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Abstract

In this paper, a space fractional diffusion equation (SFDE) with non-
homogeneous boundary conditions on a bounded domain is considered. A
new matrix transfer technique (MTT) for solving the SFDE is proposed.
The method is based on a matrix representation of the fractional-in-space
operator and the novelty of this approach is that a standard discretisation
of the operator leads to a system of linear ODEs with the matrix raised
to the same fractional power. Analytic solutions of the SEFDE are derived.
Finally, some numerical results are given to demonstrate that the MTT is
a computationally efficient and accurate method for solving SFDE.
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1. Introduction

Fractional kinetic equations of the diffusion and Fokker-Planck type
have been proposed as a useful approach for the description of transport
dynamics in complex systems that are governed by anomalous diffusion and
non-exponential relaxation patterns [19].
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Space fractional diffusion equations have been investigated by West and
Seshadri [23] and more recently by Gorenflo and Mainardi [7, 8]. However
numerical methods for these fractional equations are still under develop-
ment. Some different numerical methods for solving fractional partial dif-
ferential equations have been proposed. Liu et al. [14, 15, 16] transformed a
fractional partial differential equation into a system of ordinary differential
equations using the fractional method of Lines, which was then solved using
backward differentiation formulas. Meerschaert et al. [18] proposed finite
difference approximations for fractional-in-space advection-dispersion flow
equations.

Part I of the present study explored the possibility of representing the
fractional Laplacian (—A)2 in one-dimensional space subject to homoge-
neous boundary conditions in matrix form AZ. Here the entries of A were
generated using finite difference approximations. Spectral decomposition
played the central role in our understanding of this representation. The key
result is summarized by the following definition:

DEFINITION 1. Suppose the Laplacian (—/A\) has a complete set of or-
thonormal eigenfunctions ¢, corresponding to eigenvalues A2 on a bounded
region D i.e. (—A)p, = A2, on D; B(p) = 0 on 9D, where B(yp) is one of
the standard three homogeneous boundary conditions. Let

Fy= {f = chSOna cn = {f, n)l Z |Cn|2|)“7z <00, 7= InaX(a,O)}-

n=1 n=1

Then for any f € F,, (—A)% is defined by

(A)2f = caXipn.
n=1

REMARK 1. The operator T = (—A)?2 is linear and self-adjoint, i.e.,
if f=30" anpn and g =3 07 bppp, then (T'f,g) = > 071 anbp A0y =
(f.Tg).

REMARK 2. If f € F, where v = max(0, o, 8, @ + 3), then
(—2)F(=0)3f = (-0)} {chxﬁwn}
n=1

- a atfB
=Y eaiPo, = (—0)7 f=(=D)
n=1

SIS

REMARK 3. For a < 0, the only problem that can arise is if A = 0 is
an eigenvalue. As for ordinary Laplacian, care is required in this case, or
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one can use the Bessel operator (I —A)Zz, which is the inverse of the Bessel
potential (I — A)_%, o € Ry, defined by the kernel
1 1 e 2 ds
I, - - —7|z|?/s ,—s/4m (—n+a)/2 %2 R.
) (4m)*/2 T(a/2) /0 ‘ © 50 TS

It is known that I, (z) € L'(R) and its Fourier transform is

I\ = 2m) 21+ [MP)—a/2, ) e R.

REMARK 4. For a > 0, Definition 1 may be too restrictive, since
ordinary functions (and in particular solutions of partial differential equa-
tions) may not belong to F,. The resulting series may not converge, or not
converge uniformly.

REMARK 5. It is reasonable to expect that if f € F,, then f = 0 on
9D. The question arises what is the effect of (—A)2 on a function which
does not satisfy the homogeneous boundary conditions. Put another way,
how does one solve problems with nonhomogeneous boundary conditions?
According to Podlubny [20], even the form of boundary conditions has not
been completely defined for fractional derivatives.

In Section 2 we propose an extension to Definition 1 to overcome the
problems mentioned in Remarks 4 and 5.

In this paper, the following space fractional diffusion equation (SFDE)
with initial and nonhomogeneous boundary-value conditions in 1-D is con-
sidered.

PROBLEM 1. Solve the following boundary value problem (BVP) in one

dimension: .
Oy 9%\ 2
i R I 0 L 1.1
5t n< a;@) ¢, 0<z <L, (1.1)
with the initial condition
¢(r,0) = F(x) (1.2)

together with one of the following boundary conditions:

(j) (P(O?t) - f(t), @(Lvt) - g(t) s (BC)I;

(ﬁ) @x(oat) = f(t)v pr(Lvt) = g(t) s (30)2;

(ii)) (0, ) + 80(0,1) = £(2), wu(L,t) + Bol(L,t) = g(t) ... (BO)s.

This paper is organized as follows: Section 3 proposes a new matrix
transfer technique (MTT) for the SFDE; Section 4 derives the analytic solu-
tion of the SFDE. Finally, we present some numerical results to demonstrate
that the MTT is computationally straightforward for the SFDE.
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2. Fractional operator and its extension

First we wish to extend the Definition 1 for any « and all sufficiently dif-
ferentiable functions. Consider the expansion f = > >° | cppp as discussed
in Definition 1. Although it may not be true that (—=A) f = >">7 | cn(—A)en
= 3" | cnA2pp, it is reasonable to expect that if g = (—A)f = — fyq; (for
example), then under mild conditions we can write g = Y >2 b,¢,. This
idea is captured in the following definition:

DEFINITION 2. Let {¢,} be a complete set of orthonormal eigenfunc-
tions corresponding to eigenvalues A2 of the Laplacian (—A) on a bounded
region D with homogeneous boundary conditions on D. Then

(=a)mf if o =2m, m=0,1,2...
(=A)2 f = (=A)S™(=A)f ifm—1< L<m, m=1,2,..
S AN S, onden ifa<0

REMARK 6. Clearly, this is in the spirit of Definition 1 and is analogous
to the Caputo definition. If f € F,, v = a > 0 as in Remark 2 after
Definition 1, then there is no need to split the exponent as indicated in the
second line above; the two definitions are identical.

Next consider the extension of the action of (—A)2 on functions which
do not satisfy homogeneous boundary conditions. To accomplish this task,
we derive an expression which is analogous to the classical Green’s formula.
Although the method can be extended to two or three dimensions we con-
sider only the one dimensional case in this paper. We also restrict a to
satisfy 0 < a < 2 which is relevant in practice.

PROPOSITION 1. Let ¢,(z) be an eigenfunction corresponding to the
eigenvalue \2 of the Laplacian (—/\) = (—%

and f any sufficiently smooth function. Then

@

(s (L)% ) = {(=L2) % ¢n, f)
= A2 F(0)¢(6) = f(a)¢h(a) = F'(D)en(d) + f'(a)pn(a)).

) on the interval a < x < b,

P r o o f. From Definition 2 and 0 < a < 2, m =1,

(pns (=2)% f) = (pn, (=2)F 1 (=2)f) (2.1)
= ((=2)7"on, (=0)f)

b
= Az_2<§0na_fxl“> :A%_2/ Son(_fmc) dz
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= 2B ) — Fla)p(a) — F(B)en(d)
b
' (@)gn(a) - / o f dal

= Xilen, £) + X2 [f (D) (b) — f(a)on(a)
—f'(0)en(b) + f'(a)pn(a))

= {(=28)2pn, /) + N2 (D) ()
—f(a)en(a) = £/ ()en(d) + f(a)pn(a)],

51,

\_//\

using integration by parts and self-adjointness of (—A)

3. Matrix Transfer Technique for the SFDE

In this section, a new matrix transfer technique for the SFDE is pro-
posed. The method will be illustrated by two examples; the first involves
Dirichlet type boundary conditions, while the second involves a boundary
condition of the third type.

EXAMPLE 1. Use the finite difference method to solve the one-dimensio-
nal fractional-in-space diffusion equation with initial and boundary-value
conditions given as follows:

‘Zf = —k(- 8;)3‘ o, 0<z<1,t>0, (3.1)
©(0,t) = f(t), t>0, (3.2)
e(1,t) = g(t), t>0, (3.3)
o(x,0) = F(z), 0<z<]l. (3.4)

First, the standard space diffusion equation with initial boundary-value
conditions is considered:

%—f = —k(— 88;2)% 0<zxz<l1,t>0, (3.5)
0(0,t) = f(t), t>0, (3.6)
e(l,t) = g(t), t>0, (3.7)
o(x,0) = F(z), 0<z<]1. (3.8)

Secondly, we introduce a finite difference approximation for the spatial
derivative:
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d(zl = :2( Piv1 + 20 —pic1), (i=1,---,N-1), (3.9)
eo = [f(b), (3.10)
en = g(), (3.11)
o(2,0) = F(z;), (i=1,--,N—1). (3.12)

where @; = ¢(x;,t), h is the discrete spatial step and N = %
The above equations can be rewritten in the following matrix form:

I ha@ - Leif(t) - e () (313)

where A = h%tridz’ag(—l,Q,—l), and er, ey_; are the 1% and (N — 1)*?
canonical basis vectors in RN 1,

For a real nonsingular, symmetric matrix A(y_1)x(nv-1), there exits a
nonsingular matrix P(y_1)y(y—1) such that

A = PAPT (3.14)
where A = diag(A1, A2, -+, An—1) and (i =1,2,--- | N — 1) are the eigen-

values of A.
Thirdly, we consider the equation (3.1) rewritten in the following form:
680 82 a_q 82
— =—k(—==)2 (—==)¢-
ot ( Ox? )2 Ox? )

Let A = m(—aa—;) be the matrix representation of the Laplacian, where
we impose homogeneous boundary conditions. If the function ¢ does not
satisfy the homogeneous boundary conditions, then
0% 1

AP — —e e t
61‘2) 1f( ) N-— 19( )

Now a space fractional diffusion equation (3.1) with initial and nonho-

mogeneous boundary-value conditions (3.2-3.4) in one-dimension is consid-

m(—

ered. Assuming the fractional Laplacian satisfies m{(—— )27 = Az 7L
the equations (3.1) with (3.2-3.3) can be rewritten as follows:

d® ol 1

5 = kArTi(ae- elf( ) = 5zen-19(1)) (3.15)

. k k .
_ _kAacI»JrﬁAz elf()—i- —Az ey _19(1).
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Solve the following one dimensional fractional-in-space

EXAMPLE 2.
diffusion equation with a radiating end:
0 o
ai: = —k(-D)Sp, 0<az <1, (3.16)
e(0,t) = [f(t), ¢'(Lt)+e(1,t)=g(t), t>0, (3.17)
= F(x). (3.18)

o(z,0)

The procedure followed in Example 1 again applies. The only difference

is that one additional finite difference equation needs to be added for the
boundary value x so that for this example A is N x N. This is explained

further as follows.
From (3.9), when i = N we have
(3.19)

don k
% ~ ﬁ{SON-H — 20N + ON-1},

and Eq. (3.17) becomes
P — ¥
% +on = g(t), (3.20)
or, rearranging
PN+1 = hg(t) + (1 — h)(pN. (3.21)
Eq. (3.19) becomes
dp k
-~ aathelt) —hey +eno — N} (3.22)
k k
—ﬁ{(l +h)en —on-1}+ EQ(”

From Eq. (3.22), the last row of matrix Ay is then given by
1

ﬁ(leN,g —1 (1+h)).

In order to solve ODE systems of the form (3.15) we inject the spectral
decomposition of A, to arrive at the method we call the matrix transfer

technique (MTT).
Thus, for Example 2,

— —kPAzZPT® + %PA%—IPTel @)+ %PA%_IPTeNg(t), (3.23)

as
dt
where A2 = dmg(/\lg, /\2%7 T ’/\1%)'
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In this work, we can use the differential /algebraic system solver (DASSL)
[5] as our ODE solver. DASSL approximates the time derivative using the
k-th order BDF, where k ranges from order one to five. At every step,
it chooses the order k£ and step size based on the behaviour of the solu-
tion. This technique has been used to solve adsorption problems involving
step gradients in bidisperse solids [10, 13], hyperbolic models of transport
in bidisperse solids [11], transport problems involving steep concentration
gradients [12], modelling saltwater intrusion into coastal aquifers [14, 17],
numerical simulation for the space fractional Fokker-Planck equation [15, 16]
and the space fractional diffusion equation with insulated ends [21].

4. Analytic solution of the SFDE

In order to demonstrate that the MTT is effective in obtaining an ap-
proximate solution of the SFDE, the computed solution will be compared
with the analytic solution of the SFDE, which will be derived in this section.
Again we consider the two examples presented in the previous section.

EXAMPLE 3. Obtain the analytic solution of the SFDE (3.1-3.4).
With (f,g) = fol f(z)g(z)dz as the inner product, the operator —86—;2,
©(0) = (1) = 0 is self-adjoint and has eigenfunctions ¢, () = v/2sin(nrz)
and corresponding eigenvalues 2)\% = (nm)?, n = 1,2,.... The operator
e}

(—aa—;g)% as a function of (—g>) is also self-adjoint. We can extend its

definition to functions that do not vanish at x = 0 and z = 1 as follows:

2 2 2
(o (o )30) = (o (~ )37 () (4.1
0? o 0?
= <(_@)§7190n7 (_@)g)) = A272<S0TL7 _90”>

= A%en, ) + A2 [p(1)¢h (1) — 9(0)¢,(0)]

using integration by parts.
To derive the analytic solution of the SFDE, we apply the Laplace trans-
form method to equations (3.1-3.3) as follows:

9% o
SG_F = _k(_@)ia(mas)v (42)
@(Oa 5) = ?(8)> (43)
@(L 5) = ?(S)v (44)

where @(z,s) = Lo(z,t) = [~ e '¢(x,t)dt is the Laplace transform of
p(x,t).
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Taking the finite transform with respect to {y,(x)}, the eigenfunctions
generated by (—(%22) with homogeneous boundary conditions, we obtain
on(x) = V2sin(nrz), ¢ (z) = V2nm cos(nrzx). Thus, ¢, (1) = V2nr(—1)"
and ¢/,(0) = v/2nm, A, = nr.

2
5(ion, P(a,5)) — (o F) = ~h{ipn, (~g) 1) (4.5
2
= k() on,B) — kXS G(s)e(1) — Ts)eh(O)]
Set (o, @(x,s)) = Cn(s), (¢n, F) = F,, we have
(kXS + 8)Cn(s) = B — BN [9()¢h (1) — F()h 0]
a—2
Cols) = e — [ (1) ~ T O] (16
Fo  VE
= st U
VI, Va5

+ )\—nf(s)-l-m{g( s)(=1)" = f(s)},

where the splitting in the second line was done to improve the convergence
of the sum in (4.7).
Hence,

$=Z@@mw (4.7
k/\a sm (nmx) + 2g(s) + (1 — 2) f(s)
1 _
+ 2 ———{sqg(s)(—1)" — sf(s)}sin(nmz).
;MW%@MU() 7 ()} sin(nmz)
In general,

o)

olz,t) = Z V2F, ekt sin(nrx) 4+ zg(t) + (1 — x) f(t) (4.8)

2. sin(nrx RN (f—r n
+ 22%/0 e TP G (1) — h(7)Ydr
n=1

with L™ {sg(s)} = G(t) and L™ {sf(s)} = h(t).
In our numerical example, we take f(t) = g(t) = et and F(z) =

—(22 — 2 —1). Thus, g(s) = f(s) = SJ%I
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Using partial fractions
s A B

Ghe+ )5 +1) kAats sl
B_

at

where A = S+a} = e~ %, we obtain

k/\a I k}\a 7- Noting that L~ =

oz, t) = Z V2F,e Mt sin(nra) + xg(t) + (1 —z)f(t)  (4.9)

n=1

. 2%{(—1)”—1} KAY ket

N e 1 e "t sin(nmx)

—1
> {(=1)" = 1} sin(nmz) _,
2; A ka1

where

Fo = (n, F) = —ﬂ{mi)g F Y1) 1] (4.10)

Therefore, we obtain the solution of (3.1-3.4) for this choice of f(t) and
g(t) as:

-y 2sin(mrx){mi)3 + %}[(—1)" _q)ekemt )
=1

tre ™t (1 —z)e 4+ 2 Z =" - 1}k:_(n17r) e Fm gin(nra)

{ —1} sin(nrz)
22 K)o —1¢ -

EXAMPLE 4. Obtain the analytic solution of the SFDE (3.16-3.18).
The eigenvalues {\2} and eigenfunctions {¢,} are obtained as in Ex-
ample 2 in Part 1 of the paper [9]. The eigenvalues {\?} must satisfy

sin(Az) + Acos(Az) = 0.

The corresponding normalized eigenfunctions are
V2sin( A,z

on(z) = Y 2SmOnT)

n=12---.
(1+0032)\n)%

) )

The analytic solution is derived by the transform method as outlined in
the previous example.
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Application of the Laplace transform gives

2
sp—F = —k(—gxz)‘z’@(x, s), (4.12)
50,5) = F(s) (4.13)
?(1,8)+p(1,5) = g(s). (4.14)
Applying the finite transform with respect to {¢,(x)} gives
s(n, @(, 5)) = (@n, F) (4.15)
= —kXAon,0(x,8)) + kAg_Q\/%[g(s) sin A, + An f(8)]
From (4.15) and set C), = (¢n, ®(z,s)) to obtain:
o _ F, N k)\%‘*Q\/ﬁgsin An
! RAS 4+ s (s + EAY)V1 + cos? A\,
L B2
(s + EAG)VI + cos? A,
_ F, +g 2v/2sin \, (1- s )
kXS +5s  2X2¢/T4cosZh, s+ kXS
V2 15
)\ V1 +cos? )\, s+ kX
_ F, N g 2V2sin\, g $2v/2sin A\,
kAp+s 0 2X2VT4cos? A, 2A2v/1 + cos? Ay (s + kAG)
V2 fv/2s _ (4.16)
A VIF 02 A, A1+ cos? A, (s + kA2) '
where the splitting was again used to improve convergence. Hence,
Pa.s) = 3 Culs)pnl) (4.17)
n=1
= )+ Lo+ F1-3)

1

Anton ()
_ \/* sin
g SZ C A2V 1+ cos? Ay (s + kAG)

en(z)
_ffsz)\ V14 cosZ A, (s + kA2)
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In our numerical example, we take f(t) = g(t) = et and F(x) =
—(2% — 2 — 1). Thus, we have
1 9 sin(\,
F, = _/ (2 -z — 1)M (4.18)
0 14 cos?(\,)
V2 2v/2(cos A, — 1)

Anv/1+cos2(N,)  A/T+ cos2(hn)

Therefore, we obtain

= F,sin(Apz) _jye T T
olant) = VEY ZEmmmme R S0+ (1= )F0) (419

2 sin(Apz)(sin Ay, + An) kaot ¢
- 2 kXS nt— :
; NE(RXE — 1)YT T oot oy Fne e}

5. Numerical examples

In this section, we present some numerical results. Numerical solutions
are compared with the analytic solutions.

ExaMpPLE 5. Fractional in space diffusion equation in 1-D:

%—f = —k(—aa;)ggp, 0<z<1,t>0 (5.1)
90(07t) = f(t)? t>0, (52)
90(171;) = g(t)’ t>0, (53)
o(z,0) = F(z), 0<z<1, (5.4)

where k = 0.5, f(t) = e, g(t) = e, F(z) = — (22 —x - 1).

Figure 1 shows the effect of fractional order «, while Figure 2 shows
the effect of time ¢. From these figures, it can be seen that the numerical
solution (MTT) is in good agreement with the analytic solution.

ExaMPLE 6. Fractional-in-space diffusion equation with radiating end
(BC)s3 in one dimension:

i

o —k(=N)2p, 0<z<1, (5.5)
(P(O?t) = f(t)v (P/(Lt) —+ (p(l,t) = g(t), t>0, (5'6)
¢(z,0) = Fl(z)

where k = 0.5, f(t) =e7t, g(t) =e7t, F(z) = —(2® —x — 1).
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Figure 1: Comparison of numerical solution (curves) and analytic solution
(symbols) at t = 1 for a space fractional diffusion equation with x = 0.5
and o = 1.5,1.6,1.7,1.8, 1.9, respectively.

Figures 3 and 4 show the effect of time ¢ for a space fractional diffu-
sion equation with a radiating end (BC)3, and with = 1.9 and o = 1.8
respectively. From these figures, it can be seen that the numerical solution
(MTT) is in good agreement with the analytic solution.

6. Conclusions

In this paper a novel numerical solution technique for solving SFDE
with nonhomogeneous boundary conditions of Type I and Type III has been
derived. The innovation of the MTT method is that it leads to a system
of ODEs with spatial discretisation matrix raised to the fractional order.
Comparisons with two analytical solutions highlight that MTT provides an
accurate simulation of the fractional-in-space diffusion equations.

References

[1] E.J. Allen, J. Baglama, and S.K. Boyd, Numerical approximation of
the product of the square root of a matrix with a vector. Linear Algebra
Appl. 310 (2000), 167-181.



346

M. Ilic, F. Liu, I. Turner, V. Anh

0.8F - X X ~ -

Elevation
o
(2]

0.4

1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Distance

0 I I I I

Figure 2: Comparison of numerical solution (curves) and analytic solution
(symbols) for a space fractional diffusion equation with x = 0.5, @ = 1.8,
and at £ = 0.1,0.3,0.5,0.7,0.9, respectively.

2]

3]

V.V. Anh and N.N. Leonenko, Spectral analysis of fractional kinetic
equations with random data. J. Statistical Physics 104 (2001), 239-
252.

V.V. Anh and N.N. Leonenko, Renormalization and homogenization
of fractional diffusion equations with random data. Probability Theory
and Related Fields 124 (2002), 381-408.

V.V. Anh and N. N. Leonenko, Harmonic analysis of random frac-
tional diffusion-wave equations. Journal of Applied Mathematics and
Computation 141 (2003), 77-85.

K.E. Brenan, S.L.. Campbell and L.R. Petzold, Numerical Solution
of Initial-Value Problems in Differential-Algebraic Equations. North-
Holland, New York (1989).

P.I. Davies and N.J. Higham, Computing f(A)b for matrix functions
f. In: A. Borici, A. Frommer, B. Joo, A. Kennedy and B. Pendleton
(Eds.), QCD and Numerical Analysis III, Vol. 47 of Lecture Notes
in Computational Science and Engineering, Springer-Verlag, Berlin
(2005), 15-24.



NUMERICAL APPROXIMATION OF A ... 347

0.8

Elevation
o
(2]

0.4

1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Distance

0 I I I I

Figure 3: Comparison of numerical solution (curves) and analytic solution
(symbols) for a space fractional diffusion equation with a radiating end
(BC)3 and k = 0.5, « = 1.9 at t = 0.1,0.3,0.5,0.7, 0.9, respectively.

[7]

[10]

[11]

[12]

R. Gorenflo and F. Mainardi, Random Walk Models for Space Frac-
tional Diffusion Processes. Fractional Calculus € Applied Analysis 1,
No 1 (1998), 167-191.

R. Gorenflo and F. Mainardi, Approximation of Levy-Feller Diffusion
by Random Walk. Journal for Analysis and its Applications (ZAA) 18
(1999), 231-246.

M. Ilic, F. Liu, I. Turner and V. Anh, Numerical approximation of a
fractional-in-space diffusion equation, I. Fractional Calculus € Applied
Analysis 8, No 3 (2005), 323-341.

F. Liu and S. K. Bhatia, Computationally efficient solution techniques
for adsorption problems involving steep gradients in bidisperse parti-
cles. Comp. Chem. Eng. 23 (1999), 933-943.

F. Liu and S. K. Bhatia, Numerical solution of hyperbolic models of
transport in bidisperse solids. Comp. Chem. Eng. 24 (2000), 1981-
1995.

F. Liu and S. K. Bhatia, Application of Petrov-Galerkin methods to



348

M. Ilic, F. Liu, I. Turner, V. Anh

Elevation

021 q

0 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Distance

Figure 4: Comparison of numerical solution (curves) and analytic solution
(symbols) for a space fractional diffusion equation with a radiating end
(BC)3 and k = 0.5, « = 1.8 at t = 0.1,0.3,0.5,0.7,0.9, respectively.

transient boundary value problems in chemical engineering: Adsorp-
tion with steep gradients in bidisperse solids. Chem. Eng. Sci. 56
(2001), 3727-3735.

F. Liu and S. K. Bhatia, Solution techniques for transport problems
involving steep concentration gradients: application to noncatalytic
fluid-solid reactions. Comp. Chem. Eng. 25 (2001), 1159-1168.

F. Liu, I. Turner and V.V. Anh, An unstructured mesh finite volume
method for modelling saltwater intrusion into coastal aquifers. Korean
J. Comp. Appl. Math. 9 (2002), 391-407.

F. Liu, V. Anh and I. Turner, Numerical solution of the space fractional
Fokker-Planck equation. J. Comp. Appl. Math. 166 (2004), 209-219.
F. Liu, V. Anh, I. Turner and P. Zhuang, Numerical simulation for
solute transport in fractal porous media. ANZIAM J. 45(E) (2004),
461-473.

F. Liu, V. Anh, I. Turner, K. Bajracharya, W. Huxley and N. Su, A
finite volume simulation model for saturated-unsaturated flow and ap-



NUMERICAL APPROXIMATION OF A ... 349

plication to Gooburrum, Bundaberg, Queensland, Australia. Applied
Mathematical Modelling 29 (2005), 852-870.

M.M. Meerschaert and C. Tadjeran, Finite difference approximations
for fractional advection-dispersion flow equations. Journal of Compu-
tational and Applied Mathematics 172 (2004), 65-77.

R. Metzler and J. Klafter, The random walk’s guide to anomalous
diffusion: a fractional dynamics approach. Phys. Rep. 339 (2000), 1-
77.

I. Podlubny, Fractional Differential Equations. Academic Press, N.
York (1999).

S. Shen and F. Liu, Error analysis of an explicit finite difference approx-
imation for the space fractional diffusion with insulated ends. ANZIAM
J. 46(E) (2005), 871-887.

S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and
Derivatives: Theory and Applications. Gordon and Breach Science
Publishers (1993).

B. West and V. Seshadri, Linear Systems With Levy Fluctuations.
Physica A 113 (1982), 203-216.

L School of Mathematical Sciences Received: June 1, 2006
Queensland University of Technology
GPO Bozxz 2434, Brisbane QLD 4001, AUSTRALIA

e-mails: m.ilic@Qqut.edu.au , f.liu@qut.edu.au

1.turner@qut.edu.av , v.anh@qut.edu.au

2 School of Mathematical Sciences
Xiamen University, Xiamen 361005, CHINA

e-mail: fwliu@rmu.edu.cn



