for brevity we have written % v, ’=¢,.
We see that in the limit 2—0 (v,k<w,) one branch of (3 16) has the
sound-wave-like dispersion relatlon

0'=ck?, = (00" + 02627 /(01 + 02) (3-18)

while the other is of exciton type :
o' =+ 0k, v = (01" + 0aci”) /(01 + 0) . (3-19)

In the limit k—>oco (i.e. for our purposes, w,<v,k<24;, in the unlikely case
that such a criterion can be satisfied for both v; simultaneously), the first and
second solutions go over respectively into

o0’ =c’k, o’ =c’k, (3-20)

where we have assumed that ¢,>¢,. ‘

Equations (3-18)—(3:20) are easily interpreted if we regard the two
‘ condensates > as perfect hydrodynamic liquids ; this is discussed in §5. Since
we have always been working in the weak-coupling approximation and have
already assumed J<UVp,(4,/4,), we should neglect J? in comparison to UV
in (3-17). Thus the result (3-19) agrees with (2-23) of the last. section.

Let us now consider the case of a real superconductor, where the Coulomb
field prevents long-range oscillations of the total density at low energies. To
apply the field-theoretic technique to this case it is necessary to generalize it so
as to include the coupling between two-particle states and particle-hole states.
Such a generalization has been developed by a number of authors; here we
follow the notation of reference 14). Consider first the one-band case. In the
formalism of reference 14), we are interested in the low-energy poles of the
matrix 1—7"§, where I and § are given explicitly by Eqs. (13) and (12) of
- reference (14) respectively; I is a matrix describing the irreducible particle-
particle (pairing) and particle-hole scattering amplitudes and ¢ a matrix describing
the various possible combinations of G and F functions. We must now take
the particle-hole irreducible scattering amplitude to be the Coulomb potential :

I*=4ne*/b . (3-21)

For simplicity we neglect, as usual, any shortrange (‘Fermi- liquid *) terms.
This means that I"°(p, p’) is isotropic on the Fermi surface. Since we have
already taken I'*(p, p’) to be isotropic, and since the quantities (G-F—FG)
(k, ®) and (G-G~—GG) (k, w) which enter into Eq. (12) of reference 14) are
odd with respect to %, they vanish on integration over the Fermi surface and
the third row and column of the matrix § may be ignored. For the same reason
we may write 1(GG+ G G™) as simply GG. Thus we are left with the fol-
lowing two equations, where I” as before represents the two-particle scattering
amplitude and Z the amplitude for two particles to be converted into a particle-
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hole pair :¥

I=TI*+iI'*{(—GG —FF)I'+ (G F+FG)Z} ,

Z=1"{(GG—FF) Z+ (G"F+ FG)} . . (3-22)
The problem is therefore determined by a knowledge of the quantltles

| g(-—GG_‘—FF) (kw) = —¢& (ko) , - (ct. (3:5))

27 (G-F+ FG) (kv) =¢ (ko) , (3-23)

(GG—FF) (ko) =¢ (kw) .

(The peculiar- lookmg factor of 27 is due to our convention that all integrals
include a spin sum; cf. the remark on Eq. (8-1)). It is easy to see that if I'°
has the form (8-21), the condition for the existence of a low-energy collective
oscillation is |
| 1+ 17 {& (ko) + [ () ]7'[¢ (k) 1%} =0 (3-24)
or using the gap equation,

gb(/ea))@(ka)) + {p (k) }* = (3-25)

with 0 (kw) given by (3 10). However, (3-25) has no solution, at least for
small & and o, and hence in the simple one-band model considered no low-
energy collective oscillation is possible.*®

Turning now to the two-band case, we easily see that Eqgs. (3:22) are st111
valid provided that we regard I', I'%, Z and I'® as matrices in the ¢space’ of
the two bands and (—GG-—FF), etc., as diagonal matrices in this space (cf.
Eq. (3-1)). Explicitly, we have | |

%4 J 1 1\ 3.26
]”’=~< > , F“’=47re2/k2< ) ( )
: \J U 1 1

& 0 ‘
5=< > ¢, = (— GG~ — FF),
0o &l |

and similar definitions for ¢ and ¢. Substitutiﬁg the second of Egs. (3-22)
and droppmg the inhomogeneous term, we get the matrix equation

[=I#{—¢+$Q—T*0) T¢I (3-27)

- which determines the frequency of the collective excitation for our model two-

*) In reference 14) the factor & was omitted in the first line. This is s1mp1y equivalent to a
redefinition of I'é, which does not appear in the final results of that reference.

#%) Tt is claimed by Thouless and Tilley'® that Eq. (3-25) does have a solution for small %
and w~vk if the finite-temperature forms of 6, ¢, ¢ are substituted, and they interpret this as re-
presenting a sort of collisionless second sound wave. I believe however their results to be incor-

rect, owmg among other things to their neglect of the imaginary parts of 0, ¢ and .
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band system.

Consider the matrix (1—17"°¢)~'I"®, where I'® is given by (3:26). Even

in the limit #v,/<w,’(i.e. I'*¢>1) we cannct immediately put this equal to
—¢7!, because the matrix I'® is singular, In fact, calculating the matrix for
finite /e and taking the limit 2—0, we find that in this limit we must put

, 1 1\
<1~rw¢>-11f“=—<¢1+¢2>—1<1 1). (3-28)

Substituting (3-20) .into (3-27), we find that the frequency of the collective
oscillation is determined by the equation

det(1+1*C) =0 | (3-29)
" where the matrix C is defined by
Ci; =804+ (¢1 + ¢y) ~1¢z‘¢j B ' ' (3-30)

Exp11c1tly, (3-29) reads
S 1— {VC11+ UC22+2JC12} + UV —=J? (CnC22 CuCy) =0. (3-3D)
Writing ’ ,
=0, (ko) D1y + {91 (ko) + g (ko) } " (ko) 6, (k) (3-32)

(where 0, (ka)) is deﬁned by (3-5)), and subtracting the gap equation, we can
put (3-31) in the form

(V4 (P =UV)} 0, 1n@0/|4])} Ca+ {U+ (T UV)% 0 ln(25/|A1I)}sz
_l_ ZJCH (UV J2) (Cllcn C12C21) 0 (3 M 33)

~which is the appropriate generahzatlon of Eq. (8- 8) - Proceeding as with (3-8),
- we can write (3-33) in the form

(/4 Cst (4/4) Cort T (T —~UV) (CuCan—CuCa) =0 (3-34)

with C;; given by (3-32). As with (3-9), the solution is complicated in the
general case; again we shall consider some simple limiting cases.

First, consider the case of complete symmetry between the two bands.
Then ¢,=¢,=¢, etc., and (3-34) reduces to

(0 +¢%/9) —5 (U= I {0+ ¢°/20) — (¢*/2¢)" =0 . ~ (8-35)
The factor (0+ ¢*/¢) (Whlch cannot be zero) cancels and we are left with
H(ka)) 2J/(U*—J% : (3-36)

which is identical to (3-10). Hence in the special case of complete symmetry
‘between the bands the Coulomb interaction has no effect whatever on the col-
lective oscillation of interest to us. This is not difficult to understand physically,
since in this case the Hamiltonian splits into two commuting terms referring
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respectively to the total and relative density.
Next we consider the case J<KUVp,(4,/4,) and expand the C;; to lowest
order in %* and »’. We have (cf. reference 14))

;= —0;, ¢/ =3%(0/24,)0; , ‘
0,= {0~} 0% /44} 0, (3-37)
Substituting these values, we get
(4i/4:) Coa+ (4o/ 4,) Coy 4+ 2C 1y = — (8414) 7  (01cs” + 026 K ‘
CCr— CixCi: . | (3-38)

= 010, { + 0s) i’k — OC2+002k2w2}
B el A

‘where again ¢,’=% 'vj. Finally, substituting (3-38) into (3-34), we get
(1)2 = (,Uoz“l‘ 'U2k2 ’ ‘

g = 8J4:4, (o, + 022)* . | (3-39)
0:0:(UV —J%)

o (01 +o)cle’
01c s 0sC )

Equation (3-39) is valid in the whole region vk<24,* Comparing it with
(3-19) and (3-20), we see that the infinite-wavelength limit w, is insensitive
to the Coulomb interaction but the dispersion relation is affected. The velocity
v given by (3-39) is in fact just the velocity of ‘quasi- -hydrodynamic’ sound
in a system of two perfect classical liquids coupled only by the. Coulomb force
(see §5).

Finally let us examine the phys1cally very important case Where we have
0:<<p, but not necessarily J<KUVp,(4,/4;). Let us consider explicitly the neutral
case, take the limit #—0 and assume for the moment that w, will still be suf-
ficiently far from 24, that the function 0,(k, 0) (Eq. (3-10a) is still only of
order of magnitude p;. Then we may neglect the term (4./4,)0.(kw) in (3-9),
" which therefore becomes ’

0, (ko) =J (4s/ ) /) (UV =J?) . (3-40)
Thus, using Eq. (3-10a), we finally get as the equation determining w,
a)of(a)o/2A1) =8J4:4,/0: (UV J,
f(x) =arc sin z/x(1—z)"* : (3-41)

which agrees with (3-17) in the limit w,—0. We will assume without detailed
calculation, on the basis of the physical argument given at the end of the last

* Even if v1£>24;. See §5.
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section, that this formula remains valid in the presence of Coulomb interactions,
It is clear from a comparison of (3-41) and (3-39) that the latter expression
for w, is a good approximation up to quite large values of w,/24,. Similarly it
can be seen by detailed consideration of the exact expressions for 0, ¢ and ¢
(Egs. (8-23); cf. reference 9)) that the velocity given by (8-39) is at least of
the right order of magnitude until w, (or v£) is very close to 24;. For purposes
of estimation in the next section we shall therefore usually use Eq. (3-39).

To conclude this section we briefly mention the behaviour of the collective
mode at finite temperature. The necessary generalization simply. consists in
using the appropriate finite-temperature forms of the functions 0, ¢ and ¢ ; in
the long-wavelength and low-frequency limit these were. calculated in reference
14). In general they have finite imaginary parts even in this limit, owing to
the possibility of scattering an already excited quasiparticle; however, since
the maximum velocity of the quasiparticles is the higher Fermi velocity v,, the
collective mode will not be damped in the long-wavelength region where (%)
>kv,. Detailed examination shows that o, increases relative to 4; with increas-
ing T'; at first sight we should expect the oscillation to disappear altogether at
temperatures of the order of 4,(0), since at much higher temperatures the gap
equations have only a single nontrivial solution. However, detailed examination
of the one-band case shows that at finite temperature the existence of a second
solution is not a necessary condition for the existence of the corresponding
exciton even in the simplified model considered here; thus we can draw no
conclusion without explicit calculation.

§ 4. Experimental aspects

In this section we shall, first, try to estimate the parameters of the collective
excitation for niobium, the only transition metal superconductor for which suf-
ficient experimental information is available at present, and then go on to discuss
the general question of the feasibility of its experimental detection. It should
‘be stated at once that the answer to this question is rather sensitive to the
values of certain parameters of which at present we have only rather crude
estimates ; thus the conclusions must be regarded as somewhat tentative. ,

Let us label the ‘s’-band (that is, the band with the lower density of states)
1, as in the last section; in practice this band will almost certainly also have
the smaller gap, and probably though not certainly also the higher Fermi velocity.
We suppose, as is almost certainly the case in practice, that p,<p,. Then the
parameter o, is given by (3-41):

2 _ 244y .
(0o/24,)" f (w0/24,) UV - a. . (4-1)

Since the condition J'<UV is almost certainly fulfilled in practice,” « is
equivalent to the parameter «’ defined in (2-24). Moreover, it is identical to

220z 1snbny |z uo1sanb Aq 608.581/106/S/9€/e1o1ue/did/woo dnoolwspede//:sdyy woly papeojumoq



918 ' ' . - A. J. Leggett

the parameter « defined by Sung and Shen;»'* they show that its value can
be obtained from the specific heat data and find that for niobium the best fit
corresponds to a=0.5. We should remark that Sung and Shen’s method of
obtaining « is certainly not valid in general, since they tacitly assume in pro-
ceeding from their Eq. (4) to Eq. (8) that the temperature variation of the
larger gap can be neglected in the region where the smaller gap is fast varying
(which they use to fit the data to the theory). It seems probable that this as-
sumption is justified for Nb, but it would be desirable to check the value of
o, which is a fundamental parameter of the theory, by fitting the exact theoretical

specific-heat curve to the data without approximations (unfortunately this requires

the numerical solution of two rather unpleasant simultaneous equations). For
present purposes we shall use Sung and Shen’s value of -« Wlth appropriate
reservatlons Putting this value into (4-1), we ﬁnd

(wo/24,) ~0.6 . - <v4-2)\

Thus, in niobium the collective excitation should be well separated from the
two-particle threshold. It is reasonable to hope that in some other transition

metals .« will be smaller and the excitation may even lie near the bottom of -

the smaller gap. We notice, in any case, that even for the comparatively large
value of w, given by (4-2) Eq. (3-39) isvn(_)t a bad approximation. Hence we
shall generally use (3-39) rather than (4-1) in this section.

'Equally important to w, from the point of view of experimental detection
is the velocity v of the excitation, which is given by (3-29). We see that v
is of the order of the smaller of the quantities v, (0./0)""vy:

vemin(o, @/o) ). (48) |

Unfortunately experimental information on the values of v, and v, for the tran-
sition metals seems to be rather scanty at present. To get an order-of-magnitude
estimate we may assume with Vasudevan and Sung® that the Fermi momenta
in the two bands are of the same order of magnitude. In this case 0./0.~vi/vy,
so we have

v (010,)2~0.1v;, . (4-4)

This estimate should however be treated with a certain amount of reserve; if
anything it will probably underestimate v relative to v, ,

Turning now to the problem of experlmental detection, we consider first
the thermodynamic consequences of our collective mode. We use the dispersion
relation (3-39):*®

* ) The equatmn defining @ in reference 4) is presumably misprinted: and should read
a=—[4500)/4,00)1XJ /N, J y—J ).
We recall that our p; is twice N, and our J has the opposite sign by convention.
##) The temperature dependence of w; and v is sufficiently weak to be neglected for k2z7< 4.
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0 =02+ vk | (4-5)

which is valid for vk<24,; we therefore confine our attention to the region
ksT<4;, We shall assume (hopefully) that there are transition metal super-
conductors for which w,<4; (@<1), and thus consider both the regions kzT <,
and w,<ksT<4,. The specific heat due to a boson with the dispersion relation
(4-5) is easily calculated in these limits ; for k3T <w, we have (here and below
C,, C, and C; are constants of order unity)

while for £zT> w,, ’ | ‘
| C(T)-:C§<—CZ)">3<%>3. - (4-7)

On the other hand, for %2,7<<4, the specific heat due to the quasi-particle exci-
tations is ' v

B

: 3/2
Cop (T) :C34101< /eAYl’> exp(—4./ksT). (4-8)

Then (since for purposes of estimation w,, k37T and 4, may be taken as of the
same order) the characteristic factor occurring in the ratio of the boson and
the s-electron specific heats is just (4,*/v.°0)) (vi/v)’. The first factor is probably
of order 107"—10~%; thus, if we use the estimate (4-4), to detect the effect of

the collective mode on the specific heat we should have to be able to measure

quantities of the order of 107*—107° of the s-electron specific heat in the normal
state. This is certainly beyond the reach of present experimental technique,
but not unthinkably so. It should be emphasized that if w,<(4,, which requires
a value of a only slightly smaller than that found for . mniobium, the collective
mode will dominate the electronic specific heat at ultra-low temperatures—a
situation which is very unlikely to occur in ordinary one-band superconductors
since in them w, is expected to be close to 24. We see however that the above
estimates are very sensitive to the value of v. 7

Next we consider the possibility of exciting the resonance by an external
probe. We see at once that no external potential which varies over a distance
large compared to the lattice spacing will be able to excite it. This is because
such a potential cannot ‘see’ which are the s-electrons and which the d-electrons;
mathematically speaking, the matrix element of the total electron density Fourier
transform '

o =| ot () g () exp (—ik-r) dr

to which an external scalar potential couples, is identical in the limit of small

£ to the Fourier transform of the sum of the  Bloch wave densities ’ in the two
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bands (i.e. what we have been referring to throughout this paper as the total
density operator); thus it cannot involve the relative density. This would not
matter in a neutral system, since the relative and total densities are not decoupled
for vk~w, and a fluctuation of the total density would excite a fluctuation of
the relative density ; however in a real metal the total-density response is strongly
screened out at long wavelengths and thus to excite a fluctuation of the relative
density one must couple to it directly. So far, we have considered an isotropic
model ; however, for a crystal with arbitrary symmetry and for an arbitrary
direction of wave propagation, the transverse total current will in general couple
to the longitudinal ‘relative’ current and hence to the relative density. Thus,
in principle a pole corresponding to our collective excitation should appear in
the transverse current response function, and one could then in principle detect
it by electromagnetic absorption or transmission experiments (cf. reference 9)).
Since this effect is likely to be small and there are a large number of theoretical
and experimental complications, we have not attempted to make a detailed
estimate ; but it should be noted that in any case this pole will not appear until
vk~w, (for reasons connected with the fact that the relative density does not
obey a continuity equation—see next section), and this alone may well put
electromagnetic detection out of the question, We conclude therefore that no
external probe of long wavelength is likely to be able to detect the excitation.

Therefore we must find some probe of the electron system which varies
strongly over a unit cell and thus can ‘tell the difference’ between s- and d-
electrons. The most promising candidate is the crystal ions or nuclei; the
nucleus can clearly discriminate the two bands since in general the densities of
the corresponding electronic wave functions at its site are different. Generally
speaking, the nucleus can interact with the electrons either through its trans-
lational motion (electron-phonon coupling) or by changing its internal state, as
in nuclear spin relaxation for instance. The second kind of interaction is not
very useful for our purposes; the energy of interest is w,, which is of the order
of 1°K, and to get a splitting of the nuclear levels of this magnitude by the
Zeeman effect would need a magnetic field many times larger than the super-
conducting critical field. In general the nuclear energy scale is either much
too small (as here) or much too large (as, say, in the Méssbauer effect) to be
useful for this purpose. .

What, then, of the translational motion of the nucleus? The effects of
electron-phonon coupling in a two-band metal will be considered in detail
elsewhere ; here we just quote the main results. As to the possibility of direct
detection of the resonance, say by a neutron scattering experiment, it turns out

that a subsidiary pole does indeed appear in the phonon propagation function

at about the frequency of the electronic resonance (in contrast to the case of a
one-band metal), but the amplitude of the corresponding peak in the neutron
scattering cross-section relative to that of the ¢ primary’ (real-phonon) peak is
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only of order (p,/p)) (¢/v)* where ¢ is the phonon velocity. The value of this
quantity is subject to considerable uncertainty but it seems unlikely to be much
greater than 107*, Hence detection by neutron scattering does not seem feasible,
unless some revolutionary advance in sample preparation and/or resolution is
made. However, the possibility of observing the subsidiary resonance directly
by ultrasound transmission experiments cannot be entirely ruled out, though
here too the practical difficulties are likely to be formidable.

It turns out, however, that the existence of the electronic collective resonance
has a quite appreciable effect on the velocity of propagation of ultrasound.
Indeed, under probably realistic conditions the shift of the ultrasound dispersion
curve at very low temperatures in the region k~w,/v gives a direct measure
of the (inverse of) the excitation energy w(%) of the electronic resonance. The
relative magnitude of this effect is of order (p,/p:) (c/v)*; even under very
unfavourable conditions this quantity can hardly be smaller than 107, and it
may even be as large as 10% in some cases. Since the (theoretical!) absorp-
tion of ultrasound is negligible even in the region 4,<k,T <4, the detection
of a shift of the predicted order of magnitude as the temperature is lowered
below 4, should be well within the power of current experimental technique.
In order that the effect give a direct measure of w(k) it is probably necessary
that the parameter « should be small ; however, there should be an unambiguous
shift in the ultrasound velocity even when this is not so. It would therefore
be of great interest to detect this effect even in niobium. Details of the theory
will be given elsewhere, '

We conclude, therefore, that indirect detection of the proposed electronic
collective resonance is certainly experimentally feasible at present and that
“direct’ detection (by specific heat measurements or, possibly, ultrasound trans-
mission) is not hopelessly beyond reasonable expectation for the future. More
quantitative estimates require, in particular, knowledge of the excitation velocity
v, and hence of v, and w,; in principle these quantities are obtainable from
any one of a number of experiments on the pure two-band superconductor in
question, and it is to be hoped that good values will become available in the
near future.

§ 5. Discussion

In this section we shall try to elucidate the connection of the results of

this paper with certain other phenomena in' the theory of superconductivity.

First, we consider how the effects investigated here are related to the
Josephson effect.'” A treatment of the latter which is in many ways similar to
the discussion of §2 has been given by Wallace and Stavn.” They show that
the Hamiltonian of two superconductors coupled by a Josephson junction in
the absence of an external field can be written
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ﬁ:ﬁz, +ﬁh’ —~ 2T cos (ﬁgL - ngc) (4pdr/ViVs), ,v (5-1)

when H, and Hj are the Hamiltonians of the systems to left and right of the
junction in the absence of the coupling, ¢, and ¢, are the phases of the cor-
responding ‘condensates’ and 7" is the coupling matrix element. This expres-
sion should be compared with our equation (2-16); in our notation (4,/V;)
would be ¥,, etc. It should be pointed out that, strictly speaking, (5-1)
cannot be correct for a closed system ; as in our problem, there should be a
term proportional to (N,—Ngz)?® (where N is the deviation of the number of
electrons on the lefthand side of the barrier from its equilibrium value, etc.),
and in principle this should give rise to harmonic oscillations of the current

in zero external field, The basic difference between our case and that of a

Josephson junction is, of course, that in the latter case the coefficient of (N,
— Ny is inversely proportional to the mutual capacitance of the two systems
and so goes to zero with increasing volume, whereas the coupling matrix element
T is determined by the size and geometry of the junction and is independent

of the size of the two superconductors. Thus the frequency of the harmonic

current is usually negligibly small.  Now when we create an external potential
difference between the two systems (say by applying a voltage V) the total
Hamiltonian can be written ‘ :

'H:Ho“-ZT(ALAR/VLVR)COS($L—$Ig>"{‘@V(ﬁL'—NR) ) (5'2)
with the commutation relation (cf. (2-21))
[N.—Ng, ¢r—n]l =—4i. : (5-3)

Because there is now no ‘restoring force’ proportional to (NL—NR), it is not
legitimate to expand the second term in (5-2) to lowest order in (b —dn)
 Thus, in the Josephson case the relative phase performs steady rotation, whereas
" in our case it performs small vibrations around the equilibrium position;

Next we consider the analogy to the problem of /=<0 excitons in a one-band
superconductor. We shall consider only even-/ (spin-zero) excitons and make
the rather artificial assumption that one of the higher harmonics of the pairing
interaction U (n, n’), say the second, is comparable in magnitude to the zeroth
harmonic which actually binds the physical groundstate. We introduce the
quantity o '

chl ajra’p =¥ @) , (5-4)
1l ‘ .

where n is a unit vector specifying the direction on the Fermi surface. We
confine ourselves to states of the type (cf. (2-8))

0@ =Tt ot |0>, G5

where |@,> is the vacuum state, and uy, vy satisfy
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sl + loal* =1, (5-6)

w_ 4@
24 +]d@m) |

UrVE

where 4(n) is a complex function of ». Then we have
¥ (n) =4 p4(n)In(2a/{4(R)]) . (5-7)

The total Hamiltonian can be written (cf. (2-16))

H:Sflw(n) |2’Z£ *% g‘g U(\n, n/) {W*J(n)%(n’) -{-97(”)@‘* (n/)}%%d;zg’ :
(5-8)

where the first term represents the kinetic energy. In the groundstate we have
¥ (n) =const=¥,=4,/U, (5-9)

where 4, is the value of the gap determined by the BCS equation and U, is
the zeroth harmonic of the pairing interaction. If for the moment we assume
that in the states we are going to consider the ‘best’ value of |¥(n)| for a
given functional form of arg % (n’) is only slightly different from ¥, (this is
equivalent, roughly speaking, to the assumption that the second harmonic U, is
close to Uy—cf. below) then we can take the magnitude of ¥ (n) to be equal
to ¥, in these excited states too, and write

Y (n)=¥,exp (ip(n)). (5-10)
Then we can write part of (5-8) in the form (where E, is the BCS groundstate
energy)

Byt Wy %UO——§ ) U (n. n’)cos[¢ () ~¢(n'>]dgdg'/16n2} . (51D

However, we must also take into account a term corresponding to I in Eq.
(2-4) —that is, a term corresponding to the fact that the ‘ average ¢ Fermi surface
may be distorted (while the total volume enclosed by it must of course remain
constant). This term has the form

~ . 2 ‘
=10~ | {amn)} d9/4z (5-12)
where p is the density of states at the Fermi surface and
ON(n) E%_,_[' ajap—0(ky—k) (5-13)

(we note that N (:z) when acting on the BCS groundstate gives zero identically).
Adding this term to (5-11) and expanding the cosine to second order in its
argument, we finally put the Hamiltonian in the form
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B=F,+% 0~ S (ON(n)}*d2/ 47

+1 ﬁ Un, n) (¢ () —¢ (n)}'d0d2’ /167, (5-14)
From (5-4) and (5-13) we have the commutation relation
[ON(®m), ¢ (n')] = (—i/2m)0 (n—n') . - (5-15)
Now let us assume for ¢(n) and 0N (n) the forms '
p(n) =¢Ys,(n),  ON(n) =0NY,,(n), (5-16)

where Y,,(r) is a normalized spherical harmonic, and expand U(mn’) in
Legendre polynomials :

U(n’) =3 U,P,(nn") . (5-17)
1.
Then the Hamiltonian (5-14) becomes
, H=E,+% 0 'ONY+ ¥ (U,— U, ¢* (5-18)
with the commutation r_elation ’ ‘ |

[ON, ¢] = —2 . (5-19)

Thus, from (5-18) and (5-19), 0N and ¢ oscillate with the harmonic frequency
0t =8(U,—Un¥¢/p | (5-20)
or using (5-9) |
w'=8U,— U,y 4/U . (5-2D)

Finally, defining a dimensionless quantity V,=pU,/2 to agree with the defini-
tion of g, of Bardasis and Schrieffer,” we can write (5-21) as '

0)02/442: (Vo—‘ Vz) /‘/o2 . . (5'22)
If Vo—V,<V,' this agrees with the usual results.” Now the above argument

was based on the assumption that there exist unstable solutions of the gap
equation for which |% (n)| is not much different from ¥, ; the condition for this

assumption to hold is precisely V,—V,<Vy (cf. below), thus our argument is-

consistent,

" Of course, this assumption is very unlikely to be satisfied in practice; the

virtue of the above argument is simply that it gives a rather simple picture of
the physical nature of excitons, which should be qualitatively valid under more
general conditions, We see that excitons in superconductors correspond to a
‘average ” Fermi surface, accompanied

<

coherent distortion of the shape of the
by a small fluctuation of the relative phase of the pairs in different regions of
the Fermi surface. In a sense, therefore, they are the analogue of the anisotropic
zero sound vibrations which may be possible in the normal phase ;' however,
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the conditions for their existence are much less stringent. One may say. that
the /#0 collective modes in a superconductor foreshadow the breakdown of
the “rigidity” of the condensate wave function, since they correspond to a
distortion of its spherical symmetry. From this point of view it is also easy
. to see why “Fermi-liquid ” terms must affect their frequencies quite strongly ;”
indeed, it is trivial to take these terms into account in the above method.
Before leaving the subject of excitons in one-band superconductors, we

should perhaps draw attention to one slightly embarrassing point. According -

to (5-22) the frequency of the collective excitation becomes imaginary, signal-
ling the instability of the groundstate chosen, as soon as V,>V, On the other
hand Anderson and Morel®™ found that the binding energy of the D-wave-
paired state does not become equal to that of the S-wave-paired state until V,
is somewhat greater than V, A similar difficulty was noted by Balian and
Werthamer®™ for the case of P-wave pairing ; they claimed to have resolved it
by showing that if one takes into account all spin components of the triplet
pairing interaction one gets an isotropic triplet state whose binding energy
exceeds that of the BCS state as soon as V;>V, Unfortunately the exciton
instability occurs at V,=V, whether or not one considers all spin components
of the pairing interaction, and in any case no such explanation is available
for the instability with respect to D-wave pairing. The most likely resolution
of the apparent contradiction is that (contrary to the estimate of reference
19)) the true groundstate is neither pure S-wave nor pure D-wave over a
considerable range of the coupling constaht ratio (V,/V,); actually, this is
necessary for the argument given above, since it was supposed that if V,
—V,<V,® there exist low-lying unstable solutions of the gap equation with
|# (n)| almost constant, and presumably these should go over into the stable
solution as soon as V,;>V, To the present author’s knowledge this problem
has never been satisfactorily cleared up. In our case no such difficulty arises,
since there are no geometrical factors entering the expressions for the binding
energies of the stable and unstable solutions. - ‘ ‘ '
Finally, we shall show that the results of §3 for the dispersion relation
of the collective excitation can be easily interpreted from a “quasi-hydrodynamic”
point of view; that is, we treat the two-condensate system as a system of
two perfect hydrodynamic liquids coupled by an unusual type of coherent
transfer interaction.. We consider first the case of a neutral system. Then
the equation of motion of the current in the j-th band is the usual hydrodyna-

mic one

al; . owN, ol

dt 7 !

Here N; is the deviation of the local number density in the j-th band from its
equilibrium value ; we have neglected terms connected with the nonconservation

v, (5-23)

I
=

of N; in the two bands separately as being of second order in the deviation in

220z 1snbny |z uo1sanb Aq 608.581/106/S/9€/e1o1ue/did/woo dnoolwepede//:sdyy woly papeojumoq



926 . A. J. Leggett

(5-23). However, these terms are of first order in the equation of motion of
N; itsclf. This does not affect the total density, which is conserved:

ANAND) iy (J ) (5-24)
dt ‘

In considering the equation of motion of the relative density fluctuation (IN;—Nj)
we must take into account (a) the possibility of incoherent conversion of an
s-electron into a d-electron, say by impurity scattering (b) the possibility of
co/ze;ent conversion of a pair of s-electrons into a pair of d-electrons by the

“internal Josephson effect ” discussed in the body of the paper. We shall neglect
the first, since we have always considered puré samples in this paper. To in-
corporate the effect of the second we argue as follows. First, in the limit that

N,+ N,=const (e.g. in the very long wavelength limit) we must recover the.

results of §2, i.e. we must have

>\d2

;- (Ni—N;) = — w? (N:—Ny) (5-25)
dt

with w, given by (2-23). Secondly, in the general case the part of the equa-
tion of motion arising from this effect must be nondissipative, that is it must be
a second-order differential equation, and furthermore we expect the driving force
to be proportional to the deviation of the local energy from the equilibrium
value for the given local value of (N,4 Ny); that is, this term should have the
general form
d?

o (NN = = A {0 Ni+ 0 N

2 (NN }

17 02

= — A’ (0.N,— 0:N,) . ) » (5- 26)

Comparing (5-26) with (5-25), we can make the identification A" =2w,’/ (0. 05).
Finally, there is an additive contribution to the acceleration of (N;—Ny) from
the influx of particles into the region, which is given by the analogue of (5-24)
together with (5-23). Combining these results, we finally get the equation. of
motion of (N;—N,): :

dz (Nr—"N2) — %, < Ole 01N37> T (e — )TN, —N) C (5.27')

dz 01+ 0y
Substituting (5-23) into (5-24) and taking the Fourier transforms of the re-
sulting equation and (5-27), we find:

5 (N— N = 20 (0N — 0N + BN — N

17T 02 .
a)2<N1 +N2) :kg(C12Nl +'C22N2> . ‘ (5‘28)

Equations (5-‘29) have a nontrivial solution if the following equation is satisfied :
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0102
This is just Eq. (3- 14) We see that at long wavelengths (v;k<w,) the motion

: . 2 2
(,04 - {(Do2 + (Cl2 + ng) kz} 0)2 + (,002 k? {fm‘?ﬁqg-} +c C 2k4 0. : (5 . 29)

of the relative density is largely decoupled from that of the total density and

governed mainly by the coherent transfer effect; at short wavelengths (v/e}a)o),
on the other hand, the two bands are themselves decoupled and behave as in-
dependent classical liquids (it goes without saying, of course, that we assume
v;kLdy ;i 0y<Lv,k<L Ay, vk~ 4, then only one hydrodynamic wave will persist).
In the Coulomb case it is tempting but incorrect to assume N;-+ N;==0 from

the start. Instead we should replace Eq. (5-22) by

dJ ad ; _ 2 e i ’ ’ . ' '

(@) ==/ VN, @) — V| T N ¢ (5-30)

r—r’|

This leads to the following equations in place of (5-28):

0" (N — Np) =220 (0, N, — o) (N = 6N 0N+ N

17T 0z
O (Ni+N) =B (!N +ci'N) +0, (N + Ny, - (5-31)
“where ' ‘
W = (p;clz + 0.¢5°) 4Te’ . v (5-32)
Since w.”>w.’, ¢;'k we may substitute N,=— N, everywhere in the first equation
except in the term containing w_?; in the latter we must put
N+ N = (e =) N/ 0. . | (5-33)

Then the first of Egs. (5-31) gives the dispersion relation
0*=w+3 k(o' +c)) +3(o-/0,) (' —c’) F

. . .
=0+ £ { 01 peves } | (5-34)
016‘12 + 026‘22 . )

in agreement with (3-39). Again the long-wavelength behaviour is governed
by the coherent transfer effect while the short-wavelength behaviour is that of
two classical liquids coupled by the- Coulomb force, '

We can use this approach to show that the formula (5-34) is approximately
correct throughout the whole region vk<d, even if vk>4;. In this case
we cannot of course treat the s-band as a perfect hydrodynamic liquid.
However, the behaviour of the collective excitation is essentially determined by
the unscreened density response tunctions in the two bands. Provided o<k,
these are not changed much in the process of passing from v,k<4, to vik> 4, ;
indeed in the limit w—0 the unscreened density response function for v./f>4,
is essentially the normal-state compressibility (of a fictitious neutral system)
which is well-known to be identical to the superfluid-state compressibility to
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order (4/ey)’. In the limit vk>4, 0>4, however, no collective excitation can
be- propagated except under very artificial assumptions,

It is obvious, incidentally, that even in a normal two-band system a “ hydro-
dynamic ” wave of the relative density will be able to propagate in a certain
frequency region provided that the establishment of thermodynamic equilibrium
within each band is very much faster than the establishment of equilibrium

~ between the two bands, as is likely to be the case in a pure specimen. Such

~a wave would have the velocity v given by (3-39), with a frequency which
goes to zero with % instead of tending to the finite limit w, It is possible that
the experimental observation of this wave would be rather easier than that of
.the effect discussed in this paper, and it would in.itself be of some interest.

~To conclude this discussion' we write down for reference the forms of the
various response functions of the particle densities in the two bands; more
precisely, the retarded Green' functions

Zis (R, 0) =N, : Np) (k, 0)

in the standard notation. These response functions may be straightforwardly
obtained by adding appropriate driving terms representing external potentials
to Egs. (6-28) or (5-31); it is essential to remember that these will affect the
term containing w,® as well as the terms in ¢,2%. After a short calculation we
get for the neutral case

2
T = [ppf; (0.0~ 010K — 02’} + (0" — &, plcﬁeﬂ Q' (ko) ,
1 2 )

ta =t = (= 2200 )k, ) | (5-35)
01+ 0,

where Q(kw) is the quantity on the left-hand side of (5-29). 7. is obviously

obtained from gy, by interchanging the suffices 1 and 2. Notice that in the

static limit all the correlation functions are independent of 2. For the Coulomb

case we have the simpler result

Y Y »* (k) ,'
Tu=ZXew= —X2= —Xu *01—;;; wz—wz'(’éy ’ (5-36)
when o’(k) is the quantity on the right-hand side of (5-34). It follows from
(6-36) that any correlation function in which the total density N;-+ N, appears
must be zero, as we should expect.

§ 6. Conclusion

In this paper we have shown that in a clean two-band superconductor the
dependence of the energy on the relative phase of the two condensates as well
as on their relative density gives rise to a peculiar kind of collective excitation,
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Although this excitation is in principle analogous to the transverse collective
excitations in ordinary superconductors, it has a number of distinguishing
features. -First, it is probably the only case in which a reasonable estimate of
the frequency of a collective mode in a superconductor can be made from
available experimental data (we have no way of estimating the higher harmonics
of the pairing interaction in an ordinary superconductor from experiment).
Secondly, it is well separated from the single-particle excitation threshold; we
saw that for niobium w/24,~0.6. Thirdly, it is possible to give a very clear
physical picture of the nature of the excitation ; it corresponds to small fluctu-
ations of the relative phase of the two condensates around its equilibrium value
(or, equivalently, to small fluctuations of the canonically conjugate variable, the
relative density). In view of these points it is of considerable interest from a
theoretical point of view. i

From the point of view of experiment, we have seen that although direct
observation of the resonance itself is probably not feasible at present, its effect
on the ultrasound velocity should be easily observable and, under favourable
conditions, yield its dispersion curve. Such an experiment would provide an
extremely interesting confirmation of the basic hypotheses of the two-band theory
of superconductivity,

Acknowledgements

I am very grateful to Professor Takeo Matsubara for the hospitality of his
department at Kyoto University where this work was performed. I should also
like to thank T. Tsuzuki, T. Tsuneto, K. Nishikawa, Y. Wada and T. Soda for
helpful discussions, and the last two also for informing me of their results be-
fore publication.

References

1) H. Suhl, B.T. Matthias and L.R. Walker, Phys. Rev. Letters 3 (1959), 552.
2) J. Bardeen, LN. Cooper and J.R. Schrieffer, Phys. Rev. 108 (1957), 1175.
3) L.Y.L. Shen, N.M. Senozan and -N.E. Phillips, Phys. Rev. Letters 14 (1965), 1025.
4) C.C. Sung and L.Y.L. Shen, Phys. Letters 19 (1965), 101.
5) Among others: D.R. Tilley, Proc. Phys. Soc. 84 (1964), 573.
(type-II properties).
Yu Lubh and Gu Ben-Yuan, Acta Physma Sinica 21 (1965), 838 (in Chinese) (effect of
‘interband scattering).
" R. Vasudevan and C.C. Sung, Phys. Rev. 144 (1966) 237 (thermal conductivity).
Y. Wada and T. Soda, to be published (electrodynamlcs and thermodynamics).
See also references 7) and 12).
6) A. Bardasis and J.R. Schrieffer, Phys. Rev. 121 (1961), 1050.
T. Tsuneto, Phys. Rev. 118 (1960), 1029.
7) J. Garland, Phys. Rev. Letters 11 (1963), 111. - )
8) B.T. Geilikman, Uspekhi Fizicheskykh Nauk 88 '(1966), 327: to be translated in.Soviet
Phys.—Uspekhi.

220z 1snbny |z uo 1senb Aq 608258 1/106/S/9€/2101HE/d)d/W00"dNo"olWepese//:sdiy Woly peapeojumo(



930

9)
10)
1D
12)
13)

14)
15)
16)
17)
18)
19)
20)

A J Leggett

AT Larkm, JETP 46 (1964), 2188+ translation, Soviet Phys —JETP 19 (1964), 1478
AJ Leggett, Prog Theor Phys 36 (1966), 417

PW Anderson, Phys Rev 112 (1958), 1900

J Kondo, Prog Theor Phys 29 (1963), 1

VG Vaks, VM Galitskir and A 1 Larkm, JETP 41 (1961), 1955 translation, Soviet Phys —
JETP 14 (1962), 1174

AJ Leggett, Phys Rev 147 (1966), 119

D J Thouless and DR Tilley, Proc Phys Soc 77 (1961), 1075

B D Josephson, Phys Letters 1, (1962), 251

PR Wallace and M J Stavn, Can J Phys 43 (1965), 411

LD Landau, JETP 32 (1957), 59 - translation, Soviet Phys —JETP 5 (1957), 101
PW Anderson and P Morel, Phys Rev 123 (1961), 1911

R Balian and NR Werthamer, Phys Rev 131 (1963), 1553

220z 1snbny |z uo1sanb Aq 608.581/106/S/9€/e1o1ue/did/woo dnoolwepede//:sdyy woly papeojumoq



