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ABSTRACT 

 

 Rotating and revolving heat pipes have been used in a variety of applications 

including heat pipe heat exchangers, cooling of rotating electrical machines, and heat 

removal in high speed cutting operations.  The use of heat pipes in rotating environments 

has prompted many analytical, numerical, and experimental investigations of the heat 

transfer characteristics of these devices.  Past investigations, however, have been 

restricted to the study of straight heat pipes. 

 In this work, a curved rotating heat pipe is studied numerically and experimentally.  

In certain types of rotating machines, heat generating components, which must be cooled 

during normal operation, are located at some radial distance from the axis of rotation.  

The bent heat pipe studied here is shown to have advantages when compared to the 

conventional straight heat pipes in these off-axis cooling scenarios. 

 The heat pipe studied here is built so that both the condenser and evaporator sections 

are parallel to the axis of rotation.  The condenser section is concentric with the axis of 



   vi 

rotation while the evaporator section can be placed in contact with off-axis heat sources 

in the rotating machine.  The geometry is achieved by incorporating an S-shaped curve 

between the on-axis rotating condenser section and the off-axis revolving evaporator 

section.  Furthermore, the heat pipe uses an annular gap wick structure.  Incorporating an 

annular gap wick structure into the heat pipe allows for operation in a non-rotating 

environment. 

 A numerical model of this rotating heat pipe is developed.  The analysis is based on a 

two-dimensional finite-difference model of the liquid flow coupled to a one-dimensional 

model of the vapor flow.  Although the numerical model incorporates many significant 

aspects of the fluid flow, the flow in the actual heat pipe is expected to be three-

dimensional.  The rotating heat pipe with the S-shaped curve is also studied 

experimentally to determine how well the numerical model captures the key aspects of 

the fluid flow and heat transfer. 
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1. INTRODUCTION  

 This chapter serves as an introduction to the theory and operating principles of heat 

pipes.  The introduction is presented in three parts.  First, heat pipes operating in a 

stationary or non-rotating mode are introduced and explained, followed by an 

introduction to rotating and revolving heat pipes.  A rotating heat pipe that is being 

proposed for use in off-axis cooling of rotating machinery is then presented. 

1.1STATIONARY HEAT PIPES  

 Heat pipes are devices that rely on the evaporation, condensation, and circulation of a 

working fluid to transfer heat between a heat source and a heat sink.  A typical heat pipe 

is illustrated in Fig. 1.1.  The heat pipe shown is comprised of a cylindrical tube that is 

sealed at both ends.  The inner wall of the cylindrical tube is lined with a porous wick 

structure.  Some typical wick structures are illustrated in Fig. 1.2.  The heat pipe is filled 

with a working fluid.  The amount of fluid added to the heat pipe, or the fluid charge, is 

determined so that the working fluid will remain a saturated liquid-vapor mixture over 

the entire operating temperature range of the heat pipe.  In a typical heat pipe, the liquid 

phase occupies the wick structure, and when the evaporator end of the heat pipe is heated, 

a portion of the liquid phase vaporizes at the liquid-vapor interface.  A difference in 

pressure, in the vapor phase, created by a temperature difference between the evaporator 

and condenser ends of the heat pipe is used to drive the vapor flow through the adiabatic 

section and into the condenser.  In the condenser section, which is in contact with an 

external heat sink, a portion of the vapor condenses at the liquid-vapor interface as heat is 

rejected to the heat sink.  A pressure difference between the condenser and evaporator 

sections, in the liquid phase, is then used to drive the liquid flow from the condenser 
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Figure 1.1.  A cut-away view of a typical heat pipe.

 

 
Figure 1.2.  Some wick structures typically used in heat pipes.

 

toward the evaporator.   

 A typical pressure versus length curve, for a horizontal non-rotating heat pipe, is 

shown in Fig. 1.3.  The figure shows that a wet-point (a point where the pressure of the 

liquid is equal to the pressure of the vapor) is typically located somewhere in the 
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condenser section of the heat pipe, and that the maximum pressure difference between the 

liquid and vapor phases must supported at the end of the evaporator section.  Surface 

tension in the porous wick is used to support this pressure difference at the liquid-vapor 

interface.  The pressure difference required of the wick, as well as the shape of the 

pressure curves shown in Fig. 1.3, will be influenced by the presence of body forces 

(gravity) acting on the working fluid.  This observation suggests that the performance of 

a heat pipe is influenced by physical orientation. 

 The four most common limitations on the maximum possible heat transfer rate 

encountered in the operation of heat pipes are the capillary limit, boiling limit, 

entrainment limit, and sonic limit. 

 The capillary limit can be understood by considering Fig. 1.3.  As the heat transfer 

rate is increased, resulting in increased mass flow rates in the liquid and vapor phases, the 

pressure drops in both the liquid and vapor phases increase.  Increasing the pressure 

drops in the heat pipe causes the maximum pressure difference between the liquid and 

Length

P
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ss
u
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Condenser Adiabatic Evaporator

Liquid

Vapor

Wet point Pressure difference 

supported by the 

wick

 
Figure 1.3.  Pressure vs. length for a horizontal non-rotating heat pipe.
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vapor phases to increase (typically reaching a maximum at the end of the evaporator).  If 

this maximum pressure difference exceeds the maximum capillary pressure of the wick, 

the driving force for liquid flow will be insufficient, and a so-called dry-out of the 

evaporator will occur. 

 During normal operation of a heat pipe, the primary mechanism for heat transfer 

across the liquid layer in the evaporator section is by conduction.  As the heat flux to the 

evaporator section is increased, nucleate boiling can be induced in the wick structure.  

The vapor bubbles produced at the inner wall of the heat pipe can become trapped in the 

wick structure, again causing a dry-out.  Postponing the onset of the boiling limit can be 

achieved by increasing the effective thermal conductivity of the wick structure or 

reducing the size of nucleation sites on the inner wall of the heat pipe. 

 The entrainment limit is a result of the interaction between the counter-current liquid 

and vapor flows.  The relative velocity of the liquid and vapor phases increases as the 

heat transfer rate is increased.  The resulting shear stress at the liquid-vapor interface can 

cause the liquid to be swept into the condenser section by the vapor flow.  The 

entrainment of liquid into the vapor flow prevents liquid from reaching the evaporator 

section, causing a dry-out. 

 The sonic limit of a heat pipe is reached when the heat transfer rate is high enough to 

cause the velocity of the vapor flow to reach the speed of sound.  Sonic flow in the 

constant area vapor space results in a mass flow, and consequently heat transfer, 

limitation.  Unlike the other limitations, this is a stable condition and does not result in an 

evaporator dry-out. 
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1.2ROTATING AND REVOLVING HEAT PIPES  

 In many applications, the need arises for use of a heat pipe in a rotating environment.  

The most common applications of rotating and revolving heat pipes involve wickless heat 

pipes (sometimes referred to as thermosyphons) that use the centrifugal force for liquid 

return to the evaporator.  The rotating heat pipe, as shown in Fig. 1.4, is a heat pipe 

rotating about its own longitudinal axis.  Due to the centrifugal force acting on the 

working fluid, a variable thickness liquid film is formed along the internal wall of the 

heat pipe, and the vapor occupies the central core.  For the cylindrical rotating heat pipe, 

the liquid layer is thickest in the condenser section and becomes gradually thinner as the 

liquid moves toward the evaporator.  This variable thickness film, and the resulting 

hydrostatic head caused by the rotation, generates a pressure difference in the liquid that 

pumps liquid from the condenser to the evaporator. 

 The heat addition to and heat rejection from the rotating heat pipe are accommodated 

internally by a phase change of the working fluid at the liquid-vapor interface.  

Depending on the working fluid, significant thermal resistances in the rotating heat pipe 

can be attributed to heat transfer through the liquid layer lining the inner wall of the 

 
Figure 1.4.  The cylindrical rotating heat pipe.

 



   6 

evaporator and condenser sections.  Characterizing and predicting the performance of 

rotating heat pipes requires a determination of these thermal resistances. 

 Many rotating heat pipes have used condensers that are tapered from small diameter 

at the condenser end-cap to larger diameter at the entrance to the adiabatic section.  

Tapered designs allow a component of the centrifugal force to act directly in the liquid 

flow direction.  When compared to the cylindrical geometry, tapered heat pipes typically 

operate with thinner liquid films in the condenser, which reduces the thermal resistance. 

 In applications where heat sources are located at some distance from the axis of 

rotation, designs have been suggested using radially rotating and revolving heat pipes.  In 

the radially rotating heat pipe, the longitudinal axis of the heat pipe is perpendicular to 

the axis of rotation, with the evaporator section farthest away from the axis and the 

condenser section close to the axis.  This orientation allows for the centrifugal force to be 

used for liquid return to the evaporator.  The longitudinal axis of the revolving heat pipe 

is parallel to, but displaced from, the axis of rotation, so that the evaporator can be placed 

in direct contact with off-axis heat sources. 

1.3PROPOSED HEAT PIPE GEOMETRY  

 A unique rotating heat pipe that combines many of the features of rotating, radially 

rotating, and revolving heat pipes is studied here.  The proposed heat pipe geometry is 

shown in Fig. 1.5.  The heat pipe consists of an on-axis rotating condenser section, an S-

shaped transition section, and an off-axis revolving evaporator section. 

 A cross-sectional view of the heat pipe is shown in Fig 1.6.  The heat pipe utilizes an 

annular gap composite wick structure.  The presence of the annular gap wick structure 
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Figure 1.5.  The proposed heat pipe geometry. 

 

 
Figure 1.6.  Cross-sectional view of the rotating heat pipe.
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allows the heat pipe to be used in stationary operation (with no rotation).  The unique 

geometry of the heat pipe allows the evaporator section to be in contact with heat sources 

that are located at some distance from the axis of rotation, while the condenser section 

can be easily coupled to an on-axis heat sink.  The proposed heat pipe geometry could 

find applications in cooling various types of rotating machinery.  The most obvious 

applications are in cooling the windings in the rotor of an electric generator or an electric 

motor. 

 Using the proposed heat pipe in applications where off-axis heat sources must be 

cooled offers many advantages when compared to the use of conventional rotating and 

revolving heat pipes.  For example, in the case of superconducting rotating machines 

operating at cryogenic temperatures, external heat in-leak, which occurs at the periphery 

of the machine, is a significant portion of the total heat load that must be removed from 

the machine to ensure proper operation (Nerowski et al. 2004; Urbahn et al. 2004).  

While the evaporator section of a revolving heat pipe could easily be placed in contact 

with the off-axis heated components of a rotating machine, coupling the eccentrically 

rotating condenser section to a stationary on-axis heat sink can be difficult.  The on-axis 

condenser section of a rotating heat pipe, on the other hand, could more easily be coupled 

to a heat sink.  Coupling the evaporator section of the rotating heat pipe to the off-axis 

heat sources, however, often requires longer conduction heat transfer paths though solid 

components of the machine.  This conductive cooling can introduce undesirable 

temperature gradients, as well as raise the operating temperature of the machine’s 

components well above the temperature of the heat sink.  From these arguments, the 

advantages of the heat pipe shown in Fig. 1.5 are realized. 
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2. LITERATURE REVIEW  

 A review of articles in the open literature related to the rotating heat pipe proposed in 

the previous chapter will be presented here.  In subsequent chapters, a numerical model 

of the rotating heat pipe will be developed, and an experimental apparatus for testing a 

prototype heat pipe will be discussed.  To provide a sufficient background for a 

discussion of the numerical and experimental investigations of the proposed heat pipe, 

the articles reviewed in this chapter are concerned with modeling of both stationary and 

rotating heat pipes, experimental studies of rotating and revolving heat pipes, and 

applications of rotating and revolving heat pipes. 

2.1MODELING OF STATIONARY HEAT PIPES  

 Since the invention of the heat pipe in 1963 (Grover et al. 1964), numerous 

mathematical models of heat pipe operation have been developed.  These investigations 

range in complexity from simple state-to-state thermodynamic analyses (Khalkhali et al. 

1999; Richter and Gottschlich 1994; Zuo and Faghri 1997) to transient, multi-

dimensional computational models of the fluid flow and heat transfer in the liquid and 

vapor phases (Cao and Chang 1997; Cao and Faghri 1991; Cao and Faghri 1993; 

Tournier and El-Genk 1994; Tournier and El-Genk 1996; Tournier and El-Genk 2003). 

 Cotter was the first to present a complete analysis of the heat pipe (Cotter 1965).  

Cotter’s analysis focused on a steady state pressure balance in the heat pipe.  The 

pressure drops in the liquid and vapor phases of the working fluid were calculated using 

one-dimensional, laminar, incompressible flow formulations, and were expressed as a 

function of the heat transfer rate.  The sum of the liquid and vapor phase pressure drops 

was then set equal to the maximum capillary pressure difference that can be supported by 
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the wick.  This equality yields the heat transfer rate that produces a capillary limit.  The 

vapor flow analysis by Cotter was restricted to cases of either small or large evaporation 

and condensation rates (or equivalently heat fluxes) in the evaporator and condenser 

sections of the heat pipe.  A more detailed vapor flow analysis was performed by Busse 

(Busse 1967), which is valid provided that the vapor flow is steady, laminar, and 

incompressible.  The pressure balance approach for a calculation of the capillary limit, 

along with empirical and analytical expressions for the entrainment limit (Prenger 1983; 

Tien and Chung 1979), have been used to develop the steady state heat pipe analysis code 

HTPIPE (Woloshun et al. 1988).  HTPIPE was the first comprehensive heat pipe design 

and analysis code to be developed.  HTPIPE allows for either a calculation of the 

capillary, entrainment, sonic, and boiling limits, or a prediction of the pressure versus 

length curves for the liquid and vapor phases.  The vapor flow analysis in HTPIPE is an 

extension of Busse’s analysis, allowing for the prediction of turbulent flow in the 

condenser and adiabatic sections, as well as compressible flow in the adiabatic section. 

 Although HTPIPE and the associated references used in the code development are 

valuable tools for the design and analysis of heat pipes operating at steady state, many 

heat pipe designers have found that more detailed analyses of the fluid flow and heat 

transfer in the heat pipe are required.  Some particular applications requiring more 

detailed analyses are the prediction of heat pipe performance under the influence of 

transients (Jang et al. 1991), heat pipes with multiple heat sources and sinks (Faghri et al. 

1991a; Faghri et al. 1991b), heat pipes with non-uniform heat distributions and 

unconventional shapes (Cao and Faghri 1991; Cao and Faghri 1993), and start-up of 

liquid metal heat pipes from a frozen state (Issacci et al. 1991; Tournier and El-Genk 
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1994; Tournier and El-Genk 1996; Tournier and El-Genk 2003).  Most of these heat pipe 

models employ either two or three-dimensional finite-difference or finite-element 

solutions of the equations governing the fluid flow and heat transfer.  One notable 

contribution to the field of heat pipe modeling is the Heat Pipe Transient Analysis Model 

(HPTAM), which has become a valuable tool when working with liquid metal heat pipes, 

where start-up from the frozen state is an important design consideration (Tournier and 

El-Genk 1994; Tournier and El-Genk 1996; Tournier and El-Genk 2003). 

2.2MODELING OF ROTATING AND REVOLVING HEAT PIPES  

2.2.1 L IQUID FLOW MODELING IN ROTATING HEAT PIPES  

 Rotating, wickless heat pipes were first proposed in 1969 by Gray (Gray 1969).  

Investigations of these wickless heat pipes have found that the liquid flow can be 

classified into different flow patterns depending on the magnitude of the centrifugal force 

relative to gravity (Peterson and Wu 1993).  For low rotation speeds (where gravity 

dominates), the liquid will pool at the bottom of the heat pipe, leading to local variations 

in wall temperature and heat transfer coefficient around the circumference of the 

condenser and evaporator sections (Krivosheev et al. 1979).  As the rotation speed is 

increased, a stable uniform annulus is formed around the circumference of the heat pipe.  

Theoretical studies have been used to determine the point where transition from pool 

flow to annular flow occurs (Baker et al. 2001; Lin and Groll 1996).  These studies show 

that the transition from pool flow to annular flow depends on the relative magnitude of 

the centrifugal force to gravity (the Froude number) and the percentage of the heat pipe 

volume filled with liquid.  For most heat pipes, annular flow can be maintained when the 

centrifugal force is twenty times greater than gravity. 
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 Although some models of the condensation process in heat pipes operating in the pool 

flow regime have been developed (Khmelev and Shevel 1991), a majority of the 

predictive tools developed have focused on the heat pipes operating in the annular flow 

regime.  For heat pipes operating in the annular flow regime, accurate predictions of the 

condensation process in the condenser section are needed.  A determination of the liquid 

film thickness is needed because the thermal resistance in the heat pipe will increase as 

thicker liquid films are developed in the condenser section.  Additionally, the 

condensation process can present a heat transfer limitation.  As discussed in the previous 

section, a component of the centrifugal force is typically used to drive the liquid out of 

the condenser.  If this driving force is insufficient to drive as much mass out of the 

condenser as is condensing at the liquid-vapor interface, the rotating heat pipe can fail 

due to a condensation limit (Faghri 1995). 

 Daniels and Al-Jumaily applied a Nusselt-type analysis to the rotating liquid film in 

the condenser section of a rotating, tapered heat pipe (Daniels and Al-Jumaily 1975).  

The analysis assumed steady, laminar film flow with a linear temperature variation over 

the thin liquid film.  The interfacial shear stress and mass flux were considered in the 

analysis, however, the axial pressure gradient in the vapor phase was ignored.  The 

Nusselt condensation analysis uses scaling arguments to reduce the momentum equations 

to a form that can be solved easily.  Acceleration in the liquid flow direction is ignored, 

while both convection and diffusion are ignored in the cross-stream direction.  Using 

their analysis, Daniels and Al-Jumaily developed expressions for the liquid layer 

thickness and the heat transfer coefficient in the condenser section.  The condensation 

analysis was extended by Marto to include the effect of pressure drop in the vapor phase 
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(Marto 1976).  This thin-film analysis has been used to study internally finned rotating 

heat pipes (Lin and Faghri 1999; Salinas and Marto 1991) and radially rotating heat pipes 

(Cao and Chang 1997). 

 The film condensation analysis has also been used to calculate the film thickness in 

the adiabatic and evaporator sections of axially rotating heat pipes (Li et al. 1993; Song et 

al. 2003).  These studies found that accurate predictions of the overall thermal resistance 

could only be made if the model determined how the liquid charge, under the influence of 

the centrifugal forces, is redistributed in the heat pipe.  In addition, the model must 

consider how the heat transfer is affected by over-filling the heat pipe with liquid.  

Finally, Song et al. found that heat transfer augmentation by natural convection in the 

liquid film of the evaporator section (a liquid film heated from ‘below’) influences the 

overall thermal resistance and must be included in the model (Song et al. 2003). 

2.2.2 COMPLETE MODELS OF ROTATING HEAT PIPES  

 In the analyses of the liquid film, the shear stress at the liquid-vapor interface was 

estimated using the friction factor for fully-developed vapor flow in a smooth tube.  A 

two-dimensional finite-difference model of the vapor flow by Faghri et al., however, 

shows that the vapor flow is significantly affected by rotation of the heat pipe (Faghri et 

al. 1993).  At high rotation rates, Faghri et al. showed that flow reversal near the 

centerline of the heat pipe was possible, and that the friction factor for the vapor flow in 

the rotating heat pipe was higher than the friction factor for flows in non-rotating tubes. 

 Complete two-dimensional analyses of the liquid and vapor flows were performed by 

Harley and Faghri for a wickless rotating heat pipe with an ideal fluid loading (Harley 

and Faghri 1995), and by Ismail and Miranda (Ismail and Miranda 1997) and Machado 
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and Miranda (Machado and Miranda 2003) for a rotating heat pipe with a homogenous 

wick.  The analysis by Harley and Faghri coupled the two-dimensional finite-difference 

vapor flow model to the Nusselt-type analysis for the liquid layer.  The liquid layer 

analysis was restricted to an ideal fluid loading (a fluid charge that gives zero film 

thickness at the evaporator and condenser end-caps).  Ismail and Miranda and Machado 

and Miranda used a two-dimensional finite-difference model to analyze both the vapor 

flow and the liquid flowing in the wick.  These analyses show that in a heat pipe with a 

homogeneous wick the liquid flow is not influenced by axial rotation. 

 A complete computational model of a rotating heat pipe, based on the full Navier-

Stokes and energy equations applied to the liquid and vapor phases, was formulated by 

Baker et al. (Baker et al. 1999).  The proposed model treated the liquid and vapor in the 

rotating heat pipe as a single-domain problem, and the Volume of Fluid method was 

employed to determine the location of the liquid-vapor interface.  Although the governing 

equations and boundary conditions for an axially rotating wickless heat pipe were 

formulated and the model was described in detail, results of the model simulations were 

not given.  

2.2.3 REVOLVING AND RADIALLY ROTATING HEAT PIPES  

 With the exception of the works by Curtila and Chataing (Curtila and Chataing 1984) 

and Castle et al. (Castle et al. 2000; Castle et al. 2001), attempts at characterizing the 

performance of revolving heat pipes have been restricted to experimental studies.  Curtila 

and Chataing analyzed a revolving smooth-walled heat pipe with a thermal resistance 

network, however, the results of the model were not compared to their experimental data 

(Curtila and Chataing 1984).  Castle et al. determined the capillary limit in a revolving 
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heat pipe with helical grooves on the inner wall of the pipe by calculating the pressure 

drop in the liquid flowing in each groove (Castle et al. 2000; Castle et al. 2001).  Heat 

transfer in the liquid, however, was not modeled for the helically grooved heat pipe. 

 Radially rotating heat pipes have been modeled mainly through an investigation of 

the pressure and temperature variations in the vapor phase.  Ling and Cao (Ling and Cao 

2000) and Ling et al. (Ling et al. 2001) have used one-dimensional models to estimate 

the variation in saturation temperature with length in a radially rotating heat pipe. 

2.3EXPERIMENTS WITH ROTATING AND REVOLVING HEAT PIPES  

2.3.1 L IQUID FLOW REGIMES IN ROTATING HEAT PIPES  

 The flow regimes in low-speed rotating heat pipes have been extensively 

characterized in experimental studies.  A number of clear heat pipes have been built and 

tested, allowing for visual observation of the transition from pool flow (or stratified flow) 

to annular flow (or rimming) (Baker et al. 2001; Katsuta et al. 1984; Lin and Groll 1996; 

Nakayama et al. 1984; Takahashi et al. 1995a).  The heat transfer coefficients in the 

evaporator and condenser sections during stratified flow and in annular flow have also 

been measured (Jian et al. 1987; Jian et al. 1990; Krivosheev et al. 1979; Reddy et al. 

1987; Reddy et al. 1990).  The visualization and heat transfer studies conclude that the 

liquid flow and corresponding heat transfer can be categorized into four distinct regimes 

(Peterson and Wu 1993): 

1. Pool flow:  At low rotation speed (<10 g centrifugal acceleration) gravity 

dominates and a liquid pool forms in the bottom of the heat pipe.  A small 

portion of liquid is dragged out of the pool by the moving wall and forms a 

thin film on the upper portion of the pipe.  Heat transfer coefficients in the 



   16 

evaporator and condenser sections are at their highest level in the pool flow 

regime. 

2. Partial annular flow:  As the rotational speed is increased to moderate speeds 

(10 g – 20 g) the liquid film on the upper portion of the pipe becomes thicker 

and the size of the liquid pool decreases.  Heat transfer coefficients in the 

partial annular flow regime are comparable in size to the pool flow regime. 

3. Annular flow:  As the rotational speed is increased, a critical rotation speed is 

reached (typically ~20 g) where the liquid pool disappears and the liquid 

forms a stable annulus with uniform thickness around the circumference of the 

heat pipe.  When the critical rotation speed is reached, the heat transfer 

coefficients in the condenser and evaporator sections decrease to a low level 

(typically an order of magnitude lower than the heat transfer coefficients in 

pool flow). 

4. Hysteresis:  Once stable annular flow has been established, the rotation speed 

can be reduced to a level well below the critical rotation speed while still 

maintaining annular flow.  As the rotation speed is decreased below the 

critical speed, a destruction speed is eventually reached (typically ~10 g) 

where the structure reverts back to pool flow. 

 The heat transfer studies show that heat transfer coefficients are highest when a large 

liquid pool is formed at the bottom of the heat pipe.  Most investigators indicate that in 

the pool flow regime, a majority of the heat transfer through the liquid takes place in the 

thin liquid layer lining the upper portion of the pipe and that the pool contributes little to 

the overall thermal resistance (Reddy et al. 1987).  Once annular flow is established, the 
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thicker liquid layer on the upper portion of the pipe reduces the evaporator and condenser 

heat transfer coefficients. 

2.3.2 H IGH SPEED ROTATING HEAT PIPES  

 For higher rotation speeds, with the heat pipe operating in the annular flow regime, 

Daniels and Al-Jumaily investigated a 325 mm long, 30 mm diameter rotating heat pipe 

with a 2 degree internal taper from the condenser end to the evaporator end (Daniels and 

Al-Jumaily 1975).  The heat pipe was rotated up to 1200 rpm and was tested with heat 

loads up to 2000 W.  The heat pipe was tested with Arcton 113, Arcton 21, and water 

working fluids.  The agreement between experimental results and the Nusselt analysis of 

the condensation process was achieved when an optimal fluid charge was used.  The 

experimental investigation showed that the results were sensitive to the fluid charge.  

With an insufficient amount of fluid in the heat pipe, the working fluid would not 

circulate, and the heat pipe required a large temperature difference between the condenser 

and evaporator sections to transfer heat.  With an overfilled heat pipe, the liquid layer 

thickness in the evaporator and condenser sections was thicker than the optimal, 

increasing the thermal resistance across the liquid layer. 

 A test rig and heat pipe for use while rotating at speeds up to 40,000 rpm are 

described in the papers by Streby et al. (Streby et al. 1996) and Ponnappan and He 

(Ponnappan and He 1998).  Heat pipes with a 2.54 cm internal diameter, a 1 degree taper 

in the condenser section, and a total length of 25 cm were tested.  Water and methanol 

working fluids were used in the heat pipes.  Tests were performed with total power inputs 

from 250 to 1300 W, at rotational speeds ranging from 5000 to 30,000 rpm.  Although 

the heat pipes operated successfully and met all of the performance requirements of the 
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investigators, the agreement between the test results and the Nusselt-type condensation 

analysis was poor.  The conclusion was made that the scaling arguments used in the 

Nusselt analysis are not applicable under the influence of the centrifugal acceleration 

levels observed in the tests (reported acceleration levels were from 1000 to 9000 g). 

 In experiments by Song et al., water filled heat pipes with 2.54 cm outer diameters 

and 40 cm total lengths, both with and without an internal taper on the condenser section, 

were rotated up to 4000 rpm (Song et al. 2004).  The data from the experiments of 

Ponnappan and He and Song et al. were analyzed with a modified film condensation 

analysis (Song et al. 2003; Song et al. 2004).  Modifications made to the condensation 

analysis were (1) the accounting for excess fluid loading (above the optimal) in the heat 

pipe and (2) the inclusion of natural convection in the liquid film in the evaporator 

section.  The ability of the model to predict the performance of the rotating heat pipe was 

assessed by comparing how well the model predicted the average temperature difference 

between the evaporator and condenser section with changes in heat load, rotation speed, 

and fluid loading.  Reasonable agreement between test data and model predictions was 

achieved for the high speed axially rotating heat pipes, with the model under predicting 

the temperature difference (by as much as 15 %) for the tapered heat pipes and over 

predicting the temperature difference (by as much as 40 %) for the cylindrical heat pipes.  

More importantly, by accounting for excess fluid loading and natural convection in the 

evaporator film, the modified analysis was able capture the general trends of decreasing 

thermal resistance with increases in rotation speed and decreases in fluid loading.  These 

were trends that could not be explained using models that did not include these 

modifications (Li et al. 1993). 
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 The use of an internal taper in a rotating or revolving heat pipe can increase 

fabrication costs, and in the case of very long heat pipes, the machining operation to form 

the tapered wall can be prohibitively expensive.  For these reasons, alternate methods of 

increasing the flow rate of liquid in the rotating heat pipe have been investigated.  

Successful methods of augmenting the heat transfer performance of rotating and 

revolving heat pipes include inserting a long-pitch spring into the heat pipe container 

(Lee and Kim 2001; Shimizu and Yamazaki 1987) and the use of tubes with helical 

grooves on the inner wall (Castle et al. 2001).  These studies showed, both through 

modeling and experimental studies, that the helically-grooved wick geometry and the 

coil-inserted wick structure produce a pumping effect on the liquid flow that increases 

with rotation speed. 

2.3.3 RADIALLY ROTATING HEAT P IPES  

 Ling et al. tested sodium filled miniature heat pipes in a radially rotating position.  

The heat pipes tested were 85 mm long with diameters of 1.5 and 2 mm.  The rotation 

rate was varied from 1800 to 3600 rpm.  The experimental investigation confirmed the 

results obtained from their modeling study.  Both the model and experiments suggested 

that the temperature variations along the length of the heat pipe were affected by the 

centrifugal force (or the rotation rate) and the friction force on the vapor (or the heat pipe 

diameter).  A larger temperature difference between the evaporator and condenser 

sections was predicted and observed for heat pipes with a smaller diameter and for heat 

pipes rotating at higher speeds. 

 Waowaew et al. also tested radially rotating heat pipes and developed a correlation to 

predict the performance (Waowaew et al. 2003).  The heat pipes tested had inner 
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diameters of 11, 26, and 50.4 mm and were filled with water, ethanol, and R123.  The 

length of the heat pipes varied from 5 to 40 times the diameter.  A correlation was 

developed relating the axial heat flux to the aspect ratio, rotational acceleration and 

working fluid properties.  Temperature variations along the length of the heat pipes, 

however, were not reported. 

2.3.4 REVOLVING HEAT P IPES  

 Flow visualization and heat transfer studies have also been performed on revolving 

heat pipes.  Gi and Maezawa (Gi and Maezawa 1990) conducted visualization studies 

with a 37 mm diameter, 500 mm long glass tube mounted parallel to the axis of rotation 

with a distance of 200 mm from the axis of rotation to the centerline of the tube.  The 

flow pattern in the tube was observed for rotation speeds from 0 to 350 rpm and further 

characterized in terms of a dimensionless acceleration (Froude number, 2 /Fr d gω= ).  

The visual studies show that when the centrifugal acceleration is less than gravity 

( 1Fr < ), the liquid forms a pool on the lower portion of the revolving tube.  For ~ 1Fr , 

the liquid experiences a zero g condition at the top of the revolution.  The visualization 

studies show that when the centrifugal acceleration is comparable in size to gravity, the 

liquid splashes in the tube.  As the rotation speed is increased beyond 1Fr = , the liquid 

forms a pool against the wall farthest from the axis of rotation. 

 Heat transfer studies with revolving heat pipes indicate that the heat transfer 

coefficients in the evaporator and condenser reach a maximum near 1Fr =  (due to the 

splashing of the liquid), then fall to a nearly constant level at higher rotation speeds 

(Curtila and Chataing 1984; Gi and Maezawa 1990; Niekawa et al. 1981; Pokorny et al. 

1984).  Furthermore, studies have shown that using multiple grooves on the inner surface 
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of the revolving heat pipe significantly increases the heat transfer coefficients compared 

to smooth-walled revolving heat pipes (Castle et al. 2000; Castle et al. 2001; Klasing et 

al. 1999; Niekawa et al. 1981). 

2.4APPLICATIONS OF ROTATING AND REVOLVING HEAT P IPES  

 Rotating and revolving heat pipes have been used as part of the thermal control 

system in a wide variety of rotating equipment.  The feasibility of using rotating, radially 

rotating, and revolving heat pipes in cooling various components of electrical machines 

such as electric motors and generators has been studied (Bailey and Thronton 1978; 

Giessler et al. 1987; Oslejsek and Polasek 1976).  Ponnappan and Leland retrofit the shaft 

of a high speed permanent magnet alternator with a hollow shaft which operated as a 

rotating heat pipe (Ponnappan and Leland 1998).  For identical operating conditions, the 

alternator equipped with the rotating heat pipe operated at significantly lower 

temperatures than the conventional alternator.  Thoren proposed using stationary and 

rotating, revolving, and radially rotating heat pipes to cool various components in electric 

motors (Thoren 1984).  The study showed that heat pipes could be effective in both open-

type and totally enclosed induction motors.   

 Niekawa et al. tested a revolving heat pipe for use in a rotary heat pipe heat 

exchanger (Niekawa et al. 1981).  The heat exchanger was being developed to improve 

the efficiency of waste heat recovery from exhaust gases in industrial applications.  In 

this application rotating heat pipe heat exchangers were shown to offer the advantages of 

variable capacity (by varying the rotation speed of the revolving heat pipes) and easy 

access for cleaning and de-fouling the heat transfer surfaces. 
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 Rotating heat pipes have been used in the horizontal and vertical position to cool the 

bearings and seals of a fan in a lift bell furnace (Pokorny et al. 1984).  Rotating heat pipes 

have also been proposed to remove the heat produced in high speed cutting operations.  

Judd et al. used a rotating heat pipe in cooling the spindle bearings in a milling machine 

(Judd et al. 1994), while Jen et al. investigated the possibility of using a heat pipe to cool 

the tip of a drill bit (Jen et al. 2002). 

 Radially rotating heat pipes have been used successfully in turbine blade cooling 

applications (Langston and Faghri 1995; Ling and Cao 2000; Ling et al. 2001) and to 

cool disk brakes in automotive applications (Maezawa et al. 1984). 

 As mentioned in the introduction, the rotating heat pipe that incorporates the S-

shaped curve has many beneficial features when compared to the straight heat pipes 

studied in the past.  In particular, the proposed heat pipe would be an attractive option in 

applications of rotating machinery where heat sources are located at some distance from 

the axis of rotation and coupling the revolving condenser section to the heat sink is 

difficult. 
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3. ROTATING HEAT PIPE MODEL  

 A two-dimensional finite-difference model of the liquid flow in the rotating heat pipe 

is outlined in this section.  For the S-shaped heat pipe, a simple model of the liquid flow 

(Jankowski et al. 2004), based on the boundary layer equations applied to the liquid 

layer, shows that at low rotation rates (<100 rpm) the liquid fills the annulus and the wick 

is used to pump liquid from the condenser toward the evaporator.  At higher rotation 

rates, however, the simplified model shows that the liquid recedes from the wick and 

forms a variable thickness film in contact with the inner wall of the heat pipe.  As 

suggested by the simplified boundary layer analysis, the finite-difference model of the 

liquid flow must have the capability to predict the location of multiple wet-points and to 

determine the transition from the wicked to non-wicked operating regimes. 

 The goal here is to develop, verify, and validate a design code that can be used to 

investigate the factors affecting the performance of the rotating heat pipe.  The liquid 

flow model developed here is based closely on the work of Song et al. (Song et al. 2003), 

however, whereas the convective terms and the Coriolis forces are ignored in previous 

investigations of the liquid flow in axially rotating heat pipes, these terms are retained 

throughout the formulation here.  Furthermore, while previous models of rotating heat 

pipes (Daniels and Al-Jumaily 1975; Li et al. 1993; Song et al. 2003) have ignored 

temperature and pressure variations in the vapor phase, the present investigation couples 

the liquid flow to a one-dimensional vapor flow model.  The inclusion of these terms 

represents an extension of the previous models.  These extensions allow the model to be 

used for heat pipes with more complex shapes and in situations where these forces affect 

the overall thermal resistance of the heat pipe. 
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3.1GEOMETRY  

 The geometry is represented in the mathematical model using the notation shown in 

Fig. 3.1.  The liquid is viewed as a thin film of thickness δ  in contact with the inner wall 

of the heat pipe.  The coordinate axes are located at the end of the condenser section, with 

r  directed radially outward, the circumferential direction is labeled θ , and with the axial 

coordinate x  directed toward the adiabatic and evaporator sections.  With the inner 

radius of the heat pipe located at r R= , the liquid-vapor interface is positioned at 

r R δ= − .  At a given axial location, the angle between the axis of rotation and the r -

axis is labeled α , and the distance from the axis of rotation to the centerline of the heat 

pipe is defined by d .  At 0x =  the inner radius of the heat pipe is defined as 0R , and the 

liquid layer thickness is 0δ .  In general, the inner radius of the heat pipe, the liquid layer 

thickness, the angle with the axis of rotation, and the distance from the axis of rotation 

 
Figure 3.1.  An illustration of the liquid layer and parameters used in the model. 
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are functions of the axial coordinate, or ( )R R x= , ( )xδ δ= , ( )xα α= , and ( )d d x= .  

The length of the condenser, adiabatic, and evaporator sections are defined as 
c

L , 
a

L , 

and 
e

L , respectively, and the total length of the heat pipe is 
tot c a e

L L L L= + + . 

3.2ASSUMPTIONS  

 The liquid flow is treated as steady, laminar, and two-dimensional.  Throughout the 

modeling, symmetry about the longitudinal axis is assumed ( / 0θ∂ ∂ = ).  Furthermore, 

the liquid is modeled as Newtonian, with constant viscosity, thermal conductivity, and 

specific heat.  Uniform heat addition per unit length into the evaporator section and 

uniform heat rejection per unit length from the condenser section are assumed.  To 

develop a fast and economical rotating heat pipe design code, the diffusion terms in the 

stream-wise direction (the x -direction) are ignored.  This assumption allows for a space-

marching procedure to be used, and is valid in the absence of reverse flow in the liquid 

(Patankar and Spalding 1972).  This procedure does not, however, allow for the natural 

convection in the evaporator to be modeled explicitly.  For this reason, the diffusion term 

in the energy equation is multiplied by a Nusselt number to account for heat transfer 

augmentation due to the presence of natural convection. 

3.3MATHEMATICAL MODEL AND NUMERICAL ANALYSIS  

3.3.1 GOVERNING EQUATIONS AND BOUNDARY CONDITIONS  

 For the problem depicted in Fig. 3.1, with the assumptions outlined above, the 

governing equations are (Bird et al. 2002) 

continuity: 
( )v v1

0
r x

r

r r x

∂ ∂
+ =

∂ ∂
 (3.1) 

momentum and energy:
( ) ( )v v1 r x
r

r S p
r r x r r r

φ φφ φ φ∂ ∂ Γ ∂ ∂⎛ ⎞+ = + +∇⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠
, (3.2) 
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where for 

r-momentum: v
r

φ = , 
2

2

2

v v
2 v sin ( )sinrS d r

r r

φ θ
θ

μ ω α ω α
ρ

= − + + + , 

   
1 p

p
r

φ

ρ
∂

∇ = −
∂

, and 
μ
ρ

Γ =  (3.3) 

θ -momentum: vθφ = , ( )2

v v v
2 v sin v cosr

r xS
r r

φ θ θμ ω α α
ρ

= − − − + , 

   0p
φ∇ = , and 

μ
ρ

Γ =  (3.4) 

x-momentum: v
x

φ = , 2 cos 2 v cosS d
φ

θω α ω α= + , 
1 p

p
x

φ

ρ
∂

∇ = −
∂

, and 
μ
ρ

Γ =  (3.5) 

energy: Tφ = , 0S
φ = , 0p

φ∇ = , and 
p

kNu

Cρ
Γ =  (3.6) 

 The boundary conditions include the no-slip condition, where the velocities ( v
r
, vθ , 

and v
x
) are set to zero at the solid surfaces ( r R= , 0x = , and 

tot
x L= ).  The heat fluxes 

to the wall of the evaporator and condenser sections  

 ( )
r R

q kNu T
=

′′ = − ∇ •
w

n , (3.7) 

are assumed constant, where Nu  is the Nusselt number in the liquid, and 

( ) 2/ 1
r x

R R′ ′= − +
w

n e e  is a unit vector normal to the heat pipe wall with primes 

representing differentiation with respect to x .  In each section of the heat pipe, the heat 

fluxes can be related to the power throughput as 

 

/ condenser section

0 adiabatic section

/ evaporator section

c

e

Q A

q

Q A

⎧
⎪′′ = ⎨
⎪−⎩

 (3.8) 
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where 
c

A  and 
e

A  are the surface areas of the condenser and evaporator sections, 

respectively.  Additionally, the end-caps are modeled as insulated, 

 
0

/ / 0
totx x L

T x T x
= =

∂ ∂ = ∂ ∂ = . (3.9) 

The boundary conditions at the liquid-vapor interface ( r R δ= − ) include a temperature 

specification, an energy balance, and a normal stress jump condition written as (Slattery 

1999) 

 
s

T T=  (3.10) 

 ( ) ( )fgh kNu Tρ = − ∇v n ni i  (3.11) 

 ( ) ( )( ) ( )22 2 2 2 22 1 /r x v r x rr rH n n n n nσ ρ ρ ρ τ− + = − + +v ni   

  ( ) 2

,2 ( )rx rx v r x xx x vn n n p pτ τ τ+ − + + − . (3.12) 

When the liquid fills the annular space and the wick is full (referred to as wicked 

operation), the no-slip conditions at the wick ( r R δ= − ) are also imposed: v v 0
xθ = = .  

However, when the wick is empty and the liquid has a free-surface at r R δ= −  (referred 

to as non-wicked operation), the tangential stress balances, 

 0
r r x x

n nθ θτ τ+ = , (3.13) 

 ( )( )2 2

, 0
rr r x rx rx v z r xx r x

n n n n n nτ τ τ τ+ − − − = , (3.14) 

are imposed at the free-surface along with Eqs. (3.10), (3.11), and (3.12), where the unit 

normal vector at the liquid-vapor interface is given by 

 ( ) ( )2
1r r x x r xn n R Rδ δ′ ′ ′ ′= + = + − + −⎡ ⎤⎣ ⎦n e e e e  (3.15) 

and the mean curvature of the interface is 
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 ( ) ( )( ) ( ) ( )
3/ 2

2 2
1

2
1 1

R
H R R R R

δ
δ δ δ δ

−

−
⎡ ⎤ ⎡ ⎤′′ ′′ ′ ′ ′ ′= − − − − − + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

. (3.16) 

In these free-surface conditions, the stress components in the liquid are expressed as 

( )2 v /
xx x

xτ μ= − ∂ ∂ , ( )2 v /
rr r

rτ μ= − ∂ ∂ , ( )v / v /
r

r rθ θ θτ μ= − ∂ ∂ − , ( )v /
x

xθ θτ μ= − ∂ ∂  

and ( )v / v /
rx r x

x rτ μ= − ∂ ∂ + ∂ ∂ .  The shear stress in the vapor is written as 

2

, v 8
rx v v v

fτ ρ= , where v
v

 is the average vapor velocity in the axial direction, and 

f  is the Darcy friction factor (Fox and McDonald 1992). 

3.3.2 COORDINATE TRANSFORMATIONS AND D IMENSIONLESS PARAMETERS  

 The coordinates are transformed by defining the independent variables as 

 ( )0/r R Rξ δ δ= − +  and 0/x Rχ = , (3.17) 

where 0( ) / Rδ δ χ δ= =  and 0( ) /R R R Rχ= =  

 With this transformation, the liquid-vapor interface is located at 0ξ =  and the wall of 

the heat pipe corresponds to 1ξ = , regardless of the liquid layer thickness ( )δ χ  or the 

shape of the heat pipe wall ( )R χ .  The transformation does, however, introduce δ , R , 

and their derivatives with respect to χ  into the governing equations and boundary 

conditions. 

 Velocity, temperature, and rotation speed are made dimensionless by 

 / v
ch

=u v , /
ch

T TΛ = , and 0 / v
ch

RωΩ = , (3.18) 

where the characteristic velocity and temperature are ( )2

0v /
ch fg

Q h Rρ=  and 

( )0/
ch

T Q kR= .  Using these expressions, the governing equations become 
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continuity: 
( ) ( )1 x

r

u
R u

R
ξδ δ

ξ χδ ξδ δ
∂∂ ⎡ ⎤+ − +⎣ ⎦∂ ∂+ −

 

  
( )1

0x
R uδ ξ

δ ξ

′ ′⎡ ⎤− − ∂⎣ ⎦− =
∂

, (3.19) 

momentum and energy:
( ) ( ) ( )1

r

R
R u

R

ξδ δ φξδ δ φ
ξ δ ξδ ξδ δ

⎡ ⎤+ −∂ ∂
+ − −Γ⎢ ⎥

∂ ∂+ − ⎢ ⎥⎣ ⎦
 

 ( )
( )

( )
1

x x

R
u u S

φ φ
δ ξ

φ φ
χ δ ξ

′ ′⎡ ⎤− −∂ ∂⎣ ⎦+ + = +∇Π
∂ ∂

, (3.20) 

where for 

r-momentum:
r

uφ = , 
( ) ( )

2
1

2 sin
Re

r
u u

S u
R R

φ θ
θ α

ξδ δ ξδ δ
= − + Ω

+ − + −
  

 ( )2 sind R ξδ δ α+Ω + + − , 
1φ

δ ξ
∂Π

∇Π = −
∂

, and 
1

Re
Γ = , (3.21) 

θ -momentum: uθφ = , 
( ) ( )2

1

Re

r r
u u u

S
R R

φ θ

ξδ δ ξδ δ
= − −

+ − + −
 

 ( )2 sin cos
r x

u uα α− Ω + , 0φ∇Π = , and 
1

Re
Γ = , (3.22) 

x-momentum: 
x

uφ = , 2 cos 2 cosS d uφ
θα α= Ω + Ω ,  

 
( )1 R

φ
δ ξ

χ δ ξ

′ ′⎡ ⎤− −∂Π ∂Π⎣ ⎦∇Π = − −
∂ ∂

, and 
1

Re
Γ = , (3.23) 

energy: φ = Λ , 0S φ = , 0φ∇Π = , and 
Nu

Pe
Γ = . (3.24) 

 The following dimensionless parameters appear in Eqs. (3.19)-(3.24): the 

dimensionless pressure 2/( v ) /
ch ch

p p pρΠ = = , the Reynolds number 0Re v /
ch

Rρ μ= , 

and the Péclet number 0v /
p ch

Pe C R kρ= . 
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 To simplify integration of the governing equations, x  and ξ -direction velocities (
x

u  

and uξ , respectively) are retained, and the momentum equations are expressed in the x  

and ξ -directions (Faghri et al. 1984).  The coordinate transformation in Eq. (3.17) shows 

that 

 ( )1
r x

u u R uξ δ ξ′ ′⎡ ⎤= − − −⎣ ⎦  (3.25) 

and ( )[ momentum] [ momentum]+ 1 [ momentum]r R xξ δ ξ′ ′⎡ ⎤− = − − − −⎣ ⎦ . (3.26) 

Finally, with Eqs. (3.25) and (3.26) the governing equations become 

continuity: 
( ) ( )1

R u
R

ξξδ δ
ξδ ξδ δ
∂ ⎡ ⎤+ −⎣ ⎦∂+ −

 

 
( ) ( )1

0
x

R u
R

δ ξδ δ
χδ ξδ δ
∂ ⎡ ⎤+ + − =⎣ ⎦∂+ −

, (3.27) 

momentum and energy:
( ) ( ) ( )1 R

R u
R

ξ

ξδ δ φξδ δ φ
ξ δ ξδ ξδ δ

⎡ ⎤+ −∂ ∂
+ − −Γ⎢ ⎥

∂ ∂+ − ⎢ ⎥⎣ ⎦
 

 
( ) ( )1

xR u S C
R

φ φ φδ ξδ δ φ
χδ ξδ δ
∂ ⎡ ⎤+ + − = +∇Π +⎣ ⎦∂+ −

, (3.28) 

where for 

ξ -momentum: uξφ = , 
( ) ( )

2

2

1

Re

uu
S

R R

ξφ θ

ξδ δ ξδ δ
= −

+ − + −
 

 
( )

( )
( ) ( ){ }2

2

11
2 sin 1 cos

Re

x
R u

u d R
R

θ

δ ξ
α δ ξ α

ξδ δ

′ ′⎡ ⎤− −⎣ ⎦ ′ ′⎡ ⎤+ + Ω +Ω + − −⎣ ⎦
+ −

 

   ( )2 sinR ξδ δ α+Ω + − , 

 ( ){ } ( )21
1 1 1R R

φ δ ξ δ ξ
δ ξ χ

∂Π ∂Π′ ′ ′ ′⎡ ⎤ ⎡ ⎤∇Π = − − − − + − −⎣ ⎦ ⎣ ⎦∂ ∂
, and 

1

Re
Γ = , (3.29) 
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θ -momentum: uθφ = , 
( )

( )
( )
1

x
R u uu u

S
R R

θξ θφ
δ ξ

ξδ δ ξδ δ

′ ′⎡ ⎤− −⎣ ⎦= − +
+ − + −

 

 

( )
( )2

1
2 sin 2 1 sin 2 cos

Re
x x

u
u R u u

R

θ
ξ α δ ξ α α

ξδ δ
′ ′⎡ ⎤− − Ω + Ω − − − Ω⎣ ⎦

+ −
, 

    0φ∇Π = , and 
1

Re
Γ = , (3.30) 

x-momentum: 
x

uφ = , 2 cos 2 cosS d uφ
θα α= Ω + Ω , 

  
( )1 R

φ
δ ξ

χ δ ξ

′ ′⎡ ⎤− −∂Π ∂Π⎣ ⎦∇Π = − −
∂ ∂

, and 
1

Re
Γ = , (3.31) 

energy: φ = Λ , 0S φ = , 0φ∇Π = , and 
1

Pe
Γ = . (3.32) 

By using Eqs. (3.25) and (3.26), the following term appears as a source term in the ξ -

momentum equation: 

 ( ) ( )
2

2

2
1

Re Re

u x x
x x

u u
C u R u u

R

ξ
ξ

δ δ δδ ξ
δ δ ξ δ ξδ δ
′ ′ ′∂′′ ′′⎡ ⎤= − − − + +⎣ ⎦ ∂ + −

, (3.33) 

and for the θ -momentum, x-momentum, and energy equations 0Cφ = . 

 The dimensionless boundary conditions are the no-slip conditions 0
x

u u uξ θ= = =  at 

the wall of the heat pipe ( 1ξ = ) and at the end caps ( 0χ =  and 0/
tot

L Rχ = ).  The heat 

flux to the wall of the heat pipe, in dimensionless form, is given by 

 
( )2

2

1

1

1

RNu
q R

R
ξ

δ ξ χ
=

⎡ ⎤′+ ∂Λ ∂Λ′′ ′⎢ ⎥= − +
∂ ∂′ ⎢ ⎥+ ⎣ ⎦

, (3.34) 
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where the dimensionless heat flux is defined as 2

0 /q q R Q′′ ′′= .  The insulated conditions 

at the end caps are expressed as 
00 /

/ / 0
totL Rχ χ

χ χ
= =

∂Λ ∂ = ∂Λ ∂ = .  The conditions at 

0ξ =  become (Sim et al. 2004) 

 /
s ch

T TΛ =  (3.35) 

 
( )

( )
2

1 R
u Nu Rξ

δ
δ

δ ξ χ

⎧ ⎫⎡ ⎤′ ′+ − ∂Λ ∂Λ⎢ ⎥⎪ ⎪⎣ ⎦ ′ ′= − + −⎨ ⎬∂ ∂⎪ ⎪
⎩ ⎭

 (3.36) 

 n

u u
A A B

ξ ξ
ξξ ξχξ χ
∂ ∂

+ =
∂ ∂

. (3.37) 

For wicked operation the no-slip conditions are 0
x

u uθ = =  at 0ξ = , and for non-wicked 

operation the tangential stress balances are 

 
u u

A A Bθ θ
θξ θχ θξ χ
∂ ∂

+ =
∂ ∂

 (3.38) 

 t

u u u u
B B B B B

ξ ξ χ χ
ξξ ξχ χξ χχξ χ ξ χ
∂ ∂ ∂ ∂

+ + + =
∂ ∂ ∂ ∂

. (3.39) 

The coefficients in the normal stress jump condition of Eq. (3.37) are: 

 ( ) ( )2

2 1 ReA Rξξ δ δ⎡ ⎤′ ′= + −⎢ ⎥⎣ ⎦
, ( )2 ReA Rξχ δ ′ ′= − , and 

( ) ( ) ( )( ) ( )2 221 / 1 2
Re 4

v
n v x v

R R R
B R u u f uξ

δ δ δ ρρ ρ δ
ρ

′ ′ ′′ ′′ ′ ′− − −⎡ ⎤′ ′= − + − + −⎢ ⎥⎣ ⎦
 

 ( ) ( ) ( )
2

2 22
1 1

v

H
R R

Ca
δ δ⎡ ⎤ ⎡ ⎤′ ′ ′ ′+ + − Π −Π + + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

, (3.40) 

where the Capillary number is defined as 2

0v /
char

Ca Rρ σ= .  The coefficients in the 

tangential stress balance of Eq. (3.38) are given as 
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 ( )1
1A Rθξ δ

δ
⎡ ⎤′ ′= + −⎣ ⎦ , 1Aθχ = , and 

( )
u

B
R

θ
θ δ
=

−
, (3.41) 

and the coefficients in Eq. (3.39) are given as 
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1
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Re
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( )
( )

2
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1

81

v

t v

R
f

B u
R

δ ρ
ρδ

⎡ ⎤′ ′− −⎢ ⎥⎣ ⎦=
⎡ ⎤′ ′+ −⎢ ⎥⎣ ⎦

. (3.42) 

 In this set of non-dimensional equations and boundary conditions, a number of 

dimensionless parameters appear.  The definitions of these parameters are summarized in 

Table 3.1.  The variables in the left-hand column of Table 3.1 were first defined and the 

dimensionless groups in the right-hand column are a result of applying those definitions 

to the governing equations and boundary conditions.  The dimensionless velocity and 

temperature are defined in terms of a general characteristic velocity and temperature, vch
 

and 
ch

T .  These characteristic values are retained throughout the formulation and appear 

in the resulting dimensionless groups.  Formulating the model in this way allows the 

equations and boundary conditions to be easily modified if different characteristic scales 

are required.  For the heat pipe with constant heat flux boundary conditions, the 

characteristic velocity and temperature, ( )2

0vch fgQ h Rρ=  and ( )0chT Q kR= , are chosen 

in terms of the heat load carried by the heat pipe. 

3.3.3 NATURAL CONVECTION IN THE EVAPORATOR  

 To complete the model, a Nusselt number correlation is needed to evaluate the 

diffusion term in the energy equation.  For the stationary heat pipe with the annular gap 
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Table 3.1.  Dimensionless parameters in the numerical model. 

Dimensionless Variables  Dimensionless Groups  

Dependent Variables:  Reynolds 
0Re v /chRρ μ=  

Velocity / vch=u v  Péclet  
0v /p chPe C R kρ=  

Temperature / chT TΛ =  Capillary  2

0v /chCa Rρ σ=  

Independent Variables:  Rotation  
0 / vchRωΩ =  

Axial Coordinate 
0/x Rχ =  Flow Rate ( )2

0vchm m Rρ= �  

Radial Coordinate ( )r Rξ δ δ= − +  Pressure ( )2vchp ρΠ =  

  
 

wick, heat transfer across the liquid film is treated as pure conduction by letting 1Nu = .  

Song et al. have shown that for an axially rotating heat pipe, natural convection in the 

liquid film of the evaporator section has a significant effect on the overall thermal 

resistance of the heat pipe (Song et al. 2003; Song et al. 2004).  Song et al. use the 

empirical correlation developed by Körner for natural convection in an evaporating liquid 

film lining a rotating boiler, 0.3750.133Nu Ra= , where the Rayleigh number is based on 

the layer thickness (Körner 1970).  After reproducing the results of Song et al., using the 

code developed here, it was observed that Rayleigh numbers were typically 410Ra <  in 

the evaporator sections of the heat pipes studied.  The experimental work performed by 

Körner, however, was restricted to the fully turbulent regime ( 7 1010 10Ra< < ).  For this 

reason, steady laminar natural convection in an evaporating liquid film, restricted to the 

low ( 410Ra < ) Rayleigh number regime, was modeled by Jankowski et al. (Jankowski et 

al. 2006a) (see also Appendix B).  In the low Rayleigh number regime, the correlation of 

Körner predicts considerably higher (80 % at 310Ra =  to 40 % at 410Ra = ) heat transfer 

coefficients than that of Jankowski et al.  The heat pipe design code developed here 

includes both the correlation developed by Körner (given above) and that of Jankowski et 

al., 
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 ( ) ( )
*

* 1/3
1 2.2 1 1600 / / 5830 1Nu Ra Ra⎡ ⎤= + − + −⎣ ⎦ , (3.43) 

where the notion [ ]*  indicates that if a negative quantity is calculated in the bracketed 

term, the bracketed term is taken as zero. 

3.3.4 VAPOR FLOW MODEL  

 The liquid flow is coupled to the vapor flow through the specification of the interface 

boundary conditions.  In the boundary conditions at the liquid-vapor interface, the 

average axial velocity of the vapor, the friction factor, the pressure of the vapor at the 

interface, and the temperature of the vapor at the interface must be specified.  A one-

dimensional vapor flow model, based on the flow formulations used in the steady state 

heat pipe analysis code HTPIPE (Woloshun et al. 1988), is used here. 

 For the one-dimensional vapor flow, the average axial velocity of the vapor can be 

related to the mass flow rate at a given axial location by 

 
( )2

v
v

v

m

Rρ π δ
= −

−

�
. (3.44) 

 The pressure drop in the evaporator, adiabatic section, and condenser are 

approximated by one-dimensional formulations.  Following Busse (Busse 1967), the 

vapor flow in the evaporator section is modeled as laminar and incompressible.  Busse’s 

expression for the pressure drop includes a viscous term and a convective term.  Here, a 

body force term is also included to account for the centrifugal force acting on the vapor.  

In terms of dimensional variables, the pressure drop in the evaporator section is then 
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( )

( )2

8 vd
1 0.667

d

v vv v

R

p p
a

x x Rδ

μ

δ−

∂
= = − +

∂ −
 

  ( )2 2 24 d
v 1 / 6 2 / 45 cos

3 d
v v va a d

x
ρ ρ ω α⎡ ⎤− − + +⎣ ⎦ , (3.45) 

where 

2

15 18 18 44
5 5

22 Re Re 5r r

a

⎡ ⎤⎛ ⎞⎢ ⎥= + − + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

. (3.46) 

The radial Reynolds number in the evaporator is defined as 

 Re
2

r

fg e v

Q

h Lπ μ
= . (3.47) 

The vapor flow in the adiabatic section is treated as a one-dimensional, fully developed, 

incompressible flow.  Depending on the flow velocity, the flow is treated as either 

laminar or turbulent.  The pressure drop in the vapor phase for the adiabatic section is 

given by 

 

2

2
vd

cos
d 4( )

v vv v

v

R

fp p
d

x x Rδ

ρ
ρ ω α

δ−

∂
= = +

∂ −
, (3.48) 

where the friction factor is (Fox and McDonald 1992) 

 
2
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64 / Re Re 2300

5.74
0.25 log Re 2300

Re
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v

f
−

<⎧
⎪

= ⎡ ⎤⎛ ⎞⎨
≥⎢ ⎥⎜ ⎟⎪

⎝ ⎠⎣ ⎦⎩

, (3.49) 

and the axial flow Reynolds number is 

 
2 v ( )

Re
v v

v

v

Rρ δ
μ

−
= . (3.50) 

The vapor flow in the condenser section is treated as an incompressible flow that can be 

either laminar or turbulent.  The pressure drop term in Eq. (3.48) is modified by a 
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pressure recovery (or inertial/convective) term suggested by Kemme (Woloshun et al. 

1988).  The pressure drop in the condenser is calculated from 

 

2

v 2
vd d

cos
d d 4( )

vv v c

v

R

fp p p
d

x x x Rδ

ρ
ρ ω α

δ−

∂
= = + +

∂ −
, (3.51) 

where 

 
( )

2

2 2 4

d Re 2

d 2 4 1.23Re ( )

c r

e a r c fg v

p Q

x L L L h Rπ ρ δ
+

=
+ − −

, (3.52) 

and the radial Reynolds number in the condenser is given by 

 Re
2

r

fg c v

Q

h Lπ μ
= − . (3.53) 

 The axial coordinate, pressure, and vapor velocity are made dimensionless using the 

expressions in Eq. (3.18).  In terms of dimensionless variables, the expressions for the 

vapor phase pressure drop in each section of the heat pipe are given by 

evaporator section:  

( )
( )2

8d
1 0.667

d Re

v vv
u

a
R

μ
χ μ δ

Π
= − +

−
 

 ( )2 2 2

0

4 d
1 / 6 2 / 45 cos

3 d

v v
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d
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ρ χ ρ

⎡ ⎤− − + + Ω⎣ ⎦  (3.54) 

adiabatic section: 
( )
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condenser section:  
( ) ( )42
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 Once the pressure of the vapor has been calculated, the saturation temperature at the 

liquid-vapor interface is determined using the Clapeyron equation.  In terms of 

dimensionless variables, the saturation temperature is given by 

 ( ) ( ) d
exp

d

fg chs s v

ch ch fg

v pT T

T T h
χ χ χ χ

χ
⎛ ⎞Π

+ Δ = Δ⎜ ⎟⎜ ⎟
⎝ ⎠

. (3.57) 

3.3.5 NUMERICAL SOLUTION  

 Equations (3.27)-(3.32) subject to the dimensionless boundary conditions are solved 

numerically.  The ‘parabolic flow’ assumption is made here, which allows for a space-

marching procedure to be used in the solution of the governing equations.  Accordingly, 

the solution begins at the condenser end-cap and a series of one-dimensional problems 

are solved while marching in the χ -direction toward the evaporator end-cap.  The 

parabolic flow assumption implies that (a) there is no reverse flow in the predominant 

flow direction (in this case the χ -direction), (b) diffusion of momentum and energy in 

the main flow direction are negligible, and (c) that the downstream pressure field has 

little influence on the upstream flow (Patankar and Spalding 1972).  Throughout the 

formulation, the diffusion terms in the predominant flow direction have been ignored as 

required by assumption (b) listed above.  To use the space-marching procedure, the 

pressure gradient in the predominant flow direction, / χ∂Π ∂ , must be approximated by a 

pressure gradient averaged over the cross-section in the ξ θ−  plane, / χ∂Π ∂ .  This 

averaged pressure gradient is determined in the solution procedure so that a global mass 

balance is satisfied at each χ -location.  In terms of dimensionless variables, the mass 

flow rate at each χ -location is given by 
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 ( )1

0
d

2
x

m
R u

ξ

ξ
ξδ δ ξ

πδ
=

=
= + −∫ , (3.58) 

where the dimensionless mass flow rate is ( )2

0/ v
ch

m m Rρ= � .  The mass flow rate can be 

evaluated by considering a global mass balance applied to a volume element of length 

χΔ .  Liquid is entering the volume element with a flow rate of 1i
m −  at location 1i

χ −  and 

leaving at 
i

χ  with a flow rate of 
i

m .  The difference between these flow rates is given by 

the flow rate crossing the free-surface of the liquid (by evaporation or condensation).  In 

terms of dimensionless variables, the global mass balance is 

 ( )( )1 d
i i

m m R
χ χ

χ
δ χ

+Δ

−= + − •∫ u n  

 ( ) ( )
1/ 2

2

1 2 1 d
i

m R R u
χ χ

ξχ
π δ δ χ

−+Δ

−
⎡ ⎤′ ′= + − − −⎢ ⎥⎣ ⎦∫ . (3.59) 

Equation (3.59) is used to evaluate the left-hand side of Eq. (3.58) at each χ -location, 

and the discrete form of Eq. (3.58) is used to obtain an approximation for / χ∂Π ∂ .  

Details of this procedure can be found in the literature (Patankar and Spalding 1972; 

Prantap and Spalding 1976) and are summarized in Appendix A. 

 The equations, subject to the parabolic flow assumption, are discretized on a 

staggered grid using a control volume method.  Throughout the simulations, uniform 

grids in both the χ  and ξ -directions are used.  False boundary nodes located at distances 

/ 2ξΔ  beyond the horizontal boundaries of the solution domain are used to specify the 

values of the boundary conditions at the wall of the heat pipe and at the liquid-vapor 

interface.  Throughout the discretization, pressure, temperature, 
x

u  and uθ  are stored at 

the main grid nodes, while uξ  is stored on the horizontal face of the control volume 
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surrounding each main grid node.  In the cross-stream direction (the ξ -direction), 

second-order centered-differences are used to approximate the diffusion terms, and the 

QUICK method (Leonard 1979) is used for the convective terms.  First-order backward 

differences are used to approximate the convective terms in the χ -direction.  Derivatives 

appearing in the boundary conditions at the liquid-vapor interface are discretized using 

second-order finite-differences, and the boundary condition at the insulated condenser 

end-cap is implemented using a first-order forward difference formula.  This 

implementation of the parabolic space-marching procedure results in a mixed-order 

discretization.  By using a second-order discretization in the radial direction and a first-

order discretization in the axial direction, the overall order is expected to be between first 

and second order. 

 At each χ -location, the discrete equations are solved using the SIMPLER method 

(Patankar 1980).  At the liquid-vapor interface, the temperature specification [Eq. (3.35)] 

is applied as a boundary condition to the energy equation and the kinematic condition 

[Eq. (3.36)] is applied to the η -momentum equation.  In wicked operation, the no-slip 

conditions are applied to the θ  and x -momentum equations, and in non-wicked 

operation the discrete forms of the shear stress balances [Eqs. (3.38) and (3.39)] are 

applied to the θ  and x -momentum equations, respectively. 

 In non-wicked operation, the normal stress jump condition is used to determine the 

liquid layer thickness.  At each χ -location, the layer thickness is determined iteratively.  

A guessed value of the layer thickness is first assumed (the value of the layer thickness 

from the previous χ -location), and the governing equations are solved without imposing 
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the normal stress balance of Eq. (3.37).  After obtaining a solution, the residual of Eq. 

(3.37) is calculated, 

 n n

u u
R A A B

ξ ξ
ξξ ξχξ χ
∂ ∂

= + −
∂ ∂

. (3.60) 

If 
nR  is greater than a specified tolerance, the layer thickness is updated with 

nRδ δ κ= − , where κ  is a user-specified relaxation factor (Pacheco and Peck 2000). 

 In wicked operation, the liquid layer thickness is known (and is equal to the annular 

gap distance), so the normal stress jump condition [Eq. (3.37)] is used to determine the 

curvature of the liquid-vapor interface, H .  If the curvature of the liquid-vapor interface 

is larger than the maximum curvature that can be supported by the porous wick structure, 

a dry-out of the heat pipe will occur. 

 The rotating heat pipe model has the ability to model a heat pipe with a given liquid 

charge.  The liquid layer thickness at a particular χ -location in the heat pipe is first 

guessed and further determined by a shooting method so that the mass of liquid in the 

heat pipe is equal to the fluid charge.  The liquid mass is given by 

 ( )01 /
3

0
0 0

2 d d
totL R

V R R
ξ χ

ξ χ
ρ πρ δ ξδ δ χ ξ

= =

= =
= + −∫ ∫ . (3.61) 

3.3.6 CONVERGENCE CRITERIA  

 In the SIMPLER method, iterative convergence of the continuity, momentum, and 

energy equations is assumed after the residuals of each equation have been reduced three 

orders of magnitude from the residuals calculated with the initial guessed solution.  The 

solution from the previous χ -location is used as a guess at each location.  The layer 

thickness at each χ -location is updated until 610n chR p Pa
−< , where 

n ch
R p  is a 
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dimensional residual of the normal stress condition with units of pressure.  Similarly, the 

guessed layer thickness is updated until the mass of liquid in the heat pipe, as calculated 

by Eq. (3.61), is within 610 kg
−  of the fluid charge. 

3.4VERIFICATION AND VALIDATION  

 To gain confidence in the results of the heat pipe code developed here, three separate 

verification and validation cases are explored.  First, a straight non-rotating heat pipe 

with an annular gap wick structure is modeled and the results are compared to the steady 

state heat pipe analysis code HTPIPE (Woloshun et al. 1988).  A cylindrical rotating heat 

pipe without a wick structure is then modeled, and the results are compared to the 

published results of Song et al. (Song et al. 2004).  Finally, the liquid layer thickness in 

the condenser section of a rotating tapered heat pipe is calculated and the results of the 

present analysis are compared to those reported by Daniels and Al-Jumaily (Daniels and 

Al-Jumaily 1975).  These validation cases are used to show that the model is able to 

simulate heat pipes with or without a wick structure.  The comparisons will also show 

that the liquid distribution is predicted correctly for rotating heat pipes with or without a 

component of the centrifugal force acting directly in the liquid flow direction. 

 For the verification and validation studies, the stationary heat pipe with the annular 

gap wick and the rotating cylindrical heat pipe are straight heat pipes filled with saturated 

water at 373 K.  Both heat pipes have a constant inside radius of 0.97cm , and the lengths 

of the evaporator, adiabatic, and condenser sections are 12.1
e

L cm= , 18.4
a

L cm= , and 

10.2
c

L cm= .  The dimensions of the heat pipe containers considered here are the same as 

those used in the numerical and experimental studies of the axially rotating heat pipe 

(without a wick) by Song et al. (Song et al. 2003; Song et al. 2004).  For the stationary 
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heat pipe with an annular gap wick, the thickness of the annulus is set to 0.029cmδ = , 

and the maximum curvature that can be supported by the wick is 6 1

max 2.26 10H cm
−= × .  

This maximum curvature corresponds to an effective pore radius of 

max1/ 44
eff

r H mμ= = , which is a typical value for a 200x200 mesh screen wick. 

 The rotating tapered condenser section has the same dimensions used in the analytical 

and experimental investigations by Daniels and Al-Jumaily (Daniels and Al-Jumaily 

1975).  The length of the condenser section is set to 15.2
c

L cm= , the inner wall radius at 

the condenser end-cap is set to 0 1.5R cm= , and the condenser wall has a taper of 2o  from 

the end-cap to intersection with the adiabatic section.  The heat pipe is filled with Freon 

113. 

3.4.1 NUMERICAL VERIFICATION  

 For each of these reference cases, grid convergence studies are carried out, and the 

Grid Convergence Index (GCI) is used to measure the error in the numerical solution 

(Roache 1998).  In the GCI method, a parameter of interest is calculated using grids of 

various size.  The GCI, which represents an error band that can be applied to these 

calculated values, is then evaluated.   

 For the heat pipe with the annular gap wick structure, pressure distributions in the 

liquid and vapor phases will be compared to the results of HTPIPE.  For this reason, the 

total pressure drop in the liquid phase is used as a parameter of interest.  The total 

pressure drop is defined as ( 0, ) ( , )
tot

p p x r R p x L r Rδ δΔ = = = − − = = − .  Similarly, for 

the rotating cylindrical heat pipe, the average temperature difference between the 

evaporator and condenser is chosen as a parameter of interest, since this temperature 

difference will be compared to the results of Song et al.  The parameter of interest for the 
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rotating tapered condenser section is the average temperature difference across the liquid 

film.  The temperature difference across the condenser film will be compared to the 

results of Daniels and Al-Jumaily in the validation studies.   

 Throughout the grid convergence studies, the apparent order of the numerical method, 

γ , is evaluated, and a safety factor of 1.25 is applied to the GCI.  Roache suggests that 

evaluating the GCI in this manner gives 95 % certainty that the GCI will be larger than 

the actual relative error (Roache 2003). 

 Results of the grid convergence studies are shown in Table 3.2.  For the stationary 

wicked heat pipe, the grid convergence studies were carried out for the heat pipe 

transferring a 1500 W heat load.  The total pressure drop was calculated with ( χ  x ξ ) 

grid sizes of 102 x 45, 102 x 60, and 102 x 80 to assess the effect of varying the grid size 

in the radial direction.  The results show that with grid refinement in the radial direction, 

the code is converging to a solution as a second order method, ~ 2γ .  This behavior

Table 3.2.  Results of the grid convergence study for (a) the non-rotating heat pipe, 

(b) the cylindrical rotating heat pipe, and (c) the tapered condenser section. 
(a)  Stationary Heat Pipe with Annular Gap Wick 

Convergence in Radial Direction Convergence in Both Directions

grid size (axial) x (radial) nodes grid size (axial) x (radial) nodes

102 x 45 102 x 60 102 x 80 78 x 45 86 x 60 102 x 80

Δp (Pa) 425.6 433.1 438.7 Δp (Pa) 429.2 432.8 438.7

(102x45)->(102x80) apparent order, γ = 2.0 (78x45)->(102x80) apparent order, γ = 1.3

(102x80) GCI = 4.8 % (102x80) GCI = 4.9 %

(102x60) GCI = 6.4 % (86x60) GCI = 6.6 %

(b)  Rotating Cylindrical Heat Pipe (c)  Rotating Tapered Condenser Section

grid size (axial) x (radial) nodes grid size (axial) x (radial) nodes

52 x 5 77 x 10 102 x 22 25 x 5 37 x 10 50 x 22

ΔT (K) 46.1 39.7 37.5 ΔT (K) 27.8 27.5 27.6

(77x10)->(102x22) apparent order, γ = 1.9 (37x10)->(50x22) apparent order, γ = 2.0

(102x22) GCI = 4.3 % (50x22) GCI = 0.2 %

(77x10) GCI = 11.0 % (37x10) GCI = 0.7 %

bold values indicate grid selected for calculations  
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would be expected since a second-order discretization (in the radial direction) has been 

used throughout.  Additionally, the GCI suggests that the error in calculating the pressure 

difference in the liquid is less than 5 % with the 102 x 80 grid.  This procedure was 

repeated to assess the effect of varying the grid size in the both the axial and radial 

directions by using grids of 78 x 45, 86 x 60, and 102 x 80.  The results show the 

expected reduction in the apparent order of the method resulting from the use of a first-

order discretization in the axial direction.  Additionally, the calculated GCI for the 102 x 

80 grid agrees with the GCI calculated for the convergence study in the radial direction 

only. 

 The axially rotating heat pipe was simulated for a rotation speed of 4000 rpm and a 

heat transfer rate of 400 W.  The fluid fill was set to 6.3 g of water.  The liquid layer 

thickness at the condenser end cap, 0δ , was determined in the shooting method so that the 

liquid mass, calculated with Eq. (3.61), was equal to the fluid fill.  The grid resolutions 

used in calculating the GCI were 52 x 5, 77 x 10, and 102 x 22, and the average 

temperature difference ( TΔ ) between the wall of the evaporator and condenser sections 

was used as the parameter of interest.  Table 3.2 shows that the expected error for the 102 

x 22 grid is less than 5 %. 

 The tapered condenser section was modeled with a uniform heat flux at the outer 

wall.  For the grid convergence study, the condenser was rotating at 1200 rpm and with a 

400 W heat rejection rate.  Grid resolutions of 25 x 5, 37 x 10, and 50 x 22 were used for 

comparing the average temperature difference across the condenser film.  Table 3.2 

shows that less than 1 % error can be expected with the 50 x 22 grid. 
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3.4.2 VALIDATION  

 The pressure distributions in the liquid and vapor for the stationary wicked heat pipe 

with a 1500 W heat load are compared to the results of HTPIPE in Fig. 3.2.  The results 

indicate that the present analysis is accurately predicting the liquid and vapor phase 

pressure drops when the liquid fills the wick. 

 In Fig. 3.3 comparisons are made between the model results of Song et al. and the 

present analysis for the rotating wickless heat pipe filled with 6.3 g of water at three 

different rotation speeds (2000, 3000, and 4000 rpm) and for three different heat loads 

(200, 300, and 400 W) with the error bars representing the 5 % GCI.  The results shown 

in Fig. 3.3 were generated by the code developed here using the Nusselt number 

correlation of Jankowski et al., Eq. (3.43), in the evaporator section.  The model results 

agree with those of Song et al., except at the lowest rotation speed (2000 rpm), where the 

present analysis is predicting higher temperature differences than the previous model.
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Figure 3.2.  Pressure distributions from present model and HTPIPE for a stationary 

heat pipe. 
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Figure 3.3.  Model results for an axially rotating heat pipe compared to the results 

of the model by Song et al. 

 

For the calculations at 2000 rpm, the Rayleigh number in the liquid film in the evaporator 

was lower than the critical value of 1600, representing the transition from pure 

conduction to the onset of convection in Eq. (3.43).  For the 2000 rpm cases, the 

correlation in Eq. (3.43) is producing 1Nu = , whereas the correlation of Körner, which is 

used in the model of Song et al., gives a Nusselt number near 2.  Other than this 

explainable discrepancy at low speed, the present model does agree with the previous 

model of the rotating heat pipe within the bounds of the GCI. 

 In Fig. 3.4, the liquid layer thickness in the rotating tapered condenser section is 

shown.  The calculated layer thickness from the present model and the work of Daniels 

and Al-Jumaily are compared for a heat load of 400 W and a rotation speed of 1200 rpm.  

The present analysis predicts a layer thickness that is 5 % thinner than the analysis of 

Daniels and Al-Jumaily.  The average temperature difference across the liquid film in the 

condenser as a function of heat load is shown in Fig. 3.5.  The present model reproduces 
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the general trends of increasing temperature difference with increasing heat load or 

decreasing rotation speed predicted in the analysis of Daniels and Al-Jumaily.  The 

temperature differences predicted by the two analyses agree to within 20 %. 

0.0E+00

2.0E-05

4.0E-05

6.0E-05

8.0E-05

1.0E-04

1.2E-04

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16

Length (m)

L
iq

u
id

 L
ay

er
 T

h
ic

k
n

es
s 

(m
)

Daniels and Al-Jumaily

Present

 
Figure 3.4.  Liquid layer thickness in the tapered rotating condenser section. 
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Figure 3.5.  Temperature difference across the condenser film required to transfer 

heat in the rotating tapered condenser section. 
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 The marginal agreement observed in Fig. 3.5 may be attributed to the use of a 

constant heat flux boundary condition at the surface of the condenser in the present 

analysis, whereas Daniels and Al-Jumaily applied a constant surface temperature 

boundary condition.  Additionally, in the analysis by Daniels and Al-Jumaily, the average 

radius of the tapered condenser section is used to evaluate the centrifugal force term in 

the momentum balance, whereas the present analysis uses the local tube radius.  Previous 

studies have also shown that, as with the results in Fig. 3.4, using the average radius of 

the tapered condenser section as opposed to the local radius will over-predict the liquid 

layer thickness in the tapered condenser section (Li et al. 1993). 

3.5RESULTS FOR THE PROPOSED HEAT PIPE  

 To illustrate the behavior of the proposed heat pipe, the model developed in this 

chapter is applied to a rotating heat pipe incorporating an S-shaped curve.  The 

dimensions of the heat pipe modeled here are shown in Fig. 3.6.  The heat pipe is made 

from a tube with a constant inside radius of 0.5R cm= , and the length of the evaporator, 

adiabatic, and condenser sections are 45.7
e

L cm= , 63.5
a

L cm= , and 30.5
c

L cm= .  The 

 
Figure 3.6.  The rotating heat pipe modeled here.  All dimensions are in centimeters. 
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annular gap distance is set to 0.025cmδ = , and the maximum curvature at the surface of 

the wick is 6 1

max 2.26 10H cm
−= × .  The S-shaped curve makes up part of the adiabatic 

section, with the maximum distance from the axis of rotation to the off-axis evaporator 

section of 24.1d cm= .  The heat pipe is filled with methanol and fluid properties are 

evaluated at 333 K. 

 Results are shown in Fig. 3.7 for the stationary (non-rotating) horizontal heat pipe 

with a heat load of 100 W.  The familiar pressure distribution in the stationary heat pipe 

is observed, with a wet-point near the condenser end-cap and the maximum pressure 

difference supported by the wick at the end of the evaporator.  In Fig. 3.8, the curvature 

of the liquid-vapor interface at the surface of the wick is shown.  The figure shows that, 

at the evaporator end, the wick is operating at 85 % of the maximum capillary pressure 

that can be supported. 

 In Figs. 3.9 and 3.10, the pressure distribution and curvature at the liquid-vapor 
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Figure 3.7.  Pressure distributions for the bent heat pipe at 0 rpm. 
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Figure 3.8.  Curvature supported by the wick for the bent heat pipe at 0 rpm. 

 

interface in the heat pipe rotating at 45 rpm with a 100 W heat load are shown.  The 

figures show the effect that the centrifugal force has on the pressure distributions in the 

liquid and vapor phases.  A component of the centrifugal force acts directly in the 

predominant flow direction of both the liquid and vapor phases in the S-shaped curve.  

Because the density of the liquid phase is higher than the density of the vapor, the 

pressure rise in the liquid is higher than the pressure rise in the vapor, and the centrifugal 

force reduces the net pressure difference that must be supported by the wick.  As the 

rotation speed is increased beyond 45 rpm, the pressure difference supported by the wick 

in the S-shaped curve will decrease to a point where the pressure difference goes to zero 

(a second wet-point).  Further increases in the rotation speed can only be accommodated 

in the incompressible liquid flow by acceleration.  The accelerating liquid flow will cause 

the liquid layer to recede from the wick and form a variable thickness film along the wall 

of the heat pipe. 
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Figure 3.9.  Pressure distributions for the bent heat pipe at 45 rpm. 
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Figure 3.10. Curvature supported by the wick for the bent heat pipe at 45 rpm. 

 

 Results of a simulation with the heat pipe rotating at 200 rpm for the 100 W heat load 

are shown in Figs. 3.11 through 3.13.  Pressure distributions in the liquid and vapor are 

shown in Fig. 3.11.  The results shown indicate the presence of the second wet-point in 

the adiabatic section, and a variable thickness film flow in the evaporator section with the 
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Figure 3.11.  Pressure distributions for the bent heat pipe at 200 rpm. 
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Figure 3.12. Curvature supported by the wick for the bent heat pipe at 200 rpm. 

 

pressure of the liquid nearly equal to the pressure of the vapor (as required by the normal 

stress condition at the interface).  In Fig. 3.13, the liquid layer thickness in the heat pipe 

is shown.  At the second wet-point, the liquid forms the variable thickness film in the 

adiabatic section.  It is assumed that once the liquid recedes from the wick, the excess
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Figure 3.13.  Liquid layer thickness for the bent heat pipe at 200 rpm. 

 

fluid charge is forced into the off-axis evaporator section by the centrifugal force.  The 

layer thickness at the entrance to the evaporator section is varied in the shooting method 

to ensure that the liquid volume is equal to the fluid charge.  For the results presented 

here, the fluid charge is set equal to 15.7g  of methanol. 

3.6PARAMETRIC STUDIES  

 The performance of the heat pipe shown in Fig. 3.6 will be affected by a number of 

variables.  The code developed here is used to investigate the effects that varying the heat 

load, rotation speed, fluid charge, and heat pipe geometry have on the temperature 

differences required to transfer heat through the heat pipe.  In the parametric studies that 

follow, the baseline heat pipe has the same dimensions and fluid charge used in Sec. 3.5. 

3.6.1 CONDENSER HEAT TRANSFER  

 As was mentioned in the previous section, when the heat pipe shown in Fig. 3.6 is 

rotating, the excess liquid charge collects in the evaporator section and forms a variable-
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thickness film along the wall.  Only enough liquid remains in the condenser section to fill 

the annular gap wick, and the wick is used to drive liquid out of the condenser. 

 Because the wall of the condenser is cooled, the liquid in the annulus is thermally 

stratified.  For low flow velocities (and small film Reynolds and Péclet numbers), heat 

transfer across the liquid film in the condenser is primarily by pure conduction through 

the liquid.  Consequently, the temperature difference required for heat transfer across the 

annulus in the condenser section should not be affected by rotation speed.  Additionally, 

the temperature difference should linearly increase with increases in heat transfer rate.  

These observations are confirmed in Fig. 3.14.  The baseline heat pipe is modeled for 

rotation speeds of 500, 700, and 1000 rpm, and with heat loads of 50, 100, and 200 W.  

The figure shows that the temperature difference across the liquid film is independent of 

rotation speed and that doubling the heat transfer rate doubles the temperature difference. 

 Next, the heat pipe is modeled with a heat transfer rate of 200 W and a rotation speed 

of 1200 rpm.  For the results shown in Fig. 3.15, the annular gap distance is varied from
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Figure 3.14.  Condenser film temperature difference for the baseline heat pipe. 
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Figure 3.15.  Temperature difference across the condenser film for various annular 

gap distances. 

 

0.03 cm to 0.015 cm.  Assuming that the heat transfer across the liquid film in the 

condenser is by pure conduction, the one-dimensional energy equation shows that  

 ln(1 / )
2

c

Q
T R

kL
δ

π
Δ = − − . (3.62) 

Results obtained from the finite-difference code for the temperature difference across the 

liquid film in the condenser are within 5 % of the results calculated with Eq. (3.62).  The 

results indicate that heat transfer across the condenser film is primarily by conduction. 

 In Fig. 3.16, film Reynolds and Péclet numbers, based on the film thickness and 

average axial velocity in the liquid film, are shown as a function of axial length for the 

baseline heat pipe rotating at 1200 rpm with a 200 W heat load.  The film Reynolds 

numbers shown are much less than the value of Re 240δ =  suggested by Carpenter and 

Colburn as the point where the flow in an annulus will transition to turbulence [as cited in 

(Daniels and Al-Jumaily 1975)].  The assumption of laminar flow in the liquid is 
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justified.  Finally, as was shown in Figs. 3.14 and 3.15, with the modest Péclet numbers 

generated in the liquid, the effects of forced convection on the heat transfer across the 

liquid film are negligible. 

 Having shown that the liquid in the condenser fills the annulus and that heat transfer 

across the liquid annulus is governed by conduction through the liquid, the remainder of 

the parametric study will focus on heat transfer and fluid flow in the adiabatic and 

evaporator sections for the rotating heat pipe.  With the heat pipe rotating, the liquid 

forms a variable thickness film in the adiabatic and evaporator sections, and heat transfer 

in the evaporator section is augmented by natural convection across the liquid film. 

3.6.2 F IXED GEOMETRY AND FLUID CHARGE  

 The effects of heat load and rotation speed on the average temperature difference 

across the liquid film in the evaporator section are shown in Fig. 3.17 for the baseline 

heat pipe.  The figure shows that, as with the axially rotating heat pipe, the temperature 
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Figure 3.16.  Reynolds and Péclet numbers in the liquid film for the baseline 

rotating heat pipe. 
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difference decreases with increasing rotation speed and decreasing heat transfer rate (see

Fig. 3.3).  Increasing the rotation speed at a fixed heat transfer rate results in an increased 

Rayleigh number for the buoyancy driven convection in the evaporating liquid film.  

Increasing the Rayleigh number increases the heat transfer coefficient, resulting in lower 

temperature differences at higher rotation speeds. 

3.6.3 THE EFFECT OF FLUID CHARGE  

 In Fig. 3.18 the fill mass (or fluid charge) is varied from 7 to 16 g of methanol for the 

baseline heat pipe rotating at 1200 rpm with a heat load of 200 W.  Increasing the fluid 

charge in the heat pipe will increase the thickness of the liquid film in the evaporator 

section. 

 With a small fluid charge, <8.6 g, the Rayleigh number in the evaporator film is 

below the critical value of 1600c
Ra =  for an evaporating liquid film predicted by 

Jankowski et al. (Jankowski et al. 2006a).  Below this critical value, heat transfer across

5

10

15

20

25

45 70 95 120 145 170 195 220

Q (W)

E
v

ap
o

ra
to

r 
F

il
m

 Δ
T

 (
K

)

500 rpm

700 rpm

1000 rpm

 
Figure 3.17.  Temperature difference across the evaporator film for various heat 

loads and rotation speeds. 
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Figure 3.18.  Evaporator film temperature difference as the fill mass is varied. 

 

the liquid film is by conduction, and increases in the fluid charge result in increased 

temperature differences. 

 As the fluid charge is increased, and the evaporator film thickness increases, natural 

convection is present in the liquid film.  After reaching the critical Rayleigh number, the 

temperature difference decreases with increasing fluid charge, reaches a minimum, then 

increases.   

 A scaling argument can be used to understand this behavior.  For a fixed heat transfer 

rate, the temperature difference is related to the Nusselt number and liquid layer thickness 

by /T NuδΔ ∼ .  The Nusselt number may be expressed as n
Nu Ra∼ , so that 3n

Nu δ∼  

and 1 3n
T δ −Δ ∼ .  This relationship shows that the exponent n  at a given point on the Nu  

vs. Ra  curve will determine whether the temperature difference increases or decreases 

with layer thickness.  For 1/ 3n > , the temperature difference will decrease with 

increasing layer thickness, while for 1/ 3n <  the opposite will occur.  Close to the critical 
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Rayleigh number, where the slope of the Nu  vs. Ra  curve is highest (see Fig. B.6), the 

exponent n  is large, resulting in decreasing temperature difference with increasing fluid 

charge just after the onset of convection.  Further increases in fluid charge and Rayleigh 

number decrease the exponent n  below 1/3. 

3.6.4 INCREASING THE LENGTH OF THE EVAPORATOR  

 In Fig. 3.19, the length of the evaporator is increased from the baseline value of 45.7 

cm to 183 cm for the heat pipe rotating at 1200 rpm with a 200 W heat load.  When 

increasing the length of the evaporator, the fluid charge is also increased so that the liquid 

layer thickness in the evaporator remains constant.  In the absence of natural convection 

with a constant layer thickness, the temperature difference across the liquid film would 

decrease linearly as the length of the evaporator is increased.  The non-linear behavior 

observed in Fig. 3.19 can, once again, be attributed to natural convection in the liquid 

film.  For a constant layer thickness and heat transfer rate, ( )1
e

T L NuΔ ∼  and 

ΔT = 10.58Le
-0.78

~Le
-1/(1+n)

R
2
 = 0.998
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Figure 3.19.  The effect of evaporator length on temperature difference across the 

evaporator film for a constant liquid layer thickness. 
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n

Nu TΔ∼ , so that 1/(1 )n

e
T L

− +Δ ∼ .  From the curve fit in Fig. 3.19, 0.28n = , which is a 

reasonable value for laminar natural convection (Bejan 1995). 

3.6.5 INCREASING THE D ISTANCE FROM THE AXIS OF ROTATION  

 The distance between the axis of rotation and the off-axis evaporator section, d , is 

varied from 12.1 cm to 96.5 cm in Fig. 3.20 for the heat pipe rotating at 1200 rpm with a 

200 W heat load.  Increasing the distance from the axis of rotation increases the 

centrifugal force acting on the vapor.  As suggested by models of radially rotating heat 

pipes, the pressure of the vapor at the off-axis entrance to the adiabatic section must be 

large enough to overcome the centrifugal force as the vapor flows to the on-axis 

condenser (Ling and Cao 2000; Ling et al. 2001).  The hydrostatic pressure rise across 

the S-shaped adiabatic section is given by 

 2 21
2v vp dρ ωΔ = . (3.63) 
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Figure 3.20.  Temperature difference over the adiabatic section as the distance from 

the off-axis evaporator to the on-axis condenser is increased. 
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For saturated vapor, the pressure difference predicted by Eq. (3.63) can be used to 

calculate a temperature difference across the adiabatic section.  For the curve shown in 

Fig. 3.20, saturated methanol properties have been determined using Engineering 

Equation Solver (EES) software (F-Chart).  Fig. 3.20 shows that the finite-difference 

code is properly calculating the pressure rise in the vapor due to the centrifugal force.  

The finite-difference analysis is predicting a slightly higher (1 %) pressure rise due to 

friction acting on the vapor, which is not accounted for in Eq. (3.63). 

3.7CONCLUDING REMARKS  

 The verification and validation studies indicate that the heat pipe code developed in 

this chapter is able to reproduce results from existing models of both rotating and 

stationary heat pipes.  Additionally, the parametric studies have shown that the model is 

predicting the expected behavior for the proposed heat pipe.  The analysis code will be 

used in Chapter 5 to develop performance maps for the heat pipe with the S-shaped curve 

and results of the analysis will be compared to experimental data. 
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4. HEAT PIPE TEST APPARATUS  

 The numerical model in the previous chapter assumed that the flow of liquid was 

symmetric about the longitudinal axis of the heat pipe.  Although the axisymmetric model 

does incorporate many aspects of the flow, three-dimensional behavior is expected in the 

actual heat pipe.  At high rotation rates, the liquid in the off-axis revolving evaporator 

section will pool onto one side of the heat pipe.  An experimental apparatus for testing 

the proposed rotating heat pipe has been designed and built (Jankowski et al. 2006b).  

The goal of the experimental study is to ensure that the two-dimensional model is able to 

capture the key parameters affecting the performance of the rotating heat pipe. 

 The various components of the experimental apparatus will be described in this 

chapter.  A method for fabrication of the heat pipe with the annular gap wick structure 

and a procedure for cleaning and filling the heat pipe with the working fluid will be 

outlined.  Finally, the rotating test rig will then be described, along with safety analyses 

that were used in sizing many of the components of the experimental setup. 

4.1FABRICATION OF THE HEAT P IPE  

 The heat pipes used throughout the experiments were fabricated from a 0.5” (1.27 

cm) OD, 0.035” (0.089 cm) wall thickness copper tube.  The wick was made from two 

layers of 200x200 mesh stainless steel screen.  To fabricate the wick, the screen is cut 

into 1” (2.54 cm) wide strips and the strips are wound around a 10 mm brass mandrel on 

a 30 degree bias.  The bias angle is chosen so that each wrap of screen slightly overlaps 

the previous wrap.  At the overlap region, the stainless steel screen is spot-welded to 

itself.  A photograph of a partially completed wick, showing the bias wrapped screen, is 

in Fig. 4.1.  After completing the first layer of bias wrapped screen, a second layer is 
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wrapped over the first.  The use of the 10 mm brass mandrel and a two-layer bias 

wrapped screen gives a nominal annulus thickness of 0.01 inches (0.25 mm). 

 Once the wick was fabricated, it was removed from the brass mandrel, and a test to 

determine the effective pore radius (or maximum curvature) was performed.  To 

determine the pore radius, both ends of the wick are plugged, and the wick is immersed in 

a methanol bath.  Immersing the wick in the methanol bath causes methanol to be held in 

pores of the wick by surface tension, and air to be trapped in the interior vapor space of 

the wick.  The plug at one end of the wick has a fill tube protruding from it, which allows 

gas to be transferred from outside the methanol bath to the interior vapor space of the 

wick.  During the pore test, the fill tube is connected to a pressure gauge and a nitrogen 

gas bottle.  A metering valve is used to slowly increase the pressure in the vapor space of 

the wick by bleeding in nitrogen gas.  The pressure is increased until vapor bubbles 

escaping through the surface of the wick are observed.  The pressure at which vapor 

bubbles break through the wick can be used, along with the normal stress condition 

(which, in the hydrostatic case, reduces to the Laplace-Young equation), to determine an 

 
Figure 4.1.  The bias wrapped wick. 
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effective pore radius of the porous wick (since the surface tension of methanol is known).  

For the 200 x 200 mesh screen wick, the pore radius was measured as 44
eff

r mμ= .  This 

value compares well with the 42
eff

r mμ=  expected for the screen (Unique).  

 After the wick has been pressure tested the wick is inserted into the copper tube.  A 

10 mm diameter 1 cm long brass plug is then soldered into the evaporator end of the 

wick.  This plug in the evaporator end seals the vapor space in the evaporator, allowing 

the capillary pressure difference to be supported at the evaporator end during stationary 

operation.  The plug has a 1/8” hole drilled through its center.  A 1/8” copper fill tube is 

soldered into the plug.  Copper plumbing caps are then soldered onto the evaporator and 

condenser ends of the heat pipe.  The cap at the end of the evaporator also has a 1/8” hole 

drilled into it so that the fill tube can protrude out.  The heat pipe fabrication is completed 

by attaching a fill valve to the end of the fill tube. 

 With the ends of the heat pipe sealed by the soldered copper caps, the heat pipe is 

evacuated and helium leak checked.  A funnel is attached to the fill valve, and the liquid 

methanol working fluid is added to the funnel.  The heat pipe is charged by opening the 

fill valve and letting a fixed volume of methanol into the evacuated heat pipe.  This 

methanol charge is emptied from the heat pipe, and the heat pipe is purged with nitrogen 

gas and re-evacuated several times.  This filling, emptying, and pumping and purging 

cycle is repeated many times to clean the interior of the heat pipe before the final fluid 

charge is added. 

 With the heat pipe fabricated and filled, the two bends were put into the heat pipe to 

produce the shape shown in Fig. 3.6.  Two tube benders have been fabricated for the 

purpose of making the S-shaped curve in the heat pipe. 
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4.2ROTATING TEST APPARATUS  

 The general arrangement of the rotating test apparatus is shown in Fig. 4.2.  The 

motor drive system, condenser bath, heat pipes, and the supports for the rotating heat 

pipes are mounted on a frame made from 2” x 2” hollow steel channel with a 0.125” wall 

thickness.  The rotating center shaft, on which two rotating heat pipes and the condenser 

bath are mounted, is a solid three inch diameter hardened steel shaft. 

 The center shaft is supported by three bearings.  At the two ends of the shaft, which 

have been turned down to a diameter of 1”, self-adjusting double-row ball bearings are 

used.  The bearing near the center of the shaft is a 5” diameter single row ball bearing.  

An aluminum sleeve, with an outside diameter of 5”, fits over the 3” diameter center 

shaft.  Four set screws are used to hold the position of the aluminum sleeve relative to the 

rotating center shaft, and the outer diameter of the sleeve is pressed into the inner race of 

the large bearing.  Two 5/8” diameter holes are drilled into the aluminum sleeve allowing 

the heat pipes to pass through the sleeve. 

 A support structure, made from eight separate pieces of ½” thick G-10 which are 

bolted together using 1 ½” x 1 ½” x 1/4” stainless steel angle brackets, is used to support 

the revolving evaporator section of the heat pipes.  The position of the G-10 support 

structure, which is shown in Fig. 4.3, is fixed relative to the shaft using eight set screws.  

A 1/16” thick stainless steel shield, also shown in Fig. 4.3, is then attached to the outer 

diameter of the G-10 support structure.  The purpose of the shield is to reduce the drag 

force on the G-10 structure as it rotates through the air. 

 The condenser ends of the heat pipes are cooled in the water jacket near the drive 

motor.  The heat pipes and center shaft pass through an aluminum sleeve similar to the 
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(a) 

 
(b) 

Figure 4.2.  The rotating test apparatus.  (a) Top and (b) side views are given. 
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Figure 4.3.  G-10 support structure and stainless steel shield. 

 

sleeve used in the large bearing.  Between the outer diameter of the rotating sleeve and 

the stationary water jacket, a 5” diameter friction seal is used.  The heat pipes are held in 

place relative to the rotating shaft using solid copper sleeves of similar design to those 

used for the large bearing. 

 The motor used to drive the rotating apparatus is a 5 hp variable speed alternating 

current motor (Baldor).  The motor has a speed range from 0 to 3450 rpm.  The sheaves  

used on the motor and center shaft have a ratio of 1:2.25 allowing the shaft to be rotated 

at a maximum speed of 1500 rpm. 

 The water jacket used to cool the condenser section is filled with water with a small 

amount of rust inhibitor.  A recirculator/chiller with a control temperature range from –15 

to 85 degrees Celsius is used to circulate coolant through the water jacket. 

 The evaporator ends of the heat pipes are heated using 1 inch wide Kapton tape 

heaters.  A total of 18 inches in length of the evaporator is heated.  The maximum power 
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density of the tape heaters is 10 W/in
2
, allowing for a maximum heat load of 180 W to be 

supplied to each heat pipe.  Power is supplied to the heaters through a slip ring assembly 

mounted to the 1” diameter portion of the center shaft at the evaporator end of the 

rotating apparatus.   

 Temperatures along the length of the heat pipes are measured using type K 

thermocouples that are recorded using two eight channel remote data loggers made by 

Omega Engineering Inc. (Omega).  The data loggers can be run remotely, so that 

thermocouple signals do not need to be passed through a slip ring assembly.  The data 

obtained on the data loggers, however, must be downloaded after rotation of the 

apparatus is stopped. 

 Calibration tests were performed with the data loggers and thermocouples to quantify 

the uncertainty in the temperature measurements.  The thermocouples were immersed in 

an ice-water bath and in boiling water.  Data from the calibration tests are shown in Fig. 

4.4.  Data were taken every ten seconds from all eight thermocouples for twenty minutes.  

This gives a sample size of 960 readings.  Both the ice-water and boiling water tests show 

normal frequency distributions, with the boiling water test having the largest standard 

deviation.  A band of 0.5K±  corresponds to a 99 percent ( 3±  standard deviations) 

confidence interval for the boiling water test.  This estimate of the uncertainty is used 

throughout the experimental study. 

 Safety shields are attached to the support frame.  Steel plates with a thickness of 

5/16” are used on the two sides of the support frame, 5/8” aluminum plates are used on 

the top, and 1/2” thick LEXAN plates are used on the ends.  The top plates slide beneath 

two steel rails running the length of the support frame.  This allows the top plates to be
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Boiling Water Test
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Figure 4.4.  Data from calibration tests of the thermocouple measurements in (a) 

ice-water and (b) boiling water. 

 

taken off of the apparatus for data collection, maintenance of the apparatus, and to make 

necessary adjustments.  The shields are in place to prevent the possibility of projectiles 

from becoming a hazard to personnel in the area. 
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 Some pictures of the apparatus at various stages of completion are shown in Fig. 4.5. 

4.3SUPPORTING ANALYSES  

 A structural analysis of the G-10 supports and a safety analysis of the shielding were 

performed.  The apparatus was originally designed to rotate to a maximum speed of 5600 

 
(a) 

 
(c) 

 
(e) 

 
(b) 

 
(d) 

 
(f)

Figure 4.5.  The test apparatus during assembly.  In (a) a view of the completed 

assembly in the frame is shown.  Figures (b), (c), and (d) show the condenser end 

assembly.  A close-up of the large bearing with the condenser sections extending out 

is in (b), the condensers with the copper cover blocks are shown in (c), and in (d) the 

water jacket has been mounted at the condenser end.  Figure (e) shows the 

evaporator sections and G-10 supports and (f) shows the assembly with the stainless 

steel shield. 
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rpm.  After assembly, however, it was found that the motor was undersized for the 

rotating load.  Both the structural and shielding analyses assume a maximum speed of 

5600 rpm. 

 The thickness of the steel and LEXAN shields were determined using the Thor 

equations database (Greenspon 1976; Prenger 2003).  The projectile analysis assumed 

that a 1” diameter 2” long particle that is located 9” from the axis of rotation becomes 

detached from the rotating apparatus while the apparatus is rotating at 5600 rpm.  This 

would simulate one of the bolts on the G-10 structure coming loose.  The shield thickness 

was determined so that in the event of a projectile being generated, this particle would be 

confined inside of the shielding. 

 A structural analysis of the G-10 support structure was performed using the 

COSMOS finite element analysis software (Hill 2003).  The analysis was performed to 

aid in designing the geometry of the G-10 pieces and the brackets used to join the G-10 

pieces together.  The maximum stress generated in the G-10 supports was monitored for 

the structure rotating at 5600 rpm.  The design was determined so that the maximum 

stress was below the yield strength of G-10. 
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5. RESULTS  

 Results of the experimental investigation are compared to predictions from the 

numerical model in this chapter.  The experiments were carried out in three steps.  After 

the heat pipe was assembled and before bending to make the S-shaped curve, 

performance tests aimed at determining the capillary limit of the straight heat pipe were 

completed.  Following these performance limit tests, the two bends making up the S-

shaped curve were incorporated into the heat pipe, and the performance tests were 

repeated.  These tests allow for a quantification of the effect that the bends have on the 

stationary heat pipe performance and are used to show that the wick structure was not 

damaged during bending.  Finally, the rotating test apparatus was assembled with the heat 

pipes and data was obtained with the heat pipes operating at rotation speeds up to 1200 

rpm. 

5.1STATIONARY BENCH-TOP TESTS  

 During fabrication of the heat pipe, bench-top performance tests were performed to 

determine the heat transfer limitation of the heat pipe.  For this long (140 cm), small 

diameter (1.3 cm) heat pipe with the annular gap wick, the capacity of the heat pipe is 

limited by the capillary limit.  A picture of the bench-top test stand with the straight heat 

pipe is shown in Fig. 5.1.  To test the capillary limit, the heat pipe was artificially loaded 

against gravity with the evaporator at a higher elevation than the condenser.  This 

artificial loading decreased the amount of power that had to be put through the heat pipe 

to reach the capillary limit.  In the bench-top tests, the condenser end of the heat pipe was 

cooled by a copper chill-block clamped to the condenser end of the heat pipe, with water 

circulating through the block from a recirculating water bath.  With the condenser  
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(a) 

 
(b)

Figure 5.1.  The bench-top test stand with the straight heat pipe.  The overall set-up 

is shown in (a), and the copper chill-block on the condenser is shown in (b) 

 

temperature set by the water bath, the power input to the tape heater on the evaporator 

end of the heat pipe was incrementally increased until a dry-out was observed.  Dry-out 

of the evaporator, caused by the capillary limit, was observed in the data as a sharp 

increase in the evaporator temperature soon after the power to the heat pipe was 

increased.  As shown in the example data file of Fig. 5.2, dry-out occurs when the 

temperature at the end of the evaporator (TC 1) increases rapidly after the power input is 

increased to 16.2 W, indicating that the wick dries out between 14.5 and 16.2 W. 

 Dry-out data for the heat pipe, before and after bending are shown in Fig. 5.3 with a 

21 g pentane charge.  The heat loads presented in the figure have been corrected for heat 

loss through the 1.27 cm thick foam insulation on the evaporator and adiabatic sections.  

At the highest temperature data point (50 C), heat loss through the insulation is 7 W.  The 

data indicate satisfactory agreement between the tests and model predictions, with a 

reduction in performance caused by placing the bends in the heat pipe.  It was found that 

adding an effective length of 20 outer tube radii to the length of the adiabatic section 

allowed the model results to simulate the performance of the bent heat pipe.  This 

effective length is of the same order of magnitude as empirical correlations for the effect 
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Figure 5.2.  Example data file for the stationary test with the straight heat pipe with 

the condenser set to 20 C. 

 

of large radius 90 degree bends in tubing (Eaton 2003).  The stationary bench-top tests 

indicate that the wick was not damaged during the fabrication and bending processes. 

5.2TESTS IN THE ROTATING APPARATUS  

5.2.1 REPORTED UNCERTAINTIES  

 Two major sources of uncertainty in reporting the test results for the rotating heat 

pipe in the test apparatus have been identified.  Temperature values along the length of 

the heat pipe and temperature differences between two locations on the heat pipe are 

reported.  As was mentioned in the previous chapter, all individual thermocouple 

readings are assumed to have an uncertainty of 0.5K± .  Additionally, heat transfer rates 
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Experimental Data vs. Model Prediction 4 Degree Adverse Tilt
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Experimental Data vs. Model Prediction 4 Degree Adverse Tilt
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(b) 

Figure 5.3.  Bench-top test results (a) before bending and (b) after bending. 

 

are reported.  The maximum value of the heat transfer rate into the evaporator section is 

given by the power dissipated in the resistance heater.  The heater resistance and voltage 

drop across the heater are measured with a multi-meter, allowing for a calculation of the 

maximum heat transfer rate to within 1 %.  The major source of uncertainty in the heat 
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transfer rate into the heat pipe is due to heat loss through the insulation and G-10 

supports.  A conservative (high) estimate of the conduction loss has been made by 

assuming that the outer surfaces of the insulation and G-10 in contact with the evaporator 

and adiabatic sections are at room temperature, and that the surface temperature of the 

heat pipe is equal to the temperature of the evaporator.  Figure 5.4 shows the calculated 

heat loss as a function of heat pipe surface temperature.  These calculated values are used 

as an estimate of the uncertainty in reporting the heat transfer rate. 

 Uncertainties for results calculated from the measured values are determined with 

standard formulas for uncertainty propagation (Figliola and Beasley 1995).  Sample 

calculations are given in Appendix C. 

5.2.2 STATIONARY TESTS  

 After completing the bench-top tests, the heat pipes were assembled into the rotating 

test apparatus.  To assemble the apparatus, the heat pipes had to be partially disassembled 

(the condenser end-cap had to be taken off).  Stationary (non-rotating) tests were repeated 

with the heat pipes in the rotating test apparatus to ensure that the heat pipe would 

perform as expected.  Results of the stationary tests in the rotating apparatus are shown in 

Fig. 5.5.  The dry-out data, obtained for the heat pipe filled with 15.7 g of methanol, are 

compared to model results.  Again, the data indicate that the wick structure was not 

damaged during assembly of the rotating test apparatus. 

5.2.3 LOW SPEED DRY-OUT TESTS  

 Low speed tests ( 100rpmω ≤ ) were performed to determine how the capillary limit is 

affected by the centrifugal force.  For the heat pipe with the off-axis evaporator section, 
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Figure 5.4.  Estimated heat loss through the G-10 supports and insulation for the 

heat pipe installed in the rotating apparatus. 
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Figure 5.5.  Stationary tests with the heat pipes installed in the rotating test 

apparatus. 

 

the centrifugal force is helping with liquid return to the evaporator.  The capillary limit, 

therefore, should increase with increasing rotation speed.  Results of the low-speed test 
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with a condenser set point of 25 C and the heat pipe filled with 15.7 g of methanol are 

shown in Fig. 5.6.  The data point for the 0 rpm case is taken with the heat pipe operating 

in 1g  gravity assist with the evaporator 24.1cm  below the condenser.  The centrifugal 

acceleration, 2

maxdω  where max 24.1d cm=  is the distance from the axis of rotation to the 

off-axis evaporator section, increases as the rotation speed is increased.  For 

2

max / 2d gω < , the data indicate the capillary limit for the rotating heat pipe is less than 

the capillary limit for the non-rotating heat pipe with 1g  gravity assist.  Recognizing that 

gravity is superimposed on the rotating heat pipe allows for an explanation of this 

behavior.  At the top of the rotation cycle (with the evaporator above the condenser) and 

with 2

max / 2d gω < , the net acceleration assisting liquid return is less than 1g , resulting 

in a capillary limit lower than the 1g  gravity assist case.  With the current experimental 

set-up, the capillary limit could not be found after the rotation speed was increased
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Figure 5.6.  Low-speed dry-out tests. 
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beyond 100 rpm due to the limitation on the maximum power that could be supplied to 

the heat pipe. 

5.2.4 H IGH SPEED TEST DATA  

 Although performance limits could not be determined at high rotational speeds, 

temperatures along the length of the heat pipe were measured while varying the rotational 

speed and heat load.  For the heat pipe with a 15.7g  methanol charge, the rotational 

speed was varied from 210 to 1170 rpm, and the heat load was varied from 38 to 198 W.  

An example data file is shown in Fig. 5.7.  The figure shows that as the rotational speed 

is increased from 210 to 550 rpm, the temperatures in the adiabatic and evaporator 

sections are decreasing.  This temperature decrease indicates that the excess liquid, which 

in a non-rotating horizontal heat pipe is swept to the condenser section by the counter- 

flowing vapor, is being redistributed into the evaporator by the centrifugal force leading 

to a tighter coupling of the condenser section to the heat sink. 

 The measured temperature difference across the liquid film in the evaporator section 

(TC3 – TC4) for the heat pipe rotating up to 1170 rpm is shown in Fig. 5.8.  The figure 

shows that the temperature difference across the liquid film in the evaporator increases 

with rotation speed at low (<420 rpm) speed, then decreases as the rotation speed is 

increased.  The data from these tests with increasing heater power are collapsed to a 

single curve, shown in Fig. 5.9, by evaluating the thermal conductance ( /G Q T= Δ ) 

across the liquid film.  As the temperatures differences in Fig. 5.8 would suggest, at low 

rotation speed, the conductance decreases with increasing rotation speed.  The decrease in 

thermal conductance across the liquid film in the evaporator is caused by the 

redistribution of liquid in the heat pipe due to the centrifugal force.  As the excess liquid
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Figure 5.7.  Example data file for a rotating test with a 150 W heat load and a 

condenser temperature of 25 C. 

 

charge drains from the condenser into the evaporator, the liquid film in the evaporator 

gets thicker, decreasing the conductance.  Once the rotation speed (and centrifugal force) 

is large enough to force all of the excess liquid into the evaporator (>420 rpm), further 

increases in rotation speed result in an increased thermal conductance across the liquid 

film.  The increase in thermal conductance is likely due to an increase in the Nusselt 

number in the liquid film as the centrifugal force and Rayleigh number are increased. 

 From the conductance values shown in Fig. 5.9, the scaling between Nusselt number 

and Rayleigh number for the liquid film in the evaporator can be approximated.
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Rotating Heat Pipe Data: Evaporator ΔT
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Figure 5.8.  Measured temperature difference across the evaporator liquid film for 

the rotating tests.  All uncertainties are the same as the 38 W case. 
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Figure 5.9.  Conductance across the liquid film in the evaporator section of the 

rotating heat pipe.  The 74 W case gave the largest (dashed) error bar and the 198 

W case gave the smallest (solid) error bar when calculating the conductance. 

 

Assuming that the fluid properties are constant, the Rayleigh number increases as 2
Tω Δ .  

Taking ( )2

min
Tω Δ  and minG  as the values from the 420 rpm data points, the ratios 
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min/G G  and ( ) ( )2 2

min
T Tω ωΔ Δ  are representative of min/Nu Nu  and min/Ra Ra , 

respectively, for the data points with a rotation speed greater than 420 rpm.  This 

relationship is shown in Fig. 5.10.  The figure indicates that the exponent in power law 

relationship is 0.2.  A curve fit of the correlation of Jankowski et al. given in Eq. (3.43) 

for 4,000 10,000Ra≤ ≤  gives an exponent of 0.23.  This observation would suggest that 

heat transfer across the liquid film is influenced by buoyancy driven convection. 

5.3COMPARISONS TO THE ROTATING HEAT P IPE MODEL  

 The rotating heat pipe data and model predictions are compared in Figs. 5.11 and 

5.12.  The error bars on the numerical solutions are the GCI for the 102 x 22 grid used to 

calculate the data points in the figures.  For this grid, the GCI was calculated as 6 %.  

Results from the numerical model using the Nusselt number correlation of Jankowski et 

al. [Eq. (3.43)] are shown in Fig. 5.11, while in Fig. 5.12 the correlation of Körner is 

used.  Both simulations qualitatively capture the behavior of the heat pipe.  In particular, 
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Figure 5.10.  Nusselt number for heat transfer across the evaporator film in the 

rotating heat pipe. 
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Figure 5.11. Comparing experimental results to the model using the convection 

correlation of Jankowski et al. 
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Figure 5.12.  Comparing experimental results to the model using the convection 

correlation of Körner. 

 

both model and experimental results suggest that increases in rotation speed and 

decreases in heat transfer rate reduce the temperature difference across the liquid film in 

the evaporator section.  Additionally, the slopes of the curves generated by the model are 
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close to those observed in the experiments, suggesting that the model is properly 

predicting the transition from wicked to non-wicked operating regimes and the associated 

redistribution of the working fluid.  The model results, however, are overly conservative 

(that is, predicting higher temperature differences across the film for a given heat transfer 

rate).  Using the correlation of Jankowski et al., the model over-predicts the temperature 

difference by as much as 160 %, whereas with the correlation of Körner, the model over-

predicts the temperature difference by as much as 110 %. 

 The comparisons shown in Figs. 5.11 and 5.12 indicate that the model is predicting 

lower heat transfer coefficients across the liquid film in the evaporator than are observed 

in the experiments.  In the development of the numerical model, the liquid flow was 

assumed laminar and two-dimensional (symmetry about the longitudinal axis).  

Additionally, the effects of mixed convection, due to the liquid flow from the condenser 

to the evaporator, on the heat transfer coefficient in the evaporator were ignored.  These 

simplifying assumptions may contribute to the low estimates of the heat transfer 

coefficient in the evaporator section produced by the model.   

5.3.1 M IXED CONVECTION AND TURBULENCE IN THE LIQUID  

 When calculating the heat transfer coefficient in the evaporator, the heat pipe model 

ignores the presence of mixed convection in the liquid film by using a Nusselt number 

correlation for pure natural convection.  A considerable amount of work has been done to 

assess the effect of buoyancy on forced convection between horizontal parallel plates 

(Osborne and Incropera 1985a; Osborne and Incropera 1985b) and in horizontal tubes 

(Hieber 1982; Nagendra 1973).  Nusselt numbers for these mixed convection cases are 
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calculated from the well-known formula for mixed convection in general (Churchill 

1977) 

 n n n

F N
Nu Nu Nu= + , (5.1) 

where subscripts F  and N  represent Nusselt numbers for pure forced or natural 

convection, respectively, and 3n =  is suggested to provide a best fit to the experimental 

data (Hieber 1982; Osborne and Incropera 1985b).  The relative importance of buoyancy 

to forced convection is assessed with the ratio 2/ ReGr .  With the small film Reynolds 

numbers developed in the heat pipes studied here (see Fig. 3.16), 2/ Re 1Gr >>  in the 

evaporator, and natural convection in the liquid film will dominate.  In this situation, the 

forced convection component in Eq. (5.1) can be ignored. 

 Although the heat transfer coefficient in the evaporator can be calculated from a 

natural convection correlation, the transition to thermal turbulence in the heated liquid 

film may affect the dynamics of the liquid flow.  As discussed in Section 3.6.1 and 

illustrated in Fig. 3.16, typical Reynolds numbers in the liquid film are well below the 

transition value to induce hydrodynamic turbulence.  However, as the Rayleigh number 

in the liquid film increases, the flow can transition due to thermal turbulence (Nagendra 

1973).  When calculating the liquid film thickness in the evaporator, the heat pipe model 

assumes a laminar liquid flow.  If thermal effects are significant enough to develop a 

turbulent flow in the evaporator, the velocity profile and liquid layer thickness will differ 

from the values calculated by the laminar flow model. 

5.3.2 THREE-D IMENSIONAL POOL FLOW  

 The model assumes that the liquid flow is two-dimensional, with the liquid forming a 

constant thickness annulus around the circumference of the heat pipe.  In the experiment, 
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however, the centrifugal force is large enough to overcome the circumferential pumping 

force of the porous wick (Semena et al. 1991).  Therefore, the liquid will be forced to 

pool into a crescent shaped liquid layer on the outer wall, and only a portion of the 

circumference of the evaporator section will be covered with liquid.  This three-

dimensional behavior has not been captured in the numerical model and may explain the 

discrepancies observed when comparing predictions to the experiments. 

 When the liquid is forced to pool on the surface of the evaporator, the evaporator 

section is behaving as a revolving heat pipe.  Only a limited number of studies devoted to 

the heat transfer in revolving heat pipes have been carried out (Curtila and Chataing 

1984; Gi and Maezawa 1990; Niekawa et al. 1981; Pokorny et al. 1984).  All of these 

studies had an experimental component, but only Curtila and Chataing attempted to 

characterize the performance of their revolving heat pipe with a heat pipe model based on 

a thermal resistance network (Curtila and Chataing 1984).  In the model by Curtila and 

Chataing, the thermal resistance in the evaporator section of the revolving heat pipe is 

crudely estimated by assuming that half of the evaporator surface is covered by liquid 

with a boiling heat transfer coefficient of 
22000 /W m K .  The heat transfer coefficient 

over the entire evaporator surface area is then estimated as 21000 /W m K . 

 In Fig. 5.13, the measured heat transfer coefficient across the evaporator film from 

the heat pipe tested here is compared to the measured heat transfer coefficient reported by 

Gi and Maezawa (Gi and Maezawa 1990).  The calculated heat transfer coefficient of 

Curtila and Chataing and the heat transfer coefficient calculated with the present model 

which assumes that the liquid is evenly distributed around the circumference are also 

shown on the figure.  The figure clearly shows that the present model is underestimating 
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Figure 5.13.  Comparing heat transfer coefficients in the evaporator.  The dashed 

error bars are for the 74 W data and the 198 W error bars are solid. 

 

the heat transfer coefficient in evaporator section, resulting in the high estimates of the 

temperature difference across the evaporator film shown in Figs. 5.11 and 5.12.  

Although the simple correlation provided by Curtila and Chataing does agree with both 

the experimental data collected here and the data of Gi and Maezawa, it does not account 

for the variations in heat transfer coefficient with rotation speed, fluid charge, working 

fluid properties, and heat pipe geometry. 

 Observations from experiments with rotating (on-axis) heat pipes at low-speed also 

indicate that the annular flow assumption used here would underestimate the heat transfer 

coefficient when the liquid forms a pool in the evaporator section (Jian et al. 1987; Jian et 

al. 1990; Krivosheev et al. 1979; Reddy et al. 1987; Reddy et al. 1990).  As discussed in 

Sec. 2.3.1, when the liquid in the rotating heat pipe transitions from pool flow to annular 
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flow, the heat transfer coefficients in the condenser and evaporator decrease by typically 

an order of magnitude.  The numerical model developed here assumes that, regardless of 

the rotation speed, the liquid in the evaporator forms a continuous annulus around the 

circumference of the heat pipe.  Although heat transfer coefficients in the pool flow 

regime have been measured, no correlations or theories are available to use in a design 

calculation. 

 The heat transfer coefficient in the evaporator section may also be enhanced (over the 

values observed in smooth-walled tubes) by the presence of the wick.  Experimental 

investigations have found that shallow grooves on the inside wall of revolving heat pipes 

tend to spread the liquid over a larger area and increase the heat transfer coefficient 

(Castle et al. 2001; Klasing et al. 1999; Niekawa et al. 1981).  The screen wick pressed 

against the wall by the centrifugal force may have the same effect as a grooved wall. 

 It is clear from the comparisons of the numerical and experimental results that more 

work is needed to characterize and quantify the heat transfer in revolving heat pipes and 

rotating heat pipes operating in the pool flow regime.  The limited data available, 

however, does seem to confirm the presumption that the differences between the 

calculated and observed performance for the heat pipe studied here are in large part due 

to the three-dimensional nature of the flow in the revolving evaporator section. 
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6. CONCLUDING REMARKS  

6.1SUMMARY  

 A unique heat pipe for off-axis cooling of rotating machinery has been studied both 

numerically and experimentally.  The heat pipe is built so that the condenser section is an 

on-axis rotating section, the evaporator section is off-axis and revolving, and the 

adiabatic section contains an S-shaped curve which joins the condenser and evaporator.  

This heat pipe geometry could find use in cooling rotating devices with off-axis heat 

sources (in contact with the evaporator) and where coupling to a heat sink (at the 

condenser section) is most easily and efficiently achieved on-axis.  The heat pipe studied 

here also contains an annular gap screen wick structure allowing for operation when the 

heat pipe is not rotating. 

 A numerical model of the rotating heat pipe has been developed.  The model is based 

on a two-dimensional (symmetry about the longitudinal axis) finite-difference model of 

the liquid flow coupled to a one-dimensional model of the vapor flow.  The model can 

predict the performance of rotating heat pipes without a wick structure as well as heat 

pipes with an annular gap wick. 

 The model developed here represents an extension to previous analyses of the liquid 

flow in wickless rotating heat pipes which are based on a Nusselt-type film flow analysis.  

In the Nusselt-type film flow analysis, simplified forms of the governing equations are 

applied to the liquid to determine the liquid layer thickness along the wall of the heat 

pipe.  Rather than solving simplified versions of the governing equations, the present heat 

pipe model solves the full discretized Navier-Stokes and energy equations, subject to the 

associated free-surface boundary conditions, in the liquid layer.  In the analysis, the liquid 
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and vapor flows are treated separately, and a coordinate transformation and mapping 

procedure is used to determine the varying location of the liquid-vapor interface in non-

wicked operation.  The coordinate transformation and the method used for application of 

the free-surface boundary conditions have been extensively used and tested in previous 

investigations of free-surface flows (Faghri et al. 1984; Pacheco and Peck 2000; Sim et 

al. 2004). 

 Treating the liquid and vapor flow domains separately and coupling them through the 

boundary conditions at the interface has distinct advantages over a single-domain 

approach suggested previously for the analysis of rotating heat pipes (Baker et al. 1999).  

In particular, in the code developed here, a simplified model of the vapor flow can be 

used when the overall performance of the heat pipe is not affected by the dynamics of the 

vapor flow.  Although temperature and pressure variations in the vapor phase of most 

rotating heat pipes have a negligible impact on the overall thermal performance (Song et 

al. 2003), the model developed here for the flow in the liquid could be coupled to more 

detailed models of the vapor flow if the need were to arise. 

 For the results presented throughout this work, discretization errors have been 

assessed and minimized using the GCI method (Roache 1998).  The code has been 

validated by modeling a stationary (non-rotating) heat pipe and comparing the results to 

another extensively benchmarked heat pipe design code (Woloshun et al. 1988).  

Additionally, rotating wickless heat pipes were modeled and the results were compared to 

previous analyses (Daniels and Al-Jumaily 1975; Song et al. 2003). 

 The code developed here was used to model the heat pipe with the S-shaped curve.  

The model shows that in non-rotating operation and at low-speed, the liquid fills the 
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annular gap wick, and the capillary pressure generated is used for liquid return to the 

evaporator.  As the rotation speed is increased a critical rotation speed is reached, after 

which, the centrifugal forces acting on the working fluid cause the liquid to recede from 

the wick and form a variable thickness film along the wall of the adiabatic and evaporator 

sections.  This transition from operating as a wicked heat pipe to a heat pipe which does 

not rely on the wick is behavior that could not be explained by the existing Nusselt-type 

analyses and has not been previously reported.  Predicting the performance of this unique 

heat pipe requires an analysis that includes the liquid acceleration terms and the presence 

of the wick. 

 Using the analysis code developed here, parametric studies were performed for the 

heat pipe with the S-shaped curve.  These studies assessed the impacts of varying the heat 

load, rotation speed, geometry, and fluid charge on the heat pipe performance.  The 

parametric studies showed that the liquid is confined to the annular gap wick structure in 

the condenser section and that the thermal resistance in the condenser is dominated by 

conduction across the liquid layer.  Additionally, the saturated vapor experiences a 

pressure (and temperature) rise in the S-shaped curve that is determined by the 

hydrostatic pressure required to overcome the centrifugal forces.  Finally, the parametric 

studies showed that the heat transfer in the off-axis evaporator section is influenced by 

natural convection in the heated liquid layer. 

 A literature survey (see Appendix B) showed that the empirical correlations 

suggested for natural convection and boiling in evaporating liquid layers are not 

applicable to most rotating heat pipes.  Steady laminar natural convection in an 



   93 

evaporating liquid layer was modeled numerically and an appropriate Nusselt number 

correlation was developed for typical heat pipe operating conditions. 

 Experiments were performed to characterize the heat transfer performance of the 

rotating heat pipe incorporating the S-shaped curve.  A method of fabricating the long 

curved heat pipe has been developed.  Stationary performance tests were conducted to 

verify that the wick structure was not damaged during fabrication or bending. 

 A rotating apparatus for testing heat pipes incorporating the S-shaped curve has been 

designed and built.  Rotating tests were performed with the heat pipe at speeds up to 1200 

rpm and carrying heat loads up to 200 W.  The test data indicate a redistribution of the 

liquid in the heat pipe at low (< 500 rpm) speed, and that excess liquid is forced into the 

evaporator section.  Heat transfer across the liquid film in the evaporator is shown to be 

influenced by buoyancy driven convection.  The test data indicate that the temperature 

difference required to transfer heat decreases as the rotation speed is increased and as the 

heat transfer rate is decreased.  All of these observations are qualitatively captured by the 

numerical model. 

6.2 SUGGESTIONS FOR FUTURE WORK  

 The numerical model developed here does include many aspects of the flow in the 

rotating heat pipe and suggests a unique type of behavior (the transition from the use of 

the wick to the wickless operation) for the heat pipe with the S-shaped curve.  When 

comparing the results of the numerical model to the experiments, however, the numerical 

model is predicting temperature differences across the evaporator film that are larger than 

those observed in the experiments.  The two-dimensional assumption, particularly in the 



   94 

evaporator section where the liquid will collect on the outermost region of the tube wall, 

does not accurately capture the heat transfer process in the evaporator. 

 Previous experimental studies of low-speed rotating heat pipes and revolving heat 

pipes suggest that heat transfer coefficients in the evaporator sections of heat pipes with a 

large liquid pool are considerably higher than in heat pipes with a uniformly distributed 

liquid annulus.  Although there is experimental evidence to suggest that there are 

significant differences between heat transfer in the pool flow and annular flow regimes, 

no correlations are available to predict heat transfer coefficients in heat pipes with a 

liquid pool.  A modeling study, dedicated to the heat transfer in a revolving heat pipe 

evaporator, may be a worthwhile first step toward understanding this process. 

 The numerical model developed here could be extended to model the vapor flow in 

more detail in rotating wickless heat pipes, and couple this detailed vapor flow model to 

the liquid flow model developed here.  Although finite difference vapor flow models 

have been developed for axially rotating heat pipes (Faghri et al. 1993), these models 

have either been coupled to the liquid confined to a homogeneous wick (Ismail and 

Miranda 1997; Machado and Miranda 2003) or to a simplified Nusselt-type analysis in 

the liquid layer (Harley and Faghri 1995).  By including all of the terms in the free-

surface boundary conditions for non-wicked operation, the liquid flow model developed 

here, coupled to a finite-difference model of the vapor flow, may provide a deeper 

understanding of the interaction between the liquid and vapor flows in axially rotating 

wickless heat pipes.   



   95 

LIST OF APPENDICES  

Appendix A:  SIMPLER 

Appendix B:  Heat Transfer in an Evaporating Liquid Layer 

Appendix C:  Experimental Uncertainty Analysis 



   96 

APPENDIX A:   SIMPLER 

 This section summarizes the sequence of steps in the numerical marching procedure 

used in the heat pipe design code described in Chapter 3.  The solution of the governing 

equations follows the Semi-implicit Method for Pressure Linked Equations-Revised 

(SIMPLER) applied to parabolic flows.  Details of SIMPLE and its revised version 

(SIMPLER), applied to the fully-elliptic Navier-Stokes equations are described in the 

book by Patankar (Patankar 1980).  The application of SIMPLE to parabolic flows is 

described by Patankar and Spalding (Patankar and Spalding 1972).  The terminology 

used here follows that of the original references. 

 The continuity, momentum, and energy equations, given in Eqs.(3.27) through (3.32), 

are integrated over the control volumes shown on the four point finite-difference stencil 

in Fig. A.1.  As was mentioned in Chapter 3, Π , Λ , uθ , and 
x

u  are stored at the grid 

nodes ( ,i j ), and uξ  is stored on the face of the control volume surrounding each node 

( , 1/ 2i j + ).  During the integrations, second-order centered differences are used to 

approximate the diffusion terms in the cross-stream (ξ ) direction, the QUICK method

 
Figure A.1.  The finite-difference stencil used for integrating the equations. 



   97 

(Leonard 1979) is used for the convective terms in the ξ -direction, and first-order 

backward-differences approximate the convective terms in the χ -direction. 

 The algebraic equations resulting from the discretization are cast into a nominally 

linear form at a given axial location ( i ): 

continuity: 
( , 1/ 2) ( , 1/ 2) 0

N i j S i j c
C u C u Bξ ξ+ −− + =  (A.1) 

ξ -mom.: ( ) ( ) ( ) ( ) ( )( ), 1/ 2 , 1/ 2 , 3/ 2 , , 1

u u u u u

p S Ni j i j i j i j i j
A u A u A u A Bξ ξ ξ ξ ξ

ξ ξ ξ Π+ − + += + + Π −Π +  (A.2) 

θ -mom.: ( ) ( ) ( ), , 1 , 1

u u u u

p S Ni j i j i j
A u A u A u Bθ θ θ θ

θ θ θ− += + + . (A.3) 

x-mom.: ( ) ( ) ( ), , 1 , 1
x x x x xu u u u u

p x S x N xi j i j i j
A u A u A u A B

χΠ− +

∂Π
= + + +

∂
 (A.4) 

energy: ( ) ( ) ( ), , 1 , 1p S Ni j i j i j
A A A B
Λ Λ Λ Λ

− +Λ = Λ + Λ + . (A.5) 

The terms B
φ  contain the source terms from the momentum and energy equations.  

Additionally, the convective terms in the χ -direction, which are discretized using 

backward-differences, are absorbed into the 
c

B  and B
φ  terms.  These convective terms 

allow the values of the dependent variables (velocity and temperature) from the previous 

axial location ( 1i − ) to be incorporated into the discrete equations at the current axial 

location ( i ). 

 The coefficients 
p

A , 
S

A , and 
N

A  result from a discretization of both the diffusion 

and convection terms in the momentum and energy equations.  Because the convective 

terms are non-linear, the velocity appears in these coefficients.  Absorbing the non-linear 

terms into the coefficients requires the linear equations to be solved iteratively at each 

axial location. 

 The steps used in the solution of Eqs. (A.1) through (A.5) are: 
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1. Starting at χ =0, guess the values of velocity and temperature at χ χ= Δ . 

2. Calculate the A , B , and C  coefficients in Eqs. (A.1) through (A.5). 

3. Calculate the pseudo-velocities ( ûξ  and ˆ
x

u ) and the pseudo-mass source 

( ˆ
n

m ). 

4. Solve for the first approximation to the pressure ( *Π ). 

5. Use the global mass balance to obtain a first approximation to the averaged 

pressure gradient ( * / χ∂Π ∂ ). 

6. Solve the momentum equations for the first approximations to the velocity 

components ( *uξ , uθ , and *

xu ) using the pressure and pressure gradient from 

steps 4 and 5. 

7. Calculate the mass source (
n

m ) and solve for the pressure correction ( ′Π ). 

8. Use the global mass balance to calculate the pressure gradient correction 

( / χ′∂Π ∂ ). 

9. Using the pressure and pressure gradient corrections, correct the velocities to 

give uξ  and 
x

u . 

10. Solve the energy equation for the temperature Λ . 

11. Iterate steps 2-10 until convergence is achieved. 

12. March to the next χ  location and repeat steps 1-11. 

The details in each step of the calculation procedure are: 

 Step 3:  The pseudo-velocities are defined as 

 ( ) ( ) ( ), 1/ 2 , 1/ 2 , 3/ 2
ˆ

u u u

S N

i j i j i ju u u

p p p

A A B
u u u

A A A

ξ ξ ξ

ξ ξ ξξ ξ ξ+ − += + + , (A.6) 
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 ( ) ( ) ( ), , 1 , 1
ˆ

x x x

x x x

u u u

S N

x i j x i j x i ju u u

p p p

A A B
u u u

A A A
− += + + . (A.7) 

From the continuity equation, the pseudo-mass source is then written as 

 
( , 1/ 2) ( , 1/ 2)

ˆ ˆ ˆ
n N i j S i j c

m C u C u Bξ ξ+ −= − + . (A.8) 

 Step 4:  Equation (A.6) allows the velocity in the ξ -direction to be written as 

 ( ) ( ) ( ) ( )( )* *

, 1/ 2 , 1/ 2 , , 1
ˆ

u

i j i j i j i ju

p

A
u u

A

ξ

ξξ ξ
Π

+ + += + Π −Π . (A.9) 

Substituting Eq. (A.9) into the discrete form of the continuity equation and using Eq. 

(A.8) shows that 

 ( ) ( ) ( )
* * *

, , 1 , 1
ˆ

u u u u

N S N S ni j i j i ju u u u

p p p pn s n s

A A A A
C C C C m

A A A A

ξ ξ ξ ξ

ξ ξ ξ ξ

Π Π Π Π
+ −

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎢ ⎥+ Π = Π + Π −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

, (A.10) 

where the terms ( )u u

p
n

A Aξ ξ
Π  and ( )u u

p
s

A Aξ ξ
Π  are the coefficients ( )u u

p
A Aξ ξ
Π  evaluated 

for control volumes centered around nodes ( , 1/ 2i j + ) and ( , 1/ 2i j − ), respectively.  

Equation (A.10) is solved for the pressure approximation. 

 Step 5:  The definition of the pseudo-velocity in the χ -direction allows the velocity 

to be written as 

 ( ) ( )

*

, ,
ˆ

x

x

u

x i j x i j u

p

A
u u

A χ
Π ∂Π

= +
∂

. (A.11) 

The expression for the mass flow rate in Eq. (3.59) is approximated as 

 ( ) ( ),
2

i j i i x i j

j

m
R uξ δ δ ξ

πδ
= + − Δ∑ . (A.12) 

Substituting Eq. (A.11) into Eq. (A.12), and solving for the pressure gradient 

approximation gives 
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( ) ( ) ( )

( )( )
,*

ˆ
2

x x

i
i j i i x i j

ji

u u

i j i i p

j

m
R u

R A A

ξ δ δ ξ
πδ

χ ξ δ δ ξΠ

− + − Δ
∂Π

=
∂ + − Δ

∑

∑
. (A.13) 

 Steps 6 and 7:  In Step 6, the first approximations for the velocities are obtained by 

solving 

 ( ) ( ) ( ) ( ) ( )( )* * * * *

, 1/ 2 , 1/ 2 , 3/ 2 , , 1

u u u u u

p S Ni j i j i j i j i j
A u A u A u A Bξ ξ ξ ξ ξ

ξ ξ ξ Π+ − + += + + Π −Π +  (A.14) 

 ( ) ( ) ( ), , 1 , 1

u u u u

p S Ni j i j i j
A u A u A u Bθ θ θ θ

θ θ θ− += + + . (A.15) 

 ( ) ( ) ( )

*
* * *

, , 1 , 1
x x x x xu u u u u

p x S x N xi j i j i j
A u A u A u A B

χΠ− +

∂Π
= + + +

∂
 (A.16) 

The velocity, pressure, and pressure gradient corrections are defined so that 

 *u u uξ ξ ξ′= + , *

x x x
u u u′= + , * ′Π = Π +Π , and 

*

χ χ χ
′∂Π ∂Π ∂Π

= +
∂ ∂ ∂

. (A.17) 

Subtracting Eqs. (A.14) and (A.16) from Eqs.(A.2) and (A.4) and using Eq. (A.17) gives 

 ( ) ( ) ( ) ( ) ( )( ), 1/ 2 , 1/ 2 , 3/ 2 , , 1

u u u u

p S Ni j i j i j i j i j
A u A u A u Aξ ξ ξ ξ

ξ ξ ξ Π+ − + +
⎡ ⎤′ ′ ′ ′ ′= + + Π −Π⎣ ⎦  (A.18) 

 ( ) ( ) ( ), , 1 , 1
x x x xu u u u

p S Nx i j x i j x i j
A u A u A u A

χΠ− +

′∂Π⎡ ⎤′ ′ ′= + +⎣ ⎦ ∂
 (A.19) 

Ignoring the terms in brackets gives the velocity corrections 

 ( ) ( ) ( )( ), 1/ 2 , , 1

u

i j i j i ju

p

A
u

A

ξ

ξξ
Π

+ +
′ ′ ′= Π −Π  (A.20) 

 ( ),

x

x

u

x i j u

p

A
u

A χ
Π ′∂Π′ =

∂
. (A.21) 

Substituting Eq. (A.20) into the continuity equation and using Eq. (A.17) gives the 

equation that is solved for the pressure correction 
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 ( ) ( ) ( ), , 1 , 1

u u u u

N S N S ni j i j i ju u u u

p p p pn s n s

A A A A
C C C C m

A A A A

ξ ξ ξ ξ

ξ ξ ξ ξ

Π Π Π Π
+ −

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎢ ⎥ ′ ′ ′+ Π = Π + Π −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

, (A.22) 

with the mass source 

 ( ) ( )
* *

, 1/ 2 , 1/ 2n N S ci j i j
m C u C u Bξ ξ+ −= − + . (A.23) 

 Step 8:  Using Eqs. (A.21) and (A.17), along with the global mass balance, the 

pressure gradient correction is expressed as 

 
( ) ( ) ( )

( )( )

*

,
2

x x

i
i j i i x i j

ji

u u

i j i i p

j

m
R u

R A A

ξ δ δ ξ
πδ

χ ξ δ δ ξΠ

− + − Δ
′∂Π
=

∂ + − Δ

∑

∑
. (A.24) 

 Step 9:  The velocity corrections are given by Eqs. (A.17), (A.20), and (A.21). 
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APPENDIX B:   HEAT TRANSFER IN AN EVAPORATING LIQUID LAYER  

 Natural convection in an evaporating liquid film heated from below is modeled here 

to determine parameters affecting the magnitude of the Nusselt number in steady laminar 

convection.  In the numerical heat pipe model developed in Chapter 3, the diffusion term 

in the energy equation is multiplied by a Nusselt number to account for natural 

convection in the rotating liquid film lining the wall of the evaporator section.  Previous 

rotating heat pipe studies have shown that characterization of the Nusselt number in the 

evaporator section plays an important role in determining the overall thermal 

performance of the heat pipe (Marto 1984; Song et al. 2004; Takahashi et al. 1995b; 

Vasiliev and Khrolenok 1976). 

 Marto proposed using empirical correlations for natural convection in thin liquid 

films for determining the Nusselt number in the liquid film of a rotating heat pipe 

evaporator when natural convection is present (Marto 1984).  The correlations of Marto 

and Gray 1/30.14Nu Ra= , Körner 0.3750.133Nu Ra= , and Vasiliev and Khrolenok 

1/ 40.75Nu Ra=  were suggested, where in each case the liquid film thickness, δ , is used 

as a characteristic length for the Nusselt and Rayleigh numbers (Körner 1970; Marto and 

Gray 1971; Vasiliev and Khrolenok 1976).  Although all three of these correlations have 

been suggested for heat pipes, they produce a wide variation in Nusselt number.  For 

example, at a Rayleigh number of 6000, the correlation of Marto and Gray gives 

2.5Nu = , the correlation of Körner gives 3.5Nu = , and the correlation of Vasiliev and 

Khrolenok produces 6.6Nu = . 

 After reviewing these references, one finds that the correlation by Marto and Gray is 

a standard formula for natural convection above a heated plate facing upward into an 
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infinite medium [see (Cengel 1998) for example].  The correlation does follow the trend 

of their experimental data for water in a rotating cylindrical boiler, however, there is a 

large amount of scatter in the data and the reported experimental uncertainties are 

significant.  The correlation of Vasiliev and Khrolenok is developed for a rotating heat 

pipe with a sharp step in the wall at the intersection of the adiabatic and evaporator 

sections.  The applicability of this correlation to cylindrical and smoothly tapered heat 

pipes has been questioned in the past (Song et al. 2004).  Finally, Körner’s experimental 

study of heat transfer in thin films lining the wall of a rotating boiler was performed for 

natural convection in the turbulent regime ( 7 1010 10Ra< < ).  Because the liquid films 

developed in rotating heat pipes are very thin and there is a desire for operation with 

small temperature differences across the film, Rayleigh numbers developed in rotating 

heat pipes are typically considerably lower than this range. 

 Because of the wide range of results and the questions about the applicability of the 

above correlations to rotating heat pipes, heat transfer in an evaporating liquid film is 

modeled numerically, and an appropriate correlation is developed for low ( 410Ra < ) 

Rayleigh numbers.  The film is modeled in two-dimensional Cartesian coordinates.  The 

predictions obtained from the planar geometry studied here are a first approximation to 

the axially rotating heat pipe application. 

 Predictions of the heat transfer coefficient in sealed rotating annuli with a heated 

outer wall and a cooled (rigid) inner wall indicate that, for a given Rayleigh number, the 

Nusselt numbers in the rotating annuli are lower than Nusselt numbers in (planar) 

Rayleigh-Bénard convection.  Numerical and experimental studies indicate that the 

Coriolis force in the rotating system is responsible for inhibiting heat transfer in the 
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rotating annulus.  King and Wilson (King and Wilson 2005) indicate that the Coriolis 

force is closely related to the rotational Reynolds number, Re /
m a

r dφ ρ μ= Ω , where 
m

r  is 

the mean radius of the annulus, and 
a

d  is the distance between the inner and outer 

rotating surfaces.  Their numerical simulations of convection in rotating annuli showed 

that in the low rotational Reynolds number limit, Nusselt number predictions for the 

rotating annuli approach values for the planar Rayleigh-Bénard problem.  Therefore, the 

results of the simulations of free-surface evaporation in Cartesian coordinates represent 

an upper bound on the heat transfer coefficient in the evaporator sections of cylindrical 

axially rotating heat pipes. 

GEOMETRIES STUDIED  

 A layer of liquid shown in Fig. B.1 of length L  and height δ  is studied here.  The 

liquid is bounded by three solid walls.  On the bottom, the plate is isothermal with 

temperature 
w

T  and the side surfaces are assumed adiabatic.  Three different conditions 

for the top surface are modeled: (1) a rigid isothermal plate at 
s

T , (2) a free-surface 

without evaporation, or (3) a free-surface with evaporation.  The fixed upper plate case 

will be used to compare the results from the numerical simulations to correlations for 

Rayleigh-Bénard convection.  In the free-surface case, the vapor above the free-surface is 

modeled as isothermal saturated vapor at 
s

T . 

MATHEMATICAL MODEL AND NUMERICAL ANALYSIS  

GOVERNING EQUATIONS AND BOUNDARY CONDITIONS  

The governing equations are written for steady laminar two-dimensional flow and 

heat transfer.  Furthermore, the fluid is modeled as Newtonian, Boussinesq-
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 (a) 

 
 (b) 

Figure B.1.  Geometries studied.  The fixed upper plate case (Rayleigh-Bénard) is 

shown in (a), while (b) is an illustration of the free-surface case. 

 

incompressible, with constant viscosity, thermal conductivity, and specific heat.  For the 

problem depicted in Fig. B.1, in Cartesian coordinates, the equations are 

continuity: 
vv

0
yx

x y

∂∂
+ =

∂ ∂
 (B.1) 

momentum and energy:
( ) ( ) 2 2

2 2

vv yx
S P

x y x y

φ φ
φφ φ φ∂∂ ⎛ ⎞∂ ∂

+ = Γ + + +∇⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠
, (B.2) 

where for 

x-momentum: v
x

φ = , 0S
φ = , 

1 P
P

x

φ

ρ
∂

∇ = −
∂

, and 
μ
ρ

Γ =  (B.3) 

y-momentum: v
y

φ = , ( )
w s

S g T T
φ β= − , 

1 P
P

y

φ

ρ
∂

∇ = −
∂

, and 
μ
ρ

Γ =  (B.4) 

energy: Tφ = , 0S
φ = , 0P

φ∇ = , and 
p

k

Cρ
Γ = . (B.5) 

 For a fixed top plate (the Rayleigh-Bénard problem) velocities ( v
x
 and v

y
) are set to 

zero on all four boundaries, the temperature of the top and bottom plates are specified as, 

( , )
s

T x y Tδ= =  and ( , 0)
w

T x y T= = , and the side-walls are insulated, 

0
/ / 0

x x L
T x T x

= =
∂ ∂ = ∂ ∂ = .  For a free-surface, the boundary conditions for the bottom 

and side boundaries are the same as those listed above, however, the boundary conditions 

at the liquid-vapor interface ( y δ= ) are written as 
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s

T T=  (B.6) 

 with evaporation: ( ) ( )fg
h k Tρ = − ∇v n ni i , no evaporation: 0=v ni  (B.7) 

 ( ) ( )( ) ( )22 2 2 2 2 22 1 / 2
x y v x y xx x xy x y yy y

H n n n n n n n n Pσ ρ ρ ρ τ τ τ− + = − + + + + +v ni  (B.8) 

 ( )2 2 0
xx x y xy y x yy y x

n n n n n nτ τ τ+ − − = , (B.9) 

where Eq. (B.6) is a temperature specification at the interface, Eq. (B.7) is the kinematic 

condition at the interface (derived from an energy balance at the interface for the 

evaporation case), Eq. (B.8) is the normal stress jump condition, and Eq. (B.9) is the 

tangential stress balance.  The unit normal vector is given by 

( ) 21x x y y x yn n δ δ′ ′= + = − + +n e e e e , with d dxδ δ′ = , the mean curvature of the 

interface is 
3/ 2

21
2

1H δ δ
−

′′ ′⎡ ⎤= +⎣ ⎦  with 2 2d dxδ δ′′ = , and the stress components are 

expressed as ( )2 /
xx x

v xτ μ= − ∂ ∂ , ( )2 v /
yy y

yτ μ= − ∂ ∂ , and ( )v / v /
xy x y

y xτ μ= − ∂ ∂ + ∂ ∂ .  

The boundary conditions at the free-surface are written after assuming that the vapor 

above the interface is stress free with 0
v

P = . 

COORDINATE TRANSFORMATIONS AND D IMENSIONLESS PARAMETERS  

 The problem is mapped into a rectangular computational space by defining the 

independent variables as 

 /( )y Lη δ=  and /z x L= , where / Lδ δ=  and ( )zδ δ= . (B.10) 

With this transformation, the bottom and top boundaries are located at 0η =  and 1η = , 

respectively, regardless of the liquid layer thickness δ .  The transformation does, 

however, introduce δ  and its derivatives with respect to z  into the governing equations 

and boundary conditions. 
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 Velocity, temperature, volume expansion coefficient, and acceleration are made 

dimensionless by 

 / v
ch

=u v , ( ) /( )
s w s

T T T TΛ = − − , ( )
w s

T Tβ β= − , and 2/ v
ch

g gL= , (B.11) 

where the characteristic velocity is v /( )
ch

Lμ ρ= .  Using these expressions, the 

governing equations become 

continuity: 
1

0
yx x

uu u

z

δ η
δ η δ η
∂ ′∂ ∂

+ − =
∂ ∂ ∂

 (B.12) 

momentum and energy:
( )1 x

x y

u
u u

z z

φφ φ δ ηφ φ
δ η δ η δ η

∂′⎛ ⎞ ⎛ ⎞∂ ∂ ∂ Γ ∂
−Γ + − −⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

 

  S C
φ φ φ= +∇Π + , (B.13) 

where for 

x-momentum: 
xuφ = , 0S

φ = , 
x

φ δ η
δ η
′∂Π ∂Π

∇Π = − −
∂ ∂

, and 
1

Re
Γ =  (B.14) 

y-momentum: 
y

uφ = , S g
φ βθ= , 

1φ

δ η
∂Π

∇Π = −
∂

, and 
1

Re
Γ =  (B.15) 

energy: φ = Λ , 0S
φ = , 0φ∇Π = , and 

1

Pe
Γ = . (B.16) 

The following dimensionless parameters appear in Eqs. (B.12)-(B.16): the dimensionless 

modified pressure 2/( v )chP ρΠ = , the Reynolds number Re v /
ch

Lρ μ= , and the Péclet 

number v /
p ch

Pe C L kρ= .  The coordinate transformation used in Eq. (B.10) results in 

pseudo-diffusion terms (terms stemming from the diffusion terms which multiply 

derivatives of δ  with respect to z ) appearing as source terms in the momentum and 

energy equations.  The pseudo-diffusion terms are given by 
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2 2 2 2 2

2 2 2

2 2
C

z

φ ηδ φ ηδ φ ηδ φ η δ φ
δ η δ η δ η δ η

′ ′ ′′ ′⎛ ⎞∂ ∂ ∂ ∂
= Γ − − +⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠

, (B.17) 

where 2 2d / dzδ δ′′ = . 

 To simplify integration of the governing equations, x  and η -direction velocities (
x

u  

and uη , respectively) are retained, and the momentum equations are expressed in the x  

and η -directions (Faghri et al. 1984).  The coordinate transformation in Eq. (B.10) shows 

that 

 
y x

u u uη δ η′= +  (B.18) 

and [ momentum] [ momentum] [ momentum]y xη δ η′− = − − − . (B.19) 

Finally, with Eqs. (B.18) and (B.19) the governing equations become 

continuity: ( )1 1
0x

u
u

z

ηδ
δ δ η

∂∂
+ =

∂ ∂
 (B.20) 

momentum and energy:
1 1

x
u u

z z
η

φ φδ φ δ φ
δ δ η δ η

⎛ ⎞ ⎛ ⎞∂ ∂ ∂ Γ ∂
−Γ + −⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

 

  1 2S C C
φ φ φ φ= +∇Π + + , (B.21) 

where for 

x-momentum: 
x

uφ = , 0S
φ = , 

x

φ δ η
δ η
′∂Π ∂Π

∇Π = − −
∂ ∂

, and 
1

Re
Γ =  (B.22) 

η -momentum: uηφ = , S g
φ β= Λ , 

2 2(1 )

z

φ η δ ηδ
δ η

′+ ∂Π ∂Π′∇Π = − +
∂ ∂

, 

   and 
1

Re
Γ =  (B.23) 

energy: φ = Λ , 0S
φ = , 0φ∇Π = , and 

1

Pe
Γ = . (B.24) 
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The pseudo-diffusion terms are given by 

 
2 2 2 2 2

1 2 2 2

2 2
C

z z

φ ηδ φ ηδ φ ηδ φ η δ φ δ φ
δ η δ η δ η δ η δ

′ ′ ′′ ′ ′⎛ ⎞∂ ∂ ∂ ∂ ∂
= Γ − − + +⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠

, (B.25) 

and for the x-momentum and energy equations 2 2 0xu
C C

θ= = .  For the η -momentum 

equation 

 
2

2 2 2

1 2 2
2

Re

u x
x x x

u u
C u u u

z

η ηδ ηδ δ ηδ δηδ ηδ
δ η δ δ

∂′ ′ ′′ ′ ′′⎛ ⎞∂′′ ′′′= + + − +⎜ ⎟∂ ∂⎝ ⎠
, (B.26) 

where 3 3d / dzδ δ′′′ = . 

 The dimensionless boundary conditions, for the Rayleigh-Bénard problem are: 

0
x

u uη= =  on all four surfaces, and for the energy equation ( , 0) 1z ηΛ = = , 

( , 1) 0z ηΛ = = , 
0 1

/ / 0
z z

z z
= =

∂Λ ∂ = ∂Λ ∂ = .  For the free-surface case, the bottom and side 

conditions are the same as those listed above.  The free-surface ( 1η = ) conditions 

become 

 0Λ =  (B.27) 

 with evaporation: 
( )21

Pr

Ja
u

z
η

δ
δ

δ η

⎛ ⎞′+ ∂Λ ∂Λ′⎜ ⎟= − −
⎜ ⎟∂ ∂⎝ ⎠

, no evaporation: 0uη =  (B.28) 

 ( ) ( ) ( )
3/ 2

2 2

2

2 2
1 1 /

ReRe 1
v x

u u
u u

Ca z

η η
η

δ δδ ρ ρ δ
δ ηδ

− ∂ ∂′′ ′ ⎛ ⎞
′ ′′+ = − + + − +Π⎜ ⎟∂ ∂′+ ⎝ ⎠

 (B.29) 

 
( ) ( )

( )
( )

2

22 2 2

1

1 1 1

x x

x

u uu u
u

z z

η ηδ δδδ δ δ
η ηδ δ δ

′−∂ ∂′ ′ ⎛ ⎞∂ ∂ ′′= − − +⎜ ⎟∂ ∂ ∂ ∂′ ′+ + ′ ⎝ ⎠+
, (B.30) 

with the Capillary, Jakob, and Prandtl numbers defined, respectively, as 2v /
ch

Ca Lρ σ= , 

( ) /
p w s fg

Ja C T T h= − , and Pr /
p

C kμ= . 
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NUMERICAL SOLUTION  

 Equations (B.20)-(B.24) subject to the dimensionless boundary conditions are solved 

numerically.  The equations are discretized on a staggered grid using a control volume 

method.  Throughout the simulations, uniform grids in both the z  and η -directions are 

used.  False boundary nodes located at distances / 2zΔ  and / 2ηΔ  beyond the horizontal 

and vertical boundaries of the solution domain are used to specify the values of the 

boundary conditions.  Throughout the discretization, pressure and temperature are stored 

at the main grid nodes, while velocities are stored at the faces of the control volumes 

surrounding each main grid node.  In the momentum and energy equations, the pseudo-

diffusion terms are treated as source terms, second-order centered-differences are used to 

approximate the diffusion terms, and the QUICK method (Leonard 1979) is used for the 

convective terms.  Derivatives appearing in the pseudo-diffusion terms and the boundary 

conditions are discretized using second-order finite-differences.  The discrete equations 

are solved using the SIMPLER method (Patankar 1980).  For cases where the upper 

boundary is free to move, the temperature specification [Eq. (B.27)] is applied as a 

boundary condition to the energy equation, the kinematic condition [Eq. (B.28)] is 

applied to the η -momentum equation, the discrete form of the shear stress balance [Eq. 

(B.30)] is applied to the x -momentum equation, and the normal stress jump condition 

[Eq. (B.29)] is used to determine the liquid layer thickness. 

 The layer thickness is determined by iteration.  A constant layer thickness is assumed 

and governing equations are solved without regard for the normal stress condition.  If the 

normal stress condition is not satisfied by the solution, Eq. (B.29) is used to update the 

layer thickness and the process is repeated until the normal stress condition is satisfied.  
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The second-order ordinary differential equation in Eq. (B.29) is solved at each iteration 

using a fourth-order Runge-Kutta method with shooting to handle the boundary 

conditions 0( 0) ( 1)z zδ δ δ= = = = , where 0δ  is the initial guess for the (uniform) layer 

thickness.  When the governing equations are solved by the SIMPLER method, the 

pressure is solved for to within an additive constant (only pressure gradients are required 

for a solution).  When updating the interface location, this additive constant appearing in 

the pressure term of Eq. (B.29) is determined so that the volume of the fluid in the 

solution domain after the surface update is equal to the initial guessed volume. 

CONVERGENCE CRITERIA ,  OBSERVED CONVERGENCE RATES ,  AND ERROR 

ESTIMATES  

 In the SIMPLER method, iterative convergence of the continuity, momentum, and 

energy equations is assumed after the residuals of each equation have been reduced three 

orders of magnitude from the residuals calculated with the initial guessed solution.  The 

conduction solution (zero velocity and linear temperature profile) is used as an initial 

guess.  Similarly, in free-surface problems, the layer thickness is updated until the 

residual of the normal stress condition is reduced three orders of magnitude below the 

residual calculated for the initial (assumed flat) surface profile. 

 Grid convergence rates and error estimates have been calculated for the code 

simulating both the Rayleigh-Bénard problem and the free-surface evaporation problem 

for water in a 4 x 1 [(length) x (height)] box.  Throughout the grid convergence studies, 

the layer thickness is specified as 0.5 mm, the temperature difference across the layer is 

assumed to be 12 K, and the layer is experiencing acceleration at 45g  ( 2441 /m s ).  For 



   112 

saturated liquid water at 373 K, these parameters correspond to a Rayleigh number of 

410Ra = . 

 Simulations of Rayleigh-Bénard and free-surface convection with evaporation were 

performed on grids with [ ]z  x [ ]η  resolutions of 96 x 24, 128 x 32, and 160 x 40.  An 

additional grid of 200 x 50 was also used for the free-surface evaporation case.  The 

observed order of the method was then calculated along with error bounds.  Error bounds 

were calculated with the Grid Convergence Index (GCI) (Roache 1998), using the 

average Nusselt number along the bottom plate as the parameter of interest.  In terms of 

dimensionless variables, the average Nusselt number is calculated from 

 ( )1

00
/ dNu z

η
η

=
= − ∂Λ ∂∫ . (B.31) 

 Results of the grid convergence study are shown in Table B.1.  The results indicate 

that for the Rayleigh-Bénard problem the calculated apparent order of the method is 

second order.  Since a second-order discretization has been used throughout the code 

development, the expected apparent order should be near two.  For the finest grid used 

(160 x 40) less than one percent error can be expected for the rigid upper plate case.  For 

the free-surface problem the apparent order is smaller than two.  Chen and Floryan (Chen 

and Floryan 1994) also observed an apparent order less than the formal discretization 

order when solving free-surface problems using analytical mapping techniques.  The 200 

x 50 grid was needed to reduce the errors to an acceptable level (3.4%). 

VALIDATION  

 The capability of the code to accurately simulate natural convection was assessed by 

comparing the results produced by the code to a benchmark numerical solution for 

natural convection in an air-filled, square, side-heated cavity (de Vahl Davis 1983).  In 
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Table B.1.  Grid convergence studies for (a) the Rayleigh-Bénard problem and (b) 

the free-surface problem with evaporation.  Both are carried out in a 4 x 1 box. 
(a)  Rayleigh-Benard Convection (b) Free Surface Convection with 

in 4 x 1 box for Ra=10
4

Evaporation in 4 x 1 box for Ra=10
4

grid size grid size

96 x 24 128 x 32 160 x 40 96 x 24 128 x 32 160 x 40 200 x 50

Nu 2.490 2.506 2.513 Nu 2.937 3.004 3.041 3.069

(96x24)->(160x40) apparent order = 2.2 (96x24)->(160x40) apparent order = 1.3

(160 x 40) GCI = 0.53 % (128x32)->(200x50) apparent order = 1.3

(128 x 32) GCI = 1.2 % (200 x 50) GCI = 3.4%

(160 x 40) GCI = 4.5 %

(128 x 32) GCI = 6.0 %

bold values indicate the grid selected for calculations  
 

this benchmark problem, the Rayleigh number is based on the length (or height) of the 

square cavity, and the temperature difference between hot and cold side-walls.  The 

horizontal walls are assumed insulated.  The code described above was used to solve this 

problem on a 101 x 101 grid for Rayleigh numbers of 310 , 410 , and 510 .  Results of the 

comparison between the present solution and the benchmark are shown in Table B.2.  In 

order from top to bottom, the table displays: the average Nusselt number on the hot plate, 

the maximum Nusselt number on the hot plate followed by the η -location where that 

maximum occurs, the minimum Nusselt number on the hot plate followed by location, 

maximum horizontal velocity at the vertical mid-plane ( 1/ 2z = ) with η -location, and 

maximum vertical velocity at the horizontal mid-plane ( 1/ 2η = ) with z -location.  For a 

direct comparison with the benchmark, velocities in the table are presented after a 

multiplication by the Prandtl number.  The thermal diffusivity is used to normalize the 

velocity in the benchmark solution of de Vahl Davis (de Vahl Davis 1983), whereas here 

the momentum diffusivity is used [see Eq. (B.11)].  The results in the table show 

agreement within 2 % between the benchmark and the present solution for the cases and 

variables considered. 
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Table B.2.  Comparison between a benchmark solution for natural convection in a 

square side-heated cavity and the present numerical solution. 
Ra

10
3

10
4

10
5

Benchmark Present % error Benchmark Present % error Benchmark Present % error

Nu 1.117 1.116 0.05 2.238 2.253 0.68 4.509 4.529 0.45

Numax 1.505 1.517 0.81 3.528 3.552 0.68 7.717 7.765 0.617

η−location 0.092 0.066 0.143 0.136 0.081 0.066

Numin 0.692 0.678 2.03 0.586 0.588 0.29 0.729 0.739 1.34

η−location 1 1 1 1 1 1

(Pr)*ux,max 3.649 3.701 1.43 16.178 16.15 0.17 34.73 34.17 1.62

η-location 0.813 0.813 0.823 0.823 0.855 0.854

(Pr)*uη,max 3.697 3.744 1.27 19.617 19.75 0.67 68.59 68.92 0.49

z−location 0.178 0.177 0.119 0.116 0.066 0.066  

 Simulations of a square side-heated cavity with free-surface (without evaporation) 

boundary conditions at the top surface were also compared to a reference case from the 

open literature (Cuvelier and Driessen 1986).  In the reference calculation, sliding contact 

points are assumed at the side-walls with ( 0) ( 1) 0z zδ δ′ ′= = = = , rather than the fixed 

contact points used here.  The sliding contact point boundary conditions were introduced 

into the code to allow for a direct comparison with the benchmark.  In particular, the 

calculated layer thickness at the side-walls is compared to the predictions from the 

benchmark solution.  With a Grashof number ( / PrGr Ra= ) of 20,000 and an Ohnesorge 

number ( /Oh Lμ ρσ= ) of 0.01, the layer thickness predicted by the code (with a 51 x 

51 grid) are ( 0) 1.007zδ = =  and ( 1) 0.993zδ = = .  The benchmark predictions 

(Cuvelier and Driessen 1986) are ( 0) 1.009zδ = =  and ( 1) 0.992zδ = = .  These 

comparisons suggest that the code is predicting the free-surface location properly. 

RESULTS  

STREAMLINES ,  ISOTHERMS ,  AND SURFACE DEFORMATION  

 Streamlines and isotherms for the fixed upper plate and free-surface evaporation 

cases are shown in Fig. B.2 for 410Ra = .  The streamline plots show the development of 
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roll cells in both the fixed upper plate and free-surface evaporation cases.  From the 

temperature contour plots, notice that for the free-surface evaporation case the hot and 

cold fluids penetrate farther into the cavity than for the Rayleigh-Bénard case, indicating 

enhanced mixing and higher heat transfer coefficients.  The shape of the free-surface for 

the evaporation case is shown in Fig. B.3.  The scale in the figure shows that the liquid-

vapor interface is essentially flat under the conditions simulated.  This small surface 
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Figure B.2.  Streamlines and isotherms for natural convection in a 4 x 1 system for 

the fixed upper plate case [isotherms in (a) and streamlines in (b)] and for the case 

with free-surface evaporation [isotherms in (c) and streamlines in (d)].  Both cases 

simulate convection in water with 410Ra = . 
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deflection is also expected in the rotating heat pipe application.  Cuvelier and Driessen 

(Cuvelier and Driessen 1986) show that the surface deflection is determined by the ratio 

of buoyancy forces to surface tension forces (the Bond number).  High buoyancy forces 

(high accelerations) tend to flatten the interface. 

NUSSELT NUMBERS  

 Simulations were run with a 4 x 1 aspect ratio enclosure to determine the Nusselt 

number using saturated water and methanol working fluids for the fixed upper plate, free-

surface, and free-surface with evaporation cases.  In each case, the heat transfer is 

simulated for the Rayleigh number ranging from 310  to 410 .  Results of the simulations 

are shown in Fig. B.4.  A liquid layer with a thickness of 0.5 mm and a temperature 

difference of 12 K is modeled, which are typical of the values encountered in heat pipe 

applications.  For water the acceleration ranges from 4.5g  to 45g  and for methanol the 

acceleration ranges from 3.8g  to 38g . 

0.24997

0.25000

0.25003

0 1
z

δ

 
Figure B.3.  Surface profile for the free-surface evaporation case.  Results are for 

convection in water with 410Ra = . 
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(b) 

Figure B.4.  Comparing convection in a 4 x 1 box for the fixed upper surface, free-

surface, and free-surface with evaporation cases.  In (a) the working fluid is water, 

and in (b) the fluid is methanol. 

 

 For the fixed upper plate case, agreement is observed between the present 

calculations and the correlations of Hollands et al. (Hollands et al. 1975) and Hollands 

(Hollands 1983).  The correlation of Hollands et al. (Hollands et al. 1975) is developed 
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for convection in a fluid layer of infinite aspect ratio, whereas the correlation of Hollands 

(Hollands 1983) is for the 4 x 1 enclosure modeled here with a critical Rayleigh number 

of 1808
c

Ra =  taken from Catton (Catton 1972).  The critical Rayleigh number is the 

value at which the transition from pure conduction ( 1Nu = ) to convection ( 1Nu > ) 

occurs.  The agreement between the correlating equations shows that the sidewalls of the 

4 x 1 enclosure only slightly affect the heat transfer compared to the infinite aspect ratio 

case. 

 The Nusselt numbers predicted for the free-surface cases are higher than those for the 

fixed upper plate case, with a critical Rayleigh number (determined with some numerical 

experiments) near 1600.  This critical value is slightly larger than the value of 1101 

predicted from a stability analysis with free-surface conditions for the infinite aspect ratio 

case (Chandrasekhar 1961).  Furthermore, the surface evaporation has a negligible 

influence on the Nusselt number compared to the free-surface case without evaporation. 

 The surface evaporation will affect the flow field and heat transfer through the 

specification of the free-surface boundary condition in Eq. (B.28).  The normal 

component of the velocity at the interface is directly proportional to the Jakob number.  

For high Jakob numbers, differences between the Nusselt number predictions for 

situations with and without evaporation would be expected.  The results shown in Fig. 

B.4 are for relatively low Jakob numbers, 0.03Ja < . 

 In Fig. B.5, results for both water and methanol at higher Jakob numbers, 0.2Ja = , 

are shown.  The Jakob number is increased by increasing the temperature difference 

across the liquid layers to 100 K and reducing the acceleration rates to 0.54 5.4g g−  for 

water and 0.46 4.6g g−  for methanol.  Although these parameters represent unphysical 
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Figure B.5.  Comparing the free-surface case with evaporation to the free-surface 

case without evaporation with a Jakob number of 0.2 in (a) water and (b) methanol. 

 

cases (it is likely that boiling would be induced for these large temperature differences) 

the sensitivity of the solutions to Jakob number can be assessed.  The figure shows only a 
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slight (<2 %) reduction in Nusselt number for the cases with surface evaporation 

compared to those without. 

 In Fig. B.6, the results of all simulations for water and methanol with free-surface 

evaporation are presented on a single plot.  A curve fit, similar to the expression used by 

Hollands et al. (Hollands et al. 1975) for the Rayleigh-Bénard problem, is applied to the 

free-surface evaporation data.  The correlation 

 ( ) ( )
*

* 1/3
1 2.2 1 1600 / / 5830 1Nu Ra Ra⎡ ⎤= + − + −⎣ ⎦ , (B.32) 

is a good fit to the numerical data for water and methanol working fluids (the largest error 

is 16 % at the 1900Ra =  data point; otherwise the correlation fits to within the 3.4 % 

GCI).  The notion [ ]*  indicates that if a negative quantity is calculated in the bracketed 

term, the bracketed term is taken as zero.  This correlation ignores the influences of 

surface evaporation (which scales with the Jakob number) and of surface deformation.  

Both of these effects have been shown to be negligible in the heat pipe application. 
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Figure B.6.  Calculated Nusselt number compared to the correlation in Eq. (B.32). 
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APPENDIX C:   EXPERIMENTAL UNCERTAINTY ANALYSIS  

 The uncertainties in measuring the heat input to the heat pipe, ( )Qε  (see Fig. 5.4), 

and temperatures, ( )Tε  ( 0.5K± ), will propagate to calculated results, Ψ .  Assuming 

that ( , )T QΨ = Ψ , the best representation for the uncertainty ( )ε Ψ  is obtained by the 

Kline-McClintock second power law (Figliola and Beasley 1995) 

 ( ) ( ) ( )
22

T Q
T Q

ψ ψε ψ ε ε
⎡ ⎤∂ ∂⎡ ⎤= + ⎢ ⎥⎢ ⎥∂ ∂⎣ ⎦ ⎣ ⎦

. (C.1) 

 In Chapter 5, temperature differences 1 2T T TΔ = − , thermal conductance /G Q T= Δ , 

ratio of Nusselt numbers min min/ /Nu Nu G G= , and heat transfer coefficients /
e e

h G A=  

are presented.  Applying Eq. (C.1) gives 

 ( ) ( ) ( ) ( )2 2

1 2 2T T T Tε ε ε εΔ = + − =⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ . (C.2) 

Similarly, errors in the other calculated variables can be obtained as 

 ( ) ( ) ( )2 2

Q G T
G

T T

ε ε
ε

Δ⎡ ⎤ ⎡ ⎤
= + −⎢ ⎥ ⎢ ⎥Δ Δ⎣ ⎦ ⎣ ⎦

 (C.3) 

 
( ) ( )2 2

min

2

min min min

G G GNu

Nu G G

ε ε
ε

⎡ ⎤ ⎡ ⎤⎛ ⎞
= + −⎜ ⎟ ⎢ ⎥ ⎢ ⎥

⎝ ⎠ ⎣ ⎦ ⎣ ⎦
 (C.4) 

 ( ) ( ) /
e e

h G Aε ε= . (C.5) 
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