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We numerically study an anyon chain based on the Haagerup fusion category, and find evidence that it leads in
the long-distance limit to a conformal field theory whose central charge is∼ 2. Fusion categories generalize the
concept of finite group symmetries to non-invertible symmetry operations, and the Haagerup fusion category
is the simplest one which comes neither from finite groups nor affine Lie algebras. As such, ours is the first
example of conformal field theories which have truly exotic generalized symmetries.

Introduction and summary.— Symmetry is one of the
fundamental principles of physics, and is usually de-
scribed by groups. We can, however, envision physical
systems whose symmetry is governed by mathematical
concepts more general than groups. Indeed, quantum
groups, which are certain deformations of Lie groups
and are closely related to affine Lie algebras, are long
known to describe various integrable models in 1+1 di-
mensions, such as the XXZ spin chain and generaliza-
tions. In this letter, we consider systems with a related
but different generalization of the concept of symmetry
groups in 1+1 dimensions. To motivate our particular
generalization, we reinterpret a symmetry described by
a finite groupG as specified by topological walls labeled
by the elements g ∈ G and implementing the symmetry
operations. Two such walls can be fused according to
the group law, and the associativity axiom of the group
allows them to be rearranged; see Fig. 1.

We can relax the requirement that the fusion of two
walls a and b is given by a single wall, and instead allow
the fusion to be given by a linear combination of walls,
which we express using the fusion rule,

a× b =
⊕
c

N c
ab c, (1)

with non-negative integers N c
ab. The associativity of

walls is then expressed using the data known as F-
symbols; see Fig. 2. A symmetry described by a
group can then be considered as a special case where∑
cN

c
ab = 1.

Anyons in 2+1 dimensional systems are described us-
ing a similar set of data. The difference is that anyons
require one additional piece of data, known as braiding,
to express how two anyons can be exchanged. General-
ized symmetries in 1+1 dimensions are mathematically
formalized using fusion categories [1], whereas anyons
in 2+1 dimensions are described using fusion categories
equipped with non-degenerate braiding, also known as
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FIG. 1. Finite group symmetries as realized by walls.
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FIG. 2. Generalized symmetries described by fusion cat-
egories.

modular tensor categories [2]. In particular, the fusion
rule (1) can be non-commutative in the former, whereas
it is commutative in the latter.

All these would be empty words if there were no sys-
tems with such generalized symmetries. It is known that
any rational conformal field theory has part of its gen-
eralized symmetries given by modular tensor categories
[3, 4], which are closely related to quantum groups and
affine Lie algebras. While almost all known fusion
categories are related to either finite groups, quantum
groups, or affine Lie algebras [5], there are exceptions,
the simplest among which is the Haagerup fusion cat-
egory [6, 7]. It turns out [8, 9] that the famous anyon
chain [10], originally defined with modular tensor cate-
gories as the input, makes perfect sense with fusion cate-
gories, and has the input fusion category as a generalized
symmetry [11]. The nature of the ground state, how-
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ever, is a dynamical problem, and it is of great interest
to study whether there are conformal fixed points that do
not spontaneously break the Haagerup symmetry. The
main objective of this letter is to announce that we ob-
tained numerical evidence that the anyon chain based on
the Haagerup fusion category becomes a conformal field
theory in the long distance limit. The central charge was
found to be∼ 2. The details will be presented elsewhere.

Before proceeding, we note that almost the same
model was considered previously [12], and that its con-
formality will be announced by another group [13] si-
multaneously with the present work.

The model and the methods.— We start from the
Haagerup fusion category H3 [14] which has six labels
1, a, a2, ρ, aρ, a2ρ, and the fusion rule

a3 = 1, aρ = ρa−1, ρ2 = 1 + (1 + a+ a2)ρ. (2)

Note that this is non-commutative, and therefore H3

does not admit any braiding. The F-symbols were found
in [15–17]. The anyon chain [10] has basis states given
by the diagram

|a1a2 · · · aL〉 =
//
a1 a2 · · · aL a1

//

ρ ρ ρ ρ

(3)

where the fusion ai×ρ contains ai+1, and the slashes //
represent periodic identification. For each adjacent pair
of ρ attached to ai−1, ai, ai+1, we can define an operator
P

(i)
c projecting the fusion of the pair of ρ’s to the label
c. Explicitly,

P (i)
c |ai−1aiai+1〉 =∑
a′i

(F ai−1ρρ
ai+1

)aic(F
ai−1ρρ
ai+1 )

a′ic
|ai−1a′iai+1〉 , (4)

where we assume that the F-symbols have been chosen
to be unitary. The Hamiltonian considered is given by
the ‘ferromagnetic’ pure ρ projector, i.e.

H = −
∑
i

P (i)
ρ . (5)

We studied this spin chain with two numerical tech-
niques: finite-system density matrix renormalization
group (DMRG) [18] using iTensor [19] up to L = 36
(periodic) and L = 144 (open), and exact diagonaliza-
tion up to L = 18 (periodic) [20].

Our Hamiltonian is parity-symmetric, and has an ob-
vious Z3 symmetry rotating the labels as 1 → a →
a2 → 1 and ρ → aρ → a2ρ → ρ. Additionally, our

numerical results indicate that the nature of the ground
state of the Hamiltonian depends strongly on L mod 3,
signaling that the shift by one lattice site generates an
additional Z3 internal symmetry in the continuum limit,
akin to the case of the SU(n) Heisenberg antiferromag-
netic chain with n states per site, where the lattice shift
generates a Zn symmetry in the continuum limit [21].
Hence, L not divisible by 3 is to be interpreted as shift-
Z3-twisted Hilbert spaces. We also note that this shift-
Z3 symmetry commutes with the Haagerup symmetry,
since it comes from a lattice translation. When we stud-
ied open chains, we used Dirichlet boundary conditions
a1 = ρ, breaking both Z3 symmetries.

The results.— A state |ψi〉 in the continuum conformal
field theory with scaling dimension ∆i is expected to
manifest on quantum spin chains of varying length L as
states with energies

Ei =


αL+

v

L
(∆i −

c

12
) + o

(
1

L

)
,

αL+ β′ +
v

2L
(∆i −

c

24
) + o

(
1

L

)
,

(6)

where the first/second line is for the periodic/open chain.
The coefficient α is the density of energy per site, the
constant term β′ captures the energy contribution from
boundaries, and the coefficient v fixes the ‘speed of
light’ in lattice units. Let E0 be the ground state en-
ergy, E1 be the energy of the first excited state neutral
under the intrinsic Z3, and ∆E = E1 − E0 be the gap.
The data and fit of E0 and ∆E to the ansatz

αL+ β +
γ

L
(7)

are shown in Fig. 3 [22]. Note that DMRG and exact
diagonalization agree for overlapping values of L.

The L dependence of ∆E can also be described in
terms of the dynamical exponent, ∆E = L−z . For a
conformal field theory, z should be 1. In Fig. 4 we ex-
hibit the scaling of the gap with the system size. Our
linear fits show that z ∼ 1.

Next, we computed the entanglement entropy in the
ground state for varying interval length `, and fit to

S` =


c

3
log

(
L

π
sin

π`

L

)
+ const ,

c

6
log

(
L

π
sin

π(`− 1
2 )

L

)
+ const ,

(8)

where the upper/lower equation is for the periodic/open
chain. Upon discarding ` < L

5 and ` > 4L
5 from the fit,

the results for L = 36 (periodic) and L = 144 (open) are
shown in Fig. 5, where the central charge is estimated to
be c = 2.0(1).



3

Periodic Open
α= −0.84521(2)
β = −0.0049(8) γ = −1.10(1)

α= 0.0001(3)
β = 0.00(2) γ = 1.5(2)

α= −0.845339(3)
β = 0.59406(5) γ = −0.249(1)

α= −0.000028(6)
β = 0.0052(9) γ = 1.84(2)
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FIG. 3. Ground state energy E0 and gap ∆E as functions of chain length L, juxtaposed with fits to (7). Black dots: DMRG; Red
squares: exact diagonalization. The errors in the parameters shown here only reflect the fitting errors.

Next, we present in Fig. 6 the low-lying spectra of the
periodic chain obtained by exact diagonalization, where
we only display states neutral under the intrinsic Z3. In
this situation, the fusion rule for ρ effectively becomes
ρ2 = 1 + (1 + a + a2)ρ = 1 + 3ρ, meaning that the
eigenvalues of ρ of states are given by ρ± = 3±

√
13

2 .
States are represented by filled dots for ρ+ and hollow
dots for ρ−, which we measured according to the algo-
rithm of [8, 9]. The horizontal axis is the momentum p,
so that the eigenvalue under the shift of one lattice site
is e2πip/L. In Fig. 6, we obtained ∆i from Ei − E0 by

Periodic Open
log ∆E = log ∆E =

−1.01(2) logL + 0.49(8) −1.0(2) logL + 0.73(9)
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FIG. 4. Scaling of the gap with the system size. Fits of
log ∆E over logL show that the dynamical exponent is
z ∼ 1.

Periodic Open
c = 2.034(4) c = 2.11(7)
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FIG. 5. Entanglement entropy curve of the ground state
and fit to (8). The color scheme shows the evolution over
DMRG sweeps.

demanding that they satisfy Ei−E0 = v∆i/L, where v
was fixed by assuming that the lowest state with p = 1 is
the conformal descendant of the first excited state with
p = 0. This normalization puts the lowest ρ+ state
with p = 2 at ∆ ∼ 2 to about 0.2% accuracy, which
strongly indicates that this state is the stress-energy ten-
sor, and provides a consistency check of our identifica-
tions. Assuming c = 2, our determination of v translates
to γ = −vc/12 ∼ −1.0 for the ground state of the peri-
odic chain at L = 18, which is not too distant from the
value shown in Fig. 3.

The dashed diagonal line in Fig. 6 indicates the CFT
unitarity bound ∆ ≥ |p| in the shift-Z3-neutral sector, so
states far outside the cone should be charged under the
shift-Z3. For example, the states within the blue ovals in
Fig. 6 clearly have momentum p = L/3, i.e. has the
phase e2πi/3 under the one-site shift. This is reinter-
preted as a shift-Z3 charge in the continuum limit. By
contrast, the states with p = 2 within the red rectan-
gles appear to violate the unitarity bound, but their ∆
increased as we increased L from 12, 15 and then to 18.
We expect that this tendency continues as we further in-
crease L, but this clearly needs further investigation.

With this understanding, the only symmetry-
preserving relevant operators seen in the spectra are
charged under the shift-Z3 symmetry. This explains our
finding that the chain is critical without any tuning.

Finally, we present in Fig. 7 the spectra obtained by
exact diagonalization for L = 13 and 14, which should
correspond to the sectors twisted by the shift-Z3 sym-
metry. We fixed v by demanding that the lowest ρ+ state
at p = (L ∓ 1)/3 is the conformal descendant of the
lowest ρ+ state at p = (L ± 2)/3. This determines ∆i

using (6) with the known value of α and c = 2. We see
a ρ− operator with p = 1 and ∆ ∼ 1. If it truly satu-
rates the unitarity bound ∆ ≥ |p|, then it would mean
that there is a spin-1 conserved current in the shift-Z3

twisted sector, which would in turn imply that our model
is a Z3-orbifold of a sigma model on T 2.
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FIG. 6. Periodic chain spectra for L = 12, 15, 18 obtained by exact diagonalization, assuming that the lowest state with p = 1

is the descendant of the first excited state with p = 0. The filled dots and the hollow dots are for states with ρ+ = 3+
√
13

2
and

ρ− = 3−
√
13

2
, respectively. For L = 18 we do not yet have the ρ measurement.
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FIG. 7. Periodic chain spectra for L = 13, 14 obtained by exact diagonalization, assuming that the lowest ρ+ state with p =
(L∓ 1)/3 is the descendant of the lowest ρ+ state with p = (L± 2)/3.
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