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Thermodynamic quantities such as specific heat and magnetic susceptibility are calculated
numerically for the one-dimensional spin-1/2 Heisenberg-Ising model at 4=0, £0.5, =1//7.
We use a set of nonlinear integral equations which is derived from the Bethe ansatz and
from some assumptions on the distribution of quasi-momenta. In the same way we
calculate the specific heat of the one-dimensional X-Y-Z model in zero field, putting various
values into the coupling constants (J, Iy, J2).

§ 1. Introduction and methods of numerical calculation

In a previous paper” we gave integral equations for the free energy of one-/

dimensional spin-} Heisenberg-Ising model at |4]<{1 in the magnetic field which
is parallel to anisotropy axis and for the free energy of the X.Y-Z model in
zero field. The Hamiltonians of these models are

N N
H= J; {888+ S8+ 4SS — 1)} — ZﬂoHigl S? (1a)
and
N
H= ; oSi"S5% + J,SPSE L+ .S58} (1b)

under the condition |J,|<(J,<J,. The set of integral equations given in the pa-
per” can be reduced to those with finite unknown functions, when 7/0 or K,/¢
is a rational number. Here, 6, and [ are defined by

4=cos 0, cn(2¢,l)=J,/J, and dn(2¢,0)=J,/J,. (1c)

K, is a complete elliptic integral of the first kind with modulus Z. In this paper
we carry out numerical calculations in the case of 7/6 or K,/{ being an integer
3 or 4, putting J or J, into +1. We obtain the free energy, energy, entropy,
specific heat and magnetic susceptibility of the Heisenberg-Ising model at g4, H=0
as functions of temperature. Magnetization curves (M-H curves) of this model
at fixed temperature are also calculated. The specific heat of the X.Y-Z model
is calculated as a function of temperature.

In the case of 4=cos(n/n) (n=3,4, ), the set of integral equations is
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In(1+9,(x)) = —2nJ sin(n/n) T70 (x),
Ing;(x) =s* In(A+7;..(x)) A+ 90 (x));7=1,2,---,2-3,
In 70 (@) = 5% In (L4 70—s (@) (1 +2ch %x () + £ (2) ) ,

Ink(x) =s*In(A+pa2(x)). (2a)

The free energy per site at temperature 7 and magnetic field H is given by

FTE=F0,0-T [ s@hd+n@)dz, (2b)

where

5(@) = (1/4)sech(z/2) and 50 @) = | si(z—2)9 @)z
We transform this set of equations as follows: Putting z=sin""'(th(zz/2)),

In(1+v9;) =hj, In(1+rexp (nued/T)) =h,— and In (1 +rexp (—nuH/T)) = h,, and
considering that the A;s are symmetric functions of £, we have

() = —2nJ sin(z/n) T0(2),

h@ =F( L"”S(z, £) (hss () + Ry (@) dE' )3 5=1,2, w1, =3,
haa (@) =F( L S, ) {h,,_a ) + has (&) + ha () } dt’),

w/2
haes () = F f S, ) has () At +ﬁ/5%13’_>

ha®) =F( j;mS(t, £) has (') dt'—ﬁ/;zﬂ), (3a)
F(T, H) =£(0, 0) — % L “hwat, (3b)
where
S(z, ") :%1——%’;]?? (3c)
F(z) =In(1+exp 7). (3d)

In order to obtain energy (e), entropy (S), specific heat (C), magnetization ()
and magnetic susceptibility (x) per site, we use the following thermodynamic
identities:

b 0 _ —1 Oe _ 01
=-T* _ (T (T,H S=11 - C=—"", m=p"-2
€ aT( ( ’ ))7 (e f)’ aT, /10 aH

O (T, H) @

and yx= Vi
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From Eqs. (3b) and (4) we see
n/2
e=£©0,0 + T " @m0 /0Tt
0

Thus for the calculation of e we are sufficient to obtain u; (&) =T"h,;(t) /0T,
the equations of which are derived from the differentiation of Egs. (3):

uy(t) =2Jn sin(n/n) 0 (2),

)

n/2
u;(t) = (L—e ™M) ﬁ S, ") (uss (¢") +usa(2))dt’ 5 j=1, -, n—3

3

Unos(£) = (1 — 1) f’zsa, #) {un_sa') s () + )|t

b

/2
Uns (£) = (1 —ePr100Y ( f S, ") tns (¢)dt’ —n/joH>
0

1 (2) = (1 — P ( ﬁ S Y un () dr + n,aoH> . )

These equations are coupled linear integral‘ equations for #;(z), inhomogeneous
terms of which are the rh.s. of the first equation and the last terms of last
two equations. In the same way, for obtaining the specific heat, magnetization
and magnetic susceptibility, one derives from Eqgs. (3) sets of equations for
©/0T)T*(@h;(t) /0T), 0h;(t)/0H and 0°h;(¢) /OH

These are all linear integral equations with the same homogeneous terms and
with different inhomogeneous terms from those of Egs. (5). At the first stage
of the numerical calculation, we solve nonlinear integral equations (3a) for given

temperature and magnetic field. Then substituting the value of h;(2) into (5),
we solve this set of linear integral equations for #;(¢). Functions

0/0T)T*©/0T) (h;(®)/T), 0h;(£)/0H and o°h;(t)/0H?

are also calculated in a similar way. Though, of course, these thermodynamic
quantities can be calculated by numerical differentiation of (7', H), we do not
adopt this method because it sometimes causes large numerical errors.

For the X.Y.Z model in zero field, the set of integral equations in the case
of K,/{=n is the same as Egs. (2), if we replace the r.h.s. of the first equa-
tion by —nnJ,T'K,"*sn(2K,/n, 1)0(x), mH by zero, s,(z) by si(x) =K,/x
Xdn(Ky'z, k'), s:*9 (x) by [%s:(x—z")9(2’)dz’ and r.h.s. of (2b) by f(0,0) —T
X [%s8:1(x)In(1+7,(x))dx, where Q and % are determined by

Q=K,/K,’=nK,/K,.

Putting ¢=am (K'z, #’), which is the elliptic amplitude function, we find that
in Eqs. (3) S(z¢) is replaced by

Sz, ) :_1__ v 1— [ sin’z

71—k sin% sin®’

®)
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Numerical Calculation of Thermodynamic Quantities 1351

Then we obtain a set of equations similar to Eqgs. (3). The procedure of cal-
culating the enmergy and specific heat is essentially the same as that for the
Heisenberg-Ising model.

§ 2. Results and discussion

We have calculated the free energy, energy, entropy, specific heat and mag-
netic susceptibility per site in zero magnetic field as functions of temperature
for the one-dimensional Heisenberg-Ising model at 4=0, +0.5, £1/+/2 and J>O0.
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Fig. 1. (Figure captions are printed on the next page)
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Fig. 1. Various thermodynamic quantities as functions of temperature of the Heisenberg-
Ising model in the case of zero field and J=1. Here @, ®, ®, ® and ® correspond to
4=-0.707, —0.500, 0, 0.500 and 0.707, respectively.

1(a) Free energy minus ground state energy per site.
1(b) Energy minus ground state energy per site.

1(c) Entropy per site.

1(d) Specific heat per site.

1(e) C/T. Symbols ® denote theoretical values predicted in Ref. 3). Symbol X are
numerically calculated values.

1) Magnetic susceptibility. Symbols ® denote theoretical values at zero temperature
given by Yang and Yang.?®

The case 4=0 corresponds to the isotropic X-Y model and the method of cal-
culation of its thermodynamic quantities is well known.? Equations (2) or (3)
are applicable only to the cases 4=0.5, 1/42,---. Then for the analysis of the
cases 4= —0.5 and —1/+/2, we use the fact that S(T, H) is invariant under the
transformation (J, 4) > (—J, —4). Specific heat behaves as aT+bT?® at TKJ
and the coefficient @ coincides with the result of the latest paper:®

lim lim C/T'=20/3J sin 6 . (7a)

H—0 T—0

It behaves as ¢7* at T">J and has the maximum at T~J, Magnetic suscep-
tibility behaves as a+57T* at T<J and as x*/T at T>>J. The value of g co.
incides with the susceptibility at 7"=0 which was calculated by Yang and Yang:*
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lim lim y=404/J (x —6) sin 0 .

H—0 T—0

oz2r T=20

2(b)

Fig. 3. Specific heat of one-dimen-
sional X-Y-Z model in zero field.
3@) Case K;/¢=3 and J.,=1.

The values of (Jz, J,) are (0,
0) for @, (0.182, 0.223) for @,
(0.342, 0.519) for ®, and (0.5,
1) for @.

3(b) Case K,/(Ki—¢)=3 and
J.=1. The values of (J;, J;)
are (0, 0) for @, (—0.182,
0.223) for ®, (—0.342, 0.519)
for ®, and (—0.5,1) for @.
Thermodynamic quantities in
this case can be calculated
from those in the case K;/¢=3
and J,=—1, because the free
energies in both cases are the
same.
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(7b)

Magnetic susceptibility has the
maximum at T ~J, the position
of which approaches zero if
4— —1. Though the values of
limp o limg,0C/T and limg,,
limg.,ox have not been analyti-
cally calculated, the numerical
results shown in Figs. 1(e) and
1(f) coincide with (7a) and
(7b), respectively.
Magnetization curves for
various temperatures are also
calculated at 4= £+ 4. The mag-
netization curve for zero tem-
perature has a kink at 2yH

Fig. 2. Magnetization curves of the
Heisenberg-Ising model for va-
rious temperatures.

2(@) 4=-0.5.
2(b) 4=05.
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0S5 10
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=J(1+4). This singularity disappears at finite temperatures.

The specific heat of the X.Y-Z model is shown in Figs. 3(a) and 3(b).

The line @ corresponds to the Ising model, and the line @) to the Heisen-
berg-Ising model. The characteristic fact at Jy2eJ, is that specific heat behaves
as T%exp (—a/T), therefore all the derivatives by T become zero at 7—0.
The value of o is given theoretically in the Ref. 3). In the limit /—0 (namely
Jy=J.), the value of « becomes zero and the specific heat curve shows 7-linear
dependence in the region J,>7T > .

The numerical calculations were performed by the NEAC-500 computer at

Osaka University. The author thanks the Sakkokai foundation for the financial
support.
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