
Numerical analysis of composite structure with in-
plane isotropic negative Poisson’s ratio: Effects of 
materials properties and geometry features of 
inclusions
Xiaonan Hou a, Hong Hu a,⇑, Vadim Silberschmidt b
a Institute of Textiles and Clothing, Hong Kong Polytechnic University, Hong Kong
b Wolfson School of Mechanical and Manufacturing Engineering, Loughborough University, Loughborough, UK

Keywords:

A. Smart materials

C. Finite element analysis (FEA)

B. Mechanical properties, Negative Poisson’s

ratio

a b s t r a c t

A novel composite structure with isotropic negative Poisson’s ratio has been presented in our previous

paper [1]. However, the previous study has only focused on the effects of random inclusions. In this work,

an extended numerical study on the effects of materials properties and geometry features of inclusions is

conducted in order to better understand the deformation mechanism and mechanical properties of this

kind of composites. Using finite element method, the overall negative Poisson’s ratio effects and mechan-

ical properties of the composites are analyzed in terms of different factors including thickness and stiff-

ness of inclusions with uniform and non-uniform struts. The structure optimization of the composites

with better negative Poisson’s ratio effect and mechanical performance are discussed based on the

numerical calculated results. The study shows that the Poisson’s ratio effects and mechanical properties

of the composites are significantly affected by geometrical features, stiffness and boundary conditions of

inclusions.

1. Introduction

The concept of material with a negative Poisson’s ratio (NPR)

has been studied for decades. Although many different structures

have been suggested and analyzed, two limitations in the develop-

ment of NPR materials still remain both in theoretical and practical

aspects. The first limitation is that most of NPR structures are only

studied in a two-dimensional space, and that their NPR effects are

mostly limited to certain directions. This is true, for example, re-

entrant, chiral, star-shape structures and rotating units [2–6].

These structures, known as skeletal structures, are well studied,

and most of them are periodic and often symmetric as well

[7–15]. In these structures, the NPR effect only occurs along certain

in-plane directions, and the concept of NPR is hardly used in 3D

space. So far there are only few studies extending in-plane negative

Poisson’s ratio effect to 3D space [15–19] and only one structure

with orthotropic NPR effect [15]. However, these 3D studies have

only focused on certain cellular materials with highly heteroge-

neous porous microstructures. As stiffness of this type of materials

is usually very low, their applications are limited.

Another limitation of present researches into NPR structures

is linked to their manufacture and applications. Most of the

developed theoretical models suggest materials with rather com-

plex microstructures [20,21] that are too difficult for manufactur-

ing and employing in real engineering environment. So far, there

are only a few successful NPR materials [22] which can be pro-

duced easily. However, the NPR effect of these materials still occurs

in one direction due to their structural periodicity, and their defor-

mation mechanism and mechanical properties have not been

widely studied yet. Therefore, their applications are limited. These

were the reasons for us to have developed a disordered structure

having an in-plane isotropic mechanical NPR effect, a hardening

mechanical behaviour and a relatively simple deformation mecha-

nism in our previous study [1]. The composite structure previously

suggested could not only be manufactured as an engineering mate-

rial using existing techniques, but the proposed concepts can also

easily be extended to 3D space. In this study, a 2D composite struc-

ture, which is formed by embedding re-entrant inclusions into a

matrix with random locations and orientations, is developed. Dif-

ferent from the random orientation distribution function (ODF)

for inclusions used in our previous models [1], the ODF of the mod-

els in this study is determined as a uniform distribution at the pre-

processing stage. Thus, the developed models can be compared

with each other. Based on the developed models, the deformation

mechanism and mechanical performance of the composites are

analyzed by modifying materials properties and geometrical

parameters of inclusions. The results show that the NPR effect
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and mechanical properties of the composites can be optimized by

adjusting the material properties of constituents and geometry fea-

tures of inclusions.

2. Finite element model

The main approach to develop FE models of NPR materials was

discussed in the previous paper [1]. The FE models developed was

to simulate a relatively large in-plane compression deformation

(about 18%) of the composite structures under static compression

with consideration of geometry nonlinearity. The geometry models

were developed using a programming language Python and the fi-

nite element analysis was performed by a commercial FE software

ABAQUS. In the composite structures, the re-entrant triangle inclu-

sions were embedded in a square area L � L (L = 100). The thick-

ness of the square selected was 1, and coordinates of the centre

points of inclusions were randomly generated (Fig. 1a). To simplify

the analysis, the orientation distribution of inclusions was deter-

mined as a uniform distribution in this study (Fig. 1b). Due to

the geometrical features of the re-entrant triangle inclusions, the

range of their rotation is 120�, and it was divided into 8 intervals.

Within each interval, 10 random values of rotation angle were se-

lected. In this way, the density of the inclusions in the models

could be determined.

To analyze the effects of geometrical features of re-entrant

inclusions on the overall deformation mechanism, inclusions with

different struts were firstly developed. In Fig. 2, the grey area

Fig. 1. Locations (a) and orientation distribution (b) of inclusions in FE models.

Fig. 2. Geometry models of re-entrant inclusions: (a) inclusion with uniform struts and (b) inclusion with non-uniform struts.

Fig. 3. Codes used for notation of finite element models.



represents struts of inclusions whose re-entrant degree is con-

trolled by parameter H, which was selected as 5. Parameters T

and T1 control the thickness of struts of the inclusions. For inclu-

sions with uniform thickness, their struts thickness is adjusted

by changing the value of T (Fig. 2a). For inclusions with non-uni-

form thickness, T and T1 control the thickness of the central area

and that of the pivoting area of the struts, respectively (Fig. 2b).

Another controlling factor of the composite structure is the

materials properties of its constituents so that different material

properties were defined to study their effects. To simplify the anal-

ysis, only linear elastic material properties were adopted at this

stage of the research. It is no doubt that the material non-linearity

of the constituents will affect the NPR behaviour of the composite

structure and this factor will be included in our future study. In the

present study, the elastic modulus and Poisson’s ratio of the matrix

for all models were defined by a given value A and 0.3, respectively.

The elastic modulus of the struts was chosen among three different

values: 100A, 60A and 20A. The Poisson’s ratio of all the struts was

selected as 0.3 as well. By changing the geometry variables and

material properties, twelve different models were developed and

analyzed. As shown in Fig. 3, special codes which could reflect dif-

ferent levels of the controlling parameters were adopted to note

different models.

The boundary conditions of the models were defined in such a

way that a compression test of composite materials could be sim-

ulated. The bottom of the units was fixed, with all the degrees of

freedom constrained. A uniform displacement in the negative y

direction (y = �20) was applied to the top of the modelled units

to simulate static compression deformation. Meanwhile, the con-

tacts between internal surfaces of the deformed inclusions were

also taken into account in the simulation.

3. Result and discussion

3.1. NPR effect

The Poisson’s ratio is defined as the negative ratio of the trans-

verse strain to the axial strain. As the boundary conditions applied

in the FE analysis was to simulate a real compression test in which

two extremities of a composite structure are fixed with clippers,

both the top and bottom surfaces of the composite structure could

not shrink in the transverse direction under compression. There-

fore, the transverse strain at the top and bottom surfaces should

be zero. On the other hand, the micro-structure of the composite

is not homogeneous. Because of these two reasons, the transverse

displacements of nodes located at the left and right sides of the

structure are not constant. In order to eliminate the effects of

boundary conditions and non-homogeneity of the composite struc-

ture, only the averaged transverse strain calculated from the trans-

verse displacements of nodes located at the left and right sides of

the middle part of the structure was used to calculate the overall

Poisson’s ratio of the composite structure. The number of nodes se-

lected at each side was 7 and the distance between two adjacent

nodes was 2. The averaged transverse strain was calculated by

averaging the transverse strains obtained from these nodes. When

the average strain was known, the overall Poisson’s ratio v of the

composite structure could be obtained from the following relation.

m ¼ �et=ea ð1Þ

where et and et are the averaged transverse strain and overall com-

pression strain of the composite structure, respectively.

Fig. 4 shows the evolutions of the Poisson’s ratio with compres-

sion strain calculated from the models with the same materials

properties but with different levels of uniform thickness of struts

(0.1, 0.2 and 0.3). The change of the thickness of struts means

the change of their stiffness. Fig. 4a shows the results obtained

when the elastic modulus of the struts was defined as 100A. It

can be seen that the NPR effect increases with the increase of the

compression strain. However, the effect of the thickness of struts

on the NPR effect is not monotonous. The NPR effect increases

when the thickness of struts increases from 0.1 to 0.2, but consid-

erably decreases when the thickness of struts becomes 0.3. For in-

stance, at the final strain of simulation (0.182), the NPR value of the

model with 0.1 strut thickness is �0.394. At the same strain level,

the NPR value increases to �0.423 when the strut thickness

changes to 0.2. However, when the strut thickness increases to

0.3, the NPR value reduces to �0.347. Therefore, the model with

0.2 strut thickness has the highest NPR effect. Fig. 4b shows the re-

sults obtained when the elastic modulus of the struts is reduced to

60A. A similar trend is also obtained. In this case, the model with

Fig. 4. Evolution of Poisson’s ratio with strain for models with different stiffness of

struts: (a) 100A; (b) 60A; and (c) 20A.



0.2 strut thickness also has the highest NPR effect (�0.397) at the

final strain. However, the magnitude is 6.15% lower than that ob-

tained with Model-0.2/0.2-100A due to reduction in stiffness of

the struts. For the Model-0.1/0.1-60A and Model-0.3/0.3-60A, sim-

ilar NPR levels are obtained. Their magnitudes at the final strain are

�0.346 and �0.342, respectively. However, the NPR value of the

Model-0.1/0.1-60A is slightly lower than that obtained from the

Model-0.3/0.3-60A when the strain is below 0.157. The Model-

0.1/0.1-60A has a higher NPR value when the strain exceeds this

magnitude. Fig. 4c shows the results obtained when the elastic

modulus of the struts is reduced to 20A. In this case, the NPR effect

generally decreases due to low stiffness of struts. Again, the model

with 0.2 strut thickness (Model-0.2/0.2-20A) has the highest NPR

effect. Its NPR value at the final compression strain is �0.259. How-

ever, different from the models with higher levels of stiffness of

struts (100A and 60A), the model with 0.3 strut thickness (Mod-

el-0.3/0.3-20A) presents a higher NPR effect than the model with

0.1 strut thickness (Model-0.1/0.1-20A) does. These results show

that the material properties of the inclusions significantly affect

the NPR effect of the composites. But the effect is not independent

of the geometrical features of inclusions. The opposite case is also

true: the effect of geometrical features is not independent of mate-

rial properties.

Fig. 5 shows the evolutions of the Poisson’s ratio with compres-

sion strain calculated from the models with the same thickness of

struts but with different material properties of inclusions. For the

models with 0.1 and 0.2 strut thicknesses, the NPR effect increases

with the increase of the stiffness of inclusions (Fig. 5a and b). How-

ever, when the thickness of struts becomes 0.3, the trend changes

(Fig. 5c). Interestingly, very close NPR effects are obtained for mod-

els with different material properties: Model-0.3/0.3-60A and

Model-0.3/0.3-100A. This implicates that when the thickness of

struts increases to a certain level, the overall structure loses its

sensitivity to relatively low material properties. To summarize

the above results, it has been found three models have the similar

NPR effect (see Fig. 5d). According to the classic bending theory,

the deflection of a beam is determined by its material properties,

its cross-sectional moments of inertia, its length and boundary

conditions. If a re-entrant inclusion is treated as a structure con-

sisting of beams, it is easy to understand that the deformation

mechanism of an inclusion is a collective phenomenon, highly

dependent on its geometrical features, material properties and its

boundary conditions. However, due to the non-uniformity of

stress/strain distributions in the discontinuous composite struc-

ture, it is difficult to analyze a single inclusion as a representative

cell. Because of this, the deformation mechanism also depends on

locations and rotation angles of the inclusions that determine dif-

ferent boundary conditions for each inclusion.

3.2. Mechanical properties

Besides the NPR effect, the hardening effect of the composite

structure is another important feature, which defines suitability

of the composite to be used in real engineering applications.

Figs. 6 and 7 present the calculated overall stress–strain relation-

ships of the models with different material properties and geo-

metrical features. Although the used material properties of

constituents are linear elastic, the overall composite structure

exhibits a non-linear response. For the models with same material

properties and but with different thickness of struts (Fig. 6), the

calculated stress increases with the increase of the thickness of

struts of inclusions. The phenomenon generally agrees with the

trend defined by the rule of mixtures of composites; the

Fig. 5. Evolution of negative Poisson’s ratio with strain for models with different thicknesses of struts: (a) 0.1; (b) 0.2; (c) 0.3; and (d) models with similar NPR.



composite with a higher volume fraction of stiffer components

has higher overall stiffness.

For the models with the same geometrical parameters but with

different material properties (Fig. 7a–c), the levels of stress are

determined by the material properties of the components: stiffer

inclusions cause a stiffer overall mechanical behaviour. Fig. 7d pre-

sents the mechanical responses of the models with similar NPR as

shown in Fig. 5d; different magnitudes of stresses are obtained.

The results still comply with the trend that a stiffer mechanical

behaviour is obtained for the model with a higher volume fraction

of stiffer components with the same geometrical features. For the

models with the same materials properties, the model with thicker

struts of inclusions presents higher stiffness. Hence, this kind of

composites with a certain degree of the NPR and a varied stiffness

can potentially be produced for real-life applications, due to collec-

tive effects of the defined material properties and geometrical

features.

3.3. Optimized composite structures

To optimize the NPR effect of the composite structures, three

models (Model-0.2/0.1-100A, Model-0.3/0.1-100A and Model-

0.3/0.2-100A) with non-uniform longitudinal thickness of struts

were developed. The dimensions and shape of the struts are con-

trolled by parameters T and T1 as shown in Fig. 2b. Since the high-

est NPR effect of the models with uniform struts was obtained

from Model-0.2/0.2-100A (Fig. 4), it is used to compare with the

models having non-uniform struts (Fig. 8a). The elastic modulus

of struts in the models was defined as 100A, the same of the

Model-0.2/0.2-100A. The results demonstrate that non-uniform

struts could enhance the overall NPR effect of the composite

structure. The Model-0.3/0.1-100A has the highest NPR effect

among all the models. Its Poisson’s ratio value is �0.447 at the fi-

nal strain (0.182), which is 5.67% higher than that obtained with

the Model-0.2/0.2-100A. This means that thinner struts in the

pivoting areas can enhance the rotational degree of freedom of

the area and can improve the closing effect of the re-entrant

inclusions. In Fig. 9, one inclusion at the same location is selected

from the two models. The inclusion in the Model-0.3/0.1-100A

tends to close earlier than that in the Model-0.2/0.2-100A, leading

to a stronger NPR effect for the overall composite structure.

Fig. 8b shows the stress–strain relationships of the models with

high NPR effects; apparently, stress does not simply increase with

the increase in the volume fraction of stiffer components. As

shown in Table 1, the volume fraction of struts in the Model-

0.2/0.2-100A is 4.60%, which is slightly lower than that in the

Model-0.3/0.1-100A (4.65%). But the maximum stress in the for-

mer model is 8.61% higher than that obtained with the latter,

which can be explained by differences in deformation mecha-

nisms. The re-orientation mechanism of the struts is different,

affecting the extent of the overall mechanical response.

Fig. 10 shows the relationship between the composite’s modu-

lus (E) and strain calculated with the suggested finite element

models. Here, the modulus E is defined as the ratio of the value

of stress to the value of strain of the overall composite structure.

The modulus increases with the increase of compression strain,

demonstrating a hardening effect of the composite structure. In

general, the higher modulus is obtained for models with higher

volume fractions of stiffer materials (Table 1). However, there is

one exception in our study. Model-0.2/0.2-100A and Model-0.3/

0.1-100A have close volume fractions of struts, which are 4.60%

and 4.65%, respectively, but the modulus of Model-0.2/0.2-100A

is apparently higher than that of Model-0.3/0.1-100A. The

phenomenon means that the rule of mixtures cannot adequately

explain the mechanical performance of the developed discontinu-

ous composite structure with rather complex internal deformation

mechanisms. The presence of compressible voids in the structure

results in violation of the rule of mixtures.

In the developed composite structure, the overall volume con-

sists of volume of inclusions (Vi), volume of voids (Vv) and volume

of matrix (Vm). To estimate its hardening effect, an effective mod-

ulus was determined based on the theory of the rule of mixtures by

considering the effect of voids. It is an equivalent modulus of a

composite material with internal voids.

First, it is assumed that there is a continuous composite mate-

rial only consisting of strut and matrix materials. Its height is

L = 100, thickness is 1 and volume is V0, which is given by the fol-

lowing equation:

V 0 ¼ V i þ Vm ð2Þ

Since there are no voids in this continuous composite structure,

the low-bound modulus of the composite E0 could be easily calcu-

lated from Eq. (3) of the rule of mixtures.

Fig. 6. Stress–strain relationships for models with different material properties of

struts: (a) 100A; (b) 60A; and (c) 20A.



E0 ¼ ðEi � EmÞ=ðEi � ðVm=V
0Þ þ Em � ðV i=V

0ÞÞ ð3Þ

where Ei is the elastic modulus of the material used for struts of

inclusions, Em is the modulus of the matrix. So, for a given strain

e, the theoretical reaction force F of this continuous composite could

be calculated from the following equation:

F ¼ E0 � e � S0 ð4Þ

where S0 is the cross-sectional area of the continuous composite.

Then, the same volume of the materials is used to develop a dis-

continuous composite structure with added voids (Vv). The discon-

tinuous composite has the same voids volume of the developed

NPR composite structure and the same height of the continuous

composite. When the reaction force F and strain e of both the dis-

continuous and continuous composites are supposed to be the

same, the effective modulus can be obtained from the following

equation:

Ee ¼ E0 � ðS0=SÞ ¼ E0 � ðV 0=ðV 0 þ VvÞÞ ð5Þ

where Ee and S are the effective modulus and cross-sectional area of

the discontinuous composite structure, respectively.

Table 2 compares the effective modulus Ee and the modulus E

calculated from the developed FE models. The magnitudes of E

are apparently higher than those of Ee for all the models. The high-

est effective modulus is obtained for Model-0.3/0.3-100A, since the

structure contains the highest volume fraction of the stiffer con-

stituent. Comparing the moduli calculated with FE models

(Fig. 10), it can be found that the models with much lower volume

fractions of stiffer material even have moduli higher than Ee. And it

is easily deduced that the stiffness of the developed discontinuous

Fig. 7. Stress–strain relationships for models with different thickness of struts: (a) 0.1; (b) 0.2; (c) 0.3; and (d) models with similar NPR.

Fig. 8. Mechanical performance of optimized structures: (a) evolution of Poisson’s ratio with strain and (b) stress–strain relationship.



composite structures could be much higher when they are further

compressed. With closure of inclusions, the densification effect

will significantly increase the overall stiffness. These results show

that the developed discontinuous composite structure has reason-

able mechanical properties as a composite with internal voids. And

the use of component materials is efficient.

4. Conclusions and remarks

To analyze the suggested composite structure with an in-plane

negative Poisson’s ratio, finite element models with different

material properties and geometrical features of inclusions are

developed. Two important characteristics of such composite

Fig. 9. Local deformation of inclusion with different struts (global strain = 0.182).

Table 1

Volume fraction of inclusions of different models.

Model code Model 0.1/0.1 Model 0.2/0.2 Model 0.3/0.3 Model 0.2/0.1 Model 0.3/0.1 Model 0.3/0.2

Volume fraction of inclusion material (%) 2.35 4.60 6.75 3.50 4.65 5.70

Fig. 10. Evolution of modulus with strain for composite structures with high negative Poisson’s ratios.

Table 2

Mechanical properties of models with relatively high negative Poisson’s ratio effect.

Model code Model-0.1/0.1-

100A

Model-0.2/0.2-

100A

Model-0.3/0.3-

100A

Model-0.2/0.1-

100A

Model-0.3/0.1-

100A

Model-0.3/0.2-

100A

Effective modulus (Ee) 0.761A 0.808A 0.854A 0.785A 0.809A 0.820A

Modulus calculated from FE models at strain of

0.182 (E)

0.957A 1.139A 1.411A 1.000A 1.048A 1.190A



structures, i.e., the NPR effect and the hardening effect, are studied

based on the FE models. According to the computational results,

the factors affecting mechanical performances of the composite

structure are summarized and discussed.

1. The material properties of constituents of the composite struc-

ture significantly affect the NPR effect of the overall composite

material. However, the effect is very complicated and depen-

dent on the effect of dimensions and geometrical features of

inclusions. For example, the structure with inclusions formed

with non-uniform struts can have a stronger NPR effect than

that with uniform struts. To obtain an optimized composite

structure with a stronger NPR effect, both the material proper-

ties and geometrical parameters have to be considered

together.

2. The developed structures have rather interesting overall

mechanical properties, especially the hardening effect. Gener-

ally, for the composites with the same microstructures, higher

material properties implicate higher overall stiffness. The same

is true for higher volume fractions of stiffer components. But in

the studied structures, the observed trend is not in accord with

the classic rule of mixtures, since voids exist in the composites

and struts undergo re-orientations at local scales during overall

compression.

3. Although the deformation mechanism and mechanical proper-

ties of the suggested composite structures with NPR are non-

trivial, their mechanical performance can still be optimized by

adjusting the important factors. By using finite element

method, the optimized structure can be developed.

Based on the FE analysis in this study, a better understanding of

the developed composite structure is obtained. For a composite

structure with determined locations and orientation distributions

of inclusions, the main factors affecting their mechanical perfor-

mance are material properties of the components, shape, dimen-

sions and detailed geometrical features of the inclusions. Besides,

it is shown that the NPR and mechanical properties of this kind

of composite structures could be further optimized by changing

locations and orientation distributions of inclusions, which are

worth of a further study.
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