MATHEMATICS OF COMPUTATION, VOLUME 28, NUMBER 126, APRIL 1974, PAGES 575-579

Numerical Computation of a Generalized Exponential
Integral Function®

By W. F. Breig and A. L. Crosbie

Abstract. Series expansions and recurrence relations suitable for numerical computation
are developed for the generalized exponential integral functions. Tables of these functions
are presented in the microfiche section of this issue.

1. Introduction. A generalization of the exponential integral function can

be defined by

(1a) &(r, B) = f T ) exp [P + 697 dt,
(1b) 8ir.8) = [ " exp =17 + B9 1,

(Ic) &, B) =171 j:m &(rt, B/1) dt.

These functions arise in the study of radiative transfer in a two-dimensional planar
medium ([1H4]). For example, the function §,(r, B) is the kernel of the Fredholm
integral equations describing isotropic scattering ([1}{3]) and radiative equilibrium
[4]. The functions, &,(r, B), &7, B) and &(r, B), are two-dimensional analogs of the
exponential integral function

) E.(7) = fw t " exp (—t) dt,

n = 1, 2, 3. Since the two functions are identical when 8 = 0, §,(r, 8) may be con-
sidered a generalized exponential integral.

2. Recurrence Relations. As with the one-dimensional exponential integrals,
recursive formulas are useful in the numerical evaluation of &,(r, 8). A simple inte-
gration by parts of (1a) yields

3) &x(r, B) = exp[—r(1 + B°)*] — 1&:(r, B)

where &,(0, 8) = 1. Equation (3) is analogous to the recursion formula for the expo-
nential integral function

“) Ey(7) = exp(—7) — 7E\(7).

Received February 13, 1973.

AMS (MOS) subject classifications (1970). Primary 33A10, 65020, 65A05.

Key words and phrases. Exponential integral, special functions.

* This research was supported by grant GK-35859 from the National Science Foundation.
Copyright © 1974, American Mathematical Society

575

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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The function &,(r, 8) can be expressed in terms of &,(r, B) by the insertion of (3)
into (1c). Thus

&(r, ) = 7 f ) exp[—7(¢* + 6°)"*] at

) o
-7 f f £@*x* + B2 exp[—r(®x* + B%)'/*) dt dx.

The second integral in (5) can be integrated once by parts to yield

&u(r,8) = [ expl—r(® + B)1dt — 18(r, B)

(6 '

-7 f f x7? exp[—7(x* + B8%)'/?] dt dx.

Since the double integral in (6) is another form of &;(r, B), (6) can be rewritten as

) 24(r, B) = f expl—(* + 6] dt — 184(r, B).

When 8 = 0, (7) reduces to the standard one-dimensional form
() 2E;(1) = exp(—7) — 7E,(7).

An expression for &(r, 8) which depends only upon &(r, ) and &(r, B) can be
obtained by eliminating the integral term in (7). Differentiating 81(1-, B) and sub-
stituting the result into (7), we get

(9) 283(7’ B) = -7 dsl(‘r’ ﬁ)/d‘l' - 782(1': B)-

This equation, along with (3), enables &(r, 8) to be expressed in terms of either
81(1', ﬁ) or 82(1', B).

3. Series Expansions. Since neither §,(r, 8) nor &(r, §) can be integrated
in closed form, series representations are necessary. A Taylor series expansion of
&,(r, B) about 8 = 0 yields

&a(r, B) = Ex(r) — 5 Eu(n)f’ + g [Eir) + Ex(n)6*
— 2 [P Es(r) + 37Eq(r) + 3E(n)B°
+ 353 [P Eo(r) + 67°Ex(r) + 157Ex(r) + 15Eo(r)I6"

(10)

3840 [+ E:(7) + 107°Eq(r) + 457°Eo(7) + 1057E,o(7)

+ 105E,,(n)18"

+ [1' Es(‘r) + 151' Eg(‘l') + 1051' Em(‘r) + 1051'25“(1')

46080
+ 9457E,(7) + 945E;3(D8" — -
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A series representation for large values of 8 is best obtained from expression (la)
for &(r, B). The substitution # = 8 sinh £ reduces §,(r, 8) to a form so that an integral
listed in [5] can be used. This integral

an Ktr) = [ exo(—18 cosh &)

reduces (1a) to the form

(12) &i(r, B) = Ko(r) — f exp(— 18 cosh £) d

where ¢ = sinh™'(1/B). The integrand in (12) is expanded in a series around ¢ = 0
and integrated to yield

8:i(r, B) = Ko(x)

. x* . x(3x — 1)¢*
e [l-w—s;—

_ x(15x® — 15x + 1)’ | x(105x® — 210x” + 63x — 1)c’

7 + 9!
_ x(945x* — 3150x° 4 2205x” — 255x + 1)c'°
11!
" x(10395x° — 51975x* + 65835x® — 21120x* + 1023x — 1)’
13!
a13) — x(135135x® — 945945x® + 1891890x* — 1201200

+ 195195x% — 4095x + 1)c'*/15! + - ]

where x = 78.

Continual integration by parts of integral (la) yields the following asymptotic
expansion of §,(r, 8) for large 7:

2y1/2
&.(r, B) ~ exp[—r(1 + Bz)l/zl[l _a +TE )

T

PRCEE S

24172 2: 2 4
14) _(1+B)1(46+156)+24+120§5+1053

_ (L B)%120 + 8408 + 9458Y) | ]
6
T

This expansion reduces to the asymptotic expansion [6] for the exponential integral
when 8 = 0. Neglecting higher order terms in (14) the generalized exponential
integral can be approximated by

(15) &i(7, B) ~ exp[—r(1 + £)*V/Ir + (1 + 691

4. Associated Functions. The generalized exponential integral functions can
be expressed in terms of other functions. In particular, the generalized integral
E(a, x) is defined [7] as
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(16 Ba, 0 = [ @+ @7 expl—(* + ) at
and is related to &,(r, B) as follows:

an &i(r, B) = Ko(78) — sinh™'(1/8) + E(sB, 7).

The function E(a, x) is tabulated in [7] using numerical integration. Another special
function, the incomplete modified Bessel function Ky(w, z), is defined [8] as

(18) Ko(w, 2z) = fw exp(—z cosh ¢) dt
0

and is related to §,(r, B) as follows:

19) 8.(r, B) = Ko(1B) — Ko(sinh™'(1/8), 78).

In [7], [8], an asymptotic expansion equivalent to the first term of Eq. (14) is presented.
However, no series expansions suitable for numerical computation are developed.

In studying the absorption of solar radiation by the earth’s atmosphere, Chapman
[9] studied the following function:

(20) f(x,sin ¢) = xsin o €” f exp[—x sin o cosh t] cosh ¢ dt
U

where sech U = sin ¢. Chapman’s function is related to the derivative of §,(r, 8), i.e.,

Q1) . — 7d8\(r, B)/dr = expl—r(1 + B9)"°)fl=(1 + %%, B + B%)7"’].

5. Numerical Computation. Numerical values of §,, &, and §&; are listed in
Tables 1, 2 and 3 in the microfiche section. The calculations were performed on an
IBM 360 model 50 computer with double precision arithmetic. For 8 < .5and r £ 2,
Eq. (10) was used to compute &,(r, 8) with &(r, 8) and &(r, 8) following from
recursion relations (3) and (9). For 8 > .5 and r < 2, Eq. (13) was used to compute
&(r, B) with &,(r, B) and &4(r, B) following from recursion relations (3) and (9).
For r > 2, the generalized exponential integrals &,(r, ) were calculated using
Gaussian quadrature.

Using results calculated with Gaussian quadrature as a reference, the results
from Eq. (10) yield six significant digits in the region 8 < .5 and 7 < 2. Results from
Eq. (13) and those from the numerical quadrature differ by two units in the fifth
significant digit for 8 = .5 and 7 < 2. The accuracy of Eq. (10) increases as 7 or 3
decreases, while the accuracy of Eq. (13) increases as  or 1/8 decreases. For example,
the results from Eg. (10) yield seven significant digits for 8 < .5 and » < 1. Also,
the results for &,(r, B) were spot-checked with those of [7] and found in agreement.
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