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ABSTRACT

The objective of this work is to investigate numerically the different physical mechanisms of the transition
to turbulence of a separated boundary-layer flow over an airfoil at low angle of attack. In this study, the
spectral elements code NEk5000 is used to simulate the flow over a SD7003 wing section at an angle
of attack of @ = 4°. Several laminar cases are first studied from Re = 2000 to Re = 10000, and a
gradual increase of the Reynolds number is then performed in order to investigate one transitional case
at Re = 20000. Computations are compared with measurements where the instability mechanisms in
the separated zone and near wake zone have been analyzed. The mechanism of transition is investigated,
where the DMD (Dynamic Mode Decomposition) is used in order to extract the main physical modes of
the flow and to highlight the interaction between the transition and the wake flow. The results suggest
that the transition process appears to be physically independent of the wake flow, while the LSB shedding
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process is locked-in with the von Karman instability and acts as a sub-harmonic.

1. Introduction

In both hydrodynamic and aerodynamic communities, the
question of transition to turbulence over wing sections has been
largely addressed and investigated, mostly because of its crucial
role in the design of lifting bodies. In many cases, a good knowl-
edge of the boundary-layer flow regime around the body is re-
quired, particularly when modifications of the boundary-layer flow
around or on the body occurs, as is the case for transitional flows.
A characterization of the transition region combined with a good
understanding of the physical process leading to turbulence is then
a key in the prediction of the body’s performances. It is also of cru-
cial importance for the evaluation of the noise and of the structural
vibrations due to flow unsteadiness. In the hydrodynamic field, it
has been shown that the control surfaces of Autonomous Underwa-
ter Vehicles (AUV) can operate at transitional regimes due to their
relatively small scales, with moderate to high Reynolds numbers
(5-10° < Re < 3 - 10°). At smaller scale, transition on Micro Air
Vehicles has been largely studied because it can take place on more
than 50% of the wing, thus having a direct key role in the flight [1].
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Transition on lifting bodies is often triggered by a laminar
separation and reversed flow due to an adverse pressure gradient.
The development of the turbulent flow, which causes a momentum
transfer in the wall normal direction, allows the flow to reattach,
forming a so called laminar separation bubble (LSB). Downstream
of the LSB, the flow is usually highly unsteady and is subject to
several complex mechanisms resulting in transition to turbulence.

At first, the reattachment point is subjected to a low frequency
oscillation in the shear layer (known as flapping ), and is responsible
for the first destabilization of the LSB. In the mean time, it has
been shown that primary instabilities (Kelvin—-Helmholtz vortex
and/or Tollmien-Schlichting waves) are responsible for a partial
detachment of the LSB yielding to LSB vortex shedding. The
physical process leading to the breakdown of coherent structures
into smaller scales triggering turbulence is then usually caused by
secondary instabilities.

In regard to recent works on laminar-turbulent transition,
it appears that some efforts are still to be done in (i) the
characterization of the transitional region and its direct effect
on pressure distribution hydro/aerodynamic loading (i.e. global
effects) and (ii) the understanding of the physical mechanisms that
lead to turbulence, including the instability mechanisms and the
unsteadiness of the vortex flow that convects downstream of the
transitional region and later in the wake.
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1.1. Previous works of separation induced transition on flat plates

Many studies have been dedicated to the issue of laminar
separation, in particular for aerodynamic applications on flat plates
and lifting bodies. The characterization of laminar separation
bubbles has been given a special interest, from the pioneering
experimental works of Gaster [2] or Tani [3] to recent numerical
studies involving direct numerical simulations (DNS). A synthesis
of knowledge on the dynamics of LSB can be found in [4].

Simplified geometries where transition is caused by the appli-
cation of an adverse pressure gradient, such as flat plates [5,6], or
by the geometry itself [7], have led to significant improvements in
the understanding of the LSB behavior and instability mechanisms.
Major reasons are the relative control of laminar separation and the
good knowledge of the physical time scales that allow convective
perturbations forcing inside the transition region.

The following literature review will concern flat plate with
adverse pressure gradient, as it is the closest case to airfoil, and
also the most studied.

Direct numerical simulations performed by Alam and Sand-
ham [8] show that complex and multi-scaled structures can ex-
ist in the LSB wake. Moreover, the presence of vortex shedding of
the bubble has been characterized by Pauley et al. [9]. They found
that the frequency of the vortex shedding from the bubble could
be made non-dimensional using a Strouhal number Sty based on
the momentum thickness 6s, and the external velocity (Vex:)sep at
laminar separation.

To understand the physical mechanisms in the transition
region, Marxen and Henningson [10] have studied the flow on
a flat plate submitted to convective perturbations with large
amplitudes. In particular, the authors state that, depending on the
length of the bubble (short or long, see Gaster [2]), two distinct
behaviors can be observed. The short bubbles are governed by
mean flow deformation (MFD), where an algorithmic relationship
between the forcing amplitude and the bubble length is observed.
For long bubbles, a bursting phenomenon is observed which
plays a key role in the turbulent reattachment. Later, the same
authors have associated secondary instabilities to be responsible
for (i) the deformation of the Kelvin—-Helmholtz vortex associated
to an elliptic instability in the core of the vortex, and (ii) for
the breakdown of the vortex into smaller structures associated
with a hyperbolic instability in the braid region between two
vortices [6]. Finally, it has been shown that the characteristics
of the transitional region highly depend on the flow conditions.
Walters and Leylek [11] have demonstrated that under different
turbulence intensity levels and inflows, the LSB and transition
point can change significantly. In this context, Abu-Ghannam
and Shaw [12] have successfully developed an experimental
relationship to predict boundary layer transition based on the
effect of turbulence, pressure gradient and flow history on flat
plates geometries. This experimental correlation is often used to
model transition, see [13].

1.2. Previous works of separation induced transition on wing section

Depending on the application considered, the physics of the
flow on wing geometries can be modified by the curvature
of the wing, the angle of attack and by complex dynamics
and/or transient effects that are directly taken from operating
conditions. Hence, the characteristics of the LSB are directly
dependent on its position along the chord. It has been shown
both experimentally [ 14] and numerically [ 15] that the transitional
region appears near the trailing edge for low to moderate angles of
attack, and moves toward the leading edge as the angle of attack
increases. Moreover, the length of the bubble is inversely related
to the adverse pressure gradient. Consequently, the effect of

transition may be very different if the laminar separation bubble is
located near the leading or trailing edge [ 16]. It also has to be noted
that most studies on lifting bodies investigate natural transition
compared to forced transition for flat plates studies [10]. As a
consequence, the transition mechanisms and the corresponding
coherent structures can be different.

For low angles of attack and/or low Reynolds numbers, the tran-
sition region is larger and located closer to the trailing edge, which
leads to large effect on aerodynamic performances, a low charac-
teristic frequency of vortex shedding of LSB and strong interactions
with the wake flow. An innovative experimental study by Hain
etal.[17] uses a time-resolved particle image velocimetry (TR-PIV)
system to determine the dominant frequencies of the transition
process and of the flapping of the bubble along a SD7003 airfoil at
Re = 66000. The authors identify dominant structures which lead
to large magnitudes in the frequency spectrum. The same physics
on the SD7003 geometry was investigated for Reynolds numbers
between 20000 < Re < 66000, and for different angles of at-
tack using experimental [18-21] and numerical methods [22,23].
At Re = 20000, transition is observed near the trailing edge and a
vortex associated with a Kelvin-Helmholtz instability is convected
into the foil's wake at a characteristic frequency 0.0095 < St; <
0.011[18]. However, the vortical flow in the wake has not been in-
vestigated. For Re = 66 000, transition is stronger and a burst phe-
nomenon is associated with a fast transition to turbulence [18,22]
even if Kelvin-Helmholtz instabilities are still observed. Recently,
Jones et al. [24] performed a numerical analysis of a LSB in the case
of an airfoil at « = 5° and a low Reynolds number Re, = 50 000.
The authors investigated the instability mechanisms leading to the
breakdown to turbulence. As Marxen and Henningson [10] stated
for the case of a flat plate, this breakdown is linked to the combina-
tion of two absolute instabilities: an elliptic instability and a mode-
B or hyperbolic instability. An important conclusion was that, in the
absence of convectively driven transition within the shear layer, an
absolute instability can take place and makes the influence of free
stream turbulence weaker.

At high angles of attack and/or high Reynolds numbers,
transition is located at the leading edge and is characterized by
a short laminar separation bubble. Transition occurs brutally in a
very high pressure gradient region and its behavior is characterized
by high frequency oscillations of the laminar separation bubble
shedding [16]. Moreover, it has been shown that at higher angles
of attack, the laminar separation was not able to reattach, and
that the bubble may help the destabilization of the boundary-
layer flow at the leading edge potentially causing stall to occur,
as shown numerically by Shelton et al. [25] and Geng [26]. Geng
et al. [ 14] also showed that as the Reynolds number increases, the
stall characteristic is strongly modified and the mild stall occurs
whereas the abrupt stall occurs at lower Reynolds numbers. They
also highlighted that the stall angle decreases with decreasing
Reynolds number, which induces the short bubble burst at higher
angles of attack, and causes long bubble to occur. This has been
validated by the computations of Karasu et al. [15], who show the
importance to take into account for the transition in the numerical
model

1.3. Objective and structure of the paper

Studies on airfoils show a transition by Laminar Separation Bub-
bles for which mechanisms associated with flapping of the shear
layer and primary instability have been demonstrated. It appears
however that further comparisons with flat plate studies are still
necessary and could bring new elements in the understanding of
the physics of transition. On the one hand, investigations on flat
plate geometries have indeed led to detailed analysis of the insta-
bility mechanisms responsible for transition to turbulence. On the
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Fig. 1. Preliminary results on SD7003 airfoil, DNS calculations for 4 different Reynolds numbers, iso X, criterion with velocity contours. (a) Re = 5000, (b) Re = 10000, (c)

Re = 20000, (d) Re = 60 000.

other hand, the wing sections studies have shown similarities with
flat plate studies without clearly identifying these mechanisms. If
the origin of the transition and the vortex physics should be glob-
ally the same, the way Kelvin-Helmholtz vortices are convected
and the progressive breakdown to turbulence could be different
due to the wing geometry. In particular, the Kelvin-Helmholtz in-
stability can strongly interact with a von Karman vortex in the case
where vortical structures of the transition stay coherent while be-
ing convected down to the trailing edge. This can also have an effect
on the wake flow, which can in turn modify the transition region.
Moreover, the presence of known coherent structures in the wake

of the LSB that have also been identified in flat plate studies bring
us to consider secondary instabilities in the transition process.
The flow fields past the SD7003 airfoil at an angle of attack of
o = 4° are depicted in Fig. 1 for different Reynolds numbers. These
figures highlight that, after the onset of a two-dimensional von
Karman instability (Re = 5000), a wake instability appears at Re =
10000 and is responsible for a three-dimensionalization of the
wake flow. The flow around the airfoil starts to transition around
Re = 20000 near the trailing edge, where Kelvin-Helmholtz
instability occurs (1), and is then shed (2) downstream the LSB.
The boundary-layer flow is however not yet fully turbulent and
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Fig. 2. Computational domain of the SD7003 wing.

vortical structures are still coherent at the trailing edge (3) such
that the von Karman instability still occurs. The higher Reynolds
number case (Re = 60000) has a more classical transition
process where the transition occurs around the mid-chord of the
airfoil with Kelvin-Helmholtz instability ((1*) and (2*)) followed
by LSB shedding (3). In this case, the boundary-layer becomes fully
turbulent downstream the LSB.

Whereas this last case has been widely investigated both
experimentally and numerically, the lower Reynolds number
Re = 20000 case has received much less attention. In particular,
the interaction between the Kelvin-Helmholtz and von Karman
primary instabilities has not been studied because the wake is
usually not captured though it can strongly influence the flow
behavior and the transition mechanisms. As a consequence, the
Re = 20000 case is investigated herein with particular attention
being paid to the coupling mechanisms between the two primary
instabilities.

DNS computations are performed with the open-source spec-
tral elements code NEk5000 [27] on a SD7003 geometry at an an-
gle of attack « = 4°. The main objectives of the present study
are (i) toinvestigate the interaction between the laminar-turbulent
transition and its interaction with the wake flow characterized by
von Karman instability, and (ii) to present a new approach of in-
vestigation that could bring a better knowledge of the instabilities
responsible for the unsteadiness. After a presentation of the nu-
merical methods, a mesh sensitivity analysis is presented at a lam-
inar Reynolds number Re = 5000 for an infinite, 2D domain, and
the effect of confinement is briefly analyzed for Re = 5000 and
Re = 10000. Three-dimensional computations for a transitional
Reynolds number of Re = 20000 in a confined test section are
then exposed and compared with PIV experiments of Burgmann
et al. [18] which lead to a characterization of the LSB region. The
unsteady region downstream of the LSB is finally investigated, in-
cluding an analysis of the vortex flow and a time-space investi-
gation using spectral analysis and Dynamic Mode Decomposition
(DMD).

2. Problem statement

The dynamics of a three-dimensional incompressible flow of a
Newtonian fluid are described by the Navier-Stokes equations

U= —(U-V)U—VP+Re 'AU

V-U=0 &

where U = (Uy, Uy, U,)T is the velocity vector and P the pressure
term. A sketch of the geometry considered is depicted in Fig. 2. The

wing has a SD7003 section and is made non-dimensional using
the chord length c. The velocity is non-dimensionalized by the
upstream velocity U,, and the flow conditions are set according
to the Reynolds number Re = U..c/v, where v is the kinematic
viscosity of the considered fluid.

The Navier-Stokes equations are solved using the flow solver
NEk5000 developed at Argonne National Laboratory by Fischer
et al. [28]. It is based on the spectral elements method (SEM),
introduced by Patera [29], which provides spectral accuracy in
space while allowing for the geometrical flexibility of finite ele-
ment methods. Spatial discretization is obtained by decomposing
the physical domain into spectral elements within which the ve-
locity is defined on Gauss-Lobatto-Legendre (GLL) nodes and the
pressure field on Gauss-Legendre (GL) nodes. The solution to the
Navier-Stokes equations is then approximated within each ele-
ment as a sum of Lagrange interpolants defined by an orthogo-
nal basis of Legendre polynomials up to degree N. Depending on
the Reynolds number considered, the results presented in this pa-
per have been obtained with a polynomial order between N = 4
and N = 6. The number of spectral elements in the mesh ranges
from 6000 for Re = 5000 up to 153 000 for Re = 20 000. The
convective terms are advanced in time using an extrapolation of
order 3, whereas the viscous terms use a backward differentia-
tion of order 3 as well, resulting in the time-advancement scheme
labeled BDF3/EXT3. NEk5000 employs the MPI standard for par-
allelism [30,31] and parallel computations have been performed
on up to 1024 processors. For further details about the spectral
elements method, the reader is referred to the books by Deville
et al. [32] and Karniadakis and Sherwin [33].

3. Numerical setup and convergence study

Two computational domains considered are shown in Fig. 2. A
non-confined two-dimensional C-type mesh, having a total height
of 12c and a length of 15c, is first used for the validation of
laminar cases (5000 < Re < 10000). A similar three-dimensional
C-type mesh with confinement is used for the transitional case
(Re = 20000). It is characterized by a tunnel section of 1.2¢
height representing a blocking effect of 10% at an angle of attack
a = 4° and a domain length of 9c. The span has been reduced
to 0.2¢ to reduce computational cost. As observed numerically by
Uranga et al. [23], this span is sufficient to take into account the
three-dimensional effects. This also corresponds to the volume
of measurements of Burgmann et al. [18], Zhang et al. [19] and
Olson et al. [20] used to capture at least one vortex structure in
the spanwise direction for Re = 20000. This aspect has been



Table 1
Parameters for the six different meshes.

Mesh type (2D,3D) Nuwing Nrormal Nyake N, Order Degrees of freedom
2D 50 30 50 6400 4-6 102 400-230400

2D 70 40 100 11500 4-6 184 000-414 000

3D 100 50 130 153000 4-6 9792 000-33 048 000

(a) 2D-infinite, N, = 6400, 4th Order.

(b) 2D-infinite, N, = 11500, 4th Order.

(c) 2D-infinite, N, = 15300 x 10, 4th
Order.

Fig. 3. Examples of three different meshes in the (x, y) plan.

investigated by carrying out a DNS with a larger span, which is
shown at the end of the convergence study.

Avelocity condition is set at the inlet,and VU-x = Ois set at the
outlet. In order to reduce the CPU time, symmetries are imposed on
the horizontal walls, whereas a no slip condition is set on the wing
surface. For the 3D computations, periodic boundary conditions
are imposed on the vertical side planes of the domain. Unlike
an attached boundary-layer, where the transition position heavily
depends on the environmental forcing, in a separated boundary-
layer and for the range of Reynolds number studied, the transition
position is generally in the separated zone and less dependent on
how it is forced. Furthermore, in experiments [ 18] the transition is
natural. Hence, we have chosen not to introduce any forcing.

Three sets of 30 monitor points are used to record the pressure
and velocities along the chord and in the wake in order to lead a
detailed spectral analysis. As shown in Fig. 2, it is refined in the
transitional region while it has a constant spacing in the wake and
near the leading edge. Mesh refinement is also used in the vicinity
of the leading edge, the trailing edge and in the close wake in order
to correctly capture the vortical flow.

Table 1 summarizes the different meshes tested. The mesh is
modified according to the number of elements N, along the
chord, the distance between the wing and the horizontal walls
(Nnorma) and the wake (Nyqke). The finer two-dimensional mesh
for the laminar cases (see convergence study next section) is
constructed using 70 spectral elements along the suction and
pressure sides of the wing, 100 elements in the wake and 45
elements are set between the wing and the horizontal walls.
The three-dimensional mesh used for the transitional cases is
significantly finer, with 100 elements being used to discretize the
suction and pressure sides and 130 elements in the wake. 10
spectral elements are set in the spanwise direction z leading to
Ax/Az =~ 1 along 80% of the wing surface. The boundary-layer
mesh is kept constant and has 25 elements in the wall-normal
direction. The first cell size has been set in order to obtain y; =
yu; /v ~ 1 for a partially turbulent case (Re = 60000), since
the boundary-layer is mostly laminar in the cases investigated in
this paper. The main mesh parameters for the DNS calculation at
Re=20000arey; < 1,xy =~ zy =~ 3.

Based on this setup, a mesh sensitivity analysis is performed.
The influence of the number of elements and of the order of
Legendre polynomials used is investigated for a laminar Reynolds
number Re = 5000. As the transitional Reynolds number is
validated using a confined fluid domain, this effect is also analyzed.
The objective is to set a mesh that is able to simulate accurately the
flow at the lower Reynolds number (Re = 5000 with 4th order
polynomials), which can be used as an input of the transitional
Reynolds number case where the polynomial order is increased
accordingly (6th order). Fig. 3 shows an example of three meshes
using 4th order Legendre polynomials. The first two meshes are set

with an unconstrained domain in order to validate the DNS code
on a wing section at Re = 10000 against the LES computations of
Uranga et al. [23]. Once this mesh is validated, a finer mesh with
confinement is tested that matches the tunnel test section used
in [18] for the Re = 20000 case.

Fig. 4 depicts the velocity field for the different meshes reported
in Table 1. The flow is quasi-stationary around the wing and
detaches approximately at a distance of 0.35c¢ from the leading
edge in all cases. von Karman vortices are observed in the wake.
As shown in Fig. 4(a), these vortices are not correctly captured by
the coarser mesh. This figure also demonstrates that an increase of
the order of the Legendre polynomials results in a better prediction
of the vortex flow as highlighted in Fig. 4(b) and (c). The confined
mesh gives a very accurate prediction of the velocity field, with a
slight reduction of the wave length of the von Karman vortex.

The sensitivity of the displacement and momentum thicknesses
with respect to the different meshes considered is shown in
Fig. 5. In addition, results obtained with the potential flow code
XFoIL [34] are also presented. The boundary-layer characteristics
are accurately predicted for all the meshes up to X/c = 0.7, where
the wrong prediction of the wake observed in Fig. 4 for the low
order leads to errors near the foil trailing edge.

To ensure that the reduced span does not force the spanwise
wavelength of the vortices in the transitional case (Re = 20 000),
a simulation with a larger span (0.4c) has been carried out. The
vortical structures, identified using the A, criterion, are shown
in Fig. 6. The two calculations predict quite the same physics in
the transition region. The wavelength of the Kelvin-Helmholtz
vortex is approximately 0.18c for the larger span calculation,
and around 0.2c¢ for the reduced span calculation. The larger
difference observed is the streamwise amplitude, which seems to
be amplified by the span reduction. Despite these differences, we
can observe that it leads to an equivalent vortex shedding and
hence to the same transition mechanisms.

4. Results

4.1. Validation on a laminar case, Re = 10 000

4.1.1. Comparison with Uranga et al. [23]

As a first step in our investigations, the numerical procedure
is first validated on a laminar case (Re = 10000) already
investigated by Uranga et al. [23] using a LES approach and a finite
elements discretization. The two-dimensional mesh considered
by the former authors is made of 4400 finite elements of order
3 resulting in 39600 degrees of freedom. As a comparison,
the present two-dimensional mesh is made of 11500 spectral
elements with Lagrange polynomials of order 6, resulting in
414000 degrees of freedom. Based on the value of x, y; and
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z, given in Section 3, the present calculations are clearly in the
range of a direct numerical simulation compared to the work of
Uranga et al. [23]. The instantaneous and time-averaged spanwise
non-dimensional vorticity fields @, = @, c/Uy are depicted in
Fig. 7(a) and (c), respectively, and compared with those of Uranga
et al. [23]. As shown by these figures, a very good agreement
is obtained between the two computations. It has to be noted
however that, due to the finer mesh used in the present work,
the von Karman vortices, which shed from the trailing edge of
the airfoil are captured more accurately than in [23], see Fig. 7(a)
and (b). Comparison of the boundary-layer characteristics and of
the friction coefficient are shown in Fig. 8. Once again, a very
good agreement is observed between the current DNS and the
LES of Uranga et al. [23], in particular the non-linearities near
the trailing edge due to boundary-layer unsteadiness, while the
potential code XFoIL becomes less accurate because of boundary-
layer separation.

4.1.2. Influence of the vertical confinement
While the previous validation considered an infinite two-
dimensional domain, the investigation of the transition at Re

Span

e

=0 18c

*=0.2¢c

Fig. 6. Influence of span on the spanwise wave length of Kelvin-Helmholtz vortex,
top view between 0.7c and 1.2c, Re = 20 000.

20000 is performed using a three-dimensional confined domain.
Hence, in order to identify the effect of confinement, a comparison
between the flow at Re 10000 in the two-dimensional
infinite domain and the one in the three-dimensional confined
domain, similar to the experimental one used by Burgmann and
Schréder [35], is presented. Fig. 9(a) shows the time-evolution
of the vertical velocity recorded by a probe located at X/c =
0.8 in both domains, where t t*Us/c, while Fig. 9(b)
depicts the corresponding Discrete Fourier Transform (DFT). In
both cases, the Fourier spectrum exhibits a peak at St; =~
0.24, where St; = fd/U is a Strouhal number based on the
airfoil thickness d. The confinement in the three-dimensional case
however causes a slight shift of this characteristic Strouhal number
toward higher frequencies. Additional high frequency peaks can
moreover be observed compared to the two-dimensional infinite
domain.
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4.1.3. Dynamic Mode Decomposition

The present Dynamic Mode Decomposition (DMD) aims at
illustrating and validating DMD on a simple case where the physics
are known, as well as to characterize the wake flow. This analysis
is based on a sequence of 200 snapshots of the velocity field
sampled at a constant sampling period At = 0.03 such that
each period of the von Karman vortex shedding is discretized
using 12 snapshots. A comprehensive description of the algorithm

used is given in Appendix. Fig. 10(a) depicts the eigenspectrum
of the Koopman operator, while Fig. 10(b) shows the amplitude
of each mode with respect to the associated frequency. As can be
seen, the dynamics are dominated by a single frequency St; =
0.238, already identified from the spectral analysis in the previous
section. Its first three harmonics are also visible in this spectrum.
Fig. 11 depicts the spatial distribution of the leading Koopman
mode (St; = 0.238) and of its first harmonic (St; = 0.476).
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The velocity field of the leading Koopman mode is clearly related
to a von Karman vortex street with a streamwise wavelength of
about 0.125c. On the other hand, its first harmonic is characterized
by lower amplitude oscillations and a streamwise wavelength of
about 0.0625c, i.e. twice as small as the fundamental one. Finally,
these spatial distributions show that this von Karman vortex
shedding is solely related to what occurs in the vicinity of the
trailing edge and in the wake, thus highlighting that the laminar
separation bubble plays no direct role in the present low Reynolds
number dynamics.

4.2. From the laminar to the transitional flow

4.2.1. Influence of the Reynolds number

Computations have been performed in a three-dimensional
confined domain (similar to the experimental one of Burgmann
and Schréder [35]) for Reynolds numbers ranging from Re = 5000
(laminar) up to Re = 20 000 (transitional). The effect of an increase
of the Reynolds number is shown in Fig. 12. It depicts the spanwise
non-dimensional vorticity field, both in a vertical and spanwise
plane, for various Reynolds numbers. As shown by Fig. 12(a), at
Re = 5000, the flow exhibits a laminar and two-dimensional
von Karman vortex shedding. Increasing the Reynolds number to
Re = 10000 (see Fig. 12(b)) does not qualitatively change the flow.
A spanwise modulation of the von Karman vortices can however be
observed. This spanwise modulation might result from a secondary
instability of the vortices similarly to what has been observed in the
wake of an infinite two-dimensional cylinder [36]. Finally, the flow
at Re = 20000 is very different from the lower Reynolds number
ones, as shown in Fig. 12(c). A strong three-dimensionalization of
the flow in the wake can be observed. Moreover, while for Re =
5000 and 10000 unsteadiness is only observed in the wake, for
Re = 20000 it can be observed that vortices seem to be shed
already from X /c ~ 0.7. The resulting complex multi-scaled flow
then results from the transition taking place in the vicinity of the

trailing edge and to the progressive breakdown to turbulence in the
wake. The following investigation will focus on this Re = 20000
case and aims at a better characterization of the flow as well
as at shedding some light on the different physical mechanisms
responsible for the laminar-turbulent transition taking place.

4.2.2. Global characterization of the flow at Re = 20 000

The mean flow field, along with streamlines in the vicinity of
the trailing edge, is depicted in Fig. 13(a), while Fig. 13(b) shows
a three-dimensional view of the LSB. The separation bubble is
located between X /c = 0.4 and X /c = 0.8. The core of the vortex
is located around X/c =~ 0.7, while the reattachment point is
hard to locate due to the time-averaging of the vortex shedding
downstream of the LSB. The three-dimensional view moreover
highlights that the LSB contour is not closed between the quasi-
stable region and the unsteady one. Separation between these two
regions still is however visible and located around X/c =~ 0.8.
This is confirmed by the skin friction coefficient along the chord at
Z/c = 0.1shown in Fig. 14(a) that reaches almost 0 at X /c = 0.75
and then decreases rapidly in the unsteady region. The spanwise
evolution of the skin friction coefficient shows however that only
partial reattachment occurs around at X /¢ = 0.75, whereas it fully
reattaches at the trailing edge. Spatial fluctuations of the pressure
coefficient are also observed in this region, as depicted in Fig. 14(b).

Table 2 provides the characteristics of the LSB along with
comparisons against two sets of measurements from Burgmann
et al. [18] and Burgmann and Schroder [35]. Separation (x;) and
reattachment (x, ) points are determined with the null skin friction
coefficient, while the length of the LSB (I;) is defined as the distance
between those two points and its height (hs) as the maximum
height obtained by the 8q9 criterion. The present computation
agrees well with experiments of Burgmann and Schréder [35].
Though the separation point is slightly advanced, the LSB length
and height are within the range of the experimental values. As
long as the reattachment point is concerned, full reattachment is
observed at the trailing edge (x/c = 1), which was also found by
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the experiments of Olson et al. [20] and recently by Nati et al. [21] Table 2

for a higher Reynolds number (Re = 30000). Olson et al. [20]
have also compared their results with Burgmann and Schroder [35]
and Burgmann et al. [18]. They explain the discrepancies in the
LSB characterization by uncertainties due to determination of the
angle of attack, to uncertainties due to near-wall measurement
resolution, as well as the sensitivity to the Reynolds number and
the effects of free-stream turbulence. This last parameter has been
investigated and it has been shown that increasing free-stream
turbulence tends to slightly move upstream the reattachment
point, consistent with the present calculation that does not have
free-stream turbulence. Finally, the Strouhal number St, used to
characterize the LSB vortex shedding is close to the value S,y =
0.068 of Pauley et al. [9]. It has moreover been shown that this
value has to be within the range 0.005-0.011.

4.3. Overview of the laminar-turbulent transition at Re = 20 000

As a first step toward our understanding of the laminar-
turbulent transition taking place at Re = 20 000, various structures
and related phenomenon are identified from instantaneous flow
visualizations. Fig. 15 depicts the instantaneous spanwise non-
dimensional vorticity field @, together with velocity streamlines
from X/c = 0.4 to X/c = 1.6. Four events can be observed:

LSB characteristics, comparison with PIV measurements. x; separation point, X,
reattachment point, I; LSB length, hy LSB height, S5 = f6sep/ (Usep) Strouhal number
at separation.

DNS Burgmann and Burgmann Olson
Schroder [35] etal.[18] etal.[20]
(Xs) 0.39¢ 0.4c 0.51c 0.4c
(%) 1c 0.775c¢ 0.83c 1c
(Is) 0.36¢ 0.375¢ 0.32¢ -
(hs) 0.062¢ 0.0735¢ 0.053c -
Sto 0.0073 0.0095 0.011 -

e A classical laminar separation bubble lies between X/c = 0.4
and X /c = 0.7. It is made of a dead region that is stationary up
to the vortex core, and a region of reattachment exhibiting low
frequency fluctuations in-between X /c = 0.65 and X /c = 0.8.

e An almost two-dimensional vortex is shed from the LSB and is
convected downstream.

e Due to the curvature of the wing and its angle of attack, the
vortex extends in the wall-normal direction. Small scales can
be observed, and the flow starts to transition.

e When reaching the trailing edge, the vortex seems to interact
with a trailing edge vortex to form von Karman vortices.

It appears from this visualization that an interaction might exist
between two primary instabilities—e.g. the Kelvin-Helmholtz
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instability associated to the shedding of the LSB which occurs
upstream of the trailing edge, and a von Karman instability
which takes place at the wing’s trailing edge. Because these
two instabilities generate very comparable vortical scales, they
have the potential to interact with each other, hence possibly
altering the physics of the LSB vortex shedding and the associated
shedding frequency. This interaction will be further highlighted in
Sections 4.4.1 and 4.4.2.

In order to get a better understanding of the development
of the three-dimensional flow downstream of the LSB, A,
visualizations of the vortical structures within the flow at various
instants of time are depicted in Fig. 16. These figures highlight
how a two-dimensional vortex detaches from the LSB before

being convected toward the trailing edge of the wing. During
this convection, it moreover experiences a spanwise distortion
eventually transforming the initial two-dimensional vortex into a
C-shaped one. The typical wavelength of this spanwise modulation
is A/D = 3 (with D being the diameter of the initial two-
dimensional vortex), in agreement with what has been found
in [24]. Finally, as shown in Fig. 16(d)-(g), this C-shaped vortex
gets more and more deformed as it approaches the trailing edge.
Passed the trailing edge, it is not coherent enough anymore
and eventually breaks down into small-scale structures in the
wake.

Fig. 17 depicts the non dimensional vorticity wx = wyc/Ux
from the LSB to the vicinity of the trailing edge. These figures
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clearly show that the initial two-dimensional vortex shedding
from the LSB is related to the well-known Kelvin-Helmholtz
instability. Indeed, classical shapes of Kelvin-Helmholtz waves are
observed wherein positive regions of wy develop in the core of
the vortex and are convected in the streamwise direction, while
negative regions of wy develop between the Kelvin-Helmholtz
vortex and the LSB, before rolling-up and causing the shedding
of the vortical structure. As observed by Jones et al. [24],
the development of the vorticity downstream of the laminar
separation bubble directly depends on the destabilization of the
vortical structure. They have observed a high level of streamwise
vorticity wy in the core of the vortex (due to elliptic instability)
and in the braid region (due to hyperbolic instability). Finally,
Fig. 18 is a close-up of Fig. 16(d) around the C-shaped vortex that
results from the spanwise distortion of these Kelvin—-Helmholtz
waves. The same value of A, is taken, colored with the spanwise
vorticity wz. Two vortex filaments, one on each side of the vortex,
having opposite vorticity values @ are observed. These filaments
are moreover located in the vicinity of the wall, around Y/c =
0.02, whereas the center of the vortex is significantly higher,
around Y/c = 0.1. Based on this description, this C-shaped
structure appears quite similar to a hairpin vortex as defined by
Adrian [37].

4.4. Physical analysis

4.4.1. Spectral analysis

Fig. 19 depicts the spectral density plots along the chord and
in the wake for the three velocity components (see Fig. 19(a)-(c))
as well as for the pressure (see Fig. 19(d)). Each of these spectra
highlights a different aspect of the dynamics of this transitional
flow:

e The spectrum of velocity Uy in the chordwise direction
(Fig. 19(a)) exhibits the three components associated with
flapping, shedding of LSB and von Karman, where the largest
amplitudes are located inside the transition region. The flapping
and shedding frequencies disappear past the trailing edge,
whereas the von Karman frequency disappears around X /c =
1.2.

e The spectrum of Uy in Fig. 19(b) has a dominant component
associated with the von Karman instability at a Strouhal St; =
0.25. A lower amplitude component is also observed at St; =
0.12 and corresponds to the LSB shedding. Harmonics of these
two frequencies are also observed. It has to be noted that all the
frequencies are located in the wake, and the spectra are mostly
flat in the transition region. This is because of the influence of
the wall that blocks the Uy fluctuations up to the wing surface,
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whereas it is the main direction of the fluctuation of the von
Karman vortices once it convects in the wake.

e The U; spectrum in Fig. 19(c) displays large amplitudes
only for the lower frequency associated to flapping. This
observation suggests that the LSB reattachment may have a
three-dimensional behavior, and that three-dimensional effects
appear directly in the unsteady region of the LSB, which is
confirmed by the observations in Figs. 12 and 16.

e The spectrum of pressure in Fig. 19(d) shows that the frequency
associated to the von Karman instability has a large amplitude
in the transition region between X/c = 0.75 and X/c = 1.
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As shown in Fig. 20, pressure waves propagate in the flow
direction, starting from approximately X/c = 0.7 down to the
trailing edge. Fig. 19(d) highlights that the dominant Strouhal
number is associated with the von Karman frequency (St; ~
0.25), and the Strouhal associated to LSB vortex shedding is
mainly observed near the trailing edge (St; ~ 0.12). These two
frequencies seem physically independent, while the subharmonic
behavior suggests that the LSB vortex shedding is locked-in the von
Karman instability. Fig. 20 also shows a very low Strouhal number
around the reattachment region which could be associated with
the flapping of LSB.

The time-evolution of the lift coefficient shown in Fig. 21 clearly
highlights the coupling between the two primary instabilities.
The main LSB Strouhal shedding frequency is observed around
Sty ~ 0.12 with relatively large amplitude, while the von Karman
appears inside the LSB shedding period with lower amplitude.

4.4.2. Dynamic Mode Decomposition

Dynamic Mode Decomposition is used as a tool to provide a
space-time physical analysis of the laminar-turbulent transition
occurring along the wing at Re = 20000. It enables us to link
a spatial structure (a Dynamic mode, also called Koopman mode)
to a given frequency and to compare with the spectral analysis
performed in Section 4.4.1. Present DMD results are based on a
sequence of 300 velocity field snapshots sampled at a constant
sampling period At = 0.02. This sampling period discretizes
each period of the von Karman vortex shedding (i.e. St; = 0.25)
with 17 snapshots. The eigenspectrum of the resulting Koopman
operator is shown in Fig. 22(a). Fig. 22(b) provides the amplitude of
each Koopman mode with respect to the corresponding frequency.
Whereas only one frequency dominates the dynamics at Re =
10000 (see Fig. 10), two frequencies are clearly dominating the
dynamics at Re = 20000: St; >~ 0.12, associated to transition,
and St; >~ 0.24, which is characteristic of the von Karman vortex
shedding, already observed at lower Reynolds numbers. It has to
be noted furthermore that the low-frequencies also provide a non-
negligible contribution to these dynamics, though they are sub-
dominant. Fig. 23 depicts the spatial distributions of three modes of
interest, identified from Fig. 22(b), in given (x, ¥) and (x, z) planes.
It is clear that all three modes have large amplitudes in the LSB
region (i.e. 0.8 < X/c < 1), further highlighting the crucial
importance of the transition process in the flow dynamics.

Mode 1
Transition: St=0.12

0.1F

Mode 2
on-Karman: St,=0.245

Mode 3
flapping: St,<0.08

0 0.2 0.4
Strouhal St i
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Dynamic Mode Decomposition, (a) eigenvalues along the unit circle, (b) Koopman spectrum, Re = 20 000.
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The spatial distribution of the leading Koopman mode associ-
ated to the LSB vortex shedding is depicted in Fig. 23 (see mode 1),
along with that of the Koopman mode associated to the von Kar-
man vortex shedding (see mode 2). As illustrated by these two fig-
ures, it is clear that the mode associated to LSB vortex shedding has
a dominant streamwise wavelength twice as large as that of the
von Karman vortex shedding. This factor 2 in the dominant wave-
length as well as in the associated Strouhal numbers suggests that
the LSB vortex shedding interacts with the von Karman instability
and is locked-in as one of its subharmonics. Moreover, comparison
of the von Karman mode at Re = 20000 with the one obtained
at Re = 10000 (see Fig. 10) further highlights this intricate inter-
action between the two types of vortex sheddings. Indeed, in the
laminar case (Re = 10000), the von Karman instability is visible
only past the trailing edge of the foil (X/c = 1), while in the tran-
sitional case (Re = 20000), it clearly has a non-zero spatial distri-
bution along the wing, up to X/c >~ 0.75. As shown in Fig. 16, the
region 0.75 < X/c < 1is the region where the boundary-layer
flow along the foil starts to become unsteady and where coherent
transitional structures begin to appear, i.e. where the LSB vortex
shedding takes place.

It is then useful to observe the modes patterns in the three
directions of space, and to spatially correlate them with the
spectral analysis in Fig. 19. Figs. 24-26 show the Uy, Uy and Uy
velocity components for the modes 1, 2 and 3, respectively. Three
views are shown for each component: a three-dimensional view
with isosurface of velocity normalized between —1 and +1 and the
corresponding top view in the spanwise direction in order to show
the shape of each mode. A colorplot of the mode’s velocity in the
Y/c = 0.05 plane is also shown in order to observe the amplitudes.
Similarities between mode 1 and 2 are evident, confirming that
the mode 1 of larger amplitude is associated with an harmonic
of the von Karman mode. As a consequence, a classic, 2D shape
of the von Karman mode is observed for Vx and Vy in Figs. 24
and 25 with wavelength twice larger for mode 1 than for mode
2. This wavelength is smaller on the foil surface due to higher
velocity convection. The U; velocity shows that the patterns get
globally three-dimensional right after the reattachment point at
X/c = 0.8.Whereas the von Kirman mode in Fig. 25 is almost two-
dimensional, it appears that the mode 1 has three-dimensional
multi-scaled patterns that start from the reattachment point of
the LSB and may correspond to the formation of vortex filaments
around X /c = 0.7 in the braid region. The velocity Uy in Fig. 24(b)
exhibits similar patterns. This analysis confirms that (i) mode 1
is associated with the LSB vortex shedding and (ii) this shedding
process is locked-in with the von Karman mode.
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The lower frequency mode 3 shows early amplitudes between
0.6 < X/c < 0.8 that could correspond to the LSB flapping.
The (x, z) plans of Ux and Uz show that the modulation is mostly
in the spanwise direction, confirming that the reattachment and
the flapping motion are globally three-dimensional. Despite its
amplitude being maximum within the transitional region, it is clear
from its spatial distribution in the wake that this mode does not
correspond to some sort of vortex shedding. Hence, in order to
identify the type of structures associated to this mode, the motion
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it induces in various (y, z) planes along the chord is depicted in
Fig. 27. It is clear from this figure that the associated structures are
pairs of chordwise counter-rotating vortices that, due to the lift-up
effect [38], promote chordwise low- and high-speed streaks. These
streaks eventually induce a spanwise modulation of the reversed
flow region which might explain the low-frequency oscillation of
the pressure coefficient depicted in Fig. 20. A possible explanation
of the physical origin of these streaks can be found in the work of
Rodriguez and Theofilis [39]. By means of linear stability analyses,
the former authors have shown that, beyond a given Reynolds
number, LSB can experience a centrifugal global instability yielding
to its spanwise modulation. Moreover, the associated global mode
typically consists in pairs of streamwise-oriented counter-rotating
vortices inducing streamwise velocity modulations through the
lift-up effect.

5. Discussion

The results presented in this paper lead to the following dis-
cussion on the transition mechanisms at Re = 20000. Higher
Reynolds number cases have been investigated in the literature,
particularly the case Re = 60000 shown in Fig. 1(d). For this
Reynolds number, DNS calculations and measurements have been
performed for the SD7003 section in [22,17] and similar DNS cal-
culation is presented in [24] for the NACA0012. In all cases, flap-
ping of the LSB is associated to a low frequency modulation of
the most amplified disturbance, and Kelvin—-Helmholtz instabili-
ties are observed and lead to the formation of vortices in the shear
layer. The development of turbulence downstream the bubble is
however still the subject of many discussions, and depends on
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the type of analyses performed. The numerical works of Jones et
al. [24] find that the flow is not fully attached nor fully separated
downstream of the LSB because of the presence of coherent struc-
tures all along the chord downstream the transition that induces
large fluctuations of the skin friction coefficient. In the mean time,
they observed spanwise coherence of the vortical structures. Hain
et al. [17] state that full turbulent reattachment occurs around the
mid chord, whereas a weak coherence is observed in the span-
wise direction. It seems obvious that this difference in the physics
mainly depends on the Reynolds number and on the geometry of
the wing, where the leading edge geometry, the camber and the an-
gle of attack can change the critical Reynolds number that can mod-
ify the location and the behavior of transition along the wing. The
Reynolds number investigated in this paper is significantly lower
(Re = 20000), but the transition process seems to be closer to the
DNS of Jones et al. [24] where the foil section has no camber and
transition is triggered using volume forcing. It is clear that the LSB
obtained corresponds to a long bubble with no full reattachment
of the LSB. The main difference is the location of transition that is
closer from the trailing edge where the Kelvin—-Helmholtz vortices
interact with the wake flow. This interaction has not been inves-
tigated previously (see the work of Burgmann and Schréder [35]
at a similar Reynolds number that only consider the foil in their
measurements).

The transition mechanisms can be described as follows. The
transition is clearly dominated by Kelvin-Helmholtz instabilities
and the growth of two-dimensional vortices in the shear layer.
These vortices then deform upstream and are shed downstream
of the LSB, which has been observed in most of the studies related
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to laminar to turbulent transition on wing sections. Whereas the
DMD mode associated to these Kelvin-Helmholtz instabilities has
the largest amplitude compared to the other modes, the frequency
associated with this mode is driven by the von Karman mode
(mode 2). On the one hand, the von Karman Strouhal number
of vortex shedding stays constant between the fully laminar
(Re = 5000 and Re = 10000) and the weakly transitional
case Re = 20000 meaning that this instability develops almost
independently from other physical mechanisms. On the other
hand, the Strouhal number of LSB shedding behaves almost as a
subharmonic of the von Karman mode. It is suggested in this paper
that the natural LSB shedding frequency is near the subharmonic
of the von Karman shedding frequency and partial lock-in
phenomenon is occurring. The main conclusion is that the first
stage of the transition process seems to be physically independent
from the wake flow (i.e. generation of Kelvin-Helmholtz instability
and the development of the three-dimensional flow), whereas the
LSB shedding process seems highly dependent on the von Karman
instability, with the highest von Karman modal amplitudes found
in the transition region between 0.8 < X/c < 1. The von Karman
instability can stabilize the transition to turbulence process and
maintain the coherence of the flow from the unsteady region
down to the trailing edge, and transition to turbulence mainly
occurs in the wake of the wing due to the instability of the
wake.

6. Conclusion

In this study, the transition to turbulence over a wing section
is investigated numerically using direct numerical simulations
performed with the code NEk5000. The wing has a SD7003 section
and the transitional Reynolds number Re = 20000 with an
angle of attack « = 4° has been chosen. The mechanisms
yielding transition to turbulence have been studied by the joint
use of space-time analysis of the flow physics and Dynamic Mode
Decomposition.

Low Reynolds number simulations were first performed (Re =
5000 and Re = 10000), where two-dimensional von Karman
vortices are observed in the wake with a characteristic Strouhal
number based on the wing thickness of St; = 0.238. The case
at Re = 20000, also shows von Karman like vortices together
with complex transition mechanism. The first stage is highlighted
by Kelvin-Helmholtz instability that occurs in the unstable region
of the LSB. The vortex is first two-dimensional, then deforms
to a C-shape structure and sheds when vortex filaments in the
braid region break, which is associated with LSB vortex shedding.
Because the structure is still coherent when it reaches the trailing
edge, it interacts with a trailing edge vortex and is locked-in the
wake instability with a frequency close to a subharmonic of the
von Karman frequency (i.e. St; = 0.12).

A space time frequency analysis is then performed. Three
frequencies with distinct physical mechanisms are observed. First,
the Strouhal number of the von Karman vortex shedding St; =
0.248 appears to be very similar to the lower Reynolds number
case (Re = 10000, St; = 0.238). It is however observed that
this frequency appears upstream of the trailing edge compared
to the Re = 10000 case, i.e. in the transition region, confirming
the interaction with the LSB shedding frequency. The LSB vortex
shedding Strouhal frequency (St; < 0.12) appears a little earlier
along the chord and vanishes almost completely past the trailing
edge. It is also shown that, though these frequencies are locked-
in, they are spatially independent. The spectrum also shows a
third lower frequency (St; < 0.08) associated with the flapping
of the LSB, and occurring upstream of the two other frequencies,
where a low frequency pressure fluctuation is observed around the
reattachment point.

Dynamic Mode Decomposition is then used to identify spatial
structures to the different Strouhal frequencies. The three charac-
teristics frequencies are observed, where the maximum amplitude
is found for the LSB vortex shedding. A classical von Kirman mode
is found at St; < 0.248, and is fully two-dimensional along the
chord, and tends to get three-dimensional in the wake. The lower
Strouhal Sty < 0.12 confirms that it can be associated to a subhar-
monic of the von Kdrman mode. The later seems to have a destabi-
lizing effect on the transition process. Finally, the mode of LSB flap-
ping (mode 3) results from the development of streaks that could
be responsible for the first destabilization of the flow.

It has to be noted that whereas the LSB characteristics and the
transition process were already investigated experimentally and
were used, when available for validation of the DNS calculations,
the present study highlights some physical aspects that are still
waiting experimental confirmation. In particular, the interaction
and possible lock-in of the LSB shedding with the wake flow
has not been investigated experimentally for this case because
of control volumes used in the PIV and LDV measurements
being usually limited to the airfoil. Experimental confirmation
of this particular point could then enhance the understanding
of transition mechanisms in the case where it is located near a
periodic wake flow.
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Appendix. The Dynamic Mode Decomposition method

Transitioning and turbulent flows exhibit complex phenomena
involving a substantially large range of both spatial and tempo-
ral scales. Because of this complexity, analyzing and inferring con-
clusions about the dynamics and underlying mechanisms directly



from raw measurements is hardly feasible. As to unravel some or-
der hidden behind this apparent complexity, a modal decomposition
of the data is usually performed. Various decompositions can be
employed: Proper orthogonal decomposition [41,42], global eigen-
modes [43] and balanced modes [44] are the most commonly used.
The aim of such decompositions is to identify coherent structures
in order to reduce the large scale dynamics to a smaller num-
ber of degrees of freedom. Identifying these coherent structures
also allows to investigate their spatio-temporal characteristics and
have a better understanding of the patterns observed in the flow
fields.

The decomposition employed in the present work has been in-
troduced in 2008 by Schmid and Sesterhenn [45] as Dynamic Mode
Decomposition (DMD) and Rowley et al. [46] as Koopman Mode
Decomposition. Since then, other variations of this decomposition
have been introduced. The algorithm presented here is the one
originally introduced by Rowley et al. [46]. Assume one has a dis-
crete set of flow observables X; = X(jAt) at k different time steps
such that:

.,Xk_1]. (2)

Koopman modes decomposition relies on the assumption that
this sequence can be approximated by the following time-discrete
linear dynamical system:

Xit1 = AXi. (3)

K = [x0, X1, ..

As for global stability analysis of three-dimensional flows, the op-
erator A might not be directly accessible or known (e.g. when the
observables x; are those of a non-linear flow). However, based on
the assumption that it has been generated from the linear dynam-
ical system (3), the sequence K can be seen as a Krylov sequence
resulting from repeated application of the linear operator A onto
the initial vector xq. Hence, given this Krylov sequence, one can
construct a low-dimensional approximation of the operator A and
compute reasonable approximations of its eigenvalues and eigen-
vectors. Difference with the global eigenmodes decomposition re-
lies in the fact that, for Koopman modes decomposition, the matrix
resulting from the low-dimensional approximation is not an up-
per Hessenberg matrix but a Companion one. Let us assume that
the kth vector of the Krylov sequence can be expressed as a linear
combination of the previous iterates:

X =~ CoXp + C1X1 + - -+ + Ck—1Xk—1
Kc

1

X

where ¢ is a column vector containing the k coefficients ¢; needed
for the linear combination. This linear problem can be recast into
the following equivalent matrix form:

AK ~ KC (5)

where Cis a k x k Companion matrix given by:

0 0 --- 0 o
1 0 0

c=|01 0 & | (6)
0 0 -+ 1 ¢k

The coefficients ¢; can be computed by solving a linear system
or by a least-square procedure. It is clear from the structure of
expression (5) that, apart from the specific structure of C, a striking
resemblance exists between the Koopman modes and the global
mode decompositions. The Koopman modes decomposition can in
fact be seen as a generalization of global stability analysis applied
to a non-linear system. As a consequence, the eigenpairs (X, X) of
the Companion matrix C are a reasonably good approximation to

the eigenpairs (X, U) of the operator A and one has:

Y~
{U ~ KX. (7)

The growth rate o and circular frequency w of the Koopman
modes can be recovered by:

. log(X,)
— o 8
o+ lw ; (8)

At being the sampling period between two snapshots of the
observables. Because DMD is a data-driven decomposition, the
sampling period At of the snapshots sequence has to obey the
Nyquist criterion, i.e. at least four snapshots per frequencies one
wants to resolve. For further details on the algorithm, the reader
is referred to [46] as well as [47]. It has to be noted finally that,
while POD identifies spatial modes being orthonormal one to
another, Koopman and DMD identify spatial modes which are each
associated to a single frequency as underlined by its relationship
to eigenvalue decomposition. Moreover, this decomposition is
also close to discrete Fourier transform (DFT) and the two are
strictly equivalent if the mean is subtracted from the initial
data [48]. An important difference, however, is that DMD may
potentially be genuinely non-normal. This non-normality may
be crucial to capture dynamical effects such as transients or
unstable phenomena. This enables DMD to identify and resolve
instabilities and self-sustaining cycles with complex multiscale
behavior.
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