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A continuous jet changes to droplets where jet breakup occurs. In this study, two-dimensional numerical 
analysis of jet breakup is performed using the MPS method (Moving Particle Semi-implicit Method) which is 
a particle method for incompressible flows. The continuous fluid surrounding the jet is neglected. 
Dependencies of the jet breakup length on the Weber number and the Froude number agree with the 
experiment. The size distribution of droplets is in agreement with the Nukiyama-Tanasawa distribution 
which has been widely used as an experimental correlation. Effects of the Weber number and the Froude 
number on the size distribution are also obtained.  
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I.  Introduction 

Jet breakup is important for nuclear reactor safety. In 
severe accidents in light water reactors, molten core jets 
will be dispersed in a water pool and this process affects 
the subsequent phenomena, such as vapor explosions and 
the molten core coolability1). In sodium-cooled fast breeder 
reactors, high-pressure water is released into sodium as jets 
when the tubes are broken in the steam generators. Jet 
breakup also appears in many engineering problems: fuel 
injection into engines, inkjet printers, chemical plants, etc. 
The jet breakup length was experimentally investigated by 
Ricou and Spalding2) for turbulent jets, Tanasawa and 
Toyoda3), Grant and Middleman4) for laminar and turbulent 
jets, Saito et al.5) and Park et al.6) for jet penetration with 
boiling. Kolev7) reviewed correlations of the jet breakup 
length. The droplet size distribution after the jet breakup 
was experimentally obtained, for example, by Nukiyama 
and Tanasawa8). 

In order to analyze the jet breakup, we need a numerical 
method which can be used for disintegration of liquids as 
well as large deformation of free surfaces. This is not easy 
at the moment. Thus, most of analyses for engineering 
purposes employed experimental or theoretical correlations 
of the jet breakup: for example, in Moriyama et al.9). 
Vierow10) reviewed the treatment of jet breakup in the 
codes for nuclear safety. 

Disintegration of jets released from a nozzle was 
analyzed by Richard et al.11,12)using volume-of-fluid (VOF) 
and continuous-surface-force (CSF) methods. A series of 
droplets were generated by the jet breakup. However, the 
generated droplet sizes were almost the same and the 
number of the droplets was not so much. 

Moving Particle Semi-implicit (MPS) method uses 
particles with fully Lagrangian description13, 14). Grids are 
not necessary at all. Breaking waves involving fluid 

disintegration and coalescence were calculated by the MPS 
method 15). Thus, it will be useful to analyze jet breakup. 
Three-dimensional analysis of jet penetration was 
calculated by the MPS method16) and the jet behavior 
agreed well with the experiment of Park et al.6). In this case, 
surface tension was neglected because the jet behavior was 
mainly determined by momentum of the jet. Nomura et 
al.17) developed a particle model for surface tension based 
on the CSF model18). Single droplet breakup was calculated 
by the MPS method and a critical Weber number was 
obtained. Shirakawa et al.19) analyzed jet behavior in the 
tube rupture accident in a steam generator of a liquid 
metal-cooled fast breeder reactor. In their calculations, 
surface tension was modeled by potential between two 
particles. 

In the MPS method, fragmentation of fluids was easily 
calculated. This is a specific advantage of the MPS method 
which is free from the grid distortion. However, physical 
validity has not been discussed for the fragmentation. 
Numerical analysis of jet breakup and subsequent behavior 
of disintegrated droplets is expected to provide an example 
to consider such validity. 

In the present study, breakup of jets released from a 
nozzle is analyzed by the MPS method. The calculation 
geometry is x-y two dimensions. Surface tension is 
considered. The breakup length is compared with the 
experimental data with various Weber numbers and Froude 
numbers. The size distribution of the disintegrated droplets 
obtained in the calculation is fitted by existing formula. 
Validity of the disintegrated particles in the MPS method is 
considered. 
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II. Moving Particle Semi-implicit Method 
1. Governing Equations 

Mass and momentum conservation equations for 
incompressible flow are used in this study: 
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The mass conservation equation is represented by the 
density being constant, while divergence of velocity is 
usually used in the finite volume method. Since fully 
Lagrangian description is employed in the MPS method, 
the convection terms are not explicitly written. Viscosity is 
neglected in the present calculation of jet breakup. 
 
2.  Particle Interaction Models 
   A particle interacts with its neighbors using the following 
weight function )(rw : 
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where r is the distance between two particles, and re is a 
finite distance for limiting the interactions (Fig.1).  

Differential operators, such as gradient and Laplacian, 
are represented by the following particle interaction models 
using the weight function: 
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where d and n0 are the number of spatial dimensions and 
particle number density, respectively. The particle number 
density has two meanings; one is the normalization factor 
of the weighted average and the other is the value 
proportional to the fluid density. Thus, the particle number 
density is required to be constant from the mass 
conservation equation (Eq.(1)). The constant is denoted by 
n0. 

 
( ) 0rr nwn

ij
iji =−= ∑

≠

rr                                    (6) 

 
In Eq.(5), parameter     is written as  
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Differential operators in the governing equations are 

substituted by the above particle interaction models and 
then the governing equations are transformed to dynamic 
equations of particles. Grids are not necessary in this 
discretization process. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1  Particle interaction in weight function 
 

3.  Surface Tension Model 
Surface tension is calculated at the particles on the free 

surface. We need to obtain curvature     and unit normal 
vector   at such particles (Fig.2). The particle number 
density is utilized for curvature. 
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where the weight function used here is special for surface 
tension, 
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and                   . Particle number density       is calculated 
by using Eq.(10) at first, and        is then obtained by using 
Eq.(11). 

In Eq.(9), a flat surface ( πθ =2 ) is assumed to be 
stst

i nn 0
2 = , which is estimated in advance in the initial 

particle configuration. Acute angles are obtained where 
stst

i nn 0
2 < , while obtuse angles are obtained where 
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    The unit normal vector is also calculated by utilizing the 
particle number density. Particle number densities at four 
positions near particle i are evaluated,                          and  
                        where       and       are unit vectors in x- and 
y-directions, respectively. The unit normal vector is 
calculated as, 
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Vector     represents gradient of the particle number density 
around particle i. Smoothing of curvature is sometimes 
necessary for stability. 

As shown in Fig.2, free surfaces have a thickness. Thus, 
we need to divide the calculated surface tension by the 
normalized thickness of            . This model is based on the 
distribution of the particle number density because it 
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decreases toward the free surface. This idea is similar to 
the CSF model18). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.2  Particle model for surface tension 
 
4.  Algorithm for Incompressible Flow 

 A semi-implicit algorithm is employed in the MPS 
method; momentum conservation equations except for the 
pressure gradient term are explicitly solved in the first step, 
and the Poisson equation of pressure is implicitly solved in 
the second step. The Poisson equation of pressure is 
deduced from the implicit mass conservation equation and 
the implicit pressure gradient term. 

The Poisson equation is discretized to a symmetric 
matrix equation using the Laplacian model (Eq.(5)). The 
matrix equation is solved by incomplete Cholesky 
decomposition conjugate gradient (ICCG) method. 

 The particle number density decreases toward the free 
surface because there are no particles outside. When the 
particle number density is below 0nβ , where 95.0=β , the 
particle is regarded as on the free surface. The Dirichlet 
boundary condition is applied to this particle in solving the 
Poisson equation of pressure. 
 
III.  Analysis of Jet Breakup Length 
1. Calculation Condition 

The calculation is two-dimensional. Figure 3 shows the 
schematic diagram of the calculation system. Non-viscous 
fluid is discharged downward from the nozzle. The width 
of the nozzle D is 0.013m, the density of the fluid is 
1000kg/m3, and the spacing between the particles is 

3108125.0 −× m. It is verified that jet breakup length little 
change by the spacing between 3103.1 −× m and 3105.0 −× m. 

The constant of particle number density 0n for 
incompressibility condition is 6.540 (re=2.1l0). This 
constant is also used for judging free surface. The constant 
for calculating Laplacian of pressure Poisson equation iccgn0   
is 35.61 (re = 4.0l0). The constant for calculating surface 
tension  stn0  is 28.00 (re =3.1l0). 

The nozzle is represented by fixed particles. New 
particles are generated at the inflow boundary that is the 
top of the nozzle. Outflow particles are eliminated at the 
outflow boundary that is the bottom of the calculation 
system. The initial particle arrangement is symmetry. 
There is no initial disturbance. Asymmetric disturbance 
may arise due to sequential calculation of the numerical 
algorithm. The continuous fluid surrounding the jet is 

neglected. The definition of jet breakup length L is the 
length of the continuous part of the jet. In practice, jet 
breakup length is defined as the vertical distance between 
the outlet of the nozzle and the lowest part of the 
continuous jet. This length is average of 100 sampling data 
which are measured every 0.01 second. The condition of 
breakup is that the distance between droplets are more than 
four times of initial particle distance, where  interactions 
between particles vanish in this model. 

Calculations are performed by varying the surface 
tension coefficient and the fluid velocity. Dependencies on 
the Weber number (We) and the Froude number (Fr) are 
investigated. The definition of We and Fr are following. 
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Weber number expresses the ratio of inertial force to 
surface tension. Froude number expresses the ratio of 
inertial force to gravity. 

 In this study, the viscosity is neglected because the 
Ohnesorge number On which represents the effect of 
viscosity of droplet disintegration is about 0.001. In 
general, it is known that viscosity can be neglected if On is 
smaller than 0.120). 

 
2.  Results and Discussion 

Figure 4 shows the typical results. We can see the jet 
breakup in this figure. Jet shapes are not symmetrical. The 
reason is that ICCG solver was used for solving pressure 
Poisson equation. Calculation of fast solver such as ICCG 
and SOR is sequential. Perturbation is, therefore, not 
symmetric. Figure 5 shows the result when We is varied 
and Fr is fixed. From this figure, it is found that L/D is 
proportional to 28.0We . Figure 6 shows the result when Fr is 
varied and We is fixed. It is found that L/D is proportional 
to 78.0Fr  . The larger Fr is, the longer the jet breakup length 
is. This is because the effect of gravity is smaller when Fr 
is larger. From the two results, we express L/D with the 
horizontal axis of  78.028.0 FrWe in Figure 7. 

It is found that L/D is proportional to 78.028.0 FrWe , and 
the coefficient is 2.2. Hence, L/D is expressed as 

 
           (16) 

 
By comparison with experiment3), both of the calculation 

result and experimental data are proportional to 
78.028.0 FrWe (Fig.7). Hence the dependencies of the jet 

breakup length on Fr and We agree well between the MPS 
calculation and the experimental data. However, the 
coefficient 2.2 of the MPS method is a little smaller than 
those of the experiments for alcohol 2.5 and water 3.0.  

Moreover, we analyze the jet breakup length without 
gravity. It is found that L/D is expressed as the following 
expression. 
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We compare the result with the following Grant-

Middleman’s experimental correlations4)  in figure 8. 
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(laminar)   85.02/1 Re)/3(5.19/ WeWeDL +=       (18) 
 

(turbulence)   64.02/1 )(51.8/ WeDL =                   (19) 
 

These experimental correlations were obtained with 
horizontal jets. In this calculation, the flow must be laminar 
because the jet velocity is low and the continuous fluid 
surrounding the jet is neglected. However the calculated jet 
breakup lengths are shorter than the laminar correlation. 
The reason is the fluctuating particle motion derived from 
the fully Lagrangian formulation. This fluctuation may 
enhance the growth of the disturbance along the jet and 
then the breakup is accelerated. Without gravity, the initial 
small disturbance of the flow is dominant for the breakup. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

Fig.3  Calculation system 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) We = 10            (b) We =100            (c) We=100 
Fr = 1.40                 Fr = 1.40                 Fr =3.36    

      
Fig.4 Calculation result of jet breakup 

 
 

 
 
 
 
 
 
 
 
 
 
 
 

Fig.5 Correlation between We and L/D  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.6  Correlation between Fr2 and L/D 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.7 Correlation between We0.28Fr0.78 and L/D 
 

 
  
 
 
 
 
 
 
 
 
 
 
 
 

Fig.8 Correlation between We and L/D  
without gravity 



 
 
 

 

IV.  Analysis of Droplet Size Distribution 
1.  Calculation Condition 

The condition is the same as that for the jet breakup 
length. The position of measuring the droplet diameter is 
0.65m downward from the outlet of the nozzle. 
Calculations are performed with various surface tension 
coefficients and the flow velocities. The measuring time is 
12 ~ 30 seconds. The total number of droplets is 1500 ~ 
3500. Dependencies of the size distribution on We and Fr 
are investigated. The droplet size is defined as the 
equivalent diameter of a circle whose area is the number of 
particles in one droplet. 
 
2.  Result and Discussion 

Figure 9 shows the droplet size distribution at We = 
100 and Fr = 1.40. The number of measured droplets is 
1721. The distribution has a peak at 6mm. It is in 
agreement with the Nukiyama-Tanasawa distribution8), 
which has been widely used as an experimental correlation. 
The calculated result can also be fitted by the log-normal 
distribution, but not by the normal distribution. 
          

(Nukiyama-Tanasawa distribution) 
dxBxAxndn )exp(/ βα −=                           (20) 

where α  = 5,  β = 1 , A =  31079.2 −× , B = 0.833 
(Log-normal distribution) 
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where  µ= 1.97,  σ = 0.422 
 

(Normal distribution) 
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where  µ= 6.00,  σ = 2.80 
 

        A typical set of parameters of the Nukiyama-
Tanasawa distribution is 2=α , 1=β  in experiments. The 
calculated distribution is correlated by 5=α , 1=β , which 
is different from the experiments. The reason is not 
clarified. 
        The size distribution is much different is sold 
fragments where smaller fragments are generated more. In 
liquids, surface tension suppresses the number of smaller 
droplets. This is a qualitative explanation of the Nukiyama-
Tanasawa distribution. Quantitative consideration remains 
in future. 
       In the calculated size distribution, many small droplets 
consisting of one particle appear. The reason is attributed 
to the surface tension model of the MPS method. In the 
past study, it was shown that the number of particles in one 
droplet must be large enough (about 100) to evaluate the 
surface tension accurately17). The surface tension is 
calculated as zero for a single particle. These small 
droplets are not physical and need to ignore. 
        Figure 10 shows the effect of We. A smaller We leads 
to larger droplets because the surface tension is relatively 
stronger. When We is 5, two peaks emerge. This is 
explained as the following two mechanisms. A large 

droplet is sometimes disintegrated into two half droplets 
and a small droplet is often generated between two large 
droplets. 
       Figure 11 shows the effect of Fr. A larger Fr leads to 
larger droplets. When Fr is larger, effect of gravity is 
smaller and the jet can keep the continuous shape for a 
longer distance. 

The effect of the surface tension is different between 
two dimensions and three dimensions. In three dimensions 
the surface tension is stronger than that of in two 
dimensions. The droplet size will be larger. However, the 
correlations of We and Fr are the same because We and Fr 
are relative quantity of inertia, surface tension and gravity. 
        The calculation results look as involving random 
behavior though the MPS method has no random process 
in the formulation. Splashing of water was calculated and 
the behavior looked very similar to experimental 
photographs13, 14). This is a typical advantage of the particle 
method where grids are not necessary at all. The present 
study shows that liquid disintegration from a jet is not far 
from the real physical behavior except for small droplets of 
single particle. 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
Fig.9  Droplet size distribution 

( We = 100, Fr =1.40 ) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.10  Effect of We  (Fr = 1.40) 



 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.11  Effect of Fr 
(We=100) 

 
Nomenclature 
ar : gradient of particle number density 
A : constant for Nukiyama-Tanasawa distribution 
B : constant for Nukiyama-Tanasawa distribution 
D : the number of space dimensions 
dst : thickness of free surface 
Fr :Froude number 
gr : acceleration of gravity 

0l : spacing between particles in the initial  
configuration 

L : jet breakup length 
n : the total number of droplets 

in : particle number density of particle i 
n0 : constant of the particle number density 

1st
in : particle number density for surface tension 

2st
in : particle number density for surface tension 
stn0 : constant of the particle number density for  

surface tension 
iccgn0 : constant of the particle number density for 

 Laplacian operator 
nr : unit normal vector 

xnr : unit vector in x-direction 

ynr : unit vector in y-direction 
On : Ohnesorge number  
P : pressure 
rr : coordinates 
r : distance between particles 
re : radius of the interaction area 
ur : flow velocity 
U : initial jet velocity 
w : weight function 

1stw : weight function for surface tension 
2stw : weight function for surface tension 

We : Weber number 
x : diameter of droplet 
Z : the number of space dimensions 

: parameter for Nukiyama-Tanasawa distribution 
: parameter for Nukiyama-Tanasawa distribution, 

       parameter for free surface 
: arbitrary quantity 
: delta function 

: curvature 
: parameter use in Laplacian model 
: angle 
: density 
: surface tension,  

constant for droplet size distribution 
: viscosity, constant for droplet size distribution 

 
 
V.  Conclusions 

Numerical analysis of jet breakup is performed using 
the MPS method in x-y two dimensions. Effects of the 
Weber number and the Froude number on the jet breakup 
length agree well with experimental data. The breakup 
length with gravity is from 70 to 80% of the experimental 
data. Jet breakup without gravity is also analyzed and the 
breakup length is about 25% of the experiment. This is 
because fluctuating motion of particles accelerates the 
breakup. 

The size distribution of droplets after the breakup is 
obtained from the calculation result. It is in agreement with 
the Nukiyama-Tanasawa distribution which has been 
widely used as an experimental correlation. Effects of the 
Weber number and the Froude number on the size 
distribution are discussed. 
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