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Abstract

In this dissertation, we consider the problem of simulation of stochastic differential
equations driven by pure jump Levy processes with infinite jump activity. Examples
include, the class of stochastic differential equations driven by stable and tempered
stable Levy processes, which are suited for modeling of a wide range of heavy tail
phenomena. We replace the small jump part of the driving Levy process by a suitable
Brownian motion, as proposed by Asmussen and Rosinski, which results in a jump-
diffusion equation. We obtain L? [the space of measurable functions with a finite p-
norm|, for p greater than or equal to 2, and weak error estimates for the error resulting
from this step. Combining this with numerical schemes for jump diffusion equations,
we provide a good approximation method for the original stochastic differential
equation that can also be implemented numerically. We complement these results

with concrete error estimates and simulation.
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Chapter 1

Introduction

1.1 Preview

Stochastic differential equation (SDE) models and in particular SDEs driven by Lévy
processes, play a prominent role in a wide range of applications, including biology for
modeling the spreading of diseases [19], in genetics [13], for the movement patterns
of various animals [30], for various phenomenons in physics [38] and in financial

mathematics [10].

Throughout this dissertation, (Q,F,F = (F)i>0,P) will always denote a filtered
probability space satisfying the usual hypothesis of right-continuity and completeness.
Here, we are interested in the strong and weak numerical approrimation of the

stochastic process { X (¢) : t € [0, T}, which is the solution to the SDE
X(t) = :c—l—/o b(X(s))ds —1—/0 o(X(s))dW(s) +/0 h(X(s=))dZ(s), t € [0,T],
(1.1)

where b : R® — R", ¢ : R* — R"™ and h : R® — R™ are Lipschitz functions,

Z is a d—dimensional pure jump Lévy process with infinite jump activity, which is



independent of the d-dimensional Brownian motion W (see Chapter 2 for details on
(1.1)).

Given that only a small class of (1.1) admit closed form solutions, it is important to
construct its discrete time approximations. In this sequel, we consider the discrete
time approximation Y of X, the solution of (1.1) constructed on a time discretization
(t)a with maximum step size A € (0,4), where, Ag € (0,1). If the jump times of
the driving process Z are not included in the time discretization (t)a then such a
discretization is called regular. On the other hand, if the jump times are included in
the discretization, then resulting discretization is called jump-adapted. Consequently,
a discrete-time approximation constructed on a regular time discretization is called a
reqular scheme while that constructed on jump-adapted time discretization is called
a jump-adapted scheme, (see Chapter 3 for a general overview of the different kinds

of time discretization).

For any numerical scheme, it is important to investigate the rate of convergence.
The two common modes of convergence that exists in literature are—strong and weak
convergence.

Definition 1.1.1. A discrete time approximationY constructed on a time-discretization
(t)a with maximum step size A > 0, converge with strong order ~y at time T to the
solution X of a given SDE, if there exists a positive constant C, independent of A,
and a finite number Ay € (0,1), such that

E[|X(T) - Y(T)|] <A™, (12)

for all A € (0,Ay).
Definition 1.1.2. A discrete-time approximation Y constructed on a time discretiza-
tion (t)a with mazximum step size A > 0, converge with weak order B at time T to the

solution X of a given SDE, if for a smooth enough function g, there exists a positive



constant C, independent of A, and a finite number Ay € (0, 1), such that
IE [g(X(T) = g(Y(T))]| < CA?, (1.3)

for all A € (0,Ay).

When b =0 and 0 =0, (1.1) reduces to
X(t)=xz+ /th(X(s—))dZ(s), te[0,T]. (1.4)

The most common numerical scheme for approximating (1.4) is the Euler scheme on
an equally spaced time discretization (t)a: 0 =ty < t; < ty = T, of the interval

[0, T'], which is given by
Yn+1 - Yn + h(Yn) (Zn—l—l - Zn) ; (15)

where Y, = Y (t,) and Z, = Z(ty),n = 1,2,3,--- N, where, N is some positive

integer.

Remark 1.1.1. 1) When Z is a Brownian motion B in (1.5), the increments of B,
i.€., Bpi1— B, are i.i.d. random variables that are normally distributed with mean

zero and variance t, 1 — t,. Thus one can simulate the increments exactly.

2) There is no closed formula for simulating the increments of Lévy processes in the
multi-dimensional setting, with the exception of the multivariate Brownian motion.
This makes it more difficult to simulate a path of X using (1.5). Thus ones should

employ approximate methods.



1.2 Historicity

The case when Z in (1.4) is a Brownian motion, has been extensively studied in
literature. See e.g., [20] for a detailed treatment of numerical approximations of this
case. The literature on weak numerical approximations of (1.4) is sparse, and even
more scarce for strong numerical approximations. Protter and Talay in [27] were
one of the first to consider a discrete-time approximation of the solution of (1.4).
Under some smoothness conditions on h and the function g in (1.3), together with
the assumption that the increments of Z can be simulated exactly, they studied
the weak approximation of the Euler scheme. Jacod et al. in [16], considered the
approximate FEuler method for (1.4). Approximate in the sense that the increments
of Z are approximated by i.i.d random variables. They studied the weak convergence

of their method.

Rubenthaler in [34] then went on to approximate Z with a suitable compound Poisson
process. By using the jump times of the compound Poisson process as discretization
points, he studied the weak approximation of (1.4). His approximation was very
“rough” when the driving process Z had a very strong jump activity. That is, when

the Lévy measure has a strong singularity at the origin.

Bruti and Platen in [26] via the stochastic Taylor expansion, developed strong and

weak numerical schemes of any desired order for the following SDE

X(t):x—i-/o b(X(s))ds+/0 U(X(s))dB(s)—i-/o /EG(X(S—),Z)N<dS,dZ),
(1.6)

where, z € R", b and ¢ are as in (1.1), and, G : R™¢ — R? is Lipschitz continuous
matrix-valued function. B is a standard Brownian motion which is independent of
the Poisson random measure N, and E C RZ, such that v(E) < co. That is (1.6) is

an SDE driven by a Brownian motion and a compound Poisson process which we call



a jump-diffusion SDE. The authors of [8] have also constructed Runge-Kutta schemes

for (1.6), and have established the strong order of convergence of their schemes.

Mordecki et al. in [25] proposed and studied an adaptive (jump-adapted) method for
(1.6). They considered the weak approximation, and in order to control errors that
may arise from large jumps, they proposed to simulate all the jumps of the compound
Poisson process. Thus, their method cannot be extended to the case where Z has

infinite jump activity.

Kohatsu-Higa and Tankov in [21], in order to remedy the situation in [34] considered
(1.4) in the case when Z has infinite jump activity. They studied the weak
approximation of (1.4). They are the first to employ the idea of Asmussen and
Rosiniski [3] (see also [9]), to replace small jumps of Z by a Brownian motion with
appropriate variance. Here, they proposed a jump-adapted approximation scheme
where at any time when there is a jump larger than ¢, the jump size and the change
in the approximating system is computed. Between two jumps larger than e, they
used the approximate solution of the continuous SDE driven by the approximating
Brownian motion. This approximation is constructed as a random perturbation of
the corresponding deterministic ODE, which is obtained by completely removing all
small jumps. In their one-dimensional approximation, they required that the function
1/h(x) be locally integrable which is not always the case, or the ODE could be
approximated using a Runge-Kutta type approach which generates another source of
error that needs to be analyzed. Their order of convergence of the weak approximation

is given in terms of the intensity of the jumps larger than e in magnitude.

Other works in the area of strong approximations include [14] where, the strong
convergence of the Euler scheme for (1.4) in the one dimensional case is given in
terms of the Wasserstein distance. The authors in [39, 37, 11], have also considered

the weak approximation of (1.4).



1.3 Motivation

As earlier mentioned, when one speaks of an SDE driven by a Lévy process, one is
generally referring to (1.1) when b = 0 and o = 0, i.e., (1.4). This clearly, is not
the most general model. Most of the work in the numerical approximation of (1.4)
is on weak approximation of the Euler scheme. The literature on the strong (mean-
squared) approximation is still very scarce. Moreover, as mentioned before, much of
the work is limited to (1.4). With this in mind, I am motivated to consider (1.1) with,
b# 0,0 # 0and h # 0, and develop both strong and weak numerical schemes for (1.1)
of any desired order in the light of [7, 26]. Thus, my interest is to extend the results
in [7, 26], to include a larger class of SDEs, i.e., SDEs driven by Lévy processes with
infinite jump activity. It is worth mentioning that the random perturbation method

employed in [21] no longer works when b # 0 and o # 0.

That said, we use the idea of Asmussen and Rosinski [3] (see also [9]), and in the
spirit of Kuhatsu-Higa and Tankov [21], we approximate the small jumps of Z by an
appropriate Brownian motion which is independent of Z. We then obtain a jump-
diffusion SDE. The resulting SDE consists of a drift term, a Gaussian part and a
compound Poisson part. We show that the resulting jump-diffusion SDE is a good
approximation of the original SDE in the strong and weak sense, by giving L,,p > 2
error estimates and weak error estimates. With this kind of approximation, we are

able to give numerical approximations of (1.1) of any desired order.

The rest of this dissertation is organized as follow. In Chapter two, we give a general
overview of Lévy processes, followed by two methods of simulating Lévy processes,
namely, the random walk approximation and series representation, and finally, we give
an overview of SDEs driven by Lévy processes. Since we are interested in numerical
schemes of any desired order, in Chapter three, we give an overview of strong and
weak numerical schemes of (1.6). The main results in this dissertation are in Chapter

four. Here, we give the formulation of the model we are interested in, and then, state



and proof our main results. Finally, in Chapter five we give numerical experiments

to demonstrate our method with concluding remarks, and further directions.



Chapter 2

An Overview of Lévy Processes
and SDEs Driven by Lévy

Processes

For a collection of unique knowledge on the subject of Lévy processes see [4]. This text
gives a survey on the theory and application Lévy processes. Texts that have given
a systematic exposition of this theory include Bertoin [5] and Sato [36]. A detailed
exposition of SDEs driven by Lévy process can be found in [1]. This chapter is
organized as follows. In the Section 2.1, we give a formal definition of Lévy processes.
Section 2.2 is concerned with an overview of two techniques of simulating Lévy
processes. These include, the Random walk approximation and series representation,
which gives us an intelligent way of simulating sample paths of a Lévy process. Finally,
in Section 2.3, we give an overview of stochastic differential equations driven by Lévy

processes.



2.1 Lévy Processes

2.1.1 Definition

Definition 2.1.1. A d-dimensional adapted stochastic process Z = {Z(t) : t > 0} on

(Q, F, (F)i>0,P), is called a Lévy process if the following conditions are satisfied.
(1) Z(0) =0 a.s.,
(2) Z is a.s. cadlag (right-continuous with left limits),

(3) Z has independent increments, i.e., for all n € N, and all sequences 0 = ty <

ty <o <t, <oo, Z(ty) — Z(to), - Z(tn) — Z(t,—1) are independent,

(4) Z has stationary increments, i.e., for all 0 < s <t < oo, Z(t) — Z(s) has the

same distribution as Z(t — s),

(5) Z is stochastically continuous, i.e., for all A > 0, liH% P((Z(t)—Z(s)|| > A) = 0.
s

2.1.2 Infinitely Divisible Distributions

The primary tool used in the analysis of distributions of Lévy processes is its
characteristic function (or Fourier transform).

Definition 2.1.2. The characteristic function ji(z) of a probability measure on R? is

i(z) = / ¢ (), = € R 2.1)
Rd

The characteristic function of the distribution Px of a random variable X on R? is

denoted by Px(z). That is

Px(z) = /Rd FOPy(dzr) = E [e“z’X)} . (2.2)



Another crucial notion in the study of Lévy processes is that of infinitely divisible
distributions. We denote by u™ the n-fold convolution of a probability measure u

with itself, i.e.,
W= pLx ji K - % p, 1 times. (2.3)

Definition 2.1.3. A probability measure u on R is infinitely divisible if for any
positive integer n, there is a probability measure y, on RY such that pn = .
Remark 2.1.1. Since the convolution is expressed by a the product of its character-
istic functions, u is infinitely divisible if and only if, for each n, an n'" root of the
characteristic function [i(z) can be chosen in such a way that it is the characteristic
function of some probability measure.

Example 2.1.1. If {Z(t) : t > 0} is a Lévy process on R?, then, for everyt >0, the
distribution of Z(t) is infinitely divisible. Indeed, let t), = kt/n,k =0,1,--+ ,n. Let

w="Pzq and p, = Pzu)—z@,_,)- Since
Z(t) = (Z(t)) = Z(to)) + (Z(t2) — Z(t1)) + - + (Z(tn) — Z(tn-1)) (2.4)

1s the sum of n independent and identically distributed random variables by property

three in Definition 2.1.1, it follows that p = p..

This example shines some light on the close relationship between Lévy processes and

infinitely divisible distributions. The one-to-one correspondence between the two is

specified by the following result.

Theorem 2.1 ([36], Theorem 7.10, pp. 35). (i) If {Z(t) : t > 0} is a Lévy process
in law on R, then, for t > 0, Py is infinitely divisible and letting Pzq) = p

we have Pz = p'.

(ii) Conversely, if u is an infinitely divisible distribution on RY, then there is a Lévy

process in Law {Z(t) : t > 0} such that Pzny = p.

10



The following is the famous Lévy-Khintchine formula which gives a representation of
the characteristic function of all infinitely divisible random variables.
Theorem 2.2 ([36], Theorem 8.2, pp. 38). (i) If p is an infinitely divisible distri-

bution on R?, then

() = exp %(z,22>+@'<a,z>—|— /R () =1 =iz ) L) v(d2) | (2:5)

where Y is a symmetric nonnegative definite d x d matriz, v is a measure on R?

satisfying
v({0}) =0 and /]Rd min (1, [|z]|*) v(dz) < oo, (2.6)

and a € RY.
(i) The representation of [1 in (2.5) by a, ¥ and v is unique.

(111) Conversely, if 3 is a symmetric nonnegative definite d X d matriz, v is a measure
satisfying (2.6), and a € R?, then there exists an infinitely divisible distribution
p whose characteristic function is given by (2.5).

Definition 2.1.4. The triplet (a, X, v) in Theorem 2.2 is called the generating triplet

or the Lévy triplet of p. > and the v are called, respectively, the Gaussian covariance

matriz and the Lévy measure of . When ¥ =0, p is called purely non-Gaussian (or

a pure jump Lévy process).

The following proposition gives an explicit form of the characteristic function of the
law of a Lévy process.
Proposition 2.1.1 (Characteristic function of a Lévy process). For any Lévy process

{Z(t) : t > 0} in RY, there is a unique Lévy triplet (a,X,v) such that for every t > 0,

E [e““’z(t))} = exp(tC(u)), (2.7)

11



where

C(u) = i{a,u) — %(u, Su) + / (€% =1 —i(u, 2)Lzy<y) v(d2). (2.8)

Rd

2.1.3 The Lévy-I1to Decomposition

Here, we state the celebrated Lévy-Ito decomposition, which describes the structure
of the sample path of a Lévy process. It expresses the sample path of a Lévy process
as a sum of four independent parts—the drift, the Gaussian part, the “small jump”
part and the “large jump” part. In order to state this result, one needs the notion of
the Poisson random measure which we shall abbreviate PRM.

Definition 2.1.5. Let S C R? be bounded, and B(S) = {BNS : B € B(RY)}, and let
By(S) denote all bounded sets in B(S). A stochastic process {N(A)}acp,(s) s said

to be a PRM on S with intensity measure m if
1. N®) =0

2. For all pairwise disjoint sets {A;} in By(S), such that UA; is bounded, {N(A4;),i =

1,2,---} are independent and

N (G Ai> = f:N(Ai) a.s. (2.9)

3. For all A € By(S),N(A) has a Poisson distribution with parameter m(A). i.e.,

k
P(N(A) =k) = m(;) ek =0,1,2,-- (2.10)

Definition 2.1.6. The compensated PRM denote by N(A) is defined as N(A) =
N(A) —E[N(A)].

12



A PRM N is usually written as
N(A) =) 6y, (A) (2.11)

where § denotes the Dirac measure and {V;} is a sequence of random variables taking

values in S, i.e., V;: Q — 5,7 € N. In this case, N is written symbolically as
N=> 6y, (2.12)

In such a situation, a PRM is called a Poisson Point Process (PPP). In this sequel,
we shall denote by

AZ(t) = Z(t) — Z(t—), (2.13)

the jump of the Lévy process Z(t) at time ¢. Much of the analytic difficulty in dealing
with Lévy processes arise from the fact that, the number of jumps on a finite interval

can be infinite. That is,

> IAZ(s)] = oo aus.. (2.14)

0<s<t

This difficulty is overcome by making use of the fact that

> 1AZ(s)]? < oo as. (2.15)

0<s<t

Rather than examining AZ(t) itself, it is more profitable to count jumps of a specific

size. More precisely, let 0 <t < oo and for each A € B([0,00) x R?), define
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N(A)=N(t,A) =#{0<s<t:,AZ(s) #0,(s,AZ(s)) € A}
= Y 1a(AZ(s)) (2.16)

0<s<t

= Z s, az(s)(A).

{0<s<t, AZ(s)#0}

N(A) counts the number of jumps of a particular size that belong to the set A. Before
stating the Lévy-1td decomposition of a Lévy process, we state the following result
concerning cadlag functions.

Theorem 2.3 ([1], Theorem 2.9.1, pp. 140). If f : [0,00) — R? is cadlag, then for
all e and T > 0, the set

{t€[0,T]:||Af(@)| > €} (2.17)

is finite. Hence {t € [0,T] : ||Af(t)|| # 0} is at most countable.
Theorem 2.4 (Lévy-1t6 decomposition, [36], Theorem 19.2, pp.120). Let {Z(t) : t >

0} be a Lévy process with Lévy triplet (a, %, v)

1. Let N(A) for every A € B([0,00) x R?) be as in (2.16). Then N(A) is a Poisson

random measure on [0,00) x RY with intensity Leb ® v.

2. The process {Z(t) : t > 0} defined by

Zl(t) = 11{‘% Z (AZ(S)H{”AZ(S)”>€} - t/6<x<1 Zl/(dZ)) (2.18)

0<s<t

is a Lévy process with Lévy triplet (aq,0,v), where
o = / u(d). (2.19)
llz[I>1
The limit on the right-hand side of (2.18) exists a.s.
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3. Z*(t) = Z(t) — Z'(t) is a Brownian motion with drift. Thus it has the Lévy triplet
(3,0,a — ay). Moreover, the process {Z*(t) : t > 0} is independent of the PRM
N.

4. The Lévy process {Z(t) : t > 0} can be written as
¢ 3 ¢
Z(t) = Z*(t) +/ / zN(dz,ds) —I—/ / zN(dz,ds), a.s.,t > 0. (2.20)
0 Jo<llz[<1 0 Jz[[>1

By this theorem, we can interpret a Lévy process as a Brownian motion with drift,
a “small jump” part given by the second integral in (2.20) and a “large jump” part

given by the last integral in (2.20).

2.1.4 Some Examples of Lévy Processes

Example 2.1.2 (Brownian motion). A stochastic process B = {B(t) : t > 0} in R is
called a Brownian motion with variance o? if B(1) follows a normal distribution with

mean zero and variance O'2

, and the sample paths of {B(t) : t > 0} are continuous
a.s. In fact, this is the only Lévy process with continuous sample paths.

Example 2.1.3 (The Poisson process). The Poisson process of intensity A > 0, is
a Lévy process {N(t) : t > 0} taking values in N U {0} where each N(t) follows a
Poisson distribution with parameter At.

Example 2.1.4 (The compound Poisson process). Let {Y(n) : n € N} be a sequence
of i.i.d. random variables in R® with common distribution py. Let N be the Poisson

process in Example 2.1.3 which is independent of all Y (n). The compound Poisson

process Z is defined as

Z(t) =Y Y(k) (2.21)

for each t > 0.
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Example 2.1.5 (Jump-diffusion process). Let B be given by Example 2.1.2, and Z
by Example 2.1.4, then the process J = {J(t) : t > 0} given by

J(t) = B(t) + Z(t) (2.22)

1s Lévy process known as a jump-diffusion process.
Example 2.1.6 ( a-stable Lévy process). A Lévy process Z = {Z(t) : t > 0} in R?
with Lévy triplet (a,0,v) is said to be an a-stable process with 0 < « < 2 if there

exists a finite measure X on S the unit sphere of R, such that

V(A) = /S /0 T La(ru)r o dr A u).

The Lévy measure v has an explicit form in the one dimensional case which is given

by
v(z) = c1|z| " ey + 227 Mg

where ¢y and co are non-negative constants such that ci+co > 0. For a comprehensive
introduction of the subject of stable processes, see [35]. For the simulation of these
processes, see [18].

Example 2.1.7 (Tempered a-stable process). A Lévy process {Z(t) : t > 0} with

Lévy triplet (a,0,v) is said to be tempered a-stable if the Lévy measure v is given by
v(dz) = ||z~ g(2)d=

where (—1)"D"g(z) > 0 for z > 0, (—1)"D"g(z) > 0 for z < 0, a € (0,2), n € NU{0}
and lim|,|00g(z)=0. Here, D"g(z) denotes the n'" derivative of g. For a detailed

treatment of tempering stable processes, see [32].
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2.2 An Overview on Simulation of Lévy Processes
Using Random Walks and Series Representa-

tions

The triumph of Lévy processes cannot be understood without the progress of
computers. The simulation of Brownian motion and compound Poisson processes are
discussed in many textbooks, see e.g., the monographs [10] and [2]. Unlike Brownian
motion, the simulation of general Lévy processes is not very straight forward. Let
Z ={Z(t) : t > 0} be a Lévy process in R? with characteristic triplet (a,>,v). By
the Lévy-It6 decomposition (Theorem 2.4), the sample paths of Z can be decomposed

as follows:

Z(t) :at+Bg(t)+/0t /O<Z”§1 zﬁ(dz,ds)Jr/Ot /”Z|>12N(dz,ds). (2.23)

Thus the problem of simulating a Lévy process boils down to that of simulation of a
Brownian motion with drift, the small jump part and the a compound Poisson process.
When the Lévy measure v is finite, then one needs only simulate a jump-diffusion
process. The main difficulty in simulating the Lévy process is when v is infinite.
In this case, the sample paths of Z = {Z(¢) : ¢ > 0} has infinitely many jumps
in any finite interval [0,7]. Thus exact simulation of such processes is impossible.
A process close to the original one is generated instead. Here, we examine two
methods of accomplishing this task, namely, the random walk approximation and

series approximation of Lévy processes.

2.2.1 Random Walk Approximation

Because of the property of stationary independent increments, the problem of

simulating a discrete skeleton {7, }, where Z, “rz (tn),t, = nA, of a Lévy process
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is equivalent to the problem of a random variable generation from a specific infinitely
divisible distribution. Suppose {Z(t) : t > 0} is a Lévy process determined by (2.23),
with ¥ = 0. On a fixed time interval [0,7], with n € N, put A = T'/n. Generate
the increments AZ; = Z(jA) — Z((j — 1)A) as i.i.d. random variables with common
distribution Pa(A) = P(Z(A) € A), j=1,2,--- ,n— 1. Let

0 ifo<t<A
7o) =4 (2.24)
SN AZE i jA<t<(j+1A.
k=1

The process {Z2(t) : t > 0} is a random walk approximation to {Z(t) : t > 0}.
Example 2.2.1 (Discretized trajectory for a symmetric a-stable process). Let Z =
{Z(t) : t > 0} be a symmetric a-stable process with index of stability o € (0,2). Let
{t;}I-, be a discretization of the time interval [0,T]. We have the following algorithm
for simulating Z (see [10], Algorithm 6.6, pp. 180)

Algorithm 1

o Simulate n independent random variables ~y;, uniformly distributed on

(—m/2,7/2), and n independent standard exponential random variables W;.

o Compute AZ;, fori=1,2,--- ,n using

- (1-a)/a
. e sinay (cos((1—a)y)
AZZ - (t’L tzfl) (COS Vi)l/a < VVZ (225>

J
e The discretized trajectory of Z is given by Z(t;) = > AZ;
k=1

See the graphs in Figures 2.1-2.3 for typical sample paths of a symmetric a-stable
process. Figure 2.1 resembles the graph of a compound Poisson process. When « is
large, the behavior of the sample path is determined by small jumps (see in Figure

2.3). In this case the sample path resembles that of a Brownian motion. Figure
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Figure 2.1: Simulated trajectory of an  Figure 2.2: Simulated trajectory of an
a-stable process with a = 0.5. a-stable process with a = 1.

Figure 2.3: Simulated trajectory of an
a-stable process with a = 1.7.

2.2 corresponds to the graph of a Cauchy process which is between the two cases.

For more details on random walk approximation of Lévy process see Section 6.2 of

[10].

Remark 2.2.1. (1) We observe that in order to implement the random walk approz-
imation method of simulation, one needs to know the law of the increment of the
Lévy process. For most Lévy processes, the law of the increments is not known

explicitly.

(2) Contrary to the one-dimensional case, no closed formulae are available for
simulating the increments of Lévy processes in the multi-dimensional setting, with
the exception of the multivariate Brownian motion. This makes it more difficult
to simulate a path of the general Lévy process. Thus one should use approrimate

methods such as the series representations which we overview below.
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2.2.2 Series Representation

Here, we state a general result due to Rosiniski [31], that allows one to construct series
representation of Lévy processes. It turns out that series representations is a more
intelligent way of approximating a Lévy process by compound Poisson process. Let

{Z(t) : t > 0} be a pure jump Lévy process, i.e.,

Z(t) :at—i—/ot /”ZS1 zN(dz,ds)+/Ot/zn>1 ZN(dz,ds) (2.26)

where a € R? and N is a PRM on [0, 1] x R¢. Let {V;};>; be an i.i.d. sequence of
random elements in a measurable space S with common distribution F'. Assume that
{Vi}i>1 is independent of {I';};>; of partial sums of standard exponential random

variables. Let
H:(0,00) x S — R? (2.27)
be a measurable function such that for each v € S
r— [[H(r,v)], (2.28)

in noninecreasing. Let {U;};>1 be denote i.i.d. sequence of uniform random variables
in [0, 1], which is independent of {T';};>; and {Vi};>;. Let B € B(R?), and define

measures on R¢ by
o(r,B)=P(H(r,V;) € B), r >0, and v(B) = / o(r, B)dr. (2.29)
0
Put

A(s) = /0 /z||§1 zo(r,dz)dr, s > 0. (2.30)
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Theorem 2.5 (Rosiniski, [31], Theorem 4.1). (A) The seriesy ;- H(T;,V;) converges

a.s. if and only if
(i) v is a Lévy measure on RS and

(ii) a I Jim A(s) in R,

S5—00
If (i) and (1) are satisfied, the the law of > ;= H(T;,V;) is infinitely divisible

with characteristic function ¢(u) given by

o(u) = exp [i(a,u) + /Rd (6i<u,z) — 1 —i{u, Z>1HZ||§1> v(dz)| . (2.31)

0

(B) If only (i) holds, theny .o, [H(T;, Vi) — ¢;] converges a.s. forc; = A(i)—A(i—1).
In this case, the characteristic function of the law of > ;= [H(L';, Vi) — ¢;] is given
by (2.31) with a = 0.

The series
at + > [H(Ty, Vi) Ly,< — tej] (2.32)
i=1

converges a.s. uniformly on [0, 1] to a Lévy process {Z(t) : t > 0} with Lévy triplet
(a,0,v), (see [31], Theorem 5.1).
Remark 2.2.2. The process

Y7(t)= Y [H(T:,Vi)ly,< — tA(T)] (2.33)

{i:I; <7}

is a compound Poisson process with Lévy triplet (0,v,,0) where

v, (B) = /OT o(r, B)dr (2.34)

See the proof of Theorem 4.1 in [31]. Thus, series representations of Lévy processes

obtained using Theorem 2.5 can be viewed as compound Poisson approximations,
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though, the transformations applied to the initial Lévy measure may be more complex

than simply deleting small jumps.

The following examples are series representation of the symmetric a-stable and
exponentially tempered a-stable processes respectively.

Example 2.2.2 (Symmetric a-stable process). Let {V;};>1 be an i.i.d. sequence such

that P(V; = +£1) = 1/2. Then

Z(t) =Ty Y ViT;/Liy,<yy, 0< < T, (2.35)

J=1

represents an «-stable process with Lévy triplet (0,v,0), where 0 < a < 2,

IT(1 — ) cos %2 |1/ when a # 1
Co = 2 (2.36)

¢ =17/2,

and

I/(dz) = <|Z|717aﬂ{z<o} + Zﬁl*a]l{z>0})dz. (2.37)

Next, we give a series representation of a tempered a-stable process. A detailed
treatment of series representation of tempered stable processes is due to Rosinski
[31], in particular, Theorem 5.1 and Theorem 5.3 of this reference. Here, we give an
example which is suitable for our purposes, (see Example 4.3 of [33]).

Example 2.2.3 (Exponentially tempered stable process). Suppose that
v(dz) = ﬁ(|z|_1_ae_)‘|z‘]l{z<o} + Z_l_ae_’\zll{z>0})dz

where X > 0. Let {V;}, {n;} and {&;} be i.i.d sequences such that P(V; = £1) = 1/2,
n; are exponentially distributed with rate one, and {&;} are uniformly distributed on

,1). Assume all random sequences {I';}, {U;}, {V;}, {n;} an i} are independent
0,1). A [l rand L}, U1 Y J d{§; d d
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of each other. Then

2037 (52

—1/a
) N njgm) Livj<ty, 0<t<T (2.38)

represents a tempered c-stable process with Lévy measure v. From Remark 2.2.2,

~1/a

z()= Y v;((ii?) / Angy“>1ﬂgﬁ} (2.39)
{3:T;<7}

1s a compound Poisson process.

Example 2.2.4 (An algorithm for simulating a tempered « stable process using series

representation). Fix a number T depending on the required precision. This number

s proportional to the average number of terms in the series and it determines the

1/

truncation level i.e., jumps smaller than 7=/ are truncated.

Algorithm 2: Simulating a tempered a-stable process

e Initialize j := 0

J
REPEAT WHILE Y T, <T

n=1

Set j=j+1

Simulate T; and n;: standard exponential

Simulate U; and &;: uniform on [0, 1]
o Simulate V; taking values 1 or —1 with probability 1/2

The trajectory of {Z(t) : t > 0} is given by

j ~1/a J
al’; o
Z(t) = ZV} ((2/{1{) /\njf;/ > Liv,<iy where I'; = ZTk.

n=1 k=1
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Figure 2.4: Simulated trajectories of an a-stable and a tempered a-stable process
using series representation. Here, o = 1.3, and precision 7 = 1000
and N=10,000 iterations.

2.3 SDEs Driven by Lévy Processes

In this section we give an overview of SDEs driven by Lévy processes. Let {B(t) : t >
0} be a d-dimensional Brownian motion, and N an independent PRM on R x R? with
associated compensator N, and intensity measure v, a Lévy measure. We also assume

that B and N are independent. We consider the following stochastic differential

X(t):a:+/ d3+/00 dB(s)
/ /Z||<C (5=, 2)N(ds, d2) (2.40)
+/0 /z||>cG(X(S_)’Z)N(dS’dZ)

wherez € R, b: R* = R" 0 : R* — R™4 [ :R™¥ — R” and G : R"*? — R™. The

equation

parameter ¢ € (0,00) is known as the “cut-off” parameter and determines the “small”
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and “large” jumps. The solution to (2.40) when it exists, will be an n-dimensional
stochastic process X = {X(t) : t > 0}.

Definition 2.3.1. By a solution of the equation (2.40), we mean an n-dimensional
cadldag, Fi-adapted stochastic process X = {X(t) : t > 0} defined on (Q, F,P,F) such
that (2.40) is satisfied.

Since B and N are specified in advance, any solution of (2.40) is called a strong
solution in literature. There is also the notion of weak solution. Here, we are interested
in the strong solution. In addition, we require that the solution of (2.40) be unique.
There exists various notions of uniqueness available, the strongest of which is the
following.

Definition 2.3.2 (Path-wise uniqueness). The solution to (2.40) is said to be path-
wise unique if X7 = {X;(¢) : t > 0} and Xy = {Xs(t) : t > 0} are solutions to (2.40),
then P(X1(t) = Xo(t) for allt > 0) = 1.

The following conditions are imposed on the coefficient functions b, and F' in order
to guarantee the existence of a unique solution to (2.40). We call them the “Growth”

and “Lipschitz” conditions respectively.

e Growth condition:

lo(@)[I* + 1b(z) +/ 17 (z, 2)|*v(dz) < K(1+||z]]*), z € R", (2.41)

l[zll<e
for some positive constant K.

e Lipschitz condition:

lo(@) = a@)II” + [Ib(x) — by)II* + / 1F (2, 2) = F(y, 2)|*v(dz)  (2.42)

l2ll<e

SKH‘I—Z/HQa ﬂf,yERn,

for some positive constant K.
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Theorem 2.6 ([15], Theorem 9.1, pp. 230-231). If b,o and F, satisfy conditions
(2.41) and (2.42), then there exists a unique n-dimensional cadlag process X =
{X(t) : t > 0} that satisfies equation (2.40).

Example 2.3.1. Let Z be a d-dimensional Lévy process with Lévy triplet (a,0,v).
Then Z has the following Lévy-1té decomposition

t ¢
Z(t) =at +/ / 2N(dz,ds) —l—/ / zN(dz,ds). (2.43)
0 JlzlI<1 0 Jz[>1

Letx € R, b: R™ — R" a vector-valued Lipschitz continuous function, and h : R™ —

R™*? o matriz-valued Lipschitz continuous function. Consider the SDE

X(t) ::1:+/tb(X(s))ds+/th(X(s—))dZ(s), t e [0, 7). (2.44)

Equation (2.44) can formally be written in integral form as

X(t) :x—ir/tb(X( ))d8+/ ads—l—/ /|”<1 —))zN(dz,ds) (2.45)

/ / - $))2N(dz, ds).

Let by(x) = b(z) + h(z)a. Then (2.45) can be rewritten as follows,

X()—x+/ ds+/ /|”<1 —))zN(dz, ds)
/ /| " $))zN(dz, ds). (2.46)

Remark 2.3.1. Observe that (2.46) is a particular case of (2.40) with c =1, ¢ =0,
F(z,z) = h(z)z, ||z|| <1 and G(z,z) = h(z)z, ||z|| > 1. Also, since b and h are

Lipschitz continuous, it follows that by is Lipschitz continuous.

The following proposition guarantees the existence of a unique solution to equation

(2.46).

26



Proposition 2.3.1. Let b and h be as in Example 2.53.1, then (2.46) has unique

solution.

Proof. We only need to verify condition (2.42). Indeed, let z,y € R™. Then, since b

and h are Lipschitz continuous and v is a Lévy measure, it follows that

1B:(2) — by ()12 + / ()= — hiy)z|v(dz)

l[2l1<1

< KlHiﬁ—yH“erHx—sz/ I217v(dz) (2.47)

=<1

= K|z -yl

where K = K; —|—K2f

<1 |2]|?v(dz). Thus, condition (2.42) is verified. Condition

(2.41) follows from (2.47), since, if we let 2 € R?, then we obtain

by (x)]|? h(z)z||?v(dz
15:()] +/”Z<1||<>|| (d2)
< by () — by (02 + / () — h(0))2|Pv(dz)

=<1
+1161(0)]1* + Hh(U)HQ/ I12]7v(dz) (2.48)
llzll<1
< K|z + b (0)]* + ||h(0)||2/ I12]1*v(d2)
llzlI<1
< O (1+ [|=]?)
where C' = max {K, 161 (0)]]2 + [|A(0) ] fllesl ||z||2y(dz)} O

Remark 2.3.2. (i) The equation (2.43) rarely admits a closed form solution.

Thus, the need for numerical simulations.

(11)) When b =0, we obtain

X(t)=xz+ /t h(X(s—))dZ(s), t € [0,T]. (2.49)
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We observe here that if Z has a jump size of z, then X (t) will have a jump
of size h(X(t—))z. In literature, when one talks of an SDE driven by a Lévy

process, generally, one is referring to (2.49).

(i1i) Note, we write X (t—) instead of X(t) in order that the integrand be predictable,

so the integral is well defined as an Ité integral.

(iv) The solution X to equation (2.43), is a homogeneous Markov process. See

Theorem 6.4.6 of [1], pp. 388.

We now give an example of (2.40) with an exact solution.
Proposition 2.3.2 ([10], Proposition 8.21, pp. 284-285). Let Z = {Z(t) : t > 0}
be a Lévy process in R with Lévy triplet (a,0?%,v). Then there exists a unique cadlag

process (X (t) :t > 0) in R such that

X(t)=1+ /tX(s—)dZ(s), (2.50)
given by
X(t) =exp (Z(t) — %Qt) H (1+ AZ(s))e 226, (2.51)
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Chapter 3

Regular and Jump-Adapted
Approximation Schemes for

Jump-Diffusion SDEs—An

Overview

The deterministic Taylor expansion has proven to be an indispensable tool in both
theoretical and practical investigations. It allows one to approximate a sufficiently
smooth function in a neighborhood of a given point to any desired order of accuracy.
A similar expansion can be obtained in the stochastic case. The stochastic Taylor
expansion is a generalization of the deterministic Taylor formula. It permits one
to expand the increments of smooth functions of Itd processes in terms of multiple
stochastic integrals. It is the main tool for the construction of stochastic numerical
methods. For a detail treatment of this topic, see [26] and [24]. This chapter is
divide into two sections. In Section 3.1, we give an overview of the stochastic Taylor
expansion, and in Section 3.2, we review how the stochastic Taylor expansion is used

to construct numerical schemes for (1.6).
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3.1 Stochastic Taylor Expansion

It often imperative to be able to expand the increments of smooth functions of
solutions of SDEs. Therefore, a stochastic expansion with similar properties to the
deterministic Taylor formula can be extremely useful. This expansion is basically
obtain by a repeated application of It0’s formula. Here, we consider the following

SDE

X(t):x—l—/o b(X(s))dS-i—/O 0(X(s))dB(8)+/o /EG(X(S—),Z)N(dS,dz) (3.1)

where, z,b, G, B, N are as in (2.40) and F is a subset of Rd, such that v(E) < oo.
That is (3.1) is an SDE driven by a Brownian motion and a compound Poisson process
which we call a jump-diffusion SDE.

Remark 3.1.1. Observe that (3.1) is a special case of (2.40) with F' =0 and a finite

Lévy measure v.

We denote by p(t) = N(E x [0,t]), t € [0,T], the Poisson process which counts the

number jumps occurring in the time interval [0, ¢], for all ¢ > 0. Let
[ri=12 pH)} (3.2)
denote the jump times generated by N with corresponding jump sizes (or marks)
{Vi,i=1,2,--- ,p(t)}. (3.3)

With this notation, (3.1) can be written as follows

t t p(t)
X(t)=z+ / b(X(s))ds +/ o(X(s))dB(s) + Z G(X,,,V;). (3.4)
0 0

i=1
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Discrete time approximations of (3.1) are constructed using the stochastic Taylor
expansion of its solution. Smooth functions of (3.1) can be expanded in terms of
multiple stochastic integrals. In order to express this expansion, we introduce below

certain notations.

3.1.1 Multiple Stochastic Integrals

In order to describe the multiple stochastic integrals, we start by defining the notion
of a multi-indez a.

Definition 3.1.1. A row vector o = (j1,72, -+ ,ji), where j; € {—1,0,1,--- ,d} for
i€ {1,2,--- 1}, is called a multi-index of length | = l(a)) € N. Here, d represents the

number of components of B in (3.1).

For d € N, the set of multi-indices o will be denoted by

M=A{(G1, -, 0) 5 €{-1,0,1,2,--- ,d},{i € {1,2,---,1},l e N}U{v} (3.5)

where v denotes the void multi-index, i.e., v has zero length. A component j €
{1,2,---,d} of the multi-index will denote a multiple stochastic integral with respect
to the j** Brownian motion, a component j = 0 will denote integration with respect
to time and finally, a component 7 = —1 will denote integration with respect to the
PRM N. In addition, n(a) will denote the number of components of a that are equal
to zero and s(a) the number of components of « that are equal to —1. We denote
by a— the multi-index obtained by deleting the last component of o and —« the

multi-index obtained by deleting the first component of a.
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Example 3.1.1. If we let d =1, then we get the following

1((0,1,-1)) = 3, n((0,1,-1)) =1
s((0,-1)) =1, (0,1,—1)— = (0,1) (3.6)
—(O, 1, —1) = (1, —1).

In order to define multiple stochastic integrals, one needs to define sets of adapted
stochastic processes g = {g(t) : t € [0,T]} that will qualify as integrands for theses
multiple stochastic integrals in the stochastic Taylor expansion. These sets are defined

as follows:

g:wawmmu<m},

0<t<T

{ r pT
So={o:| [ lotellas

{

{

_ < oo} : (3.7)

o[ [ [ lots.aPrtazyis] < oo},

T
g 2| [ lalPas] <o} j=120
L/ O

The set S, for an arbitrary multi-index v € M with [(«) > 1, is defined below.
Definition 3.1.2. Let p and 7 be two stooping times such that 0 < p < 7 < T almost
surely. For a multi-index o € M and an adapted process g(.) € S,, the multiple

stochastic integral 1,[g(.)],- is defined recursively as

((r), ifa =0,

pr In_[9()]pudu, if 1 >1 and j, =0,
pr Lo [g()]pudWit, if I>1 and j; =1,2,--- ,d,

Kpr fE Lo [9()]pu-N(dzs(a), du) if L 2 1 and ji = —1,

where g(.) =g (., 21,00 ,zs(a)) and u— denotes the left hand limit of u.
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In order to simplify notation, we will omit dependence of g on one or more of the
variables 21, -+, 244 of the vector z expressing the jumps of the PRM.

Definition 3.1.3. For every multi-indexr o € M with l(a) > 1, the sets S, are
recursively defined as sets of adapted stochastic processes g = {g(t) : t > 0} such that
the integral process {In—[g(.)]ps,t € [0,T]} satisfies

Lo-[g()],. € S (3.9)

Example 3.1.2. Assume d = 2.

1. Let a = (1,0,—1), then
I10,-1) [9(~)]p,r = [(1,0)—[9(37 Z)]p,qu(dZv ds)

S—

Iy-[g(s1,2)]psds1N(dz, ds) (3.10)

I
—
h\.>7e\.>

/ I, [g(s2, z)]p&_dWSlzdslN(dz, ds)
p
2. Let = (k,0) k=1,2,--- ,d, then

Loo)lg( s =

Liwlg(s1)]dWE ds (3.11)

3.1.2 Coefficient Function

We now conider some sets of sufficiently smooth and integrable functions which will

qualify as coefficient functions in the stochastic expansion. Denote by £° the set of
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functions f : [0,7] x R™ x E5(®) — R™ for which
ft,z+ Gz, 2),u) — f(t,z,u) ZGZ (x,2)=—f(t,z,u) (3.12)

is v-integrable for all t € [0.7],x € R, u € E*® and f(.,.,u) € C“2. Next, we
denote by L£F k = {1,2,---,d} the set of functions f : [0,7] x R"* x E*® — R»
whose partial derivative 9/0x" f(t,z,u),i = 1,2, - ,d exists. Finally, let £~! be the
set of functions f : [0, 7] x R" x E*®) — R™ for which

| f(t,x+ Gz, 2),u) — f(t, 2, u)|? (3.13)

is v-integrable for all t € [0,T],z € R” and u € E*®. We now define the following

operators for functions f(t,z,u) € L*
0 8 z
L f(t,z,u) = —f(t,x,u) —|—Zb f(t,z,u) (3.14)

)
T3 DIPILCIE () giga ! @)

i,l=1 j=1

f(t, z,u) Za”“ ft,x,u), (3.15)
for k € {1,2,--- ,d}, and finally
L f(tz,u) = f(t,x + Gz, 2),u) — f(t,2,u), (3.16)

for all t € [0,7],z € R* and u € E*®). We employ the notation above to define the

coefficient functions f,, where o € M.
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Definition 3.1.4. For all o € (j1,- -, jia)) € M and a function f :[0,T] x R* —

R™, the Ito coefficient functions are recursively defined as follows

(

f(t,z) for l{a) =0,
folt,zu) = Q LI f_ (8 z,uy, - - Us(—ay), forl(a) > 1,5, € {0,1,--- ,d}, (3.17)

LY ooy, s us—ay), for (o) >1,5; = —1.

\ Us(a)

Remark 3.1.2. In Definition 3.1.4, it is assumed that the coefficients of the SDE
(3.1) and the function f satisfy the smoothness and integrality conditions needed for
the operators (3.14)—(5.16) to be well defined.

Example 3.1.3. Let f(t,z) =z, and let n = d = 1. Then we get the following

fero)(t, z,u) = L;:(_(LO))f_(_LO) (t, 2 ur, -+, Us(—(~1,0)))
=L, foy(t,z,u) = L, L°f, (t, 2, u)
= L7VULOf(t,a) = LM L0 (3.18)
= L' L°(z) = b(G(x, 2)) — b(x).

The stochastic Taylor expansion is defined on a special kind of set known as a

hierarchical set. This set plays an important role in the construction of numerical

schemes for (3.1), and also determines the order of convergence of the constructed

numerical scheme.

Definition 3.1.5. (i) A subset H C M is called a hierarchical set if H is
non-empty, the multi-indices in H are uniformly bounded in length, i.e.,

SUPyey (@) < 00, and —a € H for each o € H \ {v}.

(i) The remainder set R(H) of a hierarchical set H is defined as

RH)={aec M\ H:—acH} (3.19)
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The remainder set consist of all next following multi-indices with respect to the given
hierarchical set.

Example 3.1.4. Let d = 1 and consider the set Hos = {v,(—1),(0),(1)}. This set
corresponds to the Euler approzimation of (3.1) as we will see later. Its corresponding

remainder set is
R(Ho.f)) = {(_L _1)a (_L O)v (17 _1)7 (17 0)7 (_17 O)v (O’ 0)7 (_17 1)7 (07 1)7 (1’ 1)}

Theorem 3.1 ([26], Theorem 4.4.1, pp. 206). For two stopping times p and T with
0 < p <7 < T almost surely, a hierarchical set H C M, and a function f :

[0,T] x R" — R™, we have the corresponding stochastic expansion

FX) =D Lalfalp, X0, + D Lalfal s X0, . (3.20)
acH a€R(H)
assuming that the function f and the coefficients of the SDE (3.1) are sufficiently
smooth and integrable such that the arising coefficient functions f, are well defined
and the corresponding multiple stochastic integrals exists.
Remark 3.1.3. Let f(t,x) = x. Then the solution X of (5.1) can be represented as

follows

X() =Y Llfalp. X)), + Y Lalfalo X0, (3.21)

aEH a€ER(H)

where p and T are stopping times such that 0 < p <71 <T.
Example 3.1.5. Consider the SDE (3.1) withd =1 and G =0. Let p =0 and T = t,
and consider the hierarchical set H = {v}. Then the remainder set R(H) = {(0), (1)}.

36



Then by (3.20) in Theorem 3.1 with f(t,z) = f(x) we obtain the following expansion

FX() = FXO) + oo (5. X($Vos + Loyl . X (5o
= FX(O) + o[ FX()os + oy L £ (X (5)ox
:f(X(O))+/O LOf(X(s))ds+/0 L'f(X(s))dB(s) (3.22)
= 1)+ [ (BXEDFXE) + o (X)) ds

+AdX®WM®MM®

Remark 3.1.4. We observe from Example 3.1.5 that (3.20) is a generalization of the
well known Ito’s formula.

Example 3.1.6. Let Hgs be the hierarchical set in Example 3.1.4 with d = 1. By
Theorem 3.1 and Remark 3.1.3 we obtain

X(7) = L[fo(p, X () o + Loy [ fi0) (0, X (0) . + Ly [ 1) (0, X (0)) 7
+ L plficn (o, X(p)lpr + R (3.23)

= X(p) + WX ()T = ) 40X () o+ [ e vz + r

where R is the remainder given by

/L% duds+/ / L'b(X (u))dB(u ds+/ / L(X (u))dudB(s
/ /L '5(X (u))N(du, dz) ds+/ / L'W(X (u))dB(u)dB(s) (3.24)
P E

/ /L;lb(X( N(du,dz)dB(s / // L°G z)duN(dz, ds)

P E

' [E /p s /E LG (X (), 2)N(dz, du) N (du, ds)
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Remark 3.1.5. The most important property of the stochastic expansion is that, it
permits a function of a process to be expanded as finite sum of multiple stochastic
integrals with constant integrands. Just like the deterministic Taylor formula, it can
be conveniently used for approximating the increments of solution of SDEs on small

time intervals.

3.2 Stochastic Taylor Approximation

In this section, we give an overview of numerical approximation of the solution of
(3.4), which are constructed by truncating the stochastic Taylor expansion (3.21) to
include as many terms are desired. As mentioned in the introduction, there are two
kinds of approximations—reqular approrimations and jump-adapted approrimations.
The names regular and jump-adapted arise from the method of discretization of the
time interval [0, 77 is discretized.

3.2.1 Regular Strong and Weak Taylor Approximations

Let 0 =ty < t; < --- <ty =T be a partition of the time interval [0, 7] where N € N.

For a given maximum step size A € (0, 1) time discretization
tah={0=tg<t;<---<ty=T}, (3.25)
is required to satisfy the following conditions:
Pt —t, < A) =1, (3.26)
where

tne1 is Jy, — measurable, (3.27)
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forn € {0,1,--- , N — 1} and,
ny = max{n € N : ¢, <t}, (3.28)

denotes the largest integer n such that ¢, < ¢, for all ¢ € [0,7]. This kind of
discretization is called a reqular time discretization. An example, is an equidistant
time discretization where the n* discretization time t, = nA, n=10,1,--- , N, and
the time step size is A = T'/N. Discretization times can also be random as is needed
if there is the desires to control the step size. Conditions (3.26), (3.27) and (3.28)
imposes some restrictions on the choice of the random discretization times. Condition
(3.26) requires that the maximum step size in the discretization cannot be larger than
A € (0,1), (3.27) ensures the length A, = ¢,,.1 —t, of the next time step depends only
the information available at time ¢,, and finally (3.28) guarantees a finite number of

discretization points in any bounded interval [0, ¢].

For any approximation scheme, it is important to specify the mode of convergence.
We will consider two types of convergence, namely, “strong” and “weak” conver-
gence.

Definition 3.2.1. A numerical approzimation {Y(t) : t € [0,T]} on a time
discretization (t)a of a stochastic process {X(t) : t € [0,T]} is said to converge

strongly to X with strong order of convergence v > 0 if
E [HY(T) — X(T)HQ} < CA* (3.29)

for some C' > 0 which does not depend on A.
Definition 3.2.2. A numerical approzimation {Y(t) : t € [0,T]} on a time
discretization (t)a of a stochastic process {X (t) : t € [0,T]} is said to converge weakly

to X with weak order of convergence B > 0 if for some smooth enough function g, we
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have that
E [g(Y(T)) — g(X(T))]| < CA° (3.30)

for some C' > 0 which does not depend on A.

We now give a brief summary of strong and weak Taylor approximations of (3.1)
for a given strong order v € {0.5,1,1.5,---} and a given weak order 8 € {1,2,---}
respectively. The construction of these approximations is based on the stochastic
Taylor expansion (3.20) and the choice of the hierarchical set. For a given hierarchical
set, one obtains an approximation with a specific strong or weak order of convergence.

We begin with the strong approximation. The following hierarchical set is

H, = {a e M:l(a)+n(a) <2yorl(a) =n(a) =v+ %} : (3.31)

use to construct strong regular approximation. For a regular time discretization (¢)a
with a maximum step size A € (0, 1), the strong order v approzimation Y is defined

as follows

Yn+1 = Yn + Z [a [fa (tn7 Yn)]tmtn-H ) (332)

aEHy
forn=20,1,--- ,np — 1, with f(¢t,z) = z.

The weak regular 5 approzimation is constructed in a similarly using the hierarchical

set

Hp ={aeM:l(a)<p}. (3.33)

40



In this case,

Yn+1 - Yn + Z Ia [foc (tna Yn)]tmth ; (334)

ac€Hg

The orders of convergence of (3.32) and (3.34), are accessed through specific
interpolation {Y'(¢) : t € [0,T]} given by

Y(t) = Z Lo [fa (tne Y<tnt))]tnt,t7 (3.35)
a€Hy
and
Y(t) = Z Lo [fa (tnes Y(tnt>>]tnt,t J (3.36)

respectively, starting from z € R™. Note here that Y, ol Y(t,). Before stating
the main convergence theorems which enables one to construct strong and weak
approximation schemes to the solution X of the SDE (3.4), we give a an example of
the construction of a strong approximation using a particular hierarchical set.

Example 3.2.1 (The strong Taylor 1 approximation). Let n=d=1, and consider the

hierarchical set

Hi={aeM:l(a)+n(a) <2} ={v,(0),(1),(=1),(1,1),(1,-1),(—=1,1),(-1,-1)}
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The strong order 1 Taylor approzimation is given by

Yn+1 =Y, + Z I, [foc (tm Yn)]tmth

acHy

=Y, + Loy [f0) (tn, Y2)] + 10y [fa) (tn, V)]

tntnt1 tntnt1
+ I [f(fl) (tn, Yn)Lmth + 1) [f(l,l) (tn, Yn)Lmth (3.37)
+ I -1 [fa-1) (ta, Yn)Lmtn+1 + I [fenn (Y, )Ln e
+ Iy [fer-n G Ya)],
which simplifies to
Vo1 = Yo £ b(Yn)(tns1 — tn) + 0(Ya) (B(tnt1) — B(tn))
tn+1 tnt1 S
/ / G(Yo, 2)N(dz, ds) + o(Y,)o' (Y, )/ / dB(s,)dB(s)
tn
tn+1
+ (V) / / G(Y,, 2)dB(s1)N(dz, ds) (3.39)
tn t7l

N /tt+ /t /E {0(Ya + G (Y, 2)) — 0(Ya)} N(dz,ds,)dB(s)
+/t:n+1/E/t:/E{G(Yn+G(Yn,z1),z)—G(Yn,z)}N(thdSl)N(dZ’dS)

Remark 3.2.1. In order to implement the scheme in Example 3.2.1, one needs a

method on of approximating multiple stochastic integrals in (3.38), which is usually

not an easy task.

Theorem 3.2 (][26], Theorem 6.4.2, pp. 291). For given v € {0.5,1,1.5,---}, let
Y ={Y(t) : t € [0,T]} be the strong order v Taylor approximation defined in (3.32),
corresponding to a reqular time discretization (t)a with a mazimum step size A €

(0,1). Suppose that the coefficient functions f, satisfy the following conditions:
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(i) Fora € H,t € [0,T],u € E*® and z,y € R" the coefficient function f, satisfies

the Lipschitz condition

Hfoz(tv:U?u) - fa(tayau)H < I(l<u)||3j - y”? (339)

where K1(u)? is v(du') x v(du®®)-integrable.

(it) For all « € Hy UR (H,), we assume
foa €CY? and f, € S, (3.40)

there exists a set G with H,_1 C G C H, where for all « € (GUR(G)) \ {v}:
foa € ﬂnglﬁk; foralla € G : fo(mn,2,,) € Mi@),n=0,1,--nr,

(iii) and for all @ € R(G) : fa(.,2) € Mywy, and for all « € H, UR(H,),t €
[0,T),u € B*® and x € R", we require

£t 2, ull® < Ka(u) (1+[|2]%) (3.41)
where K1 (u)? is v(du') x v(du®®)-integrable. Then the estimate

E | sup ||X(s)—Y(s)]*| < Ksh® (3.42)

0<s<T

holds, where the constant K3 does not depend on h.

Remark 3.2.2 ([26], Remark 6.4.2, pp. 292). The conditions on the coefficients
b, and G of the SDE (3.4) which imply conditions (3.39)-(3.41) on the coefficient
functions f. is that b* 0%, G* for k = 1,2,--- ,n and j = 1,2,--- ,d should be
2(y+1) times continuously differentiable, uniformly bounded, with uniformly bounded
derivatives.

Theorem 3.3 ([26], Theorem 12.3.4, pp. 519 ). For a given § € {1,2,---},
let Y = {Y(t):t€[0,T]} be the weak order  Taylor approzimation defined in
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(3.34) corresponding to a regular time discretization (t), with mazimum step size
h € (0,1). We suppose that b,o,G are Lipschitz continuous with components
b ohi GR € 0123(6“) for all k € {1,2,--- ,n} and j € {1,2,---m} and that the

coefficient functions f, with f(t,x) = x, satisfy the linear growth condition
[fa(t, 2)|| < K(1+ [|]), (3.43)

with K < oo, forallt € [0,T],z € R" and o € TgUR (I'g). Then for any g € 012__)(5“)7

there exists a positive constant C', independent of h, such that
E [g(X(T) — g(YM(T)]| < CK* (3.44)

Remark 3.2.3 ([26], Remark 12.3.5, pp. 520). The linear growth condition (3.63)

on f, is satisfied when b, and G are uniformly bounded.

3.2.2 Jump-Adapted Strong and Weak Approximations

From Remark 3.2.1, we observe that the higher order schemes can become more
complex since they involve the approximation of mixed multiple stochastic integrals
involving a PRM. In order to avoid carrying out this tidiuos process, one can employ
Jump-adapted approzimations that significantly reduces the complexity of the scheme.
Here, we consider a jump-adapted time discretization 0 =ty < t; < --- < t,, of the
interval [0, 7] on which a jump-adapted approximation Y = {Y'(¢) : t € [0,7]} of the

solution of (3.4) is constructed. As before, let
ny = max{n € NU{0}: ¢, <t} < oo (3.45)

The jump-adapted time discretization includes the jump times {7y, -7, }. More-
over, for any maximum step size A € (0,1), we require the time jump-adapted

time discretization tp = {0 =t < t; < -+ < t, = T}, to satisfy condition
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(3.26), where t,41 is F;, — measurable, for n € {0,1,--- ,np — 1} if it is not a
jump time. For example, we could construct a jump-adapted discretization (t)a
by a superposition of the jump times {7, 7,4} and a deterministic equidistant
discretization 0 =T < --- < Ty = T, with step size A = T'/N of [0, T]. In this case,

we obtain the discretization

{ti,- st = A1y y U{T, - TN}

where ny = Card ({7‘1, Ty U AT, - -TN}). Since the jumps can only arise at
discretization times, the diffusive part of the dynamics of (3.1) is separated from the
jumps within this time grid. Thus, between the jump times, the diffusive part can be
approximated with a pure strong or weak scheme for the diffusion process. The effect
of the jump is then added when a jump time is encountered. In order to construct

the jump-adapted approximations, we consider the following hierarchical set

—

M={Gr,,5): 4 €{1,2,-- ,m},ie{1,2,--- 1} for Le NyU{v}. (3.46)

Definition 3.2.3. For all o = (j1, - , jiw)) € M and a function f : [0,7] x R* —
R™, the Ito coefficient functions f, is defined as follows

t,x) for l(a) =0,
falt, z) = f< Jortte) (3.47)
L f . (t,x) forl(a) > 1,

assuming the coefficients of the SDE (3.4) are sufficiently smooth for the operator
L3 j=1,2,-++ in (3.47) to be well defined.
In order to construct the jump-adapted approximations we start by denoting the

almost sure left-hand limit of Y at time ¢,,.1 by

Y(the1—) = lim Y(s).

sTtn41
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For the strong jump-adapted approximation with strong order of convergence v, we

take f(t,z) = x, and consider the hierarchical set

—_~ _ 1
H, = {aEM:l(a)+n(a) <~vor l(a):n(a):'y+§}. (3.48)
With this hierarchical set, one obtains the following scheme
Y(tn—) =Y (tn) + Z Lo [fa(tn, Y(tn))]tn,tn_,_l ) (3.49)
acH\{v}
and
Y (bs) = ¥ (tas1 =) + / G(Y (tns1), 2)N(dz, {tas1}), (3.50)
E
for n € {0,1,--- ,ny — 1}. The order of strong convergence is accessed through the
interpolation
Y(tni1—) = Z Lo [fa(tn, Y(tn)”tnt,t (3.51)
aety\{v}

as there are no jumps between the jump times

We now state the convergence theorem for jump-adapted strong Taylor approxima-
tions.

Theorem 3.4 ([26], Theorem 8.7.1, pp. 364). For a given v € {0.5,1,1.5,--- .},
let Y ={Y(t):t€[0,T]} be the jump-adapted strong order v Taylor approximation
corresponding to a jump-adapted time discretization with maximum step size A €

(0,1). Suppose that the coefficient functions f, satisfy the following conditions

(i) For a € H,t € [0,T] and xz,y € R™ the coefficient function f, satisfies the

Lipschitz condition

[fa(t, 2) = falt,y)|| < Killz =y, (3.52)
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(i1) For all @ € H,UR (H,), we assume

foa € CY? and f, € S., (3.53)

(111) and for all o € 7/-[\7 U R(”;‘/-[\W),t € [0,7] and x € R™, we require

1t )P < Ky (T+ [|l2)1?) . (3.54)
Then the estimate
E | sup [|[X(s) = Y(s)||*| < K3h* (3.55)
0<s<T

holds, where the constant K3 does not depend on A.

The jump-adapted weak order [ Taylor approximation is constructed similarly. Only

that in this case we consider the following hierarchical set
[y = {a e M:l(a) < 5} . (3.56)
The jump-adapted weak order § Taylor approximation is given by

Y(tn+1_> - Y(tn) + Z Iy [fa<tm Y<tn))]tn,tn+1 (3-57)

aelg\{v}

and

Y (tnir) = V(tusr—) + [E G(Y (tnir—). 2)N(dz, {tus1})

Y(thy1—) + GY (ths1—), Vi, ) if topq if @ jump time ( )
= 3.58

Y (¢,,1—) otherwise,
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for n € {0,1,--- ,ny — 1}. The order of weak convergence is accessed through the

interpolation

Y(tp1—) = Z Iq [fa(tmy(tn))]tnt,t (3.59)

aels\{v)

Before stating the result on weak convergence, we give an example of a weak order 1
jump-adapted approximation of the solution X of the SDE (3.1).
Example 3.2.2. Consider the hierarchical set

I ={aeM:i(a)<1}={v,(0), (1)} (3.60)
By (3.57), we get

Y (the1—) = Y (tn) + Loy [ fro)(tns Y ()] tn tuss + Ly [f ) (Ens Y (E0) 6t

= Y(tn) + b<Y(tn))(tn+1 - tn) + U(Y(tn)) (B(tn—f—l) - B(tn)) (3-61)
The jump-correction is given by (3.58). Therefore,

Y(tni1—) + GY (tnr1—), Vi) if s if @ jump time,
Yte) = (tns1=) + GV (tns1=), Viis) 4 b (3.62)

Y (tns1—) otherwise.

Notice that (3.61) is the Euler scheme for (3.1) with G = 0, which has a weak order
of convergence = 1.

Theorem 3.5 ([26], Theorem 12.3.4, pp. 536). For a given € {1,2,---}, let
Y ={Y(t) : t € [0,T]} be the weak order 8 Taylor approximation defined in (3.58)—
(3.59) corresponding to a jump-adapted time discretization (t)a with mazimum step

size A € (0,1). We suppose that b,o,G are Lipschitz continuous with components

b ok GF € C;(BH) for all k € {1,2,---,n} and j € {1,2,---m} and that the
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coefficient functions f, with f(t,z) = x, satisfy the linear growth condition
[fa(t, 2)| < K1+ [|]), (3.63)

with K < oo, for all t € [0,T],z € R" and a € f/g UR<f5>. Then for any

g e CIQD(BH), there exists a positive constant C', independent of A, such that

[E[g(X(T)) — g(¥(T))]| < CA”. (3.64)
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Chapter 4

Numerical Approximation of SDEs
Driven by Lévy Processes with

Infinite Jump Activity

This chapter and the next constitute the main work in this dissertation. The goal
here, is to give numerical approximations of the solution of (1.1), both strong and
weak of any desired order as oppose to just the Euler scheme. To this effect, we
construct a jump-diffusion SDE, which will serve as a good approximation to (1.1)
when Z has infinitely many jumps. This will be accomplished piecemeal. We combine
the ideas of Assmusen and Rosinski [2] (see also [9]) and in the spirit of [21], with
the numerical schemes developed by Bruti and Platen in [26] to construct numerical
approximations to the solution of (1.1). We will begin with a “simple” model and
then move to a more general model. This chapter consists of two sections. In Section
4.1 we formulate our model, i.e., the construction of the jump-diffusion SDE (4.27).
In Section 4.2, we state and proof the main results in this dissertation. Theorem 4.4
and Corollary 4.9.2, gives an LP, p > 2, error estimates for approximating (1.1) with

(4.27). In Theorem 4.7 and Corollary 4.9.2, we give a weak error estimate, for the
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same jump-diffusion approximation of (1.1). The proof technique here follows from
the ideas in [21]. Finally, in Theorem 4.8 and Theorem 4.9, we give error estimates

resulting from the numerical approximation of (1.1) using the schemes in [26].

4.1 Model Formulation

4.1.1 The Driving Lévy Process

Let Z ={Z(t) : t > 0} on (2, F,F,P), be a d-dimensional pure jump Lévy process,

i.e., Z has the following Lévy-It6 decomposition

Z(t) :at+/0t/nzglzﬁ(dz,ds)—l—/ot /”Z|>1 ZN(dz,ds), (4.1)

where a € R? N(dz,ds) is a Poisson random measure on R? x [0, 00) with intensity

measure v(dz)ds where v is a Lévy measure, i.e.,
/ min (1, [2]]2) #(dz) < oo, (4.2)
R4

and N(dz,ds) is the compensated version of N(dz,ds). We further assume that
v(RY) = oo, i.e., Z has an infinite number of jumps on any interval of nonzero length

almost surely. Without loss of generality, we assume that
/ |2[Pv(dz) < kP, where, p>2, and | < , (4.3)
R4

for some positive constant k.
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4.1.2 The SDE under Consideration

We consider the n-dimensional stochastic process X, the solution of the SDE

X(t) =+ /O b(X (s))ds + /0 (X (s))dW (s) + /0 h(X (s—))dZ(s), t € [0,T],
(4.4)

where, b : R® — R" is a Lipschitz function, o, h : R® — R™? are matrix-valued
Lipschitz functions, Z is as in (4.1), W is a Brownian motion which is independent
of Z, X(0) = z € R™ is the initial value of X, and 7' < co. We first consider the case

when o = 0, i.e., X is the solution to the following SDE

X(t)=a+ /0 b(X (s))ds + /0 (X (s—))dZ(s), t € [0,T] (4.5)

with b and h as in (4.4). Note here that the second integral (Gaussian part) in (4.4)
is absent. Without loss of generality we assume that the coefficients b and h satisfy

the following inequalities
16(z1) = b(w2)[| < Kally — wall, [[A(z1) — h(22)|| < Kalley — 22ll, 21,22 € R™, (4.6)

for some positive constant k;. Condition (4.6) together with (4.3) clearly imply the
Growth and Lipschitz conditions (2.41) and (2.42) respectively. Therefore, it follows
from Theorem 2.6 and Proposition 2.3.1 that (4.4) has a unique solution.

Remark 4.1.1. When Z is a Brownian motion W, we obtain the classical SDE with

respect to W which is given by

X(t):x+/0 b(X(s))ds+/0 h(X (s—))dW (s), t € [0,T]. (4.7)

As mentioned earlier in the introduction, there is an extensive amount of literature on

the simulation of this equation. See for example, the monographs [20] and [2]]. But
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when Z is a pure jump Lévy process, for example an a-stable process or a tempered o-
stable process, the literature on the numerical approximation, in particular the strong

approzimation of the corresponding SDE is still vey scarce.

4.1.3 Gaussian Approximation of Small Jumps

As noted in Remark 2.2.1 that the main difficulty in the simulation of a Lévy process
stems from the fact that there is no general algorithm for simulating its increments. In
Figure 2.3, we observed that for large values of « (the index of stability), the sample
path of an a-stable process resembles a Brownian motion. The graphs in Figures
2.1, 2.2 and 2.3 leads one to think that an a-stable process can be obtained from a
combination of a compound Poisson process and Brownian motion. This indeed is
the case for stable processes and other Lévy processes. Asmussen and Rosinski in
[3], established necessary and sufficient conditions under which the small jumps of
a one-dimensional Lévy process can be approximated by a Brownian motion. Their
result, which was later extended to the multidimensional case by Cohen and Rosinski
in [31], will be crucial to us in the construction of our jump-diffusion SDE. Let Z be

the Lévy process given in (4.1), and suppose that for every € € (0, 1], we have the

decomposition
v =uv.+ ", (4.8)
where
/Rd |2|]Pve(dz) < 00 and v (R?) < oo. (4.9)
An example of such a decomposition is when v(dz) = 1g. . >qv(dz), ie., the

truncation of jumps smaller than e in magnitude. We shall denote by N, and N°¢

the PRMs with corresponding intensities measures v, and v respectively, and, by Ne

23



and N¢ the compensated versions of N, and N€ respectively. Let
Z =R.+ P +a., (4.10)

be the corresponding decomposition of the Lévy process Z into a sum of independent
terms R, P° and a.. The process R, = {R.(t),t >0} is a Lévy process with

characteristic function
E [e<Z’R€(t)>] = exp {t/Rd [ei<z’x> —1—i(z,2)] ye(dx)} . (4.11)
Therefore R. has mean zero Lévy process and covariance matrix
E [R.(t)R()"] = t=., (4.12)
where,
Y. = / 22 v (d2) (4.13)
R

is a non-singular symmetric positive definite matrix. In one dimension, with v¢(dz) =

IL{z:|z|>e}y(dz)7 we get

ole)*=o0- = /|Z<6|z| v(dz). (4.14)

We refer to R, as the ‘small-jump’ part of Z, P¢ = {P<(t),t > 0} is a compound

Poisson process with Lévy measure v, and a. = {at,t > 0} is a drift given by
ac=a+ / 2v(dz) — / 2v¢(dz). (4.15)
llzl1>1 llz]l<1

Denote by B = {B(t),t > 0} a standard Brownian motion in R?, and by “ 2 weak

convergence in the space D ([0, 00)) of cadlag functions from [0, oo] into R? equipped
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with the Skorohod topology (see Section 1 of [17], pp. 324-329, for details on the
Skorohod topology).
Theorem 4.1 (Theorem 2.2 of [31] ). With the above notation, suppose . is non-

singular for every e € (0,1]. Then as e — 0,
»-l2R 4 B (4.16)
if and only if for every kK > 0

[ s o o

Theorem 4.1 is a generalization of the following result by Asmussen and Rosinski [3]
in the one dimensional setting.
Theorem 4.2 (Theorem 2.1 of [3]). o(e) ™' R, A Base—0 if and only if for each

k>0

o(ko(e) Ne) ~a(e), ase— 0. (4.18)

In practice, it is difficult to verify the conditions (4.17) and (4.18). For sufficient
conditions for (4.17) which are easier to verify, see Theorem 2.4 and Theorem 2.5
of [31]. For the one dimensional case, we have the following sufficient condition for
(4.18).
Proposition 4.1.1 (Proposition 2.1 of [3]). Condition (4.6) is implied by

lim o(e) =00 (4.19)

e—0 €

Example 4.1.1. Let Z be a symmetric a-stable process with Lévy measure
C1 Cy
V(dz) = (Wﬂ_{z<0} —|— mﬂ{z>0}) dZ, (420)
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where, ¢1,¢0 > 0, € (0,2), and ¢ + co > 0. Then

c1+ ¢ 62_a

0'6220'62:/ 2v(dz) = ) 4.21
(0 A =G (1.21)
from which we obtain
1/2
O'(E) 1+ ¢ 1
T:(Z—a> o 0 as € — 0. (4.22)

Thus, condition (4.19) is satisfied and the normal approximation holds.
Remark 4.1.2. If Theorem 4.1 applies, then R, can be approximated by Zi/QB, where

the Brownian motion B is independent of P¢. Consequently we get

K3

Z2a. +3°B+ P 7. (4.23)

S+/? denotes the square root of X, i.e., there exists a unique positive definite matriz
! such that 3. = (X1)2.
Proposition 4.1.2. Let € € (0,1], and let v, and X, be given by (4.8) and (4.13)

respectively. Then,
Hzg/?\f:/ |2]1%ved(z) = trace(S.). (4.24)
R4

Proof. Let {e1,--- ,e4} be an orthonormal basis of R?. Then by the Pythagorean

theorem and the fact that X, is symmetric, it follows that

2 = SN = 3 (e (20 2 %) = B2
d
= trace(s.) = ) /R zan(dz) = /R NellPwdz). (4.25)

o6



Remark 4.1.3. From Proposition 4.1.2 and (4.9), it follows that

sup [|2Y2)? < oc. (4.26)
e€(0,1]

4.2 The Jump-Diffusion Approximation of an SDE
Driven by a Lévy Process with an Infinite Lévy

Measure

4.2.1 Construction of Jump-Diffusion SDE

In this section, we consider the solution X¢ of a jump-diffusion SDE, and show that it
approximates the solution X of the SDE (4.4) in L”,p > 2 and in a weak sense. Let

e € (0,1] be arbitrary, and consider the following stochastic differential equation
t t
X(t)==z —|—/ b(X<(s))ds —i—/ h(X<(s))dZ(s), t€]0,T], (4.27)
0 0

where b and h are as in (4.4) and Z¢€ is as in Remark 4.1.2. We further assume that
E[|Z||*] < oo, for p > 2. Then, we can rewrite X and X¢ the solutions of (4.2) and

(4.27) respectively as follows

X(t) =z + /0 b(X (s))ds + /0 h(X (s))ads + /O /R h(X(s=))2N(dz,ds), (4.28)

and

HX“())ds + | R(X(s))ads + /0 h(X(s))S2dB(s)

g

I

]

+
o\

h(X(s—))2N¢(dz, ds), (4.29)

d

+
o\w
=
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where

a=a+ / zv(dz). (4.30)
[l2[I>1
Without loss of generality, we assume that
lal) < M. (4.31)

If we let b1(y) = b(y) + h(y)a, then it follows from(4.6) and (4.31) that

161 (y1) — b1(y2) || < Killyr — 1]l (4.32)

for some positive constant K. We show that there exists a unique solution to (4.27)
and then give moment estimates to the solutions of (4.4) and (4.27). In order to
accomplish this task, we will need an extension of the Burkholder inequality. We
assume that we are given a Brownian motion B = {B(t) : t > 0} and a PRM N on
a measurable space Z. Consider a d-dimensional semimaritngale Y = {Y'(¢) : t > 0}

represented by

Y(t) =z + /0 tb(s)ds+ /0 ta(s)dB(s)—i— /0 t /Z G(z,5)N(dz, ds) (4.33)

Theorem 4.3 ([29], Theorem 2.11, pp. 332). For any p > 2, there ezists a positive

constant C, such that

[ VO] <, {nxnp ve| [ o] e |( [ Ha<s>||2ds)”2]
( /D t /Z ||G(z,s)||2y(dz)ds)p/2 +E[ /0 t /Z ||G<z,s>||”v(dz)ds]} (4.34)

holds for any semimartingale X represented by (4.33).

+E
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A more general result can be found in [12] which involves an arbitrary martingale
M with an arbitrary stopping time 7". See also [23] for an extension of this result to
Hilbert spaces. The main advantage of this inequality over the maximal inequalities
of Burkholder, Davis and Gundy is that the right-hand side is expressed in terms of
predictable “ingredients”, rather than in terms of the quadratic variation. We are
now in a position to establish the existence of a unique solution to (4.27)

Lemma 4.3.1. 1) Under the above setting, the SDE (4.27) has a unique solution.

Moreover, for each fized € € (0,1], it holds that

E [ sup ||X€<t>||p] <O+ [e]?), p 22 (4.35)

0<t<T
for some positive constant Cy which does not depend on e.

2) The following estimate holds for the solution X of the SDE (4.6)

E [ sup HX@HP} < Co(1 4 [le?), p 22 (4.36)

0<t<T

for some positive constant Cy.

Proof. The existence of a unique solution to the SDE (4.27) follows from Theorem 2.6
due to the condition (4.6) imposed on the coefficient functions b and h. By Theorem

4.3, there exists a positive constant C' (which changes from line to line) such that

E [Os%ggtnst)np} < CE [uxup +f ()P ds

+ (/t IR(X<(s)))? HZi/szds)p/Q
([ i ie e 6<dz>d)g (.37
w [ [ I e azas).
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But

sup HEi/QHz < 0o, and / l|z|IPre(dz) < oo. (4.38)
] Rd

e€(0,1

Therefore,

| sup X9l < CE

0<s<t

o+ [ iccpiras+ ([ Hh(Xﬁ(s))szs)g] |

(4.39)

By Jensen’s inequality and the fact that b and h are Lipschitz continuous, we obtain

B | sup [XGIP| < CB |1+ ol + [ t e o

0<s<t

Finally, by Gronwall’s inequality we get

| sup [X(IP| < CElL+ ol (141)
0<s<t
Similarly, we obtain the estimate (4.36). O

4.2.2 [? Error Estimate

We start by giving an L2-error estimate, which we will then generalized to an LP—error
estimates, with p > 2. We assume here that E[||Z]|?] < oo, and then give an upper

bound for

E[ sup [|X(s) — X“(s)[”]- (4.42)

0<t<T
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From (4.28) and (4.29), we have that

X(t) - X(t) = /0 [br(X(s)) — bi(X(s))] ds
/ /R =) = M(X*(s=))] 2N (dz, ds) (4.43)
/ A(X<(s=))2Ne(dz,ds) - /th(XE(S))Ei/ZdB(s).

Let

() =& | s 1X(5) - X (1.44)

It follows from the Cauchy-Schwartz inequality that

(t) < A(er(t) + ealt) + ealt) + es(1)). (4.45)
where
eut) = E p [ i) =) au ]
ex(t) = | sup / S /R [ACX () = B(X ()] 2N (2, du) 2] (4.46)
es(t) = E _0“25,: / [ (X )2 N, (dz, du) 2]
es(t) =F -oséligt /O h(X(u))22dB(u) 2

Lemma 4.3.2. Let e;(t), j = 1,2,3,4 be given by (4.46). Then the following

estimates hold

t
e;(t) < C’j/o e(s)ds for, j =1,2,

e;(t) < Cjtrace(X.), for j =3,4, (4.47)
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for some positive constants Cj,j = 1,2,3,4, where C;,j = 3,4 does not depend on e.

Proof. By Cauchy-Schwarz inequality, (4.32), and Lemma 4.3.1, it follows that

ei(t) < Klt/OtE { sup || X (u) — Xﬁ(u)ﬂ ds < Oy /Ote(s)ds. (4.48)

0<u<s

Now by Doob’s inequality, (4.3), (4.6) and by Lemma 4.3.1, it follows that
) < CLE {/ 1 X (s) “(s)]l ds} : (4.49)
for some positive constant Cs. Therefore
t
es(t) < Cg/ e(s)ds. (4.50)
0

Again by Doob’s inequality and Lemma 4.3.1, we get that

o<k [ [ IXEPIPE
<ho [ elintas) [ B[ sup 1x17] as (451)

< Ckytrace (X)) = Cstrace ()
Similarly,
eq(t) < Cytrace () . (4.52)

Therefore

¢
e;(t) < Cj/o e(s)ds, for j =1,2, (4.53)
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and
e;(t) < Cjtrace (X,), for j = 3,4. (4.54)

]

Proposition 4.2.1. Let X and X¢ be the unique solutions of (4.4) and (4.27)

respectively. Then the following estimate holds

E | sup || X(t) — Xe(t)Hz} < Ctrace(X,) (4.55)

0<t<T

for some positive constants C'" which does not depend on e.

Proof. By (4.45 ), Lemma 4.3.2 and Proposition 4.1.2, it follows that
t
e(t) < Cytrace (%) + Cy / e(s)ds. (4.56)
0

Therefore by Gronwall’s inequality, we obtain e(T) < Cje“Ttrace(X.) = Ctrace(X.).

O
Corollary 4.3.1. For each T >0, and A > 0,
lim P ( sup || X (t) — X(t)]| > A) =0 (4.57)
€0 te[0,T]
Proof. Indeed, let A > 0. Then
1
P ( sup || X(t) — X(t)| > A) < 5E [ sup || X(t) — Xe(t)H2] (4.58)
te[0.7] A% lo<i<r
< ¢ Y
< Ftrace( ) —0 as e —0.
O
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4.2.3 LP Error Estimate

We will now generalize Proposition 4.2.1. To this effect, we assume that the driving

process Z has moments of order p > 2, then give an upper bound for

E| sup | X(t)— X)|7] . (4.59)

0<t<T

Proposition 4.2.1 will then become a special case of Theorem 4.4 with p = 2.
Theorem 4.4. Let X and X€ be the unique solutions of (4.4) and (4.27) respectively.
Then for p > 2 the following estimate holds

B | s 1X0) - X0 <€ [ P, (4.60)

0<t<T

for some positive constants C which does not depend on e.

Proof. From (4.43) and Theorem 4.3 we have that

B | s X0 - x| <E| [ (X (5)) — (X))

t p/2
v ([ [ InG) = IR [a1Pas)as) ]

vE| [ [ 10K - nOe@)IP lelpvaz)as] (461

x| ([ [ o ||z||2ue<dz>ds)p/2]

[ [ [ IO el dzlas]

VE ( [ iz ||zi/2||2ds)p/2] |
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By Jensen’s inequality, conditions (4.3) and (4.6), it follows that

B| sw X0 - x| < (&] / () - X0
+ [ lelpra(az)E [ [+ xeras ). (a2

for some positive constant C. By Lemma 4.3.1, we obtain

| sw X0 - x| < (B [/ X - X as wes)

0<t<T

+O(1+ ofP) [ ||z||pue<dz>)

for some positive constant C. Finally, by Gronwall’s inequality we obtain

B | sw X0 - X0 < [ lelPuit (4.64)

0<t<T
O

Corollary 4.4.1. Let f defined on R™ be Lipschitz continuous with Lipschitz constant

L¢. Then for some positive constant C'

1/p
L) - fcel < ([ ) (4.65)

Proof. From the Lipschitz continuity of f, Holder’s inequality and Theorem 4.4, it
follows that

B [f(X(T) = F(XA(T))]| < LE[|X (s) = X(s) 7] /P B[19]"/2 (4.66)
1/p
<o ([ Flrni)
where ¢ is such that 1/p+1/¢g =1, with p,q > 2. ]
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4.2.4 Weak Approximation

Here, we show that X approximates X in a weak sense, i.e., for a sufficiently smooth
function g, E [g(X(T)) — g(X(T))] is “small”. We will assume that E[||Z|*] < ooc.
Let X (t) = X®2)(t) be the solution of (4.4) starting from z at time s, let u be given
by

ult,z) € E[g(X(T))| X(1) = ] = E [g(X"(T))] , (4.67)

where X is the solution of (4.4) with initial value x € R™. Since X is a Markov
process (see Remark 2.3.2(iv)), it follows that X has an infinitesimal generator £4

given by

n d
(Lif)(t ) = %f(ta ) + Z ail‘if(t’ ) <bl(x) + Z hij(x)aJ)

+ / [f(t,x+ h(z)z) — f(t,x)]v(dz) (4.68)
llz][>1
i /H ||<1[f(t’x +h(z)2) = f(t,2) = Z Ga:if(t’x> (Z hij(l')Zj)] v(dz),

where f € C2(R?) (see [1], Theorem 6.7.3, pp. 407). In Lemma 4.6.2, we show that

u satisfies the following backwards Kolmogorov equation

%(t, z)+ Liu(t,x) =0

u(T,z) = g(x). (4.69)

We now state a version of Ito’s formula that will be useful to us in this sequel. Let

the n-dimensional stochastic process Y = {Y(t) : ¢ > 0} be a Lévy-type stochastic

66



integral of the form

Y(t) = Y(0) + / G(s)ds + / F(s)dB(s)

/ H(z,s)N(dz,ds) + /t K(z,5)N(dz,ds), (4.70)
=<1 z||>1

where G, F,H and K are such that the integrals are well defined. Here B is a
d-dimensional standard Brownian motion which is independent of the PRM N on
RZ x RT with compensated version N and intensity measure v, which is a Lévy
measure. See Chapter 4 of [1], for a detailed treatment of integrals of the form
(4.70).

Theorem 4.5 ([1], Theorem 4.4.7, pp. 226). If Y is as in (4.70), then for each
f € C*RY),t >0, with probability one, we have

FY (1) - Z / Y (5D
T2 ZZ/ rAGRIERAID
/ /|”>1 —)+ K(2,5)) = f(Y(s—))] N(dz,ds) (4.71)
/ /|”<1 —)+ H(z,s)) — f(Y(s—))]N(dz,ds)

Sl

where Y7 (s) and [Y!,Y7](s) denotes the continuous parts of Y7 and the quadratic

c’) - c

)+ H(z,8)) — f(Y(s—)) + Z Hi(

variation process [V, Y7](s) respectively.
Theorem 4.6 ( [22], Theorem 2.9 ). Let f € CY?(R?) and let L, be the generator of
X the solution to (4.4). Then the process {M(t),t > 0} given by

of

M) = 16 x(0) - 70.X0) - [ { S x6) + ek bas @
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s a martingale.

The following result gives us bounds on the flow of the solution of the SDE (4.4).
Lemma 4.6.1. Assume that b,o and h are in C}', and that Z has moments of order

p, with p > 2. Then

p

o X®0(T)

ox™

E [sup < 00, (4.73)

(0,7

for any multi-index o such that 0 < |a| < n.

Proof. The proof follows from [29], Theorem 3.3, pp. 342. Here, we need to verify that
the coefficients b, 0 and h and their derivatives are bounded and Holder continuous,

which clearly follows from the assumptions imposed on b, ¢ and h. O

Lemma 4.6.2. Assume that h,g € C([0,T] x R?), and that E[||Z||*] < co. Then u
satisfies (4.69), u € CH([0,T] x RY), and 0°u/0x4(t,x) are uniformly bounded for

any multi-index « such that 1 < |a] < n.

Proof. By the stationarity property of Lévy processes, it follow that, for any fixed
time T, Xt2)(¢) = X2 (t —s) for 0 < s <t < T. By Lemma 4.6.1, we can
interchange of the derivative and the expected value to obtain

ou dg

0

(XD 5

(tx)
x9Ny, (4.74)

for k =1,2,--- ,n. The other derivatives with respect to x are obtained by successive
differentiation under the expected value. The uniform boundedness follows from the
boundedness of g and Lemma 4.6.1. Next, we apply Itd’s formula to g(X**)(T)) in
order to verify differentiation of u with respect to the time variable . We will proof

this only for the one dimensional case, as the generalization to multi-dimensional case
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is straight forward. By It6’s formula (Theorem 4.5), we get that

g(X (1)) = gla) + / ¢/ (X(5))dX.(s)
X(s—)+ h(X(s)z) —g(X(s—))| N(dz,ds
+/0/Zl>1[g<< )+ h(X(5)2) — g(X(s—))] N(dz. ds)

+ /0 /z|§1 [9(X(s—=) 4+ h(X(s)z) — g(X(s—))] N(dz,ds) (4.75)
+/0 /|<1 [9(X (5—) + (X (5)2) — g(X(5—)) — ¢ (X (s—))h(X(s))z] v(dz)ds.

Replacing dX.(s) by its value and taking expectation we obtain

Bl(X(0)] = o(x) + B (X(s))b1(X(5))] ds
—i—/o E [/|Z|>1 [g(X(s=) + h(X(s)2) — g(X(s—))]v(dz)| ds (4.76)
v [ [ /| 5(X(8=) + BX(9)2) = (X(5-) = (X (s DX u<dz>} ds.

Taking derivatives with respect to ¢ obtain

OE [¢(X(1))]
ot

B[ (X ()b (X(1))] + E [ /| 9(X (=) + h(X(8)2) — (X (t-)] u<dz>}

.
vE| [ 605 0) 4 RO 0)2) = X)) = g (X)X )1 via:)
—B |/ xo)+ [ |>1ng(t_))h(X(t))w(dz)} @)

+E | [ 100X(0-) 4 AX(0)2) = 9(X (1) ~ g X)X 0):] v(a)
B[ (X)X (1)) + w{l2] > 1} (X)X (D)

TE [ 19X + HOX02) - 90X (=) — (X)X D) v<dz>]
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By Taylor’s expansion, it follows that

OE [g(X(1))]
ot

= E[g'(X(1)b1(X (1)) + v{lz] > 1}g" (X (t=))A(X(1))]

1
+E U V (1 —u)(h(X()2)¢" (X (t-) +uh(X(t)))du} I/(dz)} (4.78)
r LJo
Since b; and h are Lipchitz ¢” is bounded, it follows that

‘ OE [9(X ()]

ot ‘ <C(EL+IX@]+E[1+ X)) (4.79)

for some positive constant C'. The boundedness of OE [g(X (t))] /Ot follows from
Lemma 4.3.1. Next, we verify that (4.69) holds. This follows from an application of
Theorem 4.5 on the function u(t, X (¢)). O

Corollary 4.6.1. Let g and u be as in (4.67). Then,
E [u(T, X (T)) — u(0, X(0))] = 0. (4.80)

Proof. The proof follows from Theorem 4.6 and Lemma 4.6.2. Indeed, let u(t,z) =
f(t,z) in Theorem 4.6. Then we have that

M(T) =u(T,X(T)) — u(0,x) — /0 {g—i(s, X(s)) + £1f(S,X(S)} ds.  (4.81)

Taking the expected value of both sides and applying Lemma 4.6.2 we obtain

E[M(T)] =E[u(T, X(T)) —u(0,X(0))] — E { i %(s, X(8)) + Lyu(s, X(s)ds}
=E[u(T,X(T)) —u(0,X(0))] — /0 E {%(S,X(S)) + Elu(S,X(s)ds}

= E [u(T, X (T)) — u(0, X(0))]
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But E[M(T)] = E[M(0)] = 0 since M is a martingale, and the result follows. O

Lemma 4.6.3. Let g,h € C}(R™). and assume that E[||Z]||*] < co. Let u be defined
as in (4.67). Then the following estimate holds,

[ [u(t, X(t)) — u(0, X(0))]] < C/Rd 1211 ve(dz) (4.82)

for some positive constant C' which does not depend on €.

Proof. In the proof, we will omit the summation sign to simplify notation. We are

going to divide the proof into seven parts.

Step 1: By Theorem 4.5, Lemmas 4.3.1 and Lemma 4.6.2, we have that

. . B tou . t o . P
u(t, X(t)) — u(0, X(0)) = i g(s,X (s))ds—i—/o Gxi(S’X (s)b'(X“(s))ds
-/ (5, X(3) iy (X (5
0 %(S,Xﬁ(s))hik()(ﬁ(s)) (zé)kj dB;(s) (4.83)
5 | G DAY () (S X))
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Step 2: By Lemma 4.6.2 and the martingale property of Brownian integrals, we take

the expected value of both sides in Step 1 to obtain

Efu(t, X(t)) = u(0, X(1))]

:E[

+E
-I-E
+E

+E

:1 9%

" Ou .

e s
" ou
o Ox;
" ou

0 8:171

— (s, X(s ))hZ](XE(s))agds} (4.84)

<s,X6<s>>bi<X€<s>>ds]

5 | B s XX () (S0 (X5

/ /Rd s, X(s=) + h(X“(s))2 )—U(S,Xf(s—))w(dz)ds]

Step 3: Recall, the expression for a. in (4.15):

=it [ o) [ v (455
llz]>1 =<1

We can then rewrite

el (s Do (X (3))alds (436)

the second expectation after the equal sign in (4.84) as follows

|/

ou . . ;
S (5 X () X5 s
—E { g“ (s, X<(s ))hij(XE(s))ajds} (4.87)

+E { / / " g—;i(s,Xe(s)hij(Xe(s—))zjye(dz)ds}

U /|Z<1 g, 5 X (8)hig (X7 (s ))Zjlfe(dz)dsy
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so that

t Ou

E{ O a—xi(s,Xe(s))hij(Xe(s))ajds] +E{ Otg—;(s,xe(s>>bi(xe<s))ds] (4.88)

—e[ [ s e

where by (z) = b(z) + h(z)a. Thus, (4.84) becomes

E [u(t, X*(1)) —
(E|
+E
~E
+E

+E

(0, X(t))] = E { t%(s,Xe(s))ds}

3“( X6<s>>b3<X6<s>>ds}

/ / - ax X —))zjue(dz)ds]
//| oz X ))Zj’/e(dz)dS] (4.89)

s
&'Ex ’

/ / 9))z) — u(s,X6<s—)>yf(dz)ds]
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Step 4: We now in introduce the generator £, in to (4.89) to obtain

E [u(t, X(t)) — u(0,z)]

:E[ 0 U xe(s) —I—Llu(s,Xe(s))ds}

+E %/0 O (8, X(8)) hir(X(5)) (Ze) gy hjl(XE(s))ds}

8[EZ‘ZL‘]‘

e[ ] gji@,x% hi (XE(s—))zm(dz)ds}

= [ s X (X2 ) (4.90)
+E /0 /Ru 6, X(s—) + h (s))z)—u(s,XE(s—))ye(dz)ds}

“E [ [ [ X BOE(9)2) =l X ()]

& / /Z”q uls, X(s—) + h(X(s))z) — u(s, X*(s—))

- e X (X (5 ()i

Step 5: Here, we replace X, by its value (4.13), to obtain

E fu(t, X(t)) — u(0, X(0))]

(5 [ o XX () (i (X ()]

_EU / (5, X(s X(5))2) — uls, X“(s-))

(s X(8)hij(X)2 v (dz)ds }

8951
[ / /Rd Orx; (s, X*(s (Xg(s))Zkzlhjl(Xe(S))Ve(dz)dS]

_E U /R s, X<(s X¢(5))z) — u(s, X<(s—)) (4.91)

(s X(s))hij(X (s ))zjyg(dz)ds}
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Step 6: Next, we let

M = u(s, X(s—) + h(X(s))z) —u(s, X(s—)) — %(S,Xe(s))hij()(e)z]
- % ai;j (5, X(8))hie(X(8)) 2" 2 hjn(X(s)). (4.92)

By Taylor’s expansion, we obtain

Pu

1
M=
6 Ox;2;0x),

(5, X“(5=) + Oh(X*(5)2)) ha (X(5)) g (X () Vs (X “(5)) 227 2"

(4.93)

with 6 € (0,1). It follows from Lemma 4.6.2 and the Lipschitz continuity of h that

there exists a positive constant C' such that

E[M|) < C (B [[PXDI]) 11
< C(E[L+1X)I]) 2l
< C (14 [l) =1,

Thus

‘E -/ t My (d:)ds

Rd
t
<c|[ [ (e lalf) Itz
0 R4

Step 7: Combining Step 1, Step 2, Step 3, Step 4, Step 5 and Step 6, and

invoking Lemma 4.3.1, Corollary 4.6.1, and Fubbini’s theorem we obtain

[E[g(X(T)) = g(X{(T))]| < C/Rd I1211Pve(dz),

and the result follows. O
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We now state and proof the main result for this section.
Theorem 4.7. Let g, h € C3(R?), k = 1,2,3 and assume that E[||Z||*] < co. Then

the following estimate holds,

|[E[g(X(T)) — g(X(T))]| < C/Rd 12 [Pve(dz) (4.94)
for some positive constant C' which does not depend on €.

Proof. By Corollary 4.6.1 and Lemma 4.6.3 it follows that

[E[g(X(T)) — g(X(T)]| = [E[u(0, X(0)) — g(X(T))] |
= [E [u(0, X(0)) = u(T, X(T))] | (4.95)

<(C ||z||3ye(dz).
Rd

4.2.5 Convergence Results for Strong and Weak Numerical

Schemes

Here, we give error bounds for numerical approximations of the solution X of (4.4).

Before establishing these error estimates, we have the following remark.

Remark 4.2.1. For each fized € € (0,1), the SDE

¢ ¢
X(t) = :E+/ bl(Xe(s))ds+/ h(X<(s))ZY2dB(s)
0 0
¢
—l—/ / h(X<(s—))zN¢(dz, ds), (4.96)
0 JRrd
is a jump-diffusion SDE which is a special case of (3.4), with by(x) = b(x) + h(z)a,

o(x) = h(m)Zi/Q, G(z,2) = h(x)z, E =R%, and the Lévy measure is v°.
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Theorem 4.8. For a given v € {0.5,1,1.5,---} and a fized e € (0,1), let Y =
{Y(t);t € [0,T]} be the strong order ~y Taylor approximation defined in (3.32) of the
solution X¢ of equation (4.96), corresponding to a time discretization (t)a with a
mazximum step size A € (0,1). Further, assume that the coefficient functions b and
h are 2(y + 1) times continuously differentiable, uniformly bounded, with uniformly

bounded derivatives. Then the following estimate holds
E[|X(T) - Y(T)|*] < C (trace(=.) + A%) (4.97)
for some positive constant C.

Proof. By the triangle inequality and Theorem 4.2.1., we have that

E [ X(T) = Y(D)|*] <2 (E [|X(T) = X<(D)|I*] + E [I|IX(T) - Y(D)|I*])
< Cytrace(Se) + E [| X(T) — Y/(1)]|1?] (4.98)

But by Remark 4.2.1 and Theorem 3.2, we have that
E [|IX(T) - Y(T) ] < CaA™. (.99
for some positive constant Cy. Combining (4.98) and (4.99), we obtain
E[|X(T) - Y(T)|*] < C (trace(S.) + A?) (4.100)

for some positive constant C'. n

Theorem 4.9. For a given f € {1,2,---} and a fivred ¢ € (0,1), let Y =
{Y(t):t €[0,T]} be the weak order B Taylor approzimation defined in (3.34) of the
solution X¢ of equation (4.96), corresponding to the reqular time discretization (t)a

with mazimum step size A € (0,1). Further, we suppose that b,o,G € C*F+1),
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Lipschitz continuous and uniformly bounded. Then the following estimate holds

Bl - o) <€ ( [ IelPutan +a%) oy
for some positive constant C' which does not depend on €.

Proof. By the Triangle inequality, Theorem 3.3 and Theorem 4.9 we get

[E[g(X(T)) — g(Y(T))]] (4.102)

< [E[g(X(T)) — g(X(T)]] + [E [g(X(T)) — g(Y(T))]|

<o ([ IelPutan + o)

for some positive constant C'. O

4.3 A More General Model

4.3.1 Formulation

Here, we consider the following stochastic process Y = {Y (¢) : ¢ > 0}, the solution
to the SDE

Y(t) =1+ /0 b(Y (s))ds + /O (Y (s))dW (s) + /0 WY (s—))dZ(s), t € [0,T]
(4.103)

where Z is as in (4.2) and W = {W (t) : t > 0} is a d-dimensional Brownian motion
which is independent of Z. Further, we assume that o : R® — R™*“ is a Lipschitz

continuous function, with b and h are as in (4.4). By the Lévy-Ito decomposition, we
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can rewrite (4.103) as follows

Y(t) —x—l—/ b(Y (s ))ds+/ h(Y (s ))ads—l—/ o (Y (5))dW (s)

/ /z”<1 zN dz,ds) + / /|Z>1 —))zN(dz,ds) (4.104)

Let Z. be the Lévy process given by (4.23), and consider the following SDE
t t t
Y<(t) :x+/ b(Y<(s ))ds+/ h(Y<(s ))aeds+/ a(Y<(s))dW(s)
0
t
+ / h(Y<(s))2Y2dB(s / / (Y(s—))2N*(dz, ds) (4.105)
0 R

By Theorem 2.6, equations (4.104) and (4.105) have uniques solutions due to the

assumptions of Lipschitz continuity on the coefficient functions.

4.3.2 [P Error Estimate

We assume here that E[|| Z]|P] < oo, p > 2. Then (4.104) and (4.105) can be rewritten

Y(t):x+/0tb1(y(s))ds+/ot (Y( / /Rd —))zN(dz, ds),

(4.106)

as

and

Y<(t) :x—i-/ b1 (Y<(s ))ds+/ (Ye(s))dW(s)—l—/O h(Y<(s))2Y2dB(s) (4.107)
// h(Y*(s zNE(dz ds), (4.108)
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where by (z) = b(x) + h(z)a. Observe that

My(t) = /O a(Y(s))dW (s) + /0 h(Y<(s))2Y2dB(s) (4.109)

is a martingale, so we can apply Burkholder’s inequality to the expectation
E [supoco<; [M(s)]|] , for p > 1.
Corollary 4.9.1. In the above setting, it holds that

| sup VO] <Gt ol?), p22 (1110)
0<t<T
and
B | swp V| <Gt el p22 (L111)
0<t<T

for some positive constants C, and Cy which do not depend on e.

The proof technique is in the same lines as the proof of Corollary 4.9.2, so we omit

it. From (4.106) and (4.108) we obtain

Y(t) = Y(t)
- /0 t [b1(Y (s)) — by (Y*(s))] ds + /0 t [0(Y(s)) —a(Y<(s))] dW (s)
n /0 t /R RO (5)) = h(Y (5] 2N (dz, ds) (4.112)
+/Ot/Rdh(Y€(s—))zN€(dz,ds)—/Oth(Yf(s))Ei/QdB(S)-

Corollary 4.9.2. Let Y and Y€ be the unique solutions of (4.104) and (4.105)
respectively. Then for p > 2 the following estimate holds

E { sup [|Y(t) — Ye(t)Hp] < C’/Rd |z |IPre(dz) (4.113)

0<t<T

for some positive constants C' which does not depend on .
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Proof. Let

Wit = Yi(0) = [ Iy () = (v (s)] ds
/ /R — h(Y*(s—))] 2N (dz, ds) (4.114)
/ /R h(Y*(3=))2Ne(dz,ds) - /0 th(Yf(s))Zi/QdB(s).

Then Y (t) — Y¢(t) can be written as

YO =YW =i =10 + [ P0() oAV, (@1s)

[ sup 10 - voir] < (& s v - i

pD . (4.116)

E [ sup / 0(¥ () — o (¥Y())] AW (s)

0<t<T

for some positive constant C'. By Theorem 4.4, we have that that

E Liup V() Yf(tw"] <c [ Jalpuae) (4.117)

for some positive constant C3. By Burkholder’s inequality, Jensen’s inequality and

p} < C,E {/ 1Y (s) — Y<(s)|” ds

(4.118)

the Lipschitz continuity of o, it follows that

ey oY () — o (V)] dV(r

0<s<t
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for some positive constant Cy. Combining (4.114), (4.115), (4.116), (4.117), (4.118)

and applying Gronwall’s inequality we obtain

E | sup [[Y(t) - Ye(t)\l”] < C/ |2||Pve(dz). (4.119)
0<t<T Rd
for some positive constant C' which does not depend on e. O

4.3.3 Weak Estimate

Next, we consider the weak error E [¢(Y (T)) — g(Y*(T)] for some smooth function g.

Define the function uy as follows

uy (t,2) D Eg(Y(D)) | Y(t) = 4], (4.120)

where Y is the solution of (4.104) with initial value z € R™. Observe again that Y
is a Markov process (see Remark 2.3.2(iv)) with infinitesimal generator Lo. In this

case, Lo is given by

—l—/l ”>1[f(t,1; + h(z)z) — f(t,x)]v(dz) (4.121)
n a d
- /| “q[f(t, 7+ hi@)z) = f(tx) = 3 5= f(ta) (Z hij ()2 )] v(d2),
= (L1f)(t2) + (Laf)(t, )
where
I & 02
(Laf) (t,z) = 3 Z 0mi8:pjf(t’x>aij(x) (4.122)
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and f € C2(R?) (see [1], Theorem 6.7.3, pp. 407). The only difference between £; and
L5 is the inclusion of the Laplace operator La. uy satisfies the following backwards

Kolmogorov equation

%"(t, ) + Liuy (t,z) = 0. (4.123)

UY(Tv 27) = g(SC),

We have the following result which is a corollary to Theorem 4.7.
Corollary 4.9.3. Let g,h € C3(R?), and assume that E[||Z|]}] < oco. Then the

following estimate holds,
[E[g(Y/(T)) —g(Y ()]l < C/Rd 2] ve(dz) (4.124)

for some positive constant C' which does not depend on €.

Proof. With an application of It6’s formula we get

+ /Ot %I;i/ (5,Y(s))hie(Y(5)) (EE> dB;(s)

t@uy e €
+ [ G Y ) ) (1125)
1 ¢ 82uy € € €
5| Gyt Y ()Y (8)) (S (Y (3)) s
1 t aQUY
2 Jo Oyiy;

+/0 /Rd u(s,Y(s—) + h(Y(s))z) —u(s,Y(s—))N(dz, ds)

(5, Y*(5))ai; (Y(s))ds
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The difference here with Step 1 in the proof of Lemma 4.6.3 is the inclusion of the

terms
¢ Guy € €
/0 . Y5 ()Y ) (4.126)
and
1 t 82uy € €
: /0 By, 5 Y (DY (9)ds (4.127)

with X replaced by Y¢. Observe that if we take the expected value of both sides in
(4.125) then (4.126) vanishes. (4.127) will be absorbed into the generator £; in Step
4 in the proof Lemma 4.6.3 to give us L5 . The rest of the proof (Step 5-Step 7) is

the same as the proof of Lemma 4.3.1. O

Remark 4.3.1. For each fized € € (0,1) we define the new Brownian motion By by
Bi(t) = W(t) + SY2B(t), and o1(z) = (o(x), h(z)) then (4.108) becomes

Yﬁ(t)::ch/Otbl(Yﬁ(s))der/Otal(Yﬁ )dBi (s / /R (V(5=))2Ne(dz, ds)
(4.128)

which is a jump-diffusion SDE of the form (4.96). Thus we have strong and weak
numerical schemes for (4.128) with corresponding convergence results as in Theorem

4.8 and Theorem 4.9.
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Chapter 5

Numerical Experiment

5.1 The SDE Considered for the Numerical Ex-

periment

For our numerical experiment, we will consider the Doléans-Dade exponential. Here,
we simulate the sample paths of the “exact” solution using series representation (see
Theorem 2.5) of the driving process. Next, we simulate the sample path of the jump-
diffusion using regular Euler scheme, jump-adapted Euler scheme and the strong

order—1 schemes respectively. Lastly, we give some numerical error estimates.

5.1.1 Set—Up of Simulation Example

We consider the Doléans-Dade exponential given in Example 2.3.2. Let X be the

unique solution to the SDE

dX(t) = X(t—)dZ(t), X(0) =z, t € [0,T], (5.1)
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where Z is an infinite activity Lévy process with Lévy triplet (a, 0, ). Then the exact

solution is given by

X(t) =" [ 1+ Aaz(s)e 27, (5.2)

0<s<t

Let € € (0,1] be arbitrary. The corresponding jump-diffusion equation X€ is given
by

XE(t):x+/0 Xe(s)aeds—l—/o Xe(s)aedB(s)—i—/o " X(s—)zN(dz,ds), (5.3)

where,
ac=a— / zv(dz). (5.4)
e<|z|<1

We denote by 7{, 73, -+, Tie(r), the jump times generated by the PRM N¢(dz,ds)

with corresponding jumps (or marks) Vi, Va, - -, Vye(r), where,
NY() = N({z : 2] > ¢} x [0,1]), (5.5)

for t € 0, 1], is a Poisson process with parameter A.t. We note that N¢(¢) counts the
number of jumps in [0,¢] that are greater than e in magnitude. Also note that, by

Theorem 2.3
Ae =v{z:|z| > €} < 0. (5.6)

With this set-up, the exact solution of (5.3) is given by

((a _ o B(t)) N
Xe(t)y=e\ " 7 (1+ Vi) (5.7)

k=1
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Next, we let the driving process Z be an exponentially tempered a-stable (T'a.S)

process with Lévy triplet (0,v,0) where v is given by

6_‘Z| -z

e
I/(dZ) = (Wﬂ(w’o) + Zlmﬂ(o,oo)) dZ, o€ (O, 2)

In this case, the drift a. is equal to 0. Indeed,

2

The variance o(€)? = 2 of the small jumps is

By Theorem A.3, we obtain

from which it follows that
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Therefore the jump-diffusion approximation X°€ is given by

X(t)=1+ /Ut X(s)o.dB(s) + /t " X(s)zN(dz,ds), (5.13)

with exact solution

[T a+w), (5.14)

with o, is given by (5.12).
Remark 5.1.1.

The sample paths of the driving process Z and Zare simulated using series repre-
sentation (see Algorithm 2, in Example 2.2.4), which is then used to construct the
sample paths of X and X°¢ respectively.

5.1.2 FEuler Scheme

We now construct the Euler scheme for (5.13). Let 7' = 1, and 0 = t;, < t; <

-, 1, = 1, be an equidistant discretization of the interval [0, 1]. That is ¢, = nA,
for n € {O, 1,--- ,%}, where A € (0,1) is the time step. The Euler scheme is given
by

tnt1
Y(tni1) =Y (t,) + oY (t,)AB, / / n)2N(dz,ds)
|z|>€

N¢ (tn+1
=Y(t) [1+0AB, + Y Vi (5.15)
k=Ne(tn)+1

for n € {0,1,--- ,ny — 1} with initial value Yy = 1 with ny given by (3.45).
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5.1.3 Jump-Adapted Euler Scheme

Let 0 = 70 < 74 < -+ ,T,, = 1 be an equidistant discretization of [0, 1], and
let 71,75, ,ij\,e(T), be the jump times of Z¢. Consider the jump-adapted time
discretization

{t07t17 e 7tN1} - {7_07 Ty, 77_711} U {7_16’ 7_2€a e 77_]6\[5(1)} . (516)

where N; = ny + N¢(1). On this time discretization the jump-adapted Euler scheme

is given by

Y(thii—) =Y (t,) (1 + 0. AB,), (5.17)
and

Y(t,)(1+ 0 AB,) (1 4+ Ve, , if t,41 is a jump time
Y(tni) = (o ! () " (5.18)

Y(t,)(1+ 0 AB,), if t,,1 is not a jump time.

5.1.4 Strong Jump-Adapted Order-One Scheme

A strong jump-adapted order-one approximation is given by

Y(tnin) = Y(t,)(1+ o0 AB, + %52 (AB,QL — An)) (1 + VNe(th)) , if tpa1 1S & jump time
n Y(t,)(1+ o0 AB, + %2 (AB,QL — An)), if t,41 is not a jump time,
(5.19)
where
0_2
Y (thyi—) = Y(t,) (1 + 0. AB, + ? ((AB,)* - An)) : (5.20)
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Here, A denotes the step size, AB,, = B(t,+1) — B(t,), Ap = tye1 —tn, and Y (t,41—)
is the left limit of the process Y at t,.;. For other higher order schemes, see [26].
Before giving some error estimates, we display typical sample paths using the three

approximation schemes given above for « = 0.8 and o = 1.4.

Figure 5.1: Simulated sample paths of an SDE driven by an exponentially tempered
a—stable Lévy process with index of stability a = 0.8.

Figure 5.2: Simulated sample paths of an SDE driven by an exponentially tempered—
a-stable Lévy process with index of stability @ = 1.4.
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5.1.5 FError Estimates

Denote by M, the number of realizations, and by Y the numerical approximation of
X¢. We begin by estimating the L? and the weak errors due to the jump-diffusion

approximation, which we shall denote by

erree = E [| X (¢) — Xe(t)ﬂ , (5.21)
and

errwe = |E[(X(t) — X(¢))]], (5.22)

respectively. We examine erry, and erry,. as € — 0. These errors are estimated as

follows:

erre = E[|X(T) - X(D)] ~ ffj X(Tw) - X (T, (5.23)
and

errve = [EX(T) = X(T)]| ~ 7 kf;(X(T, w) = X)), (5:24)

where, wy, is the k™ realization. We let o« = 0.95 and M = 5000 realizations. The
estimates for (5.23) and (5.24) are given in Table 5.1.

Table 5.1: Numerical errors due to the jump-diffuison approximation.

€ 0.1 0.05 0.01 0.005
eITq. 5.09 x 107 | 1.53 x 107* | 6.12 x 10™° | 1.55 x 107
eIT 226 x 1072124 x 1072 | 7.83 x 1073 | 3.94 x 10~°
Timecony/ secs | 251.995 253.791 259.923 276.831

Rather the study the error E [|X<(T) — Y(T)]Q] and |E[(X(T) —Y(T))]|, we will
instead estimate E [| X (T) — Y(T)ﬂ and |E [(X(T) —Y(T))]|- That is, for different
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step sizes A, we estimate the strong errors errg(ey), €ITy(jadp) and errg;qp1y due to the
numerical approximations, i.e., regular Euler, jump-adapted Euler and the strong—one

order schemes. These errors are estimated as follows

1]\/[

0 D IX(T,wi) = Y (T, wi) . (5.25)

k=1

Q

E[IX(T) - Y(D)F]

Table 5.2: Strong error estimates.

A 276 277 278 279 2710
elTgeny | 6.0x107° | 27 %107 | 3.2x 107" | 24x107* | 1.2 x 107°
teu/sCC 35.42 70.15 134.28 257.52 634.63
eITg(jdp) | 3-D X 1077 | 1.9 x 107 | 24 x 107" | 1.3 x 107" | 9.0 x 107°
tiap,/s€C 37.28 69.00 129.478 252.33 566.57
errgapny | 6.0x 1073 | 1.7x 107" | 74x 107 [ 21 x 107* | 5.9 x 107®
tiap1/sec 32.11 65.24 128.85 299.33 531.07

We examine the numerical error due to the numerical approximation of the X¢ by
Y using the the Euler, jump-adapted and and the order one strong jump-adapted

scheme. The log base 2 plots are given in Figure 5.3.

Figure 5.3: Log-log base 2 plot of strong error from the numerical approximation
Y, of the jump diffusion X¢ versus the time step A.
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We obtain the following polynomial fits on the errors from the three different schemes.
For the Euler scheme, we obtain y = —1.8 + 0.7z, for the the jump-adapted scheme,
we obtain y = 0.5 + 0.8z, and finally, for the order one strong jump-adapted scheme,
we get, y = —0.02 + 1.3x. The slope of each of these lines, indicates the order of

convergence of the given scheme.

Similarly, we denote by erryey, €ITyjadp and erTyjaqp1 the weak errors due to the regular
Euler, jump-adapted schemes and weak order one jump-adapted approximations

respectively, with the weak error estimate denoted by

erry, = |E[X(T) — Y/(T)]| (5.26)

Here, we have taken g to be the identity function. In this case, we have the following

estimates
Table 5.3: Weak error estimates
A 26 27 28 279 2-10
ClTy(en) | 93X 1077 [ 9.4x 1077 | 1.5 x 107* | 8.6 x 107° | 5.3 x 107°
teu/seC 35.42 70.15 134.28 257.52 634.63
ey (dpy | 59X 1072 [9.0x 1073 [ 15x 1073 [22x 1073 | 1.1 x 1073
tiap,/seC 37.28 69.00 129.478 252.33 566.57
€Ty (idp1) | 3:0x 1072 [ 2.0x 1071 [ 54 x 1077 [ 1.8 x 107° | 1.4 x 1077
tiap1/seC 32.11 65.24 128.85 299.33 531.07

5.2 Conclusion and Further Directions

In this dissertation, I combine the ideas of Assmusen and Rosinski [3] (see also [31])
and in the spirit of the authors in [21], with the numerical schemes developed by Brutti
and Platen in [7] to construct numerical approximations to the solution of a class of
stochastic differential equations driven by a Lévy process with infinitely many jumps.

My theoretical results are complemented by good error estimates. This extends the
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work of authors in [7] and [8], to a larger of class of stochastic differential equations,
i.e., stochastic differential equations driven by Lévy processes with infinitely many

jumps.

Most of the numerical schemes developed so far, including the method in this
dissertation, assume that the driving process 7Z has at least the second moment.
This assumption excludes the class of SDEs driven by a-stable processes and other
classes with heavy-tailed distributions. I am interested in extending the methods in
my dissertation to include such SDEs. It is also worth mentioning that, it will be
interesting to relax some of the smoothness conditions on the coefficients of the SDE
considered in this dissertation, and still give upper bounds for the error estimates. I

believe can be accomplished via the powerful tool of Malliavin calculus.
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Appendix A

Some Useful Results

A.1 Gronwall’s Inequality
Theorem A.1. Let « be function from R to itself, and suppose that
afs) <c+ k‘/osoz(r)dr
for 0 < s<t. Then
alt) < ce.

Moreover, if c =0 then a vanishes identically.

Proof. See e.g., [28], Theorem 68, pp. 349.
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A.2 Burkholder’s Inequality

For a given stochastic process { X (t),t > 0}, denote by X*(¢) its supremum process,

ie.,

X/ = sup |X(9)|. (A.3)

0<s<t

Theorem A.2. Let M be a local martingale. Then there exists constants c,, C, such

that for a finite stopping time T

T

< GE[(M})]"" (A.4)
for1 <p< o0.

Proof. See e.g. [28], Theorem 74, pp. 226. ]

A.3 Approximation of Integral Involving Slowly
Varying Functions

Theorem A.3. (Bingham et al., [6], Proposition 1.5.8., pp 26) If L is slowly varying

and a is so large that L(z) is locally bounded in [a,o0), and o > —1, then

/ L)~ % (A.5)
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Appendix B

MATLAB Codes

B.1 MATLAB Code for Generating the Graphs
in Chapter 2

o\°

Author Ernest Jum

o\

Department of Mathematics

o\

University of Tennessee

o\

Knoxville

o°

Simulating alpha—stable and
% tempered alpha—stable processes
% August 2013

to=0; tf=1; m=1000;

dt=(tf-to)/ (m—1);

t=to:dt:tf;

alpha=1.3; %index of stability

epsilon=0.001; Struncation level (precision)

lambda=1; %tempering parameter

kappa=1; S%constant

tau=1l/epsilon” (alpha); S$truncation level
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k=0;
T(l)=—log(rand);
while sum(T(l:k)) < tau
k=k+1;
T (k)=—log(rand);
U (k)=rand;
s=rand;
if s<0.5
V(k)=1;

else

eta (k)=—log (rand) /lambda;

xi (k)=rand;

eta_xi (k)=eta(k)* ((xi(k)) " (1/alpha));
end
%% Jump sizes process %$%%

const=(alpha/ (2+xkappa+tf)) "~ (—1/alpha);

o\
o\

Z(1)=0; z1(1)=0;
for n=2:length(t)
for i=1:1length (T)
gamma (i) =sum (T (1:1));
if U(i) <=t(n)

J(1)=V (i) * (gamma (i) " (—1/alpha));

J1(1)=V (i) (min (const=* ((gamma (i)) "~ (—1/alpha)),eta_xi(i)));
else

J(1)=0;

J1(1)=0;

end

end
Z(n)=sum(J (l:1length(T)));
Z1l(n)=sum(Jl (l:1length(T)));

end
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figure (1)

plot(t, z,'k"', t, Z1)

hlegl = legend('\alpha—stable', 'tempered—\alpha—stable');
xlabel ('time'")

ylabel ('smaple path')

B.2 Code for the Numerical Experiments in Chap-
ter 5

B.2.1 Function for Counting Number of Jumps on an Inter-

val

function num_jumps = find_-num_jumps (Uvec, tval)
1 = length (Uvec);
num_-jumps = 0;
for i=1:1
if Uvec (i) <= tval
num-jumps = num_jumps+1;
end
if Uvec (i) > tval
break;
end
end

end
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B.2.2 Main Code

close all
clear all
format long

tic
clc

o
o\

o\
o
o
o
o
o
o
oe
o
o\
o\
o\
o
o
o
o
o
o
o
o\
o\
o\

o
o
o
oe

The University of Tennessee Knoxville

Developed and written by
Department of Mathematics

Ernest Jum
January 2015

°
)
°
o
°
o
°
o
°

[)

Initial time and Final time

o\

0;tf=1;

3;

m=10" (k) ;

t0

o
o\

o\
o\
o
o
oe
o
o
o
o\
o\
o\
o\
o\
o
o
o
o
o
o
o\
o\
o\

o
o
o
oe

o\

%% Regular time grid %%%

4

1

lambda

4

tf
7

:Dt
=1

0

Dt=(tf—t0) /m; $time step
kappa

t

o\
o\

o\
o\
o\
o\°
o\°
o\°
o\
o\
o\
o\
o\
o\
o\
o\°
o\°
o\
o\°
o\
o\
o\
o\
o\

o\°
o\°
o\°
o\°

Coefficient Function

)
)

o\
o\

o\
o\°
o\°
o\
o\
o\
o\
o\
o\
o\
o\
o\°
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\

o\°
o\
o\
o\

Index of stability and epsilon

)
©°0o

7

4

0.009

1.3

alpha=
epsilon

o\
o\

o\
o\°
o\°
o\°
o\°
o\
o\°
o\
o\
o\
o\
o\
o\
o\°
o\°
o\°
o\°
o\
o\
o\
o\
o\

o\
o\°
o\°
o\

4
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%% Variance of small Jjumps
(((2+kappa)/ (2—alpha)) " (1/2)) * (epsilon” (1—(alpha/2)))

sigmaeps



ra=1/alpha;

%% Precision %$%%%%
tau=alpha/ (2+«kappa*tf* (epsilon” (alpha)));%precision
%% number of iterations
N=10000;

%% Initialization

X=zeros (length(t), N);

Z=zeros (length(t), N);

W=zeros (length(t), N);

Xeps=zeros (length(t), N);

Y_eu=zeros (length(t), N);

$% Simulation of Jumps

S=—log (rand);

k=0;

while S < tau

k=k+1;

T (k)=—1log(rand);
gam(k)=S; %store the Poisson arrival times
S=S +T (k) ;
U (k)=rand;
jump-times (k) =t£+U (k) ;

z=rand; %%%%% simulate random signs %$%%%%%

eta (k)=—log(rand) /lambda;
xi (k)=rand;
eta_xi (k)=eta(k)*(xi(k)) " (1/alpha);
end
%% Jump sizes of tempered stable process %%%
g-alpha=gam.” (—ra);

const=(alpha/ (2+«kappax*tf)) " (—ra);
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new_g_alpha=const*g_alpha;
eta_xil=eta_xi;
jump_size=e.xmin(new_g_alpha, eta-xi);
%$%%%%% Dolean—Dades Exponential %$%%%%%%%
%% Simulating the almost exact solution %%
Ul=sort (jump_times) ;
tl=sort ([Ul,t]);
ml=length(tl);
$BM increments for jump—adapted approx
dWl=zeros (length(tl), N);
% BM incrments for Euler
dW=zeros (length(t), N);
% Initialize jump—adapted approx
Y_jadp=zeros (length(tl), N);

% Initialize jump—adapted stong—order—1 approx

Y_jadp-one=zeros (length(tl), N);

for n=1:N

dW (1, n)=normrnd (0, t(1l));

dWl (1, n)=normrnd (0, t(l));
for k=2:m
dW(k, n)=normrnd(0, Dt);
W(k,n)=sum(dW(l:k, n));
end
for k=2:ml
dWl (k, n)=normrnd(0,tl(k)—tl(k—1));
Wl (k,n)=sum(dWl(l:k, n));
end

Z(1,n)=0;

X(1,n)=exp(Z2(1,n));

Xeps (1,n)=X(1,n);

$%Exact Solution

jp=zeros (length(t), 1);

jmp=zeros (length(t), 1);
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Z(1l,n)=0; X(1,n)=1; Xeps(l,n)=1;
for j=2:length(t)
r=find_num_jumps (Ul, t(3j));
if r7=0
Jmp (J) =prod((l+jump.-size(l:r)));
jp (3)=prod ((l+jump_size (l:r))) *prod(exp(—jump_size (l:r)));
Z(j, n)=sum(jump-size(l:r));
X(J,n)=exp(Z(J,n))*Jp(J);
Xeps (j, n)=exp(—((sigmaeps” (2))/2)*t (J)+sigmaeps*W(j,n))*jmp (J);
else
Z(j, n)=sum(jump-size(l:r—1));
X(J, n)=exp(Z(j,n));
Xeps (J, n)=exp(—((sigmaeps” (2))/2)*t (j)+sigmaeps*W(j,n));
end
end

%% Euler with constant step size

Y_eu(l, n)=1;
number_jumps = length (Ul);
p=number_jumps;
js=zeros (length(t), 1);
for j=l:length(t)—-1
3 fprintf ('iteration: %d\n', J);
1 = find num_jumps (Ul, t(3));
s = find.num_jumps (Ul, t(j+1));
if 1 == 0 && s ==
Y_eu(j+l, n)=h(Y_eu(j, n))*(1l + (sigmaeps* dW(j+1l,n)));
elseif 1+1 > number_jumps
js (3)=0;
Y_eu (j+1, n)=h(Y_eu(j, n))*(l + (sigmaepsx dW(j+1,n))+3is(3));
else
js (J)=sum(jump-size (1+1l:s));
Y_eu(j+l, n)=h(Y_eu(j, n))*(1 + (sigmaeps* dW(j+1,n))+3s(3J));

end
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end
%% Jump—adapted Euler
Jump-flag = 0;
Y_jadp (1,n)=1;
for k=2:ml
for j=1:length (U)
if tl1(k)==U1(3)
num_jumps = find_num_jumps (Ul,tl(k));
Y_jadp (k,n)=Y_jadp (k—1, n)* (1l +sigmaeps*dWl(k, n))*...
(l+jump_size (num_-jumps) ) ;
jump_-flag = 1;
break
end
end
if jump-flag ==
Y_jadp (k,n)=Y_jadp (k—1, n)=* (1 +sigmaeps+dWl(k, n));
end
Jump-flag = 0;
end
%% Jump—adapted—strong—order—one
Jjump-flagl = 0;
Y_jadp-one (1,n)=1;
for k=2:ml
for j=1:length (U)
if t1(k)==U1(3)

num_Jjumps = find_num_jumps (Ul,tl(k));

Y_jadp_.one (k,n)=Y_jadp_one (k—1, n)* (1l +sigmaeps*dWl(k, n)...

+(sigmaeps” (2)/2) * ((dWl (k, n) " (2))—(tl(k)—tl(k—=1))))...

* (1+jump-size (num_jumps) ) ;
jump-flagl = 1;
break
end
end

if jump_flagl ==
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Y_jadp_one (k,n)=Y_jadp_one (k—1, n)* (1l +sigmaeps*dWl (k, n)...
+ (sigmaeps” (2)/2)* ((dWl (k, n) "~ (2))—(tl(k)—tl(k—=1))));

end

Jump_-flagl = 0;
end
end
%% Error due to jump diffusion approx of orginal SDE
err_s_epsilon=mean ((X(length(t), :)—Xeps(length(t),:))." (2));
err_w_epsilon=abs (mean (X (length(t), :)—Xeps (length(t),:)))
err_eps=[err_s_epsilon, err_w_epsilon]

%% strong errors

glob_s_err_eu= mean((X(length(t),:)—Y_eu(length(t),:))." (2));
glob_s_err_eul= mean((Xeps (length(t),:)—Y_eu(length(t),:)). (2));
glob_s_err_jadp= mean ((X(length(t),:)—Y_jadp (length(t),:))."(2));

glob_s_err_jadpl= mean ((Xeps (length(t),:)—...
Y_jadp (length(t),:)) . (2));

glob_s_err_jadpll= mean ((X(length(t),:)—Y_jadp_-one (length(t),:)) . (2));
glob_s_err_jadplll= mean((Xeps (length(t),:)—...
Y_jadp-one (length(t),:)). " (2));
% weak errors
glob_w_err_jadpl=abs (mean (X (length(t),:)—Y_jadp-one (length(t),:)));
glob_w_err_jadpll=abs (mean (Xeps (length(t), :)

—Y_jadp-one (length(t),:)));
glob_w_err_jadp2=abs (mean (X (length(t),:)—Y_jadp (length(t),:)))
glob_w_err_jadp22=abs (mean (Xeps (length(t),:)—Y_jadp (length(t),:)))
glob_w_err_eu=abs (mean (X (length(t), :)—Y_eu(length(t),:)));
glob_w_err_eul=abs (mean (Xeps (length(t), :)—Y_eu(length(t),:)));

%% Plots of sample paths %%
figure (1)
plot( t, Y.eu(:,N), 'k', tl, Y_jadp(:, N),'m', tl, Y_jadp-one(:, N),
'—g', t, X(:, N), 'b', t, Xeps(:,N),":x");

hlegl = legend('Euler aprrox', 'Euler—jump—adapted—approx', ...
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'order—one—jump—adapted—approx', ...
' “exact solution"', 'jump—diffusion approx');
xlabel ('"time"')
ylabel ('sample path')

toc
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