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NUMERICAL APPROXIMATIONS IN VARIATIONAL PROBLEMS
WITH POTENTIAL WELLS*

MICHEL CHIPOT! AND CHARLES COLLINSt

Abstract. In this paper, some numerical aspects of variational problems which fail to be convex
are studied. It is well known that for such a problem, in general, the infimum of the energy (the
functional that has to be minimized) fails to be attained. Instead, minimizing sequences develop
oscillations which allow them to decrease the energy.

It is shown that there exists a minimizer for an approximation of the problem and the oscillations
in the minimizing sequence are analyzed. It is also shown that these minimizing sequences choose
their gradients in the vicinity of the wells with a probability which tends to be constant. An estimate
of the approximate deformation as it approximates a measure and some numerical results are also
given.

Key words. finite element method, variational problem, Young measure

AMS(MOS) subject classifications. 65N15, 65N30, 35J20, 35J70, 73C60

1. Introduction. In this paper we study some numerical aspects of variational
problems which fail to be convex. It is well known that for such a problem, in
general, the infimum of the energy (the functional that has to be minimized) fails to
be attained. Instead, minimizing sequences develop oscillations which allow them to
decrease the energy.

Such oscillations are observed in the context of hyperelasticity for ordered ma-
terials such as crystals (see (3], [4], [6], [8], [16]-[24], [27], [30]). Indeed, in order to
lower its energy such a material makes full use of its special structure. This structure
is recorded in different models where generally it is assumed that the energy func-
tional experiences several potential wells (see for instance [3], (23], [24], [27]). From
the physical point of view it means that some linear deformations (related to the
material under consideration) are of very low cost in energy. Thus, the strategy for
the material to obtain a minimum energy configuration consists of using these low
cost deformations on a finer and finer scale. This, of course, can be observed both
experimentally and computationally (3], [4], [9], [11]-[14], [30].

Assume that we have an energy density ¢ : R® — R supported on k potential
wells. That is, there are k vectors w; € R™, with k& > 2, such that ¢(w;) = 0 for
i=1,---,k and &(&) > 0 for £ # w;. Let a € R™ be in the convex hull of the wells,

but not equal to a well; that is, there is a vector @ = (ay,- - -, o) such that
k k
(1.1) Zaiwi =g withO0<ao; <1 and Zai =1.
i=1 i=1

In addition, let % : R — R be a continuous nonnegative function such that
(1.2) ¥(0)=0 and ¢(t) >0 fort#0.
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For instance ¥(t) = [t|% ¢ > 0 would be suitable for our purpose. For a given
polygonal domain Q C R™ with 02 =Ty UTy, let

(1.3)  Vo,={v:Q— R|v is piecewise affine and v(z) = a - z for z € Tp}.

By piecewise affine we mean that the function is continuous and affine on simplices
covering (). We consider the minimization problem:

(1.4) Find v € V, such that E(u) = 135 E(v)
where E(v) is the total energy:

(1.5) E(v) = /Q $(Vo(@)) + 9 (v(z) ~ a - 7) d.

We could introduce some other spaces but the infinum of the energy is the same for
any space containing V, so we have restricted ourselves to this case. Energies such as
(1.5) were introduced in [5]. If we set u(z) = v(z) — a - = then

/ d(Vv)+¢p(v—a-z)dx = / &(Vu + a) + ¥(u) dz.
Q Q

So minimizing the integral on the left over v € V, is equivalent to minimizing the
integral on the right over u € V. So, from now on we will assume that a = 0 and
that zero is in the convex hull of the wells.

For the minimization problem (1.4), we will consider three cases: I'g = 01,
Ip=0,and § G I'y G IN. It follows from a later result that the infinum in each case
is zero. However, for a function to have zero energy it must satisfy ¢{Vv) = 0 and
Y(v(z)) = 0 which would imply that Vv = w; almost everywhere and v = 0 which
is impossible, unless w; = 0 for some i, but this is prohibited by (1.1). Thus, we
cannot obtain minimizers of (1.5) directly and so we consider minimizing sequences.
It is reasonable to expect that such a minimizing sequence will have a gradient which
oscillates between the wells in order to reach the lower levels of energy. This is indeed
what happens but, as we will show, these oscillations are done in an organized manner,
provided that the number of wells is limited to n+1 and that the wells are chosen such
that the vectors w; — w; for ¢ = 2, .-, k are linearly independent. The mathematical
explanation of the controlled oscillations of the minimizing sequences in this case lies
in the fact that the Young measure (see [2], [8], [15], [25], [26], [28], [32]) associated
to the problem is unique (see §4).

This paper is organized as follows. In §2 we prove an existence result for the
minimizers of an approximation of the problem. In §3 we show, through an energy
estimate, that the infinum of (1.4) is indeed equal to zero and we give different rates
of convergence of this energy towards zero. Section 4 is devoted to the analysis of
the oscillations of the minimizing sequences of (1.4). In particular we show that
these minimizing sequences choose their gradients in the vicinity of the wells with
a probability which tends to be constant (of course we assume we are in the case
where the Young measure associated to the problem is unique). Moreover, since the
problem at stake is the approximation of a measure, we give an estimate in this sense
(Theorem 6). Finally we comment in §5 on some numerical experiments. Our results
expand on the results obtained in one dimension by Collins, Kinderlehrer, and Luskin
{10} and Collins and Luskin [14].
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2. An existence result. Our first concern is to establish the existence of a so-
lution of an approximation of the problem (1.4). We restrict ourselves to one example
where such an existence can be proved, and we refer the reader to [7] for another case.

Recall that we are assuming a = 0 so that in all that follows

E(v) = /Q H(Vo(@)) + P (u(2)) de.

Let 7, be a triangulation with mesh size h of the domain 2 and let V}? be the
approximation of Vy corresponding to 3, i.e., V,? is the space of continuous functions
vanishing on I’y and affine on each simplex of 7.

THEOREM 1 (existence). If ¢ and ¢ are continuous and limyy_, 4o Y(t) = +o00
then there exists a up € V; such that

(2.1) E(us) = inf E(v).

Proof. Every element of V) is completely determined by its value on the nodes
of 73, so finding the minimum reduces to finding a vector X = (ux(n1),: -, un(np))
where the n;’s are the nodes of 75, not on I'g, which minimizes E(up). As ¢ and ¢ are
continuous, E(up) is continuous in X.

Let | X| — +o0, then at least one component of X goes to infinity, so assume that
X; = up(ni) — +oo. Now let T € 75, such that n; is one of the vertices of T. Then
we have

| #(Vun(e) +bun(@)) do
(22) > /Tz[)(uh(a:)) dx > inf ¥(u) - meas {m €T | |lup(z)| = %Iuh(n,)l}

[u|Z 35 [un(ni)l

where measS denotes the Lebesgue measure of the set S.  Assume that we have
proved that

(2.3) meas {z € T | [un(z)| > |un(ni)|/2} > (1)" measT,

then (2.2) reads

/Q¢(Vuh(w)) + Y(un(z)) dz > <%)" measT  inf  ¢¥(u) = +oo

1
[u]2 3 [un(ni)l

when up(n;) — +00, by our assumption on . Thus E(u) — +oco and the existence
of uy, follows by an easy compactness argument. More precisely, choose % € V¥ such
that E(4) < co and let U = {u € V0 | E(u) < E(@)}. Then by the above argument
and the continuity of E, U is a compact set and as F is continuous there must exist
a up € U C V) such that E(us) = infyev E(v) = infyeyo E(v).

To prove (2.3) note first that without loss of generality we can assume that n; =0
so that if we set b = up(n;) then

up(z) =a- -z +b.
Then we show that

(2.4) meas{z €T | |a-z +b| > }b|} > (%)nmeasT.
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By changing vy to —up we see there is no loss of generality in assuming b > 0, so that
(2.4) can be written as

(2.5) meas{z € T||¢-z+1{ > 1} > ()" measT.

Consider the one-dimensional case first, i.e., a/b = o € R and T = (0,T). Then if
a > 0 we clearly have

meas{z € T | |az + 1| > 1} = measT;

hence (2.5) holds. If & < 0 then |az + 1| > § implies that

1
< —— > -,
= 2c o T= 2c

When —3/2a > T we have —1/2a > T'/3 and

1 1
1> =% = [
{weTHaw+ |_2} <0, 204)

and thus (2.5) holds. When —3/20o: < T' we have 1/a > —2T/3 and
1 1 3
> — = - =

{meTtlam+l|_2} (O, 2a)u( 2a’T)

1 1 1
meas {z € T||aw+1[> s b= + T+ =T+ = >
2 2« 2« a

and thus

T;

Wl =

hence (2.5) holds. Knowing now that (2.5) holds for the one-dimensional case, we use
polar coordinates and write for £ = rw, with w a unit vector in R",

meas{:ceT|'%~m+1‘2%}= dz

/{meTl [$-2+1{>3}
(2.6) ’ ’

r" L dwdr.

v/{verT: | & rw+1|>3}
For fixed w we have to integrate over the set
1
{r| ,%-wr-kll >3}

and the measure of this set is certainly larger than r(w)/3 where r(w) is the largest r
such that rw € T. Hence for fixed w

/ ™ ldr > / r"ldr
{r]1gwr+1|24} (0,r(w)/3)

and (2.6) becomes

1 n
meas :z:eT|lg.'l:+1|2l 2/ / r"‘ldrdw=<— measT
b 2 wl=1 J (©,r(w)/3) 3

which completes the proof. ]
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3. Energy estimate. In what follows we will assume the the triangulation of
the domain is regular.
THEOREM 2 (energy estimate). Assume that for some constants m and ¢ > 0

(3.1) P(t) < mft|%;
then if ¢ is bounded on bounded sets
E;, = inf E(v) <Ch?,
= 8, o) <
where v = % forq > 1 and Ty # 0, and v = q/(g+ 1) forg < 1 and Ty # 0 or
Lo =0.

Proof. Clearly since a = 0 belongs to the convex hull of the w;’s, we can find
w;’s—that for simplicity we will still label by wy, - -, wg—such that (1.1) holds and

the vectors w; — w; for i = 2,-- -, k are linearly independent.
It is easy to see (cf. §4) that the vector « satisfying (1.1) is unique. Let p be the
number of a; # 0 and renumber the wells so that a; > 0 for ¢ = 1,.--,p. Let
= mi . g
(3.2) wp(z) min w; z + h

where 8 € (0,1). First we note that
(3.3) wy(x) <BP V.

If not, then we have for some z, w; -z > 0 for i = 1,---,p and Efxl aw; -z >0
contradicting (1.1). Second, all the wells for which o; # 0 participate in wp; otherwise,
there is an j such that w; x4+ h8>w;-x+hP fori=1,--.,pand for all . Thus

k k
wj~z=2aiwj-w22aiwi~m=0 Yz,

i=1 i=1

and so w; - > 0 for all z which is possible only if w; = 0, a contradiction of (1.1).
The set

Sp = {z € R" | wp(z) > 0}

is the intersection of p half spaces and thus is a convex domain having p edges. Let
W be the subspace of R™ spanned by {w;}?_;. Then S, N W is a p — 1-simplex with
vertices vg, U1, Vp—1. Note that the functions w; - £ are constant on any subspace
orthogonal to W so we just need to define our function on W. For any z € ZP~! set

p—1
(34) Wh, 2 (T) = wp, (a: - Z zi(v; — vo)).
i=1
Clearly wy, , is a piecewise affine function, nonnegative on the set
p—1
(3.5) Shz=Sh+ Y z(vi — vo).
i=1
Note that these subsets are disjoint. Let

(3.6) up(x) = sup wp ().
z€Zr—1
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Then uy, is a piecewise affine function equal to wp , on Sy ,. Also note that for a
given z, the supremum in (3.6) is taken only over a finite number of z such that S,
neighbors z. It is clear that

(3.7) lun(z)| < ChP
for some constant C. Moreover we have that
(3.8) Vup = w;

except on the edges of the function u; where Vu, switches from one well to another.
To match the boundary condition, we introduce the function 7, where

(3.9) () = min(dist (z, To), h®)/RP.

We have that |n;| < 1 and |Vas| < h78. If Ty = 0 we take n, = 1. We modify
up, by replacing it by npun, which we still denote by up. If |I'g| denotes the (n — 1)-
dimensional area of I'y then this modification changes the value of up on a domain of
volume less than

(3.10) C|To|hP.

On this domain V(nnup) is bounded by |Vny||ug| + [Vun|, which is bounded by some
constant independent of h. To make uj € V2 we next modify u, on the simplices
where up, has an edge which intersects the simplex. On this simplex we replace uy,
by the affine function which agrees with u; on the vertices of the simplex. Now the
volume of the simplices where this modification occurs is no more than

(3.11)  C|To|h? + h- ((n — 1)-dimensional area of the edge of u;, due to (3.6))

as the edge of uy cuts one simplex at a time, and any dimension of a simplex is
bounded by h. Let N(h?) be the number of Sh,. covering €. By a scaling argument
we have

(3.12)

(n — 1)-dimensional area of the edge of u;, due to (3.6) < CN(h?)(hP)P—2
< ON()(RPP=2/(hP)P—1
< Ch~A.

Hence, by (3.10)—(3.12), we have obtained a function u, € V)0 such that (3.8)
holds except on a set S of volume less than

(3.13) Ch'=P + C|Do|h?

where, of course, the gradient of uy, is bounded. We also have that (3.7) holds every-
where, and thus

B(un) = / $(Vun) + b(un) do

/ ¢Vuh)+/¢Vuh)+/¢(uh

< C(h'P + |To|RP + h9P).
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So if [Tg| > 0 and ¢ > 1 we have, if h is assumed to be less than 1,
E), < Cpmin(1-5,5)
which has maximum order for § = % and gives
Ej < Ch3.
If |Ty] > 0 and ¢ < 1 or |T'g| = 0 then we have
E;, < Cpmin(1-5.90)
which has maximum order for 3 = 1/(g + 1) and gives

E < Cha/(a+1) 0

Remark 1. We do not know whether or not these estimates are sharp. For par-
ticular results in this direction see [7] and [14].

4. Analysis of oscillations. In what follows we assume that 2 < k <n-+1 and
that the vectors

(4.1) w; —wy are linearly independent.

Then we can prove the following theorem.

THEOREM 3 (unique Young measure). If the vectors w; —wy fori=2,---,k are
linearly independent then the vector a which satisfies (1.1) is unique. Also, for any
minimizing sequence of (1.4) bounded in W1 >°(2) the corresponding Young measure
is unique and equals

k
Vg =V = E 00 s
i=1

where é,,, is the Dirac mass at w;.

Proof. The first part of this theorem is of course well known; however, we give
a proof of it for use in later results. If we consider the wells w; and a to be column
vectors, then condition (1.1) can be written as

wy Wo < Wk
4.2 a=é€pnqq,
( ) ( 1 1 . 1 ) n+1

where e, 11 is the usual (n + 1)th basis vector in R**!. Let M be the n + 1 x k
matrix on the left-hand side of (4.2). Subtracting the first column of M from the

other columns, we get
wy wy—wp -+ W — W
1 0 . 0

and we see that this matrix has rank k since the vectors w; — w; are linearly inde-
pendent. Thus M has rank k and MT M is invertible. We can then rewrite (4.2) as
MTMa = M7e,; and then solve for o to get

(43) a = Aen—}—la
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where A = (MTM)~1M7T. This proves the first part of the theorem.

For the second part, let {ux} be a sequence, as in the proof of Theorem 2, such
that

(4.49) lukl, |Vurl <C and E(ux) — 0.

It is well known (see (2], [8], [15], [25], [26], (28], [31], [32]) that there exists a Young
measure v, corresponding to this sequence such that

(4.5) /QF(x,Vuk(x))dz — /Q/Rn F(z,\)dvy,()\) dz

for any Carathédory function F. In particular, if we take F(z,£) = ¢(£) then we have
that

0= lim /Q $(Va) da = /Q /R ) () da

Thus v, is supported only on the wells, and we can write

k
(4.6) ve =Y Bi(x)bu,,
i=1
with
k
4.7) 0<Bi(z)<1 and Y Bi(z)=1,
i=1

since v, is a probability measure. Now from (4.4) we can extract a subsequence, still
denoted by ug, such that

(4.8) ur — v uniformly in Q.

On the other hand, from E(ux) — 0, and again up to an extracted subsequence, we
deduce that

P(ug) » 0 a.e. in Q.
Hence, from (4.8) and the continuity of v
Y(u)=0 ae. inQ

and v = 0 by (1.2). Then from (4.4) we deduce now that up to an extracted subse-
quence

ug — 0 in WHo°(Q) weak-*
and in particular
Vur — 0 in L*°(Q) weak-*.

So, using (4.5) with F(z,£) = x(z)¢€ where x is the characteristic function of a mea-
surable set w C ), we obtain

0= lim Vuyg dx

k—oo J,,

=/W/RH)\dum()\)dzzgwi/;ﬂi(l‘)dx-

(4.9)
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From (4.7) and (4.9) we see that the vector {1/|w| [, 8;(z) dx} satisfies the same condi-
tions as o does in (1.1), but since « is unique, we must have that o; = 1/|w| [ 8i(x) dz.
Since this holds for all w, we must have 3;(z) = «; almost everywhere by the Lebesgue
differentiation theorem. So the Young measure is unique. O

In order to obtain further estimates, the behavior of ¢ near the wells is important.
To control it we introduce the function IT defined by

H(f) = Wi,
(4.10) where w; is the well of smallest index 7 such that

€ —w;| = mjinlﬁ — wj.

The function II takes only a finite number of values, i.e., the w;’s. Moreover, it is
clearly a Borel function so that if £(z) is any measurable function, II({(z)) will be
measurable as well.

From now on we will assume that there are constants Ay, A; > 0 and p > 1, and
g > 1 such that

(4.11) ¢(€) 2 M€ — I[P = A min[€ —w;[? VEER,
(4.12) D(t) > Atl? VEeR.

We next prove three lemmas which we use in the rest of the analysis.
LEMMA 1. For any B C Q and r < p, there exists a constant C = C(B,r,p, A1)
such that
/ |Vo — IIVy|" dz < CE(v)™/?
B

for allv € V.
Proof. Applying Holder’s inequality and (4.11) we have

r/p
/ |Vo — IIVo|" dz < |B|P~™)/P (/ |Vv — TIVv|? dw)
B B

r/p
st”W(%?). O

LEMMA 2. If B C  is a Lipschitz domain and r,s > 1 then there exists a
constant C = C(B,r, s) such that for allv € Vj

1/s’
| wras<o ([ da) " ol
aB B

where s’ is the conjugate exponent for s (i.e., 1/s+1/s' = 1) and
1/s
(4.13) [Jvl|1,5,B = (/ |Vo|® + |v|? dw) .
B

Proof. By the trace theorem for W11(B) (see [1]), there exists a constant C such
that

/ |u|ds < C/ |u| + |Vu| d.
0B B
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Applying this result to u = |v|”, we have

/ stgc/ (ol + o] |Vv| da.
6B B

Hence by Holder’s inequality we have

, 1/s’
/ o[ ds < C ( / jy| 7D dw) oll0.5- 0
OB B

LEmMMA 3. If B C Q is a Lipschitz domain and s = min(p, q), then there exists
a constant C = C(B, Wi, A, D, q) such that

(4.14)

/ MVu(z)dz| <C {E(v)l/” + E(v)Y/(@ts) (1 + E(v)®/alats) 4 E(U)S’/p(q+s'))}
B

for all v € V. (8’ is the conjugate of s.)
Proof. First we have that

/B IVy(z) dz

< / Vv — V| dz +
B

/ Vvdzx

B

/ Vv dx
B

(4.15)
< CE(w)Y/? +

by Lemma 1.
Next we use the divergence theorem to get

1/r
/Vvdw / vnds| < |0B[Y" (/ |v|’"ds) ,
B 8B 8B

where n is the outward normal on 9B and |9B| is the (n — 1)-dimensional Hausdorff
measure of dB. Applying Lemma 2 to the last term, we have for any r > 1 and
s = min(p, ¢},

1/rs’
< |8B|M" (/B |v](r—D)s dw) IIwl37 5-

Next we choose r such that (r — 1)s’ = g, i.e., r = (¢ + §')/s’, and we obtain

1/(¢+s") , ,
/ Vvdz| < C (/ |vj? d:z:) ”v”i,g,(g;s )
B B

< CE(U)I/(q+s’)”v||8'/(q+3’)_
Moreover, by Hélder’s inequality we have

1,s,B
-y s/q
s —8/q q
wis) [ e de <iaire [ @ieas)
< CE(v)*/a

(4.16) ‘/BVvdw

(4.17)
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by (4.12) and
/IVUPde/ |w—nw|8dx+/ IVo|* da
B B B

s/p
(4.19) <c (/ Vo — TIVo[? da:) +C
B

< CE@w)*? 4+ C
by (4.11). Combining (4.18) and (4.19) we obtain
lollt .z < O (B + B@)*? +1);
hence,
(4.20) ”v”-‘;',ﬁ’(%ﬂ') <C (E(v)s’/q(q+s') + E(v)*/Plate) 4 1) )

Then (4.14) follows from (4.15), (4.17), and (4.20). O

Remark 2. In the case of I'g # 0 and where the number of wells is less than n+1,
Poincaré type inequalities can be used to improve our estimates (see [7]). However,
the estimates presented here have the advantage of holding for all cases.

THEOREM 4 (Young measure estimate). For 0 < R <  min;y; |w; — w;| and
any Lipschitz domain B C Q1 let

BR = {z € B| Vv(z) € B(w;, R)}

k
BR=B-|JBE.
i=1

If (4.11) and (4.12) hold then there exists a constant C with C = C(R, B, w;, Ai, p, q)
such that if s = min(p,q) and s’ = s/(s — 1) then

(4.21)
1B - | BI| < C{Emw + B(v)M/ @+ (B(o)* /a4 1 Bo)* /Pt 1.1) }

fori=1,---,k and for allv € V.
Proof. First note that

BE = {x € B : |Vu(z) - IVu(z)| > R};

thus by the Chebyshev inequality [33] and by Lemma 1 we have

|BE| < %/ |Vv — V| dz
(4.22) B

< CE(v)'/»,

By the choice of R, we have BN Bf =@ for i # j and so

k
(4.23) > IBf| =|B| - |Bf|.
=1
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Also we have
k R k
(4.24) ;dei | = ;/B? w; dz = /B—Bgi Vv dz.
Let
_ fB—B§ IIVvdzx
T ( -|BH| ) |

We see that (4.23) and (4.24) form a set of equations similar to those for o in (1.1)
and so using the same matrix as in (4.2), we can write

|Bf|
(v )| |
| B
Thus
|Bf|
= |B|Aen 1 + Ae
|B|
= |Bla + Ae

with A as in (4.3) and so
|IBF| — e BI| < || Allfel.

The value of ||A|| depends only on the wells and using Lemma 3 and (4.22) we can
estimate |e| to obtain (4.21). 0

Remark 3. The estimate (4.22) can be improved when E(v) is small; indeed by
the Chebyshev inequality we have

|IBE| < —14/ |Vv — IIVu|? dz
Rr Jg
(4.25)

<
— MPRP

E(v).
We next apply the result of Theorem 4 to a solution uy of (2.1).
THEOREM 5. If (3.1), (4.11), and (4.12) hold then for 0 < R < 3 min;; |w; — w;
and any Lipschitz domain B C Q let
Bf = {z € B| Vuy(z) € B(w;, R)}
k
BE=pB-| B!
i=1

Then if s = min(p, q) and 8’ = s/(s — 1) there ezists a constant C such that for h < 1
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(4.26) ||BE| — ;| B| < ChY/2min(1/p1/@+sD) 45T £
(4.27) ||BE| — oy | B|| < Che/(atDmin(1/p1/(a+s)) 415 = ¢,
Moreover,

(4.28) |BE| < CRY? Ty #0

(4.29) |BE| < Ch/@+D) 45T = 0.

Proof. From (4.21) and Theorem 2 we deduce that
||BE| - o] B|| < CRYmin(1/p.3/(a+s))

and (4.26), (4.27) follow. Equations (4.28) and (4.29) are easy consequences of (4.25)
and Theorem 2. 0
This gives an estimate for the rate of convergence of the probability for u; to have
its gradient in B(w;, R) towards «;. We now estimate at what rate Vu;, is getting
close to the Young measure defined in Theorem 3. For this we evaluate Vuy and v,
against some function F(z,£). More precisely, we have the following theorem.
THEOREM 6 (error estimate). Let F(z,w) : @ x R™ — R be a function satisfying

(4.30) |F(z,€) — F(z,1I€)| < pl§ —TI¢]  for all £ € R™.
If A is the matriz defined in (4.3), define the function G(x) by

k
(4.31) Gi(z) = ZAjiF(x, w;) fori=1,---,n
and
k
(4.32) err(v, F) = ‘/ﬂ [F(m,Vv(:L')) - ZaiF(x,wi)] dz|.

IfGeLP (), V-G e LY () and G € L&)y then there exists a constant C
depending on G, such that

err(v, F) < C{E(v)l/” + E(v)Y/e
(4.33)
+ E(v)V/(a+s) (E(v)S’/q(qH’) + E(v)*'/pla+s) 4 1)}

where s = min(p, q) and s’ is the conjugate of s as before.
Proof. First we write

err(v, F) < y /Q [F(z, Vo(z)) — F(, V()] do

(4.34) + l /ﬂ [F(:c, IVu(z)) - i @ F(z, wi)] di

i=1

= Il +I2
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Then by (4.30) and Lemma 1 we have

L < p/ |Vu(z) — IVu(z)| dz
Q
< CpE(v)'/».

Next for any scalar valued function g we have that

k
/Q(IIVv(x))g(x) de= ;wi /Qi g(z)dz

/Q 9(z) do = i /Q ()

where ; = {z € Q : IVu(z) = w;}. Let 8; = fQi g(z) dz and then we have that
(4.36) is a set of equations for § similar to (1.1), and thus we can write

(wl wy - wy )ﬁ: ( Jo(IVo(z))g(2) dz )

1 1 - 1 Jo 9(x) da

(4.35)

(4.36)

Using (4.3) we get

Jo(IIVu(x))g(x) dx
=A
p ( Jo 9(z) de )

= (/Q g(x) dx) a+ A ( IQ(HVU(?)g(x) dz > .

Writing this component by component we have

(4.37) B ~ ai/ng(x) dz = Z /Q A;;(TIVy(z));9(x) dz.
j=1

We use (4.37) with g(z) = F(z,w;) and note that

Bi :/ F(z,w;)dz =/ F(z,IIVv(z)) dz.
Q; Q;
Now we sum the resulting equations from ¢ = 1 to k and get
k k k n
Zﬁ" - Zai/ F(z,w;)dz = ZZ/ Aij;(TIVy()); F(z, w;) dx
i=1 =1 0 i=1 j=17
or, equivalently,

/Q[F(x, OVu(z)) — Ek:aiF(x, wi)] dr — /Q(va(x)) . G(x) da.

i=1

Then we have

I, = '/Q(HVv(w)) -G(z) dz

(4.38) < 1 /Q (IIVy(z) — Vo(z)) - G(z) dx

+ '/Q Vu(z) - G(x) dx

= I3+ I4.
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Next we estimate I3 using Holder’s inequality and Lemma 1 to get
1/p
< ’ — p
wam) B < |Gl ( [ 90(@) - 100(@)p o)
< ClG| o E()*,

where ||G|| .+ is the L?' norm of the Euclidean norm of G over 2. Using the divergence
theorem we have for any r > 1,

Iy =

/1:1 v(s)G(s) - nds — /Qv(m)V - G(z) dz

(4.40) < /F 0(5)G(s)| ds + C||V - G| o E(v)*/

< OliGllr,rs[0lry + CNIV - Gllpe E(v)V/.

(In the derivation of the above inequality we just used Holder’s inequality and (4.12).
||G||r,r, denotes the L™ (T'1) norm of G, which is guaranteed to exist.) Using (4.16),
(4.17), and Lemma 2 we see that

1/rs’
(4.41) Iy <ClGllm,r, ( /Q ju(z)|(r)e dm) ||v||}7/_;9 + ||V - G| Lo ().

Arguing as in Lemma 3, (4.17)—(4.20) with r = (¢ + &')/s’ and ' = (¢ + §')/q we get
(4.42)
L < C|Gllw oy B@)V @) {14 B(o)" /904 1 Bo) /P4 } 4|96 | o B@)2.
Combining (4.34), (4.35), and (4.37)—(4.42) the result follows. 0

THEOREM 7 (convergence estimate). Assume that (3.1), (4.11), and (4.12) hold

and that the assumptions of the previous theorem hold. Let up be a solution of (2.1);
then there exists a constant C such that for h < 1

(4.43) err(up, F') < Ch3 ™in(1/p:1/q) if To = 0Q
(4.44) err(up, F) < O3 min(1/p:1/(ats") if 0 G To g 00
(4.45) err(up, F) < CRY/(@tD) min(1/p,1/(g+s") if To=0.

Proof. When I'y = 99 we have I'y = 0 and so in (4.42) the terms involving I'y
are zero. Thus, we have

(4.46) err(v, F) < C {E(v)l/p + E(v)l/‘l} ’

and the error estimate (4.43) follows from Theorem 2. Next we consider the cases
when I'y # 9Q. From (4.33) we deduce that

err(up, F) < CE(uy) ™n(1/p1/(ats))

and (4.44), (4.45) follow from Theorem 2. 0
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5. Numerical example. For a numerical example we let the energy be

E(u) = /qu(Vu(z)) + u(z)? d
where
Q=1[0,12

and

$(€) = I€ — wrl?|€ — wal®

with wy = (—1,1) and we = (1,-1).

For the numerical calculation we use a uniform mesh of triangles on €2 of size
h = 1/N formed by dividing ) into uniform squares of size h x h and dividing each
square into two triangles by cutting along the (1,—1) direction. We start with a
random initial guess near u = 0 and then use an iterative method to update the value
of u to decrease the energy (see [9]). Figure 1 shows the resulting approximations for
meshes of size h = 1/30 and h = 1/50. For other calculations of this type see [9],
[11)-[13], [30].

»\\\:\"'l’ ”; //
/. ,A / /
AN \\\ll ’///// /// L1777
’////////// N ////////// N "’ N
P /// ’rﬁ?&l’/l’/ /// //'.\v 1 \
aﬂfl,”,‘\\v %W‘Q"W%/ffb\\i\ll//’
Wl ’/// ////
N "h / 7

/ ‘,m 7
/ / / r vu, ////:\t\"”
’//;/,; i /”/5’ >

.\s"’/,

h=1/50

Fic. 1. Computational results for h = 1/30 and h = 1/50.
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