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✾✼❄ ✇❁❄❄ ➉❊❁■✼❄❇ ❆✼❏ ☛❆✼✽ ✇✃❪❪ ✃②② ❑ ✈■✻❁ ❆✿✿❇✾❆❍■ ✻❁ ❏❄④❄❈✾✿ ❄❏ ✻✼ ✹❄❍❀✻✾✼ ❴ ❑ ✈■❄ ❁❊❍❍❄❁❁
✾♦ ❀■✻❁ ❉ ❄❀■✾❏ ❏❄✿ ❄✼❏❁ ❁❀❇✾✼✽❈❧ ✾✼ ✾❊❇ ❆❋✻❈✻❀❧ ❀✾ r✼❏ ❆ ✼✻❍❄ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ✾♦ ❀■❄
❍✾✼❁❊❉✿❀✻✾✼ ❑ ☞✼❏❄❇ ❁✾❉ ❄ ❆❁❁❊❉✿❀✻✾✼❁ ❂ ❀■❄ ✁✾✼❀❇❧❆✽✻✼ ✿❇✻✼❍✻✿ ❈❄ ❄✼❆❋❈❄❁ ❊❁ ❀✾ ✿❇✾④❄ ❀■❆❀
❀■❄ ✾✿❀✻❉ ❆❈ ❍✾✼❁❊❉✿❀✻✾✼ ✻❁ ✾♦ ✌❹❶❷ ❼✌❹❶❷ ❀❧✿ ❄ s ❀■✻❁ ✼❄✺ ❇❄❁❊❈❀ ✻❁ ⑦❊❁❀✻r❄❏ ✻✼ ③✿✿ ❄✼❏✻❜ ③ ❑
✈■❄✼ ❂ ❋❆❁❄❏ ✾✼ ❀■✻❁ ✾❋❁❄❇④❆❀✻✾✼ ❂ ✺❄ ❏❄❇✻④❄ ❀✺✾ ❇❄❈❄④❆✼❀ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼❁ ❆✼❏ ❀❄❁❀ ❀■❄❉
✼❊❉ ❄❇✻❍❆❈❈❧❑
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� ✁❡✂❡✄☎✄❞❡ ❣ ✆ ❡✝✄ ✞❢❣✟✠✄☎ ✂❞❤ ❞❣❡✂❡❦❣❞✡

➂❄❇❄ ✺❄ ✽✻④❄ ❀■❄ ✼✾❀❆❀✻✾✼ ✺■✻❍■ ✺ ✻❈❈ ❋ ❄ ❊❁❄❏ ❀■❇✾❊✽■✾❊❀ ❀■❄ ✿❆✿ ❄❇ ❑
➈❄ ❍✾✼❁✻❏❄❇ ❍✾✼❀❇❆❍❀❁ ✺ ✻❀■ ❉ ❆❀❊❇✻❀❧

T
❑ ✹✻✼❍❄ ❀■❄ ❁✿ ✾❀ ✿❇✻❍❄ ✾♦ ❀■❄ ✽❆❁ ❏✾ ❄❁ ✼✾❀ ❍✾❇❇❄❁✿ ✾✼❏

❀✾ ❆ ❀❇❆❏❆❋❈❄ ✻✼❁❀❇❊❉ ❄✼❀ ❂ ❀■❄ ④❆❈❊❆❀✻✾✼ ❆✼❏ ❀■❄ ■❄❏✽✻✼✽ ✾♦ ❍✾✼❀❇❆❍❀❁ ✾✼ ✽❆❁ ❆❇❄ ✿ ❄❇♦✾❇❉ ❄❏
❀■❇✾❊✽■ ❀■❄ ❊❁❄ ✾♦ ♦✾❇✺❆❇❏ ❍✾✼❀❇❆❍❀❁ ✺ ✻❀■ ❏✻♥❄❇❄✼❀ ❉ ❆❀❊❇✻❀✻❄❁

t ∈ [0, T ]
✇❁❄❄ ❀■❄ ❆✿✿❇✾❆❍■

✽✻④❄✼ ✻✼ t❆✻❈❈❄❀ ❂ ✉✾✼✼ ❆✼❏ ✈✾❉✿❆✻❏✻❁ ✇✮❫❫① ②② s ❀■❄✻❇ ✿❇✻❍❄❁ ❆❇❄ ❏❄✼✾❀❄❏ ❋❧
(F (s, t))0≤s≤t

❑
✈■❄ ✻✼❀❄❇❄❁❀ ❇❆❀❄❁ ❆❇❄ ❆❁❁❊❉ ❄❏ ❀✾ ❋ ❄ ❍✾✼❁❀❆✼❀ ❂ ❄♣❊❆❈ ❀✾

r
❆✼❏ ♦✾❇ ❀■❄ ❁❆♠❄ ✾♦ ❁✻❉✿❈✻❍✻❀❧❂ ✺❄

❍✾✼❁✻❏❄❇ ❆ ✾✼❄●♦❆❍❀✾❇ ❧✻❄❈❏ ❂ ❆❁ ✻✼ t❆✻❈❈❄❀ ❂ ✉✾✼✼ ❆✼❏ ✈✾❉✿❆✻❏✻❁ ✇✮❫❫① ② s

dF (s, t)

F (s, t)
= σe−α(t−s)dWs, 0 ≤ s ≤ t.

✇✃ ❑✃②

q✼ ❀■❄ ❈❆❁❀ ❄❜✿❇❄❁❁✻✾✼ ❂ ❀■❄ ✻✼ ✻❀✻❆❈ ❍✾✼❏✻❀✻✾✼ ✻❁ ❏❄r✼❄❏ ❋❧ ❀■❄ ♦✾❇✺❆❇❏ ❍❊❇④❄
(F (0, t))0≤t≤T

☎ ✻✽❊❇❄ ✃ s ☛❆❁ ☎✾❇✺❆❇❏ ❅❊❇④❄

✇❍✾❇❇❄❁✿ ✾✼❏✻✼✽ ❀✾ ❀■❄ ❁❄❆❁✾✼❆❈✻❀❧❂ ❆❁ ❁■✾✺✼ ✾✼ ☎ ✻✽❊❇❄ ✃② ❑ q❀ ✺✾❊❈❏ ❋ ❄ ❄❆❁❧ ❀✾ ✻✼❍✾❇✿ ✾❇❆❀❄
❄❜❀❇❆ ♦❆❍❀✾❇❁ ✾❇ ❆ ❍✾✼④❄✼✻❄✼❍❄ ❧✻❄❈❏ ❀❄❇❉ ❂ ✺ ✻❀■✾❊❀ ❉ ❆⑦ ✾❇ ❉ ✾❏✻r❍❆❀✻✾✼❁ ❀✾ ✺■❆❀ ♦✾❈❈✾✺ ❁ ❑
➈ ✻❀■✻✼ ✾❊❇ ♦❇❆❉ ❄✺✾❇♠ ❂ ❀■❄ ❁✿ ✾❀ ✿❇✻❍❄ ❆❀ ❀✻❉ ❄

t
✻❁ ✽✻④❄✼ ❋❧

Ft = F (t, t)
❑ q✼ ❛♣❊❆❀✻✾✼

✇✃ ❑✃② ❂ ❀■❄ ❏❧✼❆❉ ✻❍❁ ✻❁ ✽✻④❄✼ ❏✻❇❄❍❀❈❧ ❊✼❏❄❇ ❀■❄ ❊❁❊❆❈ ❇✻❁♠●✼❄❊❀❇❆❈ ✿❇✾❋❆❋✻❈✻❀❧ ❉ ❄❆❁❊❇❄
Q

❑

W
❏❄r✼❄❁ ❆ ❈✻✼❄❆❇ ❵❇✾✺✼✻❆✼ ❉ ✾❀✻✾✼ ❆✼❏ ❁✾ ❂ ❀■❄ ✿❇✾❋❆❋✻❈✻❀❧

Q
❀❇❆✼❁♦✾❇❉ ❁ ❀■❄ ♦✾❇✺❆❇❏

❍✾✼❀❇❆❍❀ ✿❇✾ ❍❄❁❁❄❁ ✇✾❇ ❄♣❊✻④❆❈❄✼❀❈❧ ❀■❄ ❏✻❁❍✾❊✼❀❄❏ ✾✿❀✻✾✼ ✿❇✻❍❄❁② ✻✼❀✾ ❉ ❆❇❀✻✼✽❆❈❄❁ ❑ ➈❄
❇❄❍❆❈❈ ❀■❆❀ ❀■❄ ❀❇❊❄ ❏❧✼❆❉ ✻❍❁ ✾♦ ❀■❄ ♦✾❇✺❆❇❏ ❍✾✼❀❇❆❍❀❁ ✻❁ ✼✾❀ ❊✼❏❄❇

Q
❋❊❀ ❊✼❏❄❇ ❀■❄

■✻❁❀✾❇✻❍❆❈ ✿❇✾❋❆❋✻❈✻❀❧ ➆ ■✾✺❄④❄❇ ❂ ❆❇❋✻❀❇❆✽❄ ❆❇✽❊❉ ❄✼❀❁ ❁■✾✺ ❀■❆❀ ❀■❄ ♦❆✻❇ ④❆❈❊❄ ✾♦ ❆ r✼❆✼❍✻❆❈
❍✾✼❀❇❆❍❀ ■❆❁ ❀✾ ❋ ❄ ❄④❆❈❊❆❀❄❏ ❆❁ ❀■❄

Q
●❄❜✿ ❄❍❀❆❀✻✾✼ ✾♦ ✻❀❁ ❏✻❁❍✾❊✼❀❄❏ ❍❆❁■●⑤✾✺ ✇❁❄❄ ➉❆❇❆❀✂❆❁
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✇✃❪��② ♦✾❇ ③❉ ❄❇✻❍❆✼ ✾✿❀✻✾✼❁ ❂ ✾❇ t❆✻❈❈❄❀ ❂ ✉ ✾✼✼ ❆✼❏ ✈✾❉✿❆✻❏✻❁ ✇✮❫❫① ② ♦✾❇ ✹✺ ✻✼✽ ✾✿❀✻✾✼❁② ❑
✹✻✼❍❄ ✺❄ ♦✾ ❍❊❁ ✾✼ ✿❇✻❍✻✼✽ ✻❁❁❊❄❁ ❂ ✺❄ ❍✾✼❁✻❏❄❇ ❀■❄ ❏❧✼❆❉ ✻❍❁ ✾✼❈❧ ❊✼❏❄❇

Q
❑

⑥ ✾✺ ❂ ❈❄❀ ❊❁ ❏❄❁❍❇✻❋ ❄ ❆ ✽❄✼❄❇❆❈ ✹✺ ✻✼✽ ❍✾✼❀❇❆❍❀ ❑ ➈❄ ❆❁❁❊❉ ❄ ❀■❆❀ ❄✼❄❇✽❧ ✻❁ ✿❊❇❍■❆❁❄❏ ❆❀
❁✾❉ ❄ r❜❄❏ ❏❆❀❄❁

0 = t0 < · · · < ti < · · · < tN = T
❑ ✈■❄ ④✾❈❊❉ ❄ ❆❀ ❀✻❉ ❄

ti
✻❁ ❏❄✼✾❀❄❏ ❋❧

qti
❆✼❏ ❁❊❋⑦ ❄❍❀ ❀✾ ❀■❄ ❍✾✼❁❀❇❆✻✼❀

qmin ≤ qti ≤ qmax.
✇✃ ❑✮②

✈■❄ ❍❊❉❊❈❆❀✻④❄ ④✾❈❊❉ ❄ ✿❊❇❍■❆❁❄❏ ❊✿ ❀✾ ❀✻❉ ❄
ti

✻❁ ✽✻④❄✼ ❋❧
Qti =

∑i−1
j=0 qtj

❑ q❀ ❉❊❁❀ ❁❆❀✻❁♦❧
❀■❄ ❀❄❇❉ ✻✼❆❈ ❍✾✼❁❀❇❆✻✼❀

Qmin ≤ QT ≤ Qmax.
✇✃ ❑❴②

✈✾ ❁✻❉✿❈✻♦❧❂ ❀■❄ ✿❊❇❍■❆❁❄ ✿❇✻❍❄ ✻❁ ❆❁❁❊❉ ❄❏ ❀✾ ❋ ❄ ❍✾✼❁❀❆✼❀ ❂ ❄♣❊❆❈ ❀✾
K

❑ ➂✾✺❄④❄❇ ✻♦ ✼❄❍❄❁❁❆❇❧❂
✻❀ ❍❆✼ ❋ ❄ ❄❜❀❄✼❏❄❏ ❀✾ ❆ ❏❄❀❄❇❉ ✻✼✻❁❀✻❍ ❀✻❉ ❄ ♦❊✼❍❀✻✾✼ ❑ ➂❄✼❍❄ ❂ ❀■❄ ❋❊❧❄❇ ✾♦ ❀■❄ ❍✾✼❀❇❆❍❀ ✽❄❀❁

qti(Fti −K)
❆❀ ❀✻❉ ❄

ti
❑ ☎❊❇❀■❄❇❉ ✾❇❄ ❂ ✺■❄✼ ❀■❄ ✽❈✾❋❆❈ ✿❊❇❍■❆❁❄ ❍✾✼❁❀❇❆✻✼❀❁ ❆❇❄ ④✻✾❈❆❀❄❏ ❂ ■❄

❉ ❆❧ ❆✿✿❈❧ ❁✾❉ ❄ ✿ ❄✼❆❈❀✻❄❁ ❆❀ ❉ ❆❀❊❇✻❀❧❑ ✈■❄❁❄ ❍❆✼ ❋ ❄ ✿❇✾✿ ✾❇❀✻✾✼❆❈ ❀✾ ❀■❄ ❁✿ ✾❀ ✿❇✻❍❄
FT

❆❀
❉ ❆❀❊❇✻❀❧ ❆✼❏ ❀✾ ❀■❄ ✾④❄❇ ✾❇ ❊✼❏❄❇●❍✾✼❁❊❉✿❀✻✾✼ s −A FT [QT−Qmin]−−B FT [QT−Qmax]+

❂
✺■❄❇❄

A
❆✼❏

B
❆❇❄ ✿ ✾❁✻❀✻④❄ ❍✾✼❁❀❆✼❀❁ ❑ ✈✾ ❋ ❄ ❍✾✼❍✻❁❄ ❂ ✺❄ ❏❄✼✾❀❄ ❀■✻❁ ✿ ❄✼❆❈❀❧ ❋❧ PT (FT , QT )

✻✼ ❀■❄ ❁❄♣❊❄❈ ❑ ☎✾❇ ❆ ✽✻④❄✼ ❍✾✼❁❊❉✿❀✻✾✼ ❁❀❇❆❀❄✽❧
q = (qti)0≤i≤N

❂ ❀■❄ ♦❆✻❇ ✿❇✻❍❄ ✻❁ ❀■❊❁ ✽✻④❄✼
❋❧

J (q) = E

(
N−1∑

i=0

e−rtiqti(Fti −K) + e−rTPT (FT , QT )

)
✇✃ ❑① ②

✇❀■❄ ❄❜✿ ❄❍❀❆❀✻✾✼ ✻❁ ✿ ❄❇♦✾❇❉ ❄❏ ❊✼❏❄❇ ❀■❄ ❇✻❁♠●✼❄❊❀❇❆❈ ✿❇✾❋❆❋✻❈✻❀❧ ❉ ❄❆❁❊❇❄
Q

② ❑

❱❳✷✱ ✁ ✂❶ ➄✠ ❻ ✄ ✄❾➄✠ ❻❾ ❶✄✡ ❻❾⑩➅❹ ✟ ❻☎✞ ❻❾⑩✡ ❻❶➄➃ ❹✌❽✄ ➄ ⑧⑨ ⑩❶❷ ➅❽❶➄❾❹➅➄➃✆ ⑨❻ ➃✠❹ ✟ ✟ ➅❽❶➃⑩✝❻❾
➄✠ ❻ ➃❹✡ ❻ ✄ ❽ ✟ ✟❽⑨⑩❶❷ ➃❻➄ ❽✄ ✞❹❾❹✡ ❻➄❻❾➃ ✞ σ = 70%

✆
α = 4

✆
r = 0%

✆
qmin = 0

✆
qmax = 6

✆
Qmin = 1300

✆
Qmax = 1900

✆
K = 20

✆
T = 1 ➀❻❹❾ ⑨ ⑩➄✠ ✝❹⑩✟➀ ❻☎ ❻❾➅⑩➃❻ ✟N = 365✠ ✡ ☛❻ ⑨ ⑩✟ ✟

✄➃❻ ➄✠ ❻ ✄ ❽❾⑨❹❾✝ ➅✄❾☞❻ ✝❻➃➅❾⑩✌❻✝ ⑩❶ ✌ ⑩❷✄❾❻ ✍✡ ❸❽ ✝⑩➃➅✄➃➃ ➄✠ ❻ ⑩✡✞❹➅➄ ❽✄ ➃❻❹➃❽❶❹ ✟⑩➄➀ ⑩❶ ➄✠ ❻
❶✄✡ ❻❾⑩➅❹ ✟ ✞ ❾❽➅❻✝✄❾❻✆ ⑨❻ ⑨⑩✟ ✟ ❹ ✟➃❽ ➅❽❶➃⑩✝❻❾ ❹ ✎ ❹➄ ✄ ❽❾⑨❹❾✝ ➅✄❾☞❻ F (0, ti) = 20,∀0 ≤ i ≤ N ✡

✈■❄ ✿❇❄❍❄❏✻✼✽ ❏❄❁❍❇✻✿❀✻✾✼ ■❆❁ ❀✾ ❋ ❄ ❁❈✻✽■❀❈❧ ❉ ✾❏✻r❄❏ ♦✾❇ ➃➄❽❾❹❷ ❻ ➅❽❶ ➄❾❹➅➄➃❑ q✼ ❀■✻❁ ❍❆❁❄ ❂
❆✼ ❄❉✿❀❧ ❀❆✼♠ ✻❁ ❇❄✼❀ ❀✾ ❀■❄ ✾✺✼❄❇ ✾♦ ❀■❄ ❍✾✼❀❇❆❍❀ ❆✼❏ ❆❈❈✾✺ ❁ ■✻❉ ❀✾ ❄✻❀■❄❇ ❋❊❧ ❁✾❉ ❄ ✽❆❁
✾✼ ❀■❄ ❉ ❆❇♠❄❀ ❆✼❏ ✻✼⑦ ❄❍❀ ✻❀ ✻✼ ❀■❄ ❀❆✼♠ ❂ ✾❇ ✺ ✻❀■❏❇❆✺ ✻❀ ❆✼❏ ❁❄❈❈ ✻❀ ✾✼ ❀■❄ ❉ ❆❇♠❄❀ ❑ ③❀ ❄❆❍■
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❏❆❀❄ ❂ ❀■❄ ✿❇✾r❀ ✻❁ ✽✻④❄✼ ❋❧

ψ(Fti , qti) =






−qti(Fti + cI)
✻♦
qti ≥ 0

✇q✼⑦ ❄❍❀✻✾✼ ② ❂

−qti(Fti − cW )
✻♦
qti ≤ 0

✇➈ ✻❀■❏❇❆✺❆❈② ❂

0
✻♦
qti = 0

✇✹❆❉ ❄ ❈❄④❄❈ ♦✾❇ ❀■❄ ❁❀✾❇❆✽❄② ❂

✺■❄❇❄
cI > 0

✇❇❄❁✿ ❑
cW > 0

② ❏❄✼✾❀❄❁ ❁✾❉ ❄ ❁❀❇✻❍❀❈❧ ✿ ✾❁✻❀✻④❄ ✻✼⑦ ❄❍❀✻✾✼ ✇❇❄❁✿ ❑ ✺ ✻❀■❏❇❆✺❆❈②
❍✾❁❀ ❑ ❃ ✾❇❄✾④❄❇ ❂ ❀■❄ ❀❆✼♠ ❍❆✿❆❍✻❀❧ ■❆❁ ❁✾❉ ❄ ④✾❈❊❉ ❄ ❈✻❉ ✻❀❆❀✻✾✼❁ ❂ ✺■✻❍■ ✻❉✿ ✾❁❄❁ ❍✾✼❁❀❇❆✻✼❀❁
❈✻♠❄

0 ≤ f1(t) ≤ Qt ≤ f2(t)
♦✾❇ ❁✾❉ ❄ ❏❄❀❄❇❉ ✻✼✻❁❀✻❍ ♦❊✼❍❀✻✾✼❁

f1
❆✼❏

f2
❑ ☎✾❇ ❀■❄ ✼❄❜❀

✾✿❀✻❉ ✻✂❆❀✻✾✼ ✿❇✾❋❈❄❉ ❂ ✺❄ ❍❆✼ ♦✾❇❉❊❈❆❀❄ ❀■❄❁❄ ✿■❧❁✻❍❆❈ ❍✾✼❁❀❇❆✻✼❀❁ ✻✼ ❀❄❇❉ ❁ ✾♦ ❆ ❁❉ ✾✾❀■
✿ ❄✼❆❈✻✂❆❀✻✾✼ s −C∑N

i=0 e
−rti [(Qti −f1(ti))−]2−C∑N

i=0 e
−rti [(Qti −f2(ti))+]2

❂ ✺ ✻❀■ ❆ ❈❆❇✽❄
❍✾✼❁❀❆✼❀

C
❑ q♦ ✺❄ ❍✾✼❁✻❏❄❇ ❀■✻❁ ✿ ❄✼❆❈✻✂❆❀✻✾✼ ❆❁ ❆ r✼❆✼❍✻❆❈ ✿ ❄✼❆❈❀❧❂ ❀■❄ ♦❆✻❇ ✿❇✻❍❄ ✾♦ ❀■✻❁

➃➄❽❾❹❷ ❻ ➅❽❶➄❾❹➅➄ ✻❁ ❀■❄✼ ✽✻④❄✼ ❋❧

J (q) = E

(
N∑

i=0

Ψti(qti , Fti , Qti)

)
,

✇✃ ❑➁②

✺■❄❇❄
Ψt(q, F,Q) = e−rt

(
ψ(F, q) −C[(Q− f1(t))−]2 − C[(Q− f2(t))+]2

) ✻♦

t < tN
❆✼❏

ΨtN (q, F,Q) = e−rtN
(
−C[(Q− f1(tN ))−]2 − C[(Q− f2(tN ))+]2

) ❑

❱❳✷✱ ❖ ❸✠ ❻ ➃➄❽❾❹❷ ❻ ➅❽❶➄❾❹➅➄ ⑨ ❻ ⑨⑩✟ ✟ ➅❽❶➃⑩✝❻❾ ⑩❶ ➄✠ ❻ ❶❻☎ ➄ ❶✄✡ ❻❾⑩➅❹ ✟ ❻☎✞ ❻❾⑩✡ ❻❶ ➄➃ ⑩➃ ➃✄➅✠
➄✠❹➄ ➄✠ ❻ ➄❹❶❺ ⑩➃ ❻✡✞ ➄➀ ❹➄ ➄✠ ❻ ✡ ❹➄✄❾⑩➄➀ ❽✄ ➄✠ ❻ ➅❽❶➄❾❹➅➄ ✟Qmin = Qmax = 0✠ ❹❶✝ ➄✠ ❻ ➄❹❶❺
➅❹✞ ❹➅⑩➄➀ ❻✁✄❹ ✟➃ ✂✄ ✄❶⑩➄➃ ➃❹➀ ✟➄✠ ⑩➃ ✝❻➄❻❾✡ ⑩❶ ❻➃ ➄✠ ❻ ✄ ✄❶➅➄⑩❽❶

f2✠ ✡ ❸✠ ❻ ✞❹❾❹✡ ❻➄❻❾➃ ⑨ ⑩✟ ✟ ✌❻
➃❻➄ ❹➃ ✄ ❽ ✟ ✟❽⑨➃ ✞

σ = 70%
✆
α = 4

✆
r = 0%

✆
qmin = −0.2

✆
qmax = 0.4

✆
f1 ≡ 0

✆
f2(ti) =

min(qmaxi, 20, qmin(i − N))
✆
cI = 0.6

✆
cW = 0.2

✆
K = 20

✆
T = 1 ➀❻❹❾ ⑨ ⑩➄✠ ✝❹⑩✟➀ ❻☎ ❻❾➅⑩➃❻

✟N = 365✠ ✡ ☎ ➃ ✄ ❽❾ ➄✠ ❻ ⑧⑨⑩❶❷ ➅❽❶➄❾❹➅➄✆ ⑨❻ ⑨⑩✟ ✟ ✄➃❻ ➄✠ ❻ ✄ ❽❾⑨❹❾✝ ➅✄❾☞❻ ❽❶ ✌ ⑩❷✄❾❻ ✍✆ ✌✄ ➄ ❹ ✟➃❽
➄✠ ❻ ✎ ❹➄ ✄ ❽❾⑨❹❾✝ ➅✄❾☞❻ F (0, ti) = 20 ✡
✈■❄❁❄ ❏❄❁❍❇✻✿❀✻✾✼❁ ✾♦ ✹✺ ✻✼✽ ✾✿❀✻✾✼❁ ❆✼❏ ❁❀✾❇❆✽❄ ❍✾✼❀❇❆❍❀❁ ❍❆✼ ❋ ❄ ❊✼✻r❄❏ ✺ ✻❀■✻✼ ❀■❄ ♦✾❈●
❈✾✺ ✻✼✽ ♦✾❇❉❊❈❆❀✻✾✼ ✾♦ ❀■❄ ✿❇✻❍❄

J (q) = E

(
N−1∑

i=0

Ψti(qti , Fti , Qti) + PT (FT , QT )

)
.

✇✃ ❑�②

q✼ ❀■❄ ❆❋ ✾④❄ ❂
q

✻❁ ❆ ✽✻④❄✼ ❍✾✼❁❊❉✿❀✻✾✼ ❁❀❇❆❀❄✽❧❂
Ψ·(·)

❏❄✼✾❀❄❁ ❁✾❉ ❄ ❆✿✿❇✾✿❇✻❆❀❄ ✻✼❁❀❆✼❀❆●
✼❄✾❊❁ ✿❇✾r❀ ❆✼❏ PT (·) ❁✾❉ ❄ ❀❄❇❉ ✻✼❆❈ ✿ ❄✼❆❈❀❧❑
✈✾ ✿❇✻❍❄ ❀■❄❁❄ ✻✼❁❀❇❊❉ ❄✼❀❁ ❂ ✺❄ ❉ ❆♠❄ ❀■❄ ❍❇❊❍✻❆❈ ❆❁❁❊❉✿❀✻✾✼ ❀■❆❀ ❀■❄ ❍✾✼❁❊❉✿❀✻✾✼ ❏❄❍✻❁✻✾✼❁
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sup
q

J (q).

q❀ ✻❁ ❆ ❁❀✾❍■❆❁❀✻❍ ✾✿❀✻❉ ❆❈ ❍✾✼❀❇✾❈ ✿❇✾❋❈❄❉ ❑ q✼ ❀■❄ ✼❄❜❀ ❁❄❍❀✻✾✼ ❂ ✺❄ ❁❀❆❀❄ ❀■❄ ❆❁❁✾ ❍✻❆❀❄❏
❏❧✼❆❉ ✻❍ ✿❇✾✽❇❆❉❉ ✻✼✽ ❄♣❊❆❀✻✾✼ ✇❁❄❄ ❵❄❇❀❁❄♠❆❁ ❆✼❏ ✹■❇❄④❄ ✇✃❪��② ❂ ❵❄❇❀❁❄♠❆❁ ✇✃❪❪➁②② ♦❇✾❉
✺■✻❍■ ✺❄ ❏❄❇✻④❄ ❁✾❉ ❄ ✼❊❉ ❄❇✻❍❆❈ ❉ ❄❀■✾❏❁ ❑

✁ ✂✐☎✄❢❦❥✂✠ ☎✄❡✝❣ ❤✡ ✟✂✡✄❤ ❣❞ ❤✄❞✂☎ ❦❥ ✞❢❣☎❢✂☎☎ ❦❞☎ ✄✆✐✂✝

❡❦❣❞

☎ ✻❇❁❀ ❂ ♦✾❇ ❋ ✾❀■ ❀■❄✾❇❄❀✻❍❆❈ ❆✼❏ ✼❊❉ ❄❇✻❍❆❈ ✿❊❇✿ ✾❁❄❁ ❂ ✻❀ ✻❁ ❋ ❄❀❀❄❇ ❀✾ ❇❄✺❇✻❀❄
(Ft)0≤t≤T

❊❁✻✼✽
❆✼ ❄❜❀❇❆ ❁❀❆❀❄ ④❆❇✻❆❋❈❄

X = (Xt)0≤t≤T

❏❄r✼❄❏ ❋❧
Xt = σe−αt

∫ t

0 e
αudWu.

⑥✾❀❄ ❀■❆❀
X

✻❁
❆✼ ✝ ❇✼❁❀❄✻✼●☞■❈❄✼❋ ❄❍♠ ✿❇✾ ❍❄❁❁ ❂ ✺■✻❍■ ❁✾❈④❄❁

dXt = −αXtdt + σdWt
❑ ☛❄❀ ❂ ❀■ ✻❁ ✿❇✾✿ ❄❇❀❧

✺ ✻❈❈ ✼✾❀ ❋ ❄ ❇❄❆❈❈❧ ❊❁❄❏ ✻✼ ❀■❄ ❁❄♣❊❄❈ ❑ ❃ ✾❇❄✾④❄❇ ❂ ❆✼ ✻❉❉ ❄❏✻❆❀❄ ❆✿✿❈✻❍❆❀✻✾✼ ✾♦ q❀✞ ✟❁ ♦✾❇❉❊❈❆
❧✻❄❈❏❁

F (s, t) = F (0, t) exp[e−α(t−s)Xs − σ2

4α
(e−2α(t−s) − e−2αt)]

❑ ➈❄ ✿❆❇❀✻❍❊❈❆❇❈❧ ■❆④❄

Fti = F
(
0, ti

)
exp

(
Xti −

σ2

4α

(
1 − e−2αti

))
.

✇✮ ❑�②
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③❁ ❆❈❇❄❆❏❧ ❉ ❄✼❀✻✾✼❄❏ ❂ ❀■❄ ④❆❈❊❆❀✻✾✼ ✾♦ ✹✺ ✻✼✽ ❍✾✼❀❇❆❍❀❁ ❍❆✼ ❋ ❄ ❄❉❋❄❏❏❄❏ ✻✼❀✾ ❆ ❁❀✾ ❍■❆❁❀✻❍
❍✾✼❀❇✾❈ ♦❇❆❉ ❄✺✾❇♠ ❑ q✼❏❄❄❏ ❂ ❀■❄ ❏❧✼❆❉ ✻❍❁ ✾♦ ❀■❄ ❁❧❁❀❄❉ ✻❁ ❏❄❁❍❇✻❋ ❄❏ ❋❧ ❆ ❏✻❁❍❇❄❀❄●❀✻❉ ❄
❃ ❆❇♠✾④ ❍■❆✻✼

(Fti , Qti)0≤i≤N

❀■❆❀ ✻❁ ❍✾✼❀❇✾❈❈❄❏ ❋❧ ❀■❄ ❈✾ ❍❆❈ ❍✾✼❁❊❉✿❀✻✾✼
(qti)0≤i≤N−1

❑
☛ ✻④❄✼ ❆ ❀✻❉ ❄

ti
❆✼❏ ❆ ❁❀❆❀❄

(F,Q)
❂ ❀■❄ ✿❇✻❍❄ ✻❁ ✽✻④❄✼ ❋❧

P (ti, F,Q) = sup
(qtj )i≤j≤N−1

E
(N−1∑

j=i

Ψtj (qtj , Ftj , Qtj ) + PT (FT , QT )|Fti = F,Qti = Q
)
.

q✼ ❀■❄ ❈❆❁❀ ❄❜✿❇❄❁❁✻✾✼ ❂ ❀■❄ ❁❊✿ ✻❁ ❀❆♠❄✼ ✾④❄❇ ❆❈❈ ❆❏❉ ✻❁❁✻❋ ❈❄ ❍✾✼❁❊❉✿❀✻✾✼❁ ❑ ③ ❁❀❆✼❏❆❇❏ ❇❄❁❊❈❀
❁❀❆❀❄❁ ❀■❆❀ ❂ ❊✼❏❄❇ ❉ ✻❈❏ ❆❁❁❊❉✿❀✻✾✼❁ ❂ ❀■❄❇❄ ❄❜✻❁❀❁ ❆✼ ✾✿❀✻❉ ❆❈ ❃ ❆❇♠✾④✻❆✼ ❍✾✼❁❊❉✿❀✻✾✼ ❂ ✽✻④❄✼
❋❧ ❀■❄ ❏❧✼❆❉ ✻❍ ✿❇✾✽❇❆❉❉ ✻✼✽ ❄♣❊❆❀✻✾✼ ✇❆❈❁✾ ♠✼✾✺✼ ❆❁ ❵❄❈❈❉ ❆✼ ✟❁ ❄♣❊❆❀✻✾✼ ② ❑
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� ✵✴✁✴✷❨❯❨✴❬ ❖ ✂✁ ☎ ➃➃✄✡ ❻ ➄✠❹➄ ✄ ❽❾ ➃❽✡ ❻ ✞❽➃⑩➄⑩☞❻ ➅❽❶➃➄❹❶➄➃
p ❹❶✝

C
✆ ➄✠ ❻ ✄ ❽ ✟ ✟❽⑨⑩❶❷ ⑩❶ ❻✁✄❹ ✟❼

⑩➄⑩❻➃ ✠❽ ✟✝ ✄ ❽❾ ❹❶➀ ti ∈ [0, T ]
✆
F > 0

✆
q ∈ [qmin, qmax]

❹❶✝
(Q,Q′) ∈ [−N(qmin)−, N(qmax)+]

✞

|Ψti(q, F,Q)| + |PT (F,Q)| ≤ C(1 + F p),

|Ψti(q, F,Q
′) − Ψti(q, F,Q)| ≤ C(1 + F p)|Q′ −Q|.

❸✠ ❻❶ ✆ ➄✠ ❻❾❻ ❻☎ ⑩➃➄➃ ❹❶ ❽✞ ➄⑩✡ ❹ ✟ ✄ ❹❾❺❽☞ ➅❽❶➃✄✡✞ ➄⑩❽❶
q∗(t, F,Q)

✆ ⑨✠ ⑩➅✠ ⑩➃ ❷ ⑩☞❻❶ ✌➀ ➄✠ ❻ ❹❾❷✡ ❹☎
⑩❶ ➄✠ ❻ ✄ ❽ ✟ ✟❽⑨⑩❶❷ ✝➀❶❹✡ ⑩➅ ✞ ❾❽❷ ❾❹✡✡ ⑩❶❷ ❻✁✄❹➄⑩❽❶ ✞

P (ti, F,Q) = max
q∈[qmin,qmax]

[
Ψti(q, F,Q) + E

(
P (ti+1, Fti+1

, Q+ q)|Fti = F
)]
, (ti < T ),

P (T, F,Q) = PT (F,Q).
✇✮ ❑�②

⑥✾❀❄ ❀■❆❀ ❀■✻❁ ❇❄❁❊❈❀ ■✾❈❏❁ ♦✾❇ ❋ ✾❀■ ✹✺ ✻✼✽ ❆✼❏ ❁❀✾❇❆✽❄ ❍✾✼❀❇❆❍❀❁ ❑
☎✆✝✝✞ ✟ ✈■✻❁ ✻❁ ❆✼ ✻❉❉ ❄❏✻❆❀❄ ❆✿✿❈✻❍❆❀✻✾✼ ✾♦ ✁ ❇✾✿ ✾❁✻❀✻✾✼ � ❑➁ ❑ ✻✼ ❵❄❇❀❁❄♠❆❁ ❆✼❏ ✹■❇❄④❄

✇✃❪��② ❑ ☎ ✻❇❁❀ ❂ ❀■❄ ❍✾✼❏✻❀✻✾✼❁ ✾✼ ❀■❄ ✽❇✾✺❀■ ✾♦ ✻✼❁❀❆✼❀❆✼❄✾❊❁ ❆✼❏ ❀❄❇❉ ✻✼❆❈ ✿❇✾r❀❁ ❀✾✽❄❀■❄❇
✺ ✻❀■ ❀■❄ ❍❈❆❁❁✻❍❆❈ ❄❁❀✻❉ ❆❀❄❁

E(sup0≤t≤T F
p
t ) < ∞ ❄✼❆❋❈❄ ❊❁ ❀✾ ❍■❄❍♠ ❆❁❁❊❉✿❀✻✾✼❁ ✇☎+②

❆✼❏ ✇☎−② ✻✼ ✁ ❇✾✿ ✾❁✻❀✻✾✼ � ❑➁ ❑ ✈■❄✼ ❂ ✻❀ ❇❄❉ ❆✻✼❁ ❀✾ ✿❇✾④❄ ❀■❆❀ ❀■❄ ❁❊✿❇❄❉❊❉ ✻✼ ✇✮ ❑�② ✻❁
❆❀❀❆✻✼❄❏ ❑ ✈■✻❁ ✻❉❉ ❄❏✻❆❀❄❈❧ ♦✾❈❈✾✺ ❁ ♦❇✾❉ ❀■❄ ❍✾✼❀✻✼❊✻❀❧ ✾♦

P (ti+1, F,Q)
✺ ❑❇ ❑❀ ❑

Q
✇✺■✻❍■ ✻❁

❆ ❄❆❁❧ ❍✾✼❁❄♣❊❄✼❍❄ ✾♦ ✾❊❇ ➇✻✿❁❍■✻❀✂ ❍✾✼❀✻✼❊✻❀❧ ■❧✿ ✾❀■❄❁✻❁② ❑ ☎ ✻✼❆❈❈❧❂ ❁✻✼❍❄ ❀■❄ ❏❧✼❆❉ ✻❍❁ ✾♦
❀■❄ ♦✾❇✺❆❇❏ ❍✾✼❀❇❆❍❀❁ ❏✾ ❄❁ ✼✾❀ ❏❄✿ ❄✼❏ ✾✼

(qti)i
❂ ❀■❄ ❊❁❊❆❈ ❍✾✼❏✻❀✻✾✼❆❈ ❄❜✿ ❄❍❀❆❀✻✾✼ ✺ ❑❇ ❑❀ ❑

(Fti , Qti)
❍❆✼ ❋ ❄ ❁✻❉✿❈✻r❄❏ ❊❁✻✼✽ ❀■❄ ❇❄❈❆❀✻✾✼

Qti+1
= Qti + qti

❑ q❀ ✿❇✾④✻❏❄❁ ❀■❄ ❏❧✼❆❉ ✻❍
✿❇✾✽❇❆❉❉ ✻✼✽ ❄♣❊❆❀✻✾✼ ❆❁ ❄❜✿❇❄❁❁❄❏ ✻✼ ✇✮ ❑�② ❑

�

✁❆❇❆✽❇❆✿■❁ ✮ ❑✮ ❆✼❏ ✮ ❑❴ ❇❄❁✿ ❄❍❀✻④❄❈❧ ✻❉✿❈❄❉ ❄✼❀ ❀■❄
maxq∈[qmin,qmax]

✾✿ ❄❇❆❀✻✾✼ ❆✼❏ ❀■❄ ❍✾❉ ●
✿❊❀❆❀✻✾✼ ✾♦

E(·|Fti = F )
♦✾❇ ❁✾❈④ ✻✼✽ ❆✿✿❇✾❜✻❉ ❆❀❄❈❧ ❀■❄ ❏❧✼❆❉ ✻❍ ✿❇✾✽❇❆❉❉ ✻✼✽ ❄♣❊❆❀✻✾✼

✇✮ ❑�② ❑

✠ ✡✠ ✠✚✡✖✌☛☞ ✖✏ ✍✗✌✍✓✗✓✏✎✖✎✍✚✏ ✚ ✎ ✎✒✓ ☛✕✏✖✗ ✍✘ ✌✌✚✑✌✖✗✗ ✍✏✑ ✓✜✢✖✎✍✚✏

③❁ ❊❁❊❆❈ ❂ ❁✾❈④ ✻✼✽ ❀■❄ ❏❧✼❆❉ ✻❍ ✿❇✾✽❇❆❉❉ ✻✼✽ ❄♣❊❆❀✻✾✼ ✇✮ ❑�② ✻❁ ♦❆❇ ♦❇✾❉ ❋❄✻✼✽ ❀❇✻④ ✻❆❈ ❋ ❄❍❆❊❁❄
✾♦ ❀■❄ ❍✾✼❏✻❀✻✾✼❆❈ ❄❜✿ ❄❍❀❆❀✻✾✼ ❆✼❏ ❀■❄ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ✺ ❑❇ ❑❀ ❑

q
❆❀ ❄❆❍■ ❀✻❉ ❄ ❑ ☎✾❇ ❆ ✼❊❉ ❄❇✻❍❆❈

❇❄❁✾❈❊❀✻✾✼ ❂ ❀■✻❁ ♦✾❇❉❊❈❆❀✻✾✼ ❉❊❁❀ ❋ ❄ ❁✻❉✿❈✻r❄❏ ❑ ✈✾ ❏✾ ❁✾ ❂ ✺❄ r❇❁❀ ❏✻❁❍❇❄❀✻✂❄ ❀■❄ ❁❄❀ ✾♦
❆❏❉ ✻❁❁✻❋ ❈❄ ④❆❈❊❄❁ ✾♦

qti
s
qti ∈ {qmin, qmin + ∆q, . . . , qmax − ∆q, qmax}

✺■❄❇❄
∆q

❏❄✼✾❀❄❁ ❆
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☎ ✻✽❊❇❄ ✮ s ✉ ❄❁❀❇✻❍❀✻✾✼ ✾♦ ❀■❄ ❁❄❀ ✾♦ ❆❏❉ ✻❁❁✻❋ ❈❄ ✿❊❇❍■❆❁❄❏ ④✾❈❊❉ ❄❁ ✺■❄✼ ❀■❄ ✽❈✾❋❆❈ ❍✾✼❁❀❇❆✻✼❀❁
❍❆✼ ✼✾❀ ❋ ❄ ④✻✾❈❆❀❄❏ ❑

✿ ✾❁✻❀✻④❄ ❍✾✼❁❊❉✿❀✻✾✼ ❁❀❄✿ ❑❅✾✼❁❄♣❊❄✼❀❈❧❂ ❀■❄ ✿❊❇❍■❆❁❄❏ ❍❊❉❊❈❆❀✻④❄ ④✾❈❊❉ ❄
Qti =

∑i−1
j=0 qtj

❋ ❄❈✾✼✽❁ ❀✾ ❆ ❁❄❀ ✾♦ ✿ ✾❁❁✻❋ ❈❄ ④❆❈❊❄❁ {Q1
t
i
, Q2

t
i
, . . . , Q

Mti
t
i

} ❂ ✺■❄❇❄
Mti

❏❄✼✾❀❄❁ ❀■❄ ✼❊❉❋ ❄❇ ✾♦
✿ ✾❁❁✻❋ ❈❄ ❍❊❉❊❈❆❀✻④❄ ④✾❈❊❉ ❄❁ ❀■❆❀ ❆❇❄ ✿❊❇❍■❆❁❄❏ ❊✿ ❀✾ ❀✻❉ ❄

ti
❑ q♦ ✻❀ ✻❁ ✼✾❀ ❆❈❈✾✺❄❏ ❀✾ ❋❇❄❆♠

❀■❄ ✽❈✾❋❆❈ ✿❊❇❍■❆❁❄ ❍✾✼❁❀❇❆✻✼❀❁
Qmin

❆✼❏
Qmax

✇✻ ❑❄ ❑ ❀■❄ ❆✿✿❈✻❄❏ ✿ ❄✼❆❈❀✻❄❁ ❆❇❄ ✻✼r✼✻❀❄② ❂ ❀■❄
❁❄❀ A = {(ti, Qti) : 0 ≤ i ≤ N} ✾♦ ❆❏❉ ✻❁❁✻❋ ❈❄ ❍❊❉❊❈❆❀✻④❄ ❍✾✼❁❊❉✿❀✻✾✼❁ ❍❆✼ ❋ ❄ ❄✆ ❍✻❄✼❀❈❧
❈✻❉ ✻❀❄❏ ❑ ✈■✻❁ ✺ ✻❈❈ ❋ ❄ ❄❜❀❇❄❉ ❄❈❧ ❊❁❄♦❊❈ ❀✾ ❁✿ ❄❄❏ ❊✿ ❀■❄ ❇❄❁✾❈❊❀✻✾✼ ✾♦ ✇✮ ❑�② ❑ ☎✾❇ ❄❜❆❉✿❈❄ ❂ ❈❄❀
❊❁ ❍✾✼❁✻❏❄❇ ❆ ❍✾✼❀❇❆❍❀ ✺ ✻❀■ ❀■❄ ❍■❆❇❆❍❀❄❇✻❁❀✻❍❁

Qmax = 1
❂
Qmin = 0

❂
∆q = qmax = 1

❆✼❏

qmin = −2
❂ ✾④❄❇ ❀■❄ ✿ ❄❇✻✾❏ {t0 = 0, t1, . . . , t4 = T} ❑ ✈■❄ ❁❄❀ A ✻❁ ❇❄✿❇❄❁❄✼❀❄❏ ✾✼ ☎ ✻✽❊❇❄ ✮ ❑

☎✾❇ ❆ ✽✻④❄✼ ❍✾❊✿❈❄
(ti, Qti)

❂ ❏❄✼✾❀❄ ❋❧
Adm(ti, Qti)

❀■❄ ❁❄❀ ✾♦ ❏✻❁❍❇❄❀❄ ❆❏❉ ✻❁❁✻❋ ❈❄ ④❆❈❊❄❁
✾♦
qti

❑ q♦ ❀■❄ ❍✾✼❁❀❇❆✻✼❀❁ ❍❆✼ ❋ ❄ ❋❇✾♠❄✼ ❂ ❀■❄✼
Adm(ti, Qti) = {qmin, qmin + ∆q, . . . , qmax −

∆q, qmax}
❑ ✝ ❀■❄❇✺ ✻❁❄ ✻❀ ❍❆✼ ❋ ❄ ❉❊❍■ ❁❉ ❆❈❈❄❇ ✇❁❄❄ ☎ ✻✽❊❇❄ ✮② ❑ ✈■❊❁ ❂ ♦✾❇ ❆✼❧

(ti, Qti) ∈ A ❂
✇✮ ❑�② ❋ ❄❍✾❉ ❄❁

P (ti, F,Qti) = max
q∈Adm(ti,Qti

)

[
Ψti(q, F,Qti) + E

(
P (ti+1, Fti+1

, Qti + q)|Fti = F
)]
.

✇✮ ❑❪②

q✼ ❈✻✽■❀ ✾♦ ✇✮ ❑❪② ❂ ✺❄ ❁■✾❊❈❏ ❍✾❉✿❊❀❄ ❆❁ ❉ ❆✼❧ ♦❊✼❍❀✻✾✼❁
P (ti, ·, Qti)

❆❁ ❄❈❄❉ ❄✼❀❁ ✻✼ ❀■❄ ❁❄❀ A ❑
➂ ✾✺❄④❄❇ ❂ ❀■✻❁ ❈❆❀❀❄❇ ❍❆✼ ❋ ❄ ♣❊✻❀❄ ❈❆❇✽❄ ✇❁❄❄ ❛❜❆❉✿❈❄ ✃② ❂ ❆✼❏ ❀■❊❁ ❉❊❍■ ❀✻❉ ❄ ❍✾✼❁❊❉ ✻✼✽ ❑
✈■✻❁ ✻❁ ❆✼ ✻✼■❄❇❄✼❀ ❏❇❆✺❋❆❍♠ ✾♦ ❀■✻❁ ❆✿✿❇✾❆❍■ ❆✼❏ ❆❁ ✺❄ ✺ ✻❈❈ ❈❆❀❄❇ ❁❄❄ ❂ ✺❄ ❏✾ ✼✾❀ ❉ ❄❄❀
❀■❄❁❄ ✻❁❁❊❄❁ ✺ ✻❀■ ❀■❄ ❆✿✿❇✾❆❍■❄❁ ❋❆❁❄❏ ✾✼ ✿❆❇❆❉ ❄❀❄❇✻✂❄❏ ❍✾✼❁❊❉✿❀✻✾✼❁ ❑

�✁❳❭✁ ❲✱ ✁ ✂❽❶➃⑩✝❻❾ ❹ ➃➄❽❾❹❷ ❻ ➅❽❶➄❾❹➅➄ ⑨✠ ❻❾❻✆ ➄✠ ❻ ⑩❶⑩➄⑩❹ ✟ ✟❻☞❻✟ ❽✄ ❷ ❹➃ ⑩➃ ✍✄ ✄❶⑩➄➃✆ ➄✠ ❻
✡ ❹☎ ⑩✡ ✄✡ ✞ ❽➃➃⑩✌✟❻ ☞❽ ✟✄✡ ❻ ⑩➃ ✂☎ ✄❶⑩➄➃ ❹❶✝ ➄✠ ❻ ✆ ❶❹ ✟ ☞❽ ✟✄✡ ❻ ➅❹❶ ➄❹❺ ❻ ❹❶➀ ☞❹ ✟✄ ❻ ✌❻➄⑨ ❻❻❶ ✂



�✁✂✄✂☎✆ ✝✞ ✟✠✂☎✆ ✝✡ ☛✂✝☎☞ ✌ ✍ ✎ ✏✑✒✒✓✒✑✔✕✖✗✓✘✓ ✙ ✚ ✎ ✏✓✒✛✓✒✓✗ ✙ ✍ ✎ ✜✢✖✖✑✣ ✙ ✕ ✎ ✤✢✥✓✗ ✙ ✦ ✎ ✧✓★✩✢✪ ✙ ✫ ✎ ✧✪✬✢✖ ✙ ✜ ✎ ✫✓✥✢✪✣✔✭✑✣★✓ ✃❫

✄❶⑩➄➃ ❹❶✝ ✍ ✄ ✄❶⑩➄➃ ✡ ❸✠ ❻ ➃❻➄ A ❾❻✞ ❾❻➃❻❶ ➄❻✝ ❽❶ ✌ ⑩❷✄❾❻ �✆ ❷ ⑩☞❻➃ ❹❶ ⑩✝❻❹ ❹✌❽✄ ➄ ➄✠ ❻ ➅❽✡✞ ✟❻☎ ⑩➄➀ ✡
❸✠ ❻ ✝❹⑩✟➀ ⑩❶✁ ❻➅➄⑩❽❶ ➅❹✞ ❹➅⑩➄➀ ⑩➃ ❽❶❻ ✄❶⑩➄ ✞ ❻❾ ❻☎ ❻❾➅⑩➃ ❻ ⑨✠ ❻❾❻❹➃ ➄✠ ❻ ⑨ ⑩➄✠✝❾❹⑨❹ ✟ ➅❹✞❹➅⑩➄➀ ⑩➃
➄⑨ ❽ ✄❶⑩➄➃ ✡ ☛❻ ➅❽❶➃⑩✝❻❾ ⑩❶ ➄✠ ⑩➃ ❻☎ ❹✡✞ ✟❻ ✂✄ ✞❽➃➃⑩✌✟❻ ❻☎ ❻❾➅⑩➃❻ ✝❹➄❻➃ ✡ ✂ ❻❾❻✆ qti ➅❹❶ ➄❹❺❻ ❹❶➀
⑩❶➄❻❷ ❻❾ ☞❹ ✟✄❻ ✌❻➄⑨ ❻❻❶ ❼✂ ❹❶✝ ✍✡ ☛❻ ➅❹❶ ➀❻➄ ➃✞ ❻❻✝ ✄✞ ➄✠ ❻ ❾❻➃❽ ✟✄ ➄⑩❽❶ ⑩✄ ⑨❻ ✄ ✄❾➄✠ ❻❾ ❹➃➃✄✡ ❻
➄✠❹➄ ➄✠ ❻ ➅❽❶➃✄✡✞ ➄⑩❽❶ ⑩➃ ❽✄ ✌❹❶❷ ❼✌❹❶❷ ➄➀✞ ❻ ✟➃❻❻ ❸✠ ❻❽❾❻✡ � ✡✍ ✌❻✟❽⑨✠ ✡ ✂❶ ➄✠ ⑩➃ ➅❹➃❻✆ ⑨❻ ➅❹❶
➃⑩✡✞ ✟➀ ➄❹❺❻ ∆q = qmax − qmin ✡

☎ ✻✽❊❇❄ ❴ s ✹❀❆❀❄❁ ✺■❄❇❄ ❀■❄ ✿❇✻❍❄ ♦❊✼❍❀✻✾✼
P (ti, Qti , ·)

❁■✾❊❈❏ ❋ ❄ ❍✾❉✿❊❀❄❏

✈✾ ❍✾❉✿❈❄❀❄ ❀■❄ ❇❄❁✾❈❊❀✻✾✼ ✾♦ ❀■❄ ❏❧✼❆❉ ✻❍ ✿❇✾✽❇❆❉❉ ✻✼✽ ❄♣❊❆❀✻✾✼ ✇✮ ❑❪② ❂ ✺❄ ❏❄④❄❈✾✿ ✻✼ ❀■❄
❁❄♣❊❄❈ ❀✺✾ ❏✻♥ ❄❇❄✼❀ ❁❀❇❆❀❄✽✻❄❁ ❑

✃ ❑ ☞ ❁✻✼✽ ❆ ❀❇✻✼✾❉ ✻❆❈ ❀❇❄❄ ❀✾ ❏❄❁❍❇✻❋ ❄ ❀■❄ ❄④✾❈❊❀✻✾✼ ✾♦
(Fti)0≤i≤N

❑ q❀ ❈❄❆❏❁ ❀✾ ❀■❄ ❁✾●
❍❆❈❈❄❏ ♦✾❇❄❁❀ ✾♦ ❀❇❄❄❁ ❆❈✽✾❇✻❀■❉ ✇❁❄❄ ➇❆❇✻●➇❆④❆❁❁❆✼✻ ❂ ✹✻❉ ❍■✻ ❆✼❏ ➈❆❇❄ ✇✮❫❫ ✃② ➆ t❆✻❈❈❄❀ ❂
✉ ✾✼✼ ❆✼❏ ✈✾❉✿❆✻❏✻❁ ✇✮❫❫① ②② ❑

✮ ❑ ☞ ❁✻✼✽ ❃ ✾✼❀❄ ❅❆❇❈✾ ❁✻❉❊❈❆❀✻✾✼❁ ✾♦
(Fti)0≤i≤N

❂ ✺■✻❍■ ❆❇❄ ❉❊❍■ ❉✾❇❄ ❆❏❆✿❀❄❏ ❀✾
❉❊❈❀✻●♦❆❍❀✾❇ ❉ ✾❏❄❈❁ ❑ ✈■❄❧ ❄✼❆❋❈❄ ❀✾ ❍✾❉✿❊❀❄ ❍✾✼❏✻❀✻✾✼❆❈ ❄❜✿ ❄❍❀❆❀✻✾✼❁ ✻✼④✾❈④❄❏ ✻✼
✇✮ ❑❪② ✇✺ ✻❀■ ❆✼✾❀■❄❇ ❇❄✿❇❄❁❄✼❀❆❀✻✾✼ ② ❊❁✻✼✽ ❇❄✽❇❄❁❁✻✾✼ ❀❄❍■✼✻♣❊❄❁ ✇❆✼❆❈✾✽✾❊❁ ❀✾ ❀■❄
➇✾✼✽❁❀❆♥●✹❍■✺❆❇❀✂ ❆✿✿❇✾❆❍■ ✇✮❫❫ ✃② ♦✾❇ ❵❄❇❉❊❏❆ ✾✿❀✻✾✼❁② ❑ ✈■✻❁ ❆✿✿❇✾❆❍■ ■❆❁ ✼✾❀
❋ ❄❄✼ ❊❁❄❏ ✻✼ ❀■❄ ❄❜✻❁❀✻✼✽ ❈✻❀❄❇❆❀❊❇❄ ✾✼ ✹✺ ✻✼✽ ✾✿❀✻✾✼❁ ❑



�✁✂✄✂☎✆ ✝✞ ✟✠✂☎✆ ✝✡ ☛✂✝☎☞ ✌ ✍ ✎ ✏✑✒✒✓✒✑✔✕✖✗✓✘✓ ✙ ✚ ✎ ✏✓✒✛✓✒✓✗ ✙ ✍ ✎ ✜✢✖✖✑✣ ✙ ✕ ✎ ✤✢✥✓✗ ✙ ✦ ✎ ✧✓★✩✢✪ ✙ ✫ ✎ ✧✪✬✢✖ ✙ ✜ ✎ ✫✓✥✢✪✣✔✭✑✣★✓ ✃✃

✠ ✡� ✁✚✌✓☞✎ ✚ ✎ ✎✌✓✓☞

❖ ✂✂ ✂✁ ✄ ✱✷❚✵❨✁❯❨✴❬ ✴ ☎ ❯✆✱ ❳❲✝✴✵❨❯✆❭

q✼ ❈✻✽■❀ ✾♦ ✇✮ ❑�② ❂ ✺❄ ✼❄❄❏ ❀✾ ❍✾✼❁❀❇❊❍❀ ❆ ❀❇✻✼✾❉ ✻❆❈ ❀❇❄❄ ❂ ✻✼ ✾❇❏❄❇ ❀✾ ❏❄❁❍❇✻❋ ❄ ■✾✺
(Xti)0≤i≤N

✇❆✼❏ ❀■❄❇❄♦✾❇❄
(Fti)0≤i≤N

② ❄④✾❈④❄❁ ❑ ➈❄ ❋❇✻❄⑤❧ ❇❄❉ ✻✼❏ ❀■❄ ❍✾✼❁❀❇❊❍❀✻✾✼ ✾♦ ❁❊❍■ ❆ ❀❇❄❄ ✇♦✾❇
❏❄❀❆✻❈❁ ❂ ❁❄❄ ➇❆❇✻●➇❆④❆❁❁❆✼✻ ❂ ✹✻❉ ❍■✻ ❆✼❏ ➈❆❇❄ ✇✮❫❫ ✃②② ❑ ❛❆❍■ ✼✾❏❄ ❍❆✼ ❄✻❀■❄❇ ✽✾ ❊✿ ❂ ✾❇ ✽✾
❏✾✺✼ ✾❇ ❄④❄✼ ❁❀❆❧ ✻✼ ❀■❄ ❁❆❉ ❄ ✿■❧❁✻❍❆❈ ❁❀❆❀❄ ❑ ✈■❇❄❄ ♠✻✼❏❁ ✾♦ ❋❇❆✼❍■❄❁ ❆❇❄ ❀■❄✼ ❆④❆✻❈❆❋❈❄
❀✾ r❀ ❀■❄ ❉ ❄❆✼●❇❄④❄❇❀✻✼✽ ❋ ❄■❆④✻✾❇ ✾♦

X
❑ ✹❄❄ ☎ ✻✽❊❇❄

4
❂ ✺■❄❇❄ ❍❆❁❄ ✮ ❆✼❏ ❴ ❍✾❇❇❄❁✿ ✾✼❏

❇❄❁✿ ❄❍❀✻④❄❈❧ ❀✾ ❀■❄ ❀✾✿ ❆✼❏ ❀■❄ ❋ ✾❀❀✾❉ ✾♦ ❀■❄ ❀❇✻✼✾❉ ✻❆❈ ❀❇❄❄ ❑ ✈■❄ ❁✿❆❍✻✼✽ ❋ ❄❀✺❄❄✼ ✼✾❏❄❁

☎ ✻✽❊❇❄ ① s ✝✼ ❀■❄ ❈❄♦❀ ❂ ❀■❇❄❄ ✿ ✾❁❁✻❋ ❈❄ ❋❇❆✼❍■❄❁ ❑ ✝✼ ❀■❄ ❇✻✽■❀ ❂ ❀❇✻✼✾❉ ✻❆❈ ❀❇❄❄ ❑

✻❁ ❄♣❊❆❈ ❀✾
σ
√

3∆t

❂ ✺■❄❇❄
∆t

❏❄✼✾❀❄❁ ❀■❄ ❏✻❁❍❇❄❀✻✂❆❀✻✾✼ ❀✻❉ ❄ ❁❀❄✿ ❑ ✈❆❋❈❄ ✃ ✽✻④❄❁ ❀■❄
✿❇✾❋❆❋✻❈✻❀✻❄❁ ✾✼ ❄❆❍■ ❆❈❀❄❇✼❆❀✻④❄ ❋❇❆✼❍■✻✼✽ ❑ ✈■❄❁❄ ❈❆❀❀❄❇❁ ❆❇❄ ❍✾❉✿❊❀❄❏ ✻✼ ✾❇❏❄❇ ❀✾ ❉ ❆❀❍■
❀■❄ r❇❁❀ ❀✺✾ ❉ ✾❉ ❄✼❀❁ ❂ ❆✼❏ ❀■❄✻❇ ❁❊❉ ✻❁ ✼❆❀❊❇❆❈❈❧ ❄♣❊❆❈ ❀✾ ✾✼❄ ❑ ③ ❁ ✿❇✾❋❆❋✻❈✻❀✻❄❁ ❉❊❁❀ ✼✾❀
❋ ❄ ✼❄✽❆❀✻④❄ ❂ ✺❄ ❏❄❏❊❍❄ ❀■❆❀ ✼❄❍❄❁❁❆❇✻❈❧

jmax =
⌈

0.184
α∆t

⌉ ❂ ❆✼❏ ❀■✻❁ ❋ ✾❊✼❏❁ ❀■❄ ❀❇❄❄ ✟❁ ✺ ✻❏❀■
❁✻✼❍❄

j ∈ [−jmax, jmax]
❑ ✞ ❄✼✾❀❄ ❋❧

X
j
ti

❀■❄ ④❆❈❊❄ ✾♦
Xti

✾✼ ✼✾❏❄
j

✻✼ ❀■❄ ❀❇✻✼✾❉ ✻❆❈ ❀❇❄❄ ❂ ❆✼❏

❅❆❁❄ ✃ ❅❆❁❄ ✮ ✇
j = jmax

② ❅❆❁❄ ❴ ✇
j = −jmax

②

pup
1
6 − 1

2αj∆t + 1
2 [αj∆t]

2 7
6 − 3

2αj∆t + 1
2 [αj∆t]

2 1
6 + 1

2αj∆t + 1
2 [αj∆t]

2

pmiddle
2
3 − [αj∆t]

2 −1
3 + 2αj∆t − [αj∆t]

2 −1
3 − 2αj∆t − [αj∆t]

2

pdown
1
6 + 1

2αj∆t + 1
2 [αj∆t]

2 1
6 − 1

2αj∆t + 1
2 [αj∆t]

2 7
6 + 3

2αj∆t + 1
2 [αj∆t]

2

✈❆❋❈❄ ✃ s ✁ ❇✾❋❆❋✻❈✻❀✻❄❁ ❏❄✿ ❄✼❏✻✼✽ ✾✼ ❀■❄ ④❄❇❀✻❍❆❈ ✿ ✾❁✻❀✻✾✼
j

✻✼ ❀■❄ ❀❇❄❄ ❑
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❋❧
Lti

❀■❄ ✼❊❉❋ ❄❇ ✾♦ ✼✾❏❄❁ ❆❀ ❀✻❉ ❄
ti

❑ ✈✾ ❄❆❍■ ✿ ✾✻✼❀ (
ti, Q

jti
ti

)

jti
=1,...,Mti

✾✼ ❀■❄ ✽❇❆✿■✻❍ ❂

❍✾❇❇❄❁✿ ✾✼❏❁ ❆ ❇❆✼✽❄ (
X

j
ti

)

j=1,...,Lti

✾♦ ✼✾❏❄❁ ✻✼ ❀■❄ ❀❇❄❄ ✇❆❀ ❀✻❉ ❄
ti

② ❑ ☎✾❇❉❊❈❆ ✇✮ ❑�② ✽✻④❄❁ ❀■❄

❍✾❇❇❄❁✿ ✾✼❏✻✼✽ ❁✿ ✾❀ ✿❇✻❍❄❁ ✾♦ ✽❆❁ (
F

j
ti

)

j=1,...,Lti

❑ ❅✾✼❁✻❏❄❇ ✼✾✺ ❀■❄ ❆❈✽✾❇✻❀■❉ ♦✾❇ ❀■❄ ♦✾❇❄❁❀
✾♦ ❀❇❄❄❁ ❑ ❵❧ ❛♣❊❆❀✻✾✼ ✇✮ ❑❪② ❂ ❀■❄ ✿❇✻❍❄

P (t0, F
1
t0
, Q1

t0
)

✾♦ ❀■❄ ✾✿❀✻✾✼ ✻❁ ❍✾❉✿❊❀❄❏ ❋❆❍♠✺❆❇❏❁
✻✼ ❀■❄ ♦✾❇❄❁❀ ❂ ✻✼ ❀■❄ ♦✾❈❈✾✺ ✻✼✽ ✺❆❧❑

• �❬❨❯❨❳ ❲❨✁❳❯❨✴❬ ❑ ❅✾❉✿❊❀❄ ❀■❄ ❀❄❇❉ ✻✼❆❈ ④❆❈❊❄❁
P (tN , F

j
tN
, Qk

tN
)

♦✾❇
j = 1, . . . , LtN

❆✼❏

k = 1, . . . ,MtN

❑

• �❯✱✵❳❯❨✴❬ ❑ ③ ❁❁❊❉ ❄ ✼✾✺ ❀■❆❀ ❀■❄ ④❆❈❊❄❁
P (ti+1, F

j
ti+1

, Qk
ti+1

)
♦✾❇

j = 1, . . . , Lti+1

❆✼❏

k = 1, . . . ,Mti+1

❆❇❄ ♠✼✾✺✼ ❑ ➂❄✼❍❄ ❂ ♦✾❇ ❄❆❍■ ✿ ✾❁❁✻❋ ❈❄ ❍❊❉❊❈❆❀✻④❄ ④✾❈❊❉ ❄ (
ti, Q

k
ti

) ✺✻❀■
❆ ❁✿ ✾❀ ✿❇✻❍❄ ❄♣❊❆❈ ❀✾

F
j
ti

❂ ✺❄ ❍✾❉✿❊❀❄ ❀■❄ ④❆❈❊❄
Ψti(q, F

j
ti
, Qk

ti
)+E(P (ti+1, Fti+1

, Qk
ti

+

q)|F j
ti
)
❂ ♦✾❇ ❆✼❧

q
✻✼

Adm(ti, Q
k
ti
)
❂ ❊❁✻✼✽ ❀■❄ ✿❇✾❋❆❋✻❈✻❀✻❄❁ ✻✼ ❀■❄ ❀❇❄❄ ✇❁❄❄ ✈❆❋❈❄ ✃② ❑

✈■❄ ❉ ❆❜✻❉❊❉ ✾④❄❇
q

✽✻④❄❁
P (ti, F

j
ti
, Qk

ti
)
❑

✈■❄✼ ❂ ✻❀❄❇❆❀✻✼✽ ❀✻❈❈ ❀✻❉ ❄
t0

✿❇✾④✻❏❄❁ ❀■❄ ✿❇✻❍❄ ✾♦ ❀■❄ ❍✾✼❀❇❆❍❀ ❑

❖ ✂✂ ✂❖ ✂◗❭✱✵❨❚❳❲ ✵✱✷◗❲❯✷
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�✁❳❭✁ ❲✱ ✁ ✸ ◆✳ ❨❬✝ ❚✴❬❯✵❳❚❯ ✂ ✈■❄ ④❆❈❊❄❁ ✾♦ ✿❆❇❆❉ ❄❀❄❇❁ ❆❇❄ ❁❄❀ ❀✾ ❀■✾❁❄ ✾♦ ❅❆❁❄ ✃ ❑ q✼
❀■❄ ❀❆❋❈❄ ❋ ❄❈✾✺ ❂ ❋ ✾❀■ ♦✾❇✺❆❇❏ ❍❊❇④❄❁ ❆❇❄ ❍✾✼❁✻❏❄❇❄❏ ❑ ✈✾ ■❆④❄ ❍✾❉✿❆❇❆❋❈❄ ❇❄❁❊❈❀❁ ✺ ✻❀■
❏✻♥ ❄❇❄✼❀ ❍✾✼❁❊❉✿❀✻✾✼ ♦❇❄♣❊❄✼❍✻❄❁ ❂ ✺❄ ❆❏⑦❊❁❀

qmin
❆✼❏

qmax
❑ ☎✾❇ ✻✼❁❀❆✼❍❄ ❂ ✺ ✻❀■ ❆ ✺❄❄♠❈❧

❍✾✼❁❊❉✿❀✻✾✼ ❂ ✺❄ ❁❄❀
qmin = 0

❆✼❏
qmax = 6 × 7

❑
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✮ ❏❆❧❁ ✮�❫① ①�❫�
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➈❄ ✼❄❄❏ ❀✾ ❁✻❉❊❈❆❀❄
NMC

✻✼❏❄✿ ❄✼❏❄✼❀ ❇❄❆❈✻✂❆❀✻✾✼❁ ✾♦
F = (Fti)0≤i≤N

❑ ✈✾ ❏✾ ❁✾ ❆✼❏
✻✼ ④✻❄✺ ✾♦ ✇✮ ❑�② ❂ ✻❀ ❁❊✆ ❍❄❁ ❀✾ ❁✻❉❊❈❆❀❄

(Xti)0≤i≤N

❂ ✺■✻❍■ ❍❆✼ ❋ ❄ ❏✾✼❄ ❋❧ ✺❇✻❀✻✼✽
Xti =

σe−ati
∑i−1

j=0 gj

❂ ✺■❄❇❄
gj =

∫ tj+1

tj
eαudWu

❑ ✈■❄✼ ❂ ❁✻✼❍❄
(gj)j

❆❇❄ ✻✼❏❄✿ ❄✼❏❄✼❀ ☛❆❊❁❁✻❆✼
❇❆✼❏✾❉ ④❆❇✻❆❋❈❄❁ ✺ ✻❀■ ❆ ✂❄❇✾ ❉ ❄❆✼ ❆✼❏ ❆ ④❆❇✻❆✼❍❄ ❄♣❊❆❈ ❀✾ ∫ tj+1

tj
e2αudu = e

2αtj+1−e
2αtj

2α

❂
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❈❄♦❀ ❂ ✺ ✻❀■ ❆ ⑤❆❀ ♦✾❇✺❆❇❏ ❍❊❇④❄ ❑ ✝✼ ❀■❄ ❇✻✽■❀ ❂ ✺ ✻❀■ ❀■❄ ❇❄❆❈ ♦✾❇✺❆❇❏ ❍❊❇④❄ ✾♦ ☎ ✻✽❊❇❄ ✃ ❑

❀■❄ ❁✻❉❊❈❆❀✻✾✼ ✾♦
(Xti)0≤i≤N

✻❁ ❁❀❆✼❏❆❇❏ ❑ ⑥✾❀❄ ❀■❆❀ ❆✼ ❄❜❀❄✼❁✻✾✼ ❀✾ ❉❊❈❀✻●♦❆❍❀✾❇ ❉ ✾❏❄❈❁
✻❁ ❁❀❇❆✻✽■❀♦✾❇✺❆❇❏ ✺ ✻❀■ ❀■✻❁ ❆✿✿❇✾❆❍■ ✇❄④❄✼ ✻♦ ✺❄ ❏✾ ✼✾❀ ✿❇❄❁❄✼❀ ❇❄❈❆❀❄❏ ❇❄❁❊❈❀❁ ■❄❇❄② ❑

➈❄ ✼✾✺ ❄❜✿❈❆✻✼ ■✾✺ ❀■❄ ❆❈✽✾❇✻❀■❉ ✻❁ ❏❄④✻❁❄❏ ❑ ✝✼❍❄ ❀■❄ ✾✿❀✻❉ ❆❈ ❍✾✼❁❊❉✿❀✻✾✼
q
∗,m
ti

♦✾❇
❀■❄

m
●❀■ ✿❆❀■ ❏❄❀❄❇❉ ✻✼❄❏ ❂ ❀■❄ ✿❇✻❍❄ ✻❁ ❍✾❉✿❊❀❄❏ ④✻❆ ❆ ❃✾✼❀❄ ❅❆❇❈✾ ❆✿✿❇✾❜ ✻❉ ❆❀✻✾✼ ✾♦ ❀■❄

♦✾❇❉
1

NMC

NMC∑

m=1

[N−1∑

i=0

Ψti(q
∗,m
ti

, Fm
ti
, Q

∗,m
ti

) + PT (Fm
T , Q

∗,m
T )

]
.

☎✾❇ ❀■✻❁ ❂ ✺❄ r❇❁❀ ■❆④❄ ❀✾ r✼❏ ❆❀ ❆✼❧ ✽✻④❄✼ ❏❆❀❄
ti

❂ ❀■❄ ✾✿❀✻❉ ❆❈ ❁❀❇❆❀❄✽❧ ♦✾❇ ❆❈❈ ❁✻❉❊❈❆❀❄❏
✿❆❀■❁

(Fm)1≤m≤NMC

❆✼❏ ❆❈❈ ❆❏❉ ✻❁❁✻❋ ❈❄ ❍❊❉❊❈❆❀✻④❄ ❍✾✼❁❊❉✿❀✻✾✼❁
Q

✇✻ ❑❄ ❑
(ti, Q) ∈ A② ❑ ➈❄

❀■❄❇❄♦✾❇❄ ✼❄❄❏ ❀✾ ❉ ❄❆❁❊❇❄ ❀■❄ ♣❊❆✼❀✻❀❧

R(ti, F,Q+ q) = E
( N−1∑

j=i+1

Ψtj (q
∗
tj
, Ftj , Q

∗
tj

) + PT (FT , Q
∗
T )|Fti = F,Qti+1

= Q+ q
)
,

✺■❄❇❄
(q∗tj )j>i

❏❄✼✾❀❄❁ ❀■❄ ✾✿❀✻❉ ❆❈ ❍✾✼❀❇✾❈ ❆❀ ❀✻❉ ❄
tj

❆✼❏
(Q∗

tj
)j>i

❀■❄ ❍✾❇❇❄❁✿ ✾✼❏✻✼✽ ❍❊●
❉❊❈❆❀❄❏ ❍✾✼❁❊❉✿❀✻✾✼ ❑ ✈■✻❁ ✻❁ ❀■❄ ❋ ❄❁❀ ❄❜✿ ❄❍❀❄❏ ❇❄❀❊❇✼ ♦❇✾❉ ❏❆❀❄

ti+1
❀✻❈❈ ❀■❄ ❄✼❏ ✾♦

❀■❄ ❍✾✼❀❇❆❍❀ ❑ ③ ❁❁❊❉ ❄ ❂ ♦✾❇ ❆ ✺■✻❈❄ ❂ ❀■❆❀
R(ti, F,Q + q)

✻❁ ✼❊❉ ❄❇✻❍❆❈❈❧ ❆✿✿❇✾❜✻❉ ❆❀❄❏ ❋❧

R̂(ti, F,Q + q)
❂ ❊❁✻✼✽

NMC

❃✾✼❀❄ ❅❆❇❈✾ ❁✻❉❊❈❆❀✻✾✼❁ ❑ ✈■❄✼ ❀■❄ ✾✿❀✻❉ ❆❈ ❁❀❇❆❀❄✽❧❂ ❆❀ ❀✻❉ ❄

ti
❂ ♦✾❇ ❀■❄

m
●❀■ ✿❆❀■ ❆✼❏ ❀■❄ ❆❏❉ ✻❁❁✻❋ ❈❄ ❍❊❉❊❈❆❀✻④❄ ❍✾✼❁❊❉✿❀✻✾✼

Q
✻❁ ❏❄❀❄❇❉ ✻✼❄❏ ❋❧ s

q∗ti(F
m
ti
, Q) = arg max

q∈Adm(ti,Q)

[
Ψti(q, F

m
ti
, Q) + R̂(ti, F

m
ti
, Q+ q)

]
.

➂❄✼❍❄ ❂ ❋❧ ❄❁❀✻❉ ❆❀✻✼✽ ❀■❄ ❍✾✼❏✻❀✻✾✼❆❈ ❄❜✿ ❄❍❀❆❀✻✾✼
R(ti, F,Q + q)

♦✾❇ ❄❆❍■ ❏❆❀❄ ❆✼❏ ❄❆❍■
✿ ✾❁❁✻❋ ❈❄ ❍❊❉❊❈❆❀✻④❄ ❍✾✼❁❊❉✿❀✻✾✼

Q
❂ ❀■❄ ✾✿❀✻❉ ❆❈ ❄❜❄❇❍✻❁❄ ❁❀❇❆❀❄✽❧ ✻❁ ❍✾❉✿❈❄❀❄❈❧ ❁✿ ❄❍✻r❄❏
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❆❈✾✼✽ ❄❆❍■ ✿❆❀■ ❑ ☎✾❈❈✾✺ ✻✼✽ ❀■❄ ➇✾✼✽❁❀❆♥●✹❍■✺❆❇❀✂ ❉❄❀■✾❏✾❈✾✽❧❂ ✺❄ r❜
(ti, Q)

❆✼❏ ❆✿✿❇✾❜●
✻❉ ❆❀❄ ❀■❄ ❇❆✼❏✾❉ ④❆❇✻❆❋❈❄

R(ti, Fti , Q)
❆❁ ❀■❄

L2
●✿❇✾⑦ ❄❍❀✻✾✼ ✾♦ ∑N−1

j=i+1 Ψtj (q
∗
tj
, Ftj , Q

∗
tj

) +

PT (FT , Q
∗
T )

❂ ✾✼ ❀■❄ ❁✿❆❍❄ ❁✿❆✼✼❄❏ ❋❧ ❆ ❁❄❀ ✾♦ ❁❄❈❄❍❀❄❏ ❋❆❁✻❁ ♦❊✼❍❀✻✾✼❁
[Φl(Fti)]0≤l≤L

❑ q❀
❈❄❆❏❁ ❀✾

R̂(ti, F,Q) =
∑L

l=0 α̂l(ti, Q)Φl(F )
❂ ✺■❄❇❄ ❀■❄ ❍✾ ❄✆ ❍✻❄✼❀❁

[α̂l(ti, Q)]0≤l≤L

❁✾❈④❄ ❀■❄
❈❄❆❁❀●❁♣❊❆❇❄❁ ✿❇✾❋❈❄❉

arg min
(αl)l

NMC∑

m=1




N−1∑

j=i+1

Ψtj (q
∗,m
tj

, Fm
tj
, Q

∗,m
tj

) + PT (Fm
T , Q

∗,m
T ) −

L∑

l=0

αlΦl(F
m
ti

)




2

✺✻❀■ ❆✼ ✻✼✻❀✻❆❈ ❍✾✼❁❊❉✿❀✻✾✼
Qti+1

= Q+ q
❑ �❆❇✻✾❊❁ ❉ ❄❀■✾❏❁ ❆❇❄ ❆④❆✻❈❆❋❈❄ ❀✾ ❁✾❈④❄ ✼❊❉ ❄❇●

✻❍❆❈❈❧ ❀■✻❁ ✿❇✾❋❈❄❉ ❂ ❏❄✿ ❄✼❏✻✼✽ ✾✼ ❀■❄ ④✾❈❆❀✻❈✻❀❧ ❆✼❏ ❀■❄ ❄❜❄❇❍✻❁❄ ♦❇❄♣❊❄✼❍❧❑ ☎✾❇ ❆ ✽❄✼❄❇❆❈
❇❄♦❄❇❄✼❍❄ ✾✼ ❈❄❆❁❀●❁♣❊❆❇❄❁ ✿❇✾❋❈❄❉ ❁ ❂ ❁❄❄ ☛✾❈❊❋ ❆✼❏ �❆✼ ➇✾❆✼ ✇✃❪❪�② ❑ q❀❄❇❆❀✻✼✽ ❀■❄ ✿❇✾ ❍❄●
❏❊❇❄ ❂ ✺❄ ✾❋❀❆✻✼ ❋❆❍♠✺❆❇❏❁ ❆✼ ❆✿✿❇✾❜✻❉ ❆❀✻✾✼

q∗ti(F
m
ti
, Q)

❆❈✾✼✽ ❆❈❈ ❁✻❉❊❈❆❀❄❏ ✿❆❀■❁ ❆✼❏ ❆❈❈
✿ ✾❁❁✻❋ ❈❄ ❍❊❉❊❈❆❀✻④❄ ❍✾✼❁❊❉✿❀✻✾✼❁ ❑ ✈■❄ ✿❇✻❍❄ ✾♦ ❀■❄ ❍✾✼❀❇❆❍❀ ❄❆❁✻❈❧ ♦✾❈❈✾✺ ❁ ❑

❖ ✂☛ ✂❖ ✂◗❭✱✵❨❚❳❲ ✵✱✷◗❲❯✷

✈■❄ ✿❇✻❍✻✼✽ ■❆❁ ❋ ❄❄✼ ✿ ❄❇♦✾❇❉ ❄❏ ✺ ✻❀■ ➁❫❫❫ ❁✻❉❊❈❆❀✻✾✼❁ ✇✿❈❊❁ ❆✼❀✻❀■❄❀✻❍② ❂ ✺ ✻❀■ ❀■❄ r❇❁❀ ♦✾❊❇
❍❆✼✾✼✻❍❆❈ ✿ ✾❈❧✼✾❉ ✻❆❈❁ ✇

Φ(x) = xi ❂ 0 ≤ i ≤ 3
② ❆✼❏ ✺ ✻❀■ ④❆❇✻✾❊❁ ❍✾✼❁❊❉✿❀✻✾✼ ♦❇❄♣❊❄✼❍✻❄❁ ❑

➈❄ ■❆④❄ ✼✾❀ ❇❄✿ ✾❇❀❄❏ ❆✼❧ ❇❄❁❊❈❀ ♦✾❇ ✿ ❄❇✻✾❏❁ ❁❉ ❆❈❈❄❇ ❀■❆✼ ① ❏❆❧❁ ❂ ❁✻✼❍❄ ❀■❄ ❇❄❁✾❈❊❀✻✾✼ ✾♦
❀■❄ ❈❄❆❁❀●❁♣❊❆❇❄❁ ✿❇✾❋❈❄❉ ❁ ❊❁❊❆❈❈❧ ✽❄✼❄❇❆❀❄❁ ✻✼❁❀❆❋✻❈✻❀✻❄❁ ♦✾❇ ❁❉ ❆❈❈ ✻✼ ✻❀✻❆❈ ❀✻❉ ❄❁

ti
❑

�✁❳❭✁ ❲✱ ✁ ✸ ◆✳ ❨❬✝ ❚✴❬❯✵❳❚❯ ✂ ☎✾❇ ❀■❄ ♦✾❈❈✾✺ ✻✼✽ ❇❄❁❊❈❀❁ ❂ ❀■❄ ❁❀❆❀✻❁❀✻❍❆❈ ❄❇❇✾❇❁ ❏❊❄ ❀✾

❅✾✼❁❊❉✿❀✻✾✼ ✿ ❄❇✻✾❏ ☎ ❈❆❀ ♦✾❇✺❆❇❏ ❍❊❇④❄ ✉❄❆❈ ♦✾❇✺❆❇❏ ❍❊❇④❄
✃➁ ❏❆❧❁ ✮①➁❫ ①① ✃❫
✃❫ ❏❆❧❁ ✮➁ ✃❫ ①①➁❫
➁ ❏❆❧❁ ✮➁�❫ ①①�❫
① ❏❆❧❁ ✮�①❫ ①➁ ✃❫

☎✾❇❄❁❀ ✾♦ ❀❇❄❄❁ ✇❏❆✻❈❧ ✿❊❇❍■❆❁❄② ✮�✃� ①� ✃✃

❃✾✼❀❄ ❅❆❇❈✾ ❁✻❉❊❈❆❀✻✾✼❁ ❆❇❄ ❆❋ ✾❊❀ ✃❫❫ ❊✼✻❀❁ ❆❀ ❀■❄ ❪➁
%

❈❄④❄❈ ❑ ➂ ❄✼❍❄ ❂ ❀■✻❁ ❆✿✿❇✾❆❍■ ✽✻④❄❁
✽✾✾❏ ❇❄❁❊❈❀❁ ❑
�✁❳❭✁ ❲✱ ❖ ✸ ✷❯✴✵❳✝✱ ❚✴❬❯✵❳❚❯ ✂ ✈■❄ ④❆❈❊❄❁ ✾♦ ✿❆❇❆❉ ❄❀❄❇❁ ❆❇❄ ❁❄❀ ❀✾ ❀■✾❁❄ ✾♦ ❅❆❁❄ ✮ ❑ ➈❄
❏✻❇❄❍❀❈❧ ✿❈✾❀ ❀■❄ ❇❄❁❊❈❀❁ ✺ ❑❇ ❑❀ ❑ ❀■❄ ♦❇❄♣❊❄✼❍❧❑
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❅✾✼❍❄❇✼✻✼✽ ❀■❄ ♦❊✼❍❀✻✾✼❁ ❋❆❁✻❁ ❂ ✺❄ ■❆④❄ ✾❋❁❄❇④❄❏ ❀■❆❀ ❀■❄ ✼❊❉ ❄❇✻❍❆❈ ④❆❈❊❄❁ ❆❇❄ ♣❊✻❀❄
✻✼❁❄✼❁✻❀✻④❄ ❀✾ ❀■❄ ✼❊❉❋❄❇ ✾♦ ✿ ✾❈❧✼✾❉ ✻❆❈❁ ♦❇✾❉ ❀■❄ ❉ ✾❉ ❄✼❀ ❀■❆❀ ❀■❄ ❏❄✽❇❄❄ ❴ ✻❁ ❆❍■✻❄④❄❏ ❑
✈■❄ ❁❀❆❀✻❁❀✻❍❆❈ ❄❇❇✾❇ ❏❊❄ ❀✾ ❁✻❉❊❈❆❀✻✾✼❁ ❈✻❉ ✻❀❁ ❆✼❧ ✿ ✾❁❁✻❋ ❈❄ ✻❉✿❇✾④❄❉ ❄✼❀ ✇✺■❄✼ ✺❄ ❀❆♠❄
❉ ✾❇❄ ❋❆❁✻❁ ♦❊✼❍❀✻✾✼❁② ❑
❃ ✾❇❄✾④❄❇ ❂ ✻✼ ✾❊❇ ✼❊❉ ❄❇✻❍❆❈ ❄❜✿ ❄❇✻❉ ❄✼❀❁ ✇❁✻❉ ✻❈❆❇❈❧ ❀✾ ❀■❄ ♦✾❇❄❁❀ ❉ ❄❀■✾❏② ❂ ✻❀ ❆✿✿ ❄❆❇❁ ❀■❆❀ ❀■❄
❍✾✼❁❊❉✿❀✻✾✼ ✻❁ ✾♦ ❋❆✼✽●❋❆✼✽ ❀❧✿ ❄ ❑ ✈✾ ✿❇❄✿❆❇❄ ❀■❄ ❍✾✼✼❄❍❀✻✾✼ ✺ ✻❀■ ❀■❄ ♦❊❇❀■❄❇ ❍✾✼❁❊❉✿❀✻✾✼
✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ❆✿✿❇✾❆❍■ ❂ ✺❄ ✿❈✾❀ ✾✼ ☎ ✻✽❊❇❄ � ❀■❄ ✾✿❀✻❉ ❆❈ ✻✼⑦ ❄❍❀✻✾✼ ❀■❇❄❁■✾❈❏ ♦✾❇ ❀■❄
❁❀✾❇❆✽❄ ❍✾✼❀❇❆❍❀ ✇❁❄❄ ✁❆❇❆✽❇❆✿■ ❴ ❑❴ ❑✃② ❑ ➂ ❄❇❄ ❂ ✺❄ ❀❆♠❄ ❀■❄ ⑤❆❀ ❍❊❇④❄ ❇❄❁❍❆❈❄❏ ❆❀ ❈❄④❄❈ ✃
♦✾❇ ❍✾✼④❄✼✻❄✼❍❄ ❑ ✈■❄ ❀✺✾ r❇❁❀ ❆❜❄❁ ❁❀❆✼❏ ❇❄❁✿ ❄❍❀✻④❄❈❧ ♦✾❇ ❀■❄ ❀✻❉ ❄ ❆✼❏ ❀■❄ ④✾❈❊❉ ❄ ✾♦
❁❀✾❇❄❏ ✽❆❁ ❑ ✈■❄ ❁❊❇♦❆❍❄ ❁■✾✺ ❁ ❀■❄ ❏❄✿ ❄✼❏❄✼❍❄ ✾♦ ❀■❄ ✽❆❁ ✿❇✻❍❄ ✺ ❑❇ ❑❀ ❀■❄ ④✾❈❊❉ ❄ ❆✼❏ ❀■❄
✾✿❀✻❉ ❆❈ ❀✻❉ ❄ ♦✾❇ ✻✼⑦ ❄❍❀✻✾✼ ❑ ⑥✾❀❄ ❀■❆❀ ❀■❄ ✿❇✻❍❄ ♦✾❇ ✺■✻❍■ ✺❄ ■❆④❄ ❀✾ ✻✼⑦ ❄❍❀ ❏❄❍❇❄❆❁❄❁ ❆❁ ❀■❄
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④✾❈❊❉ ❄ ✾♦ ❀■❄ ❁❀✾❇❄❏ ✽❆❁ ✻✼❍❇❄❆❁❄❁ ❑ ➈ ■❄✼ ❀■❄ ❀❆✼♠ ✻❁ ❄❉✿❀❧❂ ✺❄ ✻✼⑦ ❄❍❀ ❆❀ ❹❶➀ ❍✾❁❀ ❑ ✝✼ ❀■❄
❍✾✼❀❇❆❇❧❂ ✺■❄✼ ❀■❄ ❀❆✼♠ ✻❁ ❆❈❉ ✾❁❀ ♦❊❈❈ ❂ ❀■❄ ✿❇✻❍❄ ❉❊❁❀ ❋ ❄ ❉❊❍■ ❈✾✺❄❇ ❀✾ ✻✼⑦ ❄❍❀ ❁✾❉ ❄ ❉✾❇❄
✽❆❁ ❑ ✈■❄❁❄ ✾❋❁❄❇④❆❀✻✾✼❁ ❆❇❄ ✻✼❀❊✻❀✻④❄❈❧ ❁❆❀✻❁♦❧ ✻✼✽ ❑ q❇❇❄✽❊❈❆❇✻❀✻❄❁ ✾♦ ❀■❄ ✾✿❀✻❉ ❆❈ ♦❇✾✼❀✻❄❇ ❆❇❄
❏❊❄ ❀✾ ❁❀❆❀✻❁❀✻❍❆❈ ❄❇❇✾❇❁ ✻✼ ❀■❄ ❃✾✼❀❄ ❅❆❇❈✾ ❆❈✽✾❇✻❀■❉ ❑ ➂✾✺❄④❄❇ ❂ ❀■❄ ✾④❄❇❆❈❈ ❁■❆✿ ❄ ❁❄❄❉ ❁
♣❊✻❀❄ ❁❉ ✾✾❀■ ❑ ✈■❊❁ ❂ ❉ ✾❏❄❈✻✼✽ ❀■✻❁ ✾✿❀✻❉ ❆❈ ♦❇✾✼❀✻❄❇ ✺ ✻❀■ ❆ ❁❉ ✾✾❀■ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ❉ ❆❧
❈❄❆❏ ❀✾ ❄✆ ❍✻❄✼❀ ✿❇✾ ❍❄❏❊❇❄❁ ❑ ✈■✻❁ ✻❁ ❏❄④❄❈✾✿ ❄❏ ✻✼ ❀■❄ ❁❄♣❊❄❈ ❑
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q✼ ❀■✻❁ ❁❄❍❀✻✾✼ ❂ ✺❄ ❏❄④❄❈✾✿ ✼❊❉ ❄❇✻❍❆❈ ✿❇✾❍❄❏❊❇❄❁ ❋❆❁❄❏ ✾✼ ✿❆❇❆❉ ❄❀❄❇✻✂❄❏ ❍✾✼❁❊❉✿❀✻✾✼❁ ❑
✈■❄ ✿❊❇✿ ✾❁❄ ✻❁ ❀✾ ❆④✾✻❏ ❊❁✻✼✽ ❀■❄ ❏❧✼❆❉ ✻❍ ✿❇✾✽❇❆❉❉ ✻✼✽ ❄♣❊❆❀✻✾✼ ✇✮ ❑�② ❂ ✺■✾❁❄ ❇❄❁✾❈❊●
❀✻✾✼ ❍❆✼ ❋ ❄ ❉❊❍■ ❀✻❉ ❄ ❍✾✼❁❊❉ ✻✼✽ ❑ ✈■❄ ❆✿✿❇✾❆❍■ ❋ ❄❈✾✺ ❈❄❆❏❁ ❀✾ ❆❍❍❊❇❆❀❄ ❄❁❀✻❉ ❆❀✻✾✼❁ ✾♦

supq J (q)
❂ ✿❇✾④✻❏❄❏ ❀■❆❀ ❀■❄ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ✻❁ ❇❄❈❄④❆✼❀ ❄✼✾❊✽■ ❑ ✈✾ ❀■✻❁ ❄✼❏ ❂ ✺❄ r❇❁❀

❏❄❀❄❇❉ ✻✼❄ ❁✾❉ ❄ ✻✼❀❇✻✼❁✻❍ ✿❇✾✿ ❄❇❀✻❄❁ ✾♦ ❀■❄ ✾✿❀✻❉ ❆❈ ❍✾✼❁❊❉✿❀✻✾✼ ❂ ✺■✻❍■ ✺ ✻❈❈ ■❄❈✿ ✻✼ ❁❄❀❀✻✼✽
❀■❄ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ❑

� ✡☛ ✠✒✓✚✌✓✎✍✘✖ ✍ ✌✓☞✢ ✍✎☞ ✄ ☎✖✏✑✆☎✖✏✑ ✘✚✏☞✢✗✌✎✍✚✏

➂❄❇❄❆♦❀❄❇ ❂ ✺❄ ❁❀❆❀❄ ❆ ❇❄❉ ❆❇♠❆❋❈❄ ❀■❄✾❇❄❀✻❍❆❈ ❇❄❁❊❈❀ ❍✾✼❍❄❇✼✻✼✽ ❀■❄ ✼❄❍❄❁❁❆❇❧ ✾✿❀✻❉ ❆❈✻❀❧ ❍✾✼●
❏✻❀✻✾✼❁ ❁❆❀✻❁r❄❏ ❋❧ ❀■❄ ✾✿❀✻❉ ❆❈ ❍✾✼❁❊❉✿❀✻✾✼ ❂ ✻✼ ❀■❄ ✹✺ ✻✼✽ ❍✾✼❀❇❆❍❀ ✇✺ ✻❀■ ❆ ✿ ❄✼❆❈❀❧ ❆ ❈✻❀❀❈❄
❁❉ ✾✾❀■❄❇ ❀■❆✼ PT (F,Q) = −AF [Q−Qmin]− −BF [Q−Qmax]+

② ❑ ✈■❄ ✿❇✾✾♦ ✻❁ ❇❄❈❄✽❆❀❄❏
❀✾ ③✿✿ ❄✼❏✻❜ ③ ❑ q❀ ❁❀❆❀❄❁ ❀■❆❀ ❀■❄ ✾✿❀✻❉ ❆❈ ❍✾✼❁❊❉✿❀✻✾✼ ✻❁ ✾♦ ❋❆✼✽●❋❆✼✽ ❀❧✿ ❄ ❊✼❏❄❇ ❁✾❉ ❄
❆❁❁❊❉✿❀✻✾✼❁ ❑ ✈■✻❁ ■❆❁ ❋ ❄❄✼ ✼❊❉ ❄❇✻❍❆❈❈❧ ✾❋❁❄❇④❄❏ ✺ ✻❀■ ❀■❄ ✿❇✾ ❍❄❏❊❇❄❁ ✿❇❄❁❄✼❀❄❏ ❋ ❄♦✾❇❄ ❑

✆✆✱✴✵✱❭ ✂ ✂✁ ✂❽❶➃⑩✝❻❾ ❿ ❾❽✌✟❻✡ ✝ ✇✃ ❑�② ⑨ ⑩➄✠ Ψti(q, F ) = e−rtiq(F − K) ❹❶✝ PT (F,Q) =

−e−rTFP (Q)
✆
P

✌❻⑩❶❷ ❹ ➅❽❶➄⑩❶✄❽✄➃ ✟➀ ✝⑩✞ ❻❾❻❶➄⑩❹✌✟❻ ✄ ✄❶➅➄⑩❽❶ ✡
✂✄ ➄✠ ❻ ✄ ❽ ✟ ✟❽⑨⑩❶❷ ➅❽❶✝⑩➄⑩❽❶ ✠❽ ✟✝➃

P
[
e−rti (Fti −K) + E

(
e−rTFTP

′(Q∗
T )|Fti , Q

∗
ti

)
= 0
]

= 0,
✇❴ ❑✃❫②

✟⑧❻⑨ ❺❾⑦ ➂❺❻⑨④➘⑦ ❶❻⑩❺⑨④❶❺ ➆ ✠⑦ ❾④➇⑦ ⑩❻❺ ➷ ⑦⑦⑩ ④➷❼⑦ ❺❻ ⑥⑦⑨❹➇⑦ ④⑩④❼❻➘❻➈➂ ⑨❹➘❻⑨❻➈➂ ⑨⑦➂➈❼❺➂ ➷ ⑦❶④➈➂⑦ ❻ ✡ ❺❾⑦ ❼④❶☛
❻ ✡ ➂➣ ❻❻❺❾⑩⑦➂➂ ❻ ✡ Ψti

(q, F ) ✠ →⑨ →❺ → q → ☞❻✠⑦➇⑦⑨ ➆ ✡❻⑨➣ ④❼ ❶❻➣➼➈❺④❺❹❻⑩➂ ➂❾❻✠ ❺❾④❺ ❺❾⑦ ❻➼❺❹➣ ④❼ ❶❻⑩➂➈➣➼❺❹❻⑩
⑦➂➂⑦⑩❺❹④❼❼➸ ❺④☛⑦➂ ❺❾⑨⑦⑦ ➇④❼➈⑦➂ {qmin, 0, qmax}.
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➄✠ ❻ ❽✞ ➄⑩✡ ❹ ✟ ➅❽❶➃✄✡✞ ➄⑩❽❶ ❹➄ ➄⑩✡ ❻ ti
⑩➃ ❶ ❻➅❻➃➃❹❾⑩✟➀ ❽✄ ✌❹❶❷ ❼✌❹❶❷ ➄➀✞ ❻ ❹❶✝ ❷ ⑩☞❻❶ ✌➀

q∗(ti, Fti , Q
∗
ti
) =qmax1

e−rti(Fti
−K)+E

“

e−rT FT P ′(Q∗
T

)|Fti
,Q∗

ti

”

>0

+ qmin1
e−rti(Fti

−K)+E

“

e−rT FT P ′(Q∗
T

)|Fti
,Q∗

ti

”

<0
.

❅✾✼❏✻❀✻✾✼ ✇❴ ❑✃❫② ❆✿✿ ❄❆❇❁ ❀✾ ❋ ❄ ■❆❇❏ ❀✾ ❍■❄❍♠ ❁✻✼❍❄ ✻❀ ✻✼④✾❈④❄❁ ❀■❄ ❊✼♠✼✾✺✼ ✾✿❀✻❉ ❆❈ ❍✾✼●
❁❊❉✿❀✻✾✼ ❑ ➂✾✺❄④❄❇ ❂ ✻❀ ❍❆✼ ❋ ❄ ❄❜✿ ❄❍❀❄❏ ✇❄④❄✼ ✻♦ ✺❄ ■❆④❄ ✼✾❀ ❋ ❄❄✼ ❆❋❈❄ ❀✾ ✿❇✾④❄ ✻❀② ❀■❆❀ ♦✾❇

ti < T
❂ ❀■❄ ❈❆✺ ✾♦ ❀■❄ ❇❆✼❏✾❉ ④❆❇✻❆❋❈❄

e−rti (Fti −K) + E
(
e−rTFTP

′(Q∗
T )|Fti , Q

∗
ti

) ■❆❁ ❆
❏❄✼❁✻❀❧ ✺ ❑❇ ❑❀ ❑ ❀■❄ ➇❄❋ ❄❁✽❊❄ ❉ ❄❆❁❊❇❄ ❑ ✈■❄✼ ❂ ❫ ✺ ✻❈❈ ❋ ❄ ❆ ✼❊❈❈ ✿ ✾✻✼❀ ❆✼❏ ❅✾✼❏✻❀✻✾✼ ✇❴ ❑✃❫②
✺ ✻❈❈ ❋ ❄ ❁❆❀✻❁r❄❏ ❑
⑥✾❀❄ ❀■❆❀ ✈■❄✾❇❄❉ ❴ ❑✃ ✻❁ ❁❀❇✾✼✽❈❧ ❇❄❈❆❀❄❏ ❀✾ ❀■❄ ❁❀✾ ❍■❆❁❀✻❍ ❉ ❆❜✻❉❊❉ ✿❇✻✼❍✻✿ ❈❄ ✇✁✾✼❀❇❧❆✽✻✼
✿❇✻✼❍✻✿ ❈❄② ♦✾❇ ✾✿❀✻❉ ❆❈ ❍✾✼❀❇✾❈ ✿❇✾❋❈❄❉ ❁ ❑ ➂✾✺❄④❄❇ ❂ ❀■✻❁ ❈❆❀❀❄❇ ❁❀❇✻❍❀❈❧ ■✾❈❏❁ ✻✼ ❀■❄ ❍✾✼❀✻✼●
❊✾❊❁ ❍❆❁❄ ✇❋ ✾❀■ ✻✼ ❀✻❉ ❄ ❆✼❏ ❁✿❆❍❄② ❑ ✹✻✼❍❄ ❀■❄ ❍❊❉❊❈❆❀✻④❄ ❍✾✼❁❊❉✿❀✻✾✼ ■❆❁ ❆ ❍✾✼❀✻✼❊✾❊❁
❁❀❆❀❄ ❁✿❆❍❄ ❂ ✻❀ ■❆❁ ❋ ❄❄✼ ✿ ✾❁❁✻❋ ❈❄ ❀✾ ❏❄❇✻④❄ ✾✿❀✻❉ ❆❈✻❀❧ ❍✾✼❏✻❀✻✾✼❁ ✻✼ ✾❊❇ ❍✾✼❀❄❜❀ ❑
❃ ✾❇❄✾④❄❇ ❂ ♦✾❇ ❈❄❁❁ ❁❉ ✾✾❀■ ✿ ❄✼❆❈❀✻❄❁ ✾♦ ❀■❄ ♦✾❇❉

P (Q) = −A [Q−Qmin]−−B [Q−Qmax]+
❂

✾✼❄ ❍❆✼ ❄❆❁✻❈❧ ❁❄❄ ❀■❆❀ ❀■❄❇❄ ❆❇❄ ❍❄❇❀❆✻✼ ❇❄✽✻✾✼❁ ✺■❄❇❄ ❀■❄ ❏❄❇✻④❆❀✻④❄ ✾♦ ❀■❄ ❀❄❇❉ ✻✼❆❈ ✿ ❄✼❆❈❀❧
❏✾ ❄❁ ✼✾❀ ❏❄✿ ❄✼❏ ❆✼❧ ❉ ✾❇❄ ✾✼ ❀■❄ ✺■✾❈❄ ❍✾✼❁❊❉✿❀✻✾✼ ❑ ✈■❄ ✿❇✾✿ ✾❁✻❀✻✾✼ ❋ ❄❈✾✺ ❄❜✿❈✻❍✻❀❈❧
❍■❆❇❆❍❀❄❇✻✂❄❁ ❀■❄ ❍✾✼❁❊❉✿❀✻✾✼ ❀■❇❄❁■✾❈❏ ✻✼ ❀■❄❁❄ ❁✿ ❄❍✻❆❈ ❍❆❁❄❁ ❑

� ✵✴✁✴✷❨❯❨✴❬ ✂ ✂❖ ✂❽❶➃⑩✝❻❾ ➄✠ ❻ ⑧⑨⑩❶❷ ➅❽❶➄❾❹➅➄ ✝❻➃➅❾⑩✌❻✝ ✌➀ ✟✍✡☎✠ ✡

✍✡ ✂✄
Qti ∈ [Qmin − qmin (N − i), Qmax − qmax (N − i)]

✆ ➄✠ ❻ ➄❻❾✡ ⑩❶ ❹ ✟ ➅❽❶➃➄❾❹⑩❶ ➄➃ ⑨ ⑩✟ ✟
✌❻ ➃❹➄⑩➃✆ ❻✝ ⑨✠❹➄❻☞❻❾ ✠❹✞✞ ❻❶➃

(QT ∈ [Qmin, Qmax]) ✡ ❸✠ ❻ ➅❽❶➃✄✡✞ ➄⑩❽❶ ➄✠❾❻➃✠❽ ✟✝ ⑩➃
➄✠ ❻❾❻✄ ❽❾❻ ❻✁✄❹ ✟ ➄❽ ➄✠ ❻ ➃➄❾⑩❺ ❻ K ❹❶✝ ➄✠ ❻ ❽✞ ➄⑩✡ ❹ ✟ ➅❽❶➃✄✡✞ ➄⑩❽❶ ➄❹❺❻➃ ➄✠ ❻ ✄ ❽ ✟ ✟❽⑨⑩❶❷ ✄ ❽❾✡
✟➃❻❻ � ❽❶❻ 1

⑩❶ ✌ ⑩❷✄❾❻ ✍✂✠

qti = qmax 1Fti
>K + qmin 1Fti

≤K .

✂ ✡ ✂✄
Qti + qmin (N − i) ≥ Qmax

✆ ⑨❻ ❹❾❻ ➅❻❾➄❹⑩❶ ➄❽ ✌❻ ⑩❶ ❽☞❻❾❼➅❽❶➃✄✡✞ ➄⑩❽❶ ❹➄ ➄✠ ❻
➄⑩✡ ❻ ✠❽❾⑩✁❽❶ ❹❶✝

P ′(QT ) = −A ✡ ❸✠ ❻❶ ✄➃⑩❶❷ ➄✠ ❻ ❾❻✟❹➄⑩❽❶
F (ti, T ) = E (FT |Fti)

✆ ➄✠ ❻
❽✞ ➄⑩✡ ❹ ✟ ➅❽❶➃✄✡✞ ➄⑩❽❶ ⑩➃ ⑩❶ ➄✠ ❻ ✄ ❽❾✡ ❽✄ ✟➅✄ ✡ � ❽❶❻ 2

⑩❶ ✌ ⑩❷✄❾❻ ✍✂✠

qt = qmax 1e−rti(Fti
−K)−A e−rT F (ti,T )>0 + qmin 1e−rti(Fti

−K)−A e−rT F (ti,T )≤0.



�✁✂✄✂☎✆ ✝✞ ✟✠✂☎✆ ✝✡ ☛✂✝☎☞ ✌ ✍ ✎ ✏✑✒✒✓✒✑✔✕✖✗✓✘✓ ✙ ✚ ✎ ✏✓✒✛✓✒✓✗ ✙ ✍ ✎ ✜✢✖✖✑✣ ✙ ✕ ✎ ✤✢✥✓✗ ✙ ✦ ✎ ✧✓★✩✢✪ ✙ ✫ ✎ ✧✪✬✢✖ ✙ ✜ ✎ ✫✓✥✢✪✣✔✭✑✣★✓ ✃❪

� ✡ ✂✄
Qti + qmax (N − i) ≤ Qmin

✆ ⑨❻ ❹❾❻ ➅❻❾➄❹⑩❶ ➄❽ ✌❻ ⑩❶ ✄❶✝❻❾❼➅❽❶➃✄✡✞ ➄⑩❽❶ ❹➄ ➄✠ ❻ ➄⑩✡ ❻
✠❽❾⑩✁❽❶ ❹❶✝

P ′(QT ) = B ✡ ❸✠ ❻ ❽✞ ➄⑩✡ ❹ ✟ ➅❽❶➃✄✡✞ ➄⑩❽❶ ⑩➃ ❷ ⑩☞❻❶ ✌➀ ✟➅✄ ✡ � ❽❶❻ 3
⑩❶ ✌ ⑩❷✄❾❻

✍✂✠
qt = qmax 1e−rti(Fti

−K)+B e−rT F (ti,T )>0 + qmin 1e−rti(Fti
−K)+B e−rT F (ti,T )≤0.

q✼ ✾❇❏❄❇ ❀✾ ✻❉✿❇✾④❄ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ✿❇✾ ❍❄❏❊❇❄❁ ❂ ❀■❄❁❄ ❁✿ ❄❍✻r❍ ❍❆❁❄❁ ■❆④❄ ❋ ❄❄✼ ❀❆♠❄✼ ✻✼❀✾
❆❍❍✾❊✼❀ ✻✼ ❀■❄ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ✾♦ ❀■❄ ✽❆❁ ❍✾✼❁❊❉✿❀✻✾✼ ❑

� ✡✠ � ☞✍✏✑ ✖ ✏✓✢✌✖ ✍ ✏✓✎✡✚✌✁

✂ ✂❖ ✂✁ ✄ ✱✷❚✵❨✁❯❨✴❬ ❳❬✶ ❭✴❯❨✂❳❯❨✴❬✷

➈❄ r❇❁❀ ✿❇✾✿ ✾❁❄ ❆ ✼✾✼❈✻✼❄❆❇ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ✾♦ ❀■❄ ❍✾✼❁❊❉✿❀✻✾✼ ♦❊✼❍❀✻✾✼
qt = q(t, Ft, Qt)

❂
❊❁✻✼✽ ❆ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠ ✇❁❄❄ ➂ ❆❧♠✻✼ ✇✃❪❪①② ♦✾❇ ✽❄✼❄❇❆❈ ❇❄♦❄❇❄✼❍❄❁ ✾✼ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠❁② ❑
➈❄ ■❆④❄ ❁❄❈❄❍❀❄❏ ♦✾❇ ✾❊❇ ❁❀❊❏❧ ❆ ✾✼❄●■✻❏❏❄✼●❈❆❧❄❇ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠ ❂ ✺■✾❁❄ ❆❇❍■✻❀❄❍❀❊❇❄ ✻❁
❏❄❁❍❇✻❋ ❄❏ ✻✼ ☎ ✻✽❊❇❄ ❪ ❑ ✈■❄ ✻✼✿❊❀ ❈❆❧❄❇

(xi)1≤i≤3
✻❁ ❍✾✼✼❄❍❀❄❏ ❀✾ ❀■❄ ❁❀❆❀❄ ❆✼❏ ❀✻❉ ❄ ④❆❇✻❆❋❈❄❁

t

1

Qt

Ft

✄☎✆✝✞ ✟✠✡☛☞ ✌✝✞✆✝✞ ✟✠✡☛☞✍ ✎✏✏☛☎ ✟✠✡☛☞

y

θ✑✒kl

θ✓✔✕l

☎ ✻✽❊❇❄ ❪ s ③ ❇❍■✻❀❄❍❀❊❇❄ ✾♦ ❀■❄ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠ ❑

s
x1 = t

❂
x2 = Ft

❆✼❏
x3 = Qt

❑ ✈■❄❇❄ ✻❁ ✾✼❄ ■✻❏❏❄✼ ❈❆❧❄❇ ✺ ✻❀■
L

✼❄❊❇✾✼❁ ❂ ❆✼❏ ❀■❄ ✾❊❀✿❊❀
❈❆❧❄❇ ❇❄❀❊❇✼❁ ❀■❄ ❈❄④❄❈ ✾♦ ✾✿❀✻❉ ❆❈ ❍✾✼❁❊❉✿❀✻✾✼ ❆❀ ❀✻❉ ❄

t
❑ ③❍❀❊❆❈❈❧❂ ❀■❄ ✼❊❉❋ ❄❇ ✾♦ ■✻❏❏❄✼

❊✼✻❀❁ ❀✾ ❊❁❄ ✻❁ ♦❆❇ ♦❇✾❉ ❍❈❄❆❇ ❑ q❀ ✻❁ ❇❄❈❆❀❄❏ ❀✾ ❀■❄ ❍✾❉✿❈❄❜✻❀❧ ✾♦ ❀■❄ ❊✼❏❄❇❈❧ ✻✼✽ ♦❊✼❍❀✻✾✼ ❀■❆❀
❀■❄ ✼❄❀✺✾❇♠ ✻❁ ❀❇❧ ✻✼✽ ❀✾ ❉ ✾❏❄❈ ❑ ③ ✽✾✾❏ ❁❀❆❇❀✻✼✽ ✿ ✾✻✼❀ ✻❁ ❀✾ ❍■✾✾❁❄ ❆ ✼❊❉❋ ❄❇ ✾♦ ❊✼✻❀❁ ❄♣❊❆❈
❀✾ ■❆❈♦ ❀■❄ ❁❊❉ ✾♦ ❀■❄ ✼❊❉❋ ❄❇ ✾♦ ✻✼✿❊❀ ❆✼❏ ✾❊❀✿❊❀ ❊✼✻❀❁ ❑ ➈❄ ■❆④❄ ❍✾✼❏❊❍❀❄❏ ❆ ❍❄❇❀❆✻✼
✼❊❉❋❄❇ ✾♦ ❄❜✿ ❄❇✻❉ ❄✼❀❁ ✺ ✻❀■ ❏✻♥❄❇❄✼❀ ❍✾✼r✽❊❇❆❀✻✾✼❁ ❆✼❏ r✼❆❈❈❧ ❁❄❈❄❍❀❄❏ ❆ ✼❄❀✺✾❇♠ ✺ ✻❀■

4

■✻❏❏❄✼ ✼❄❊❇✾✼❁ ❂ ✻✼ ✿❇❄♦❄❇❄✼❍❄ ❀✾ ❆ ❈❆❇✽❄❇ ✾✼❄ ✺ ✻❀■ ❆ ✼❄✽❈✻✽✻❋ ❈❄ ✻❉✿❇✾④❄❉ ❄✼❀ ❑ ✈■❄ ✼❄❀✺✾❇♠
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✻❁ ❏❄r✼❄❏ ❋❧ ❆ ❉ ❆❀❇✻❜ ❆✼❏ ❆ ④❄❍❀✾❇ ✾♦ ✺❄✻✽■❀❁ ✇❀■❄ ✿❆❇❆❉ ❄❀❄❇❁② s ❀■❄ ✻✼✿❊❀ ✺❄✻✽■❀❁ {θ �✁kl}
❆✼❏ ❀■❄ ✾❊❀✿❊❀ ✺❄✻✽■❀❁ {θ✂✄☎l } ❑ ✈■❄ ✾❊❀✿❊❀ ✾♦ ❀■❄ ✼❄❀✺✾❇♠ ✻❁ ✽✻④❄✼ ❋❧

y =

4∑

l=1

θ
✂✄☎
l s

(
3∑

k=0

θ �
✁

kl xk

)
,

✺■❄❇❄ (
θ �

✁
0l

)
l

❆❇❄ ❀■❄ ❋✻❆❁ ✺❄✻✽■❀❁ ✇✺❄ ❁❄❀
x0 = 1

② ❆✼❏
s

✻❁ ❀■❄ ✹✻✽❉ ✾✻❏ ♦❊✼❍❀✻✾✼ s
s(x) =

1
1+e−x

❑ ✈■❄ ❈✾ ❍❆❈ ❍✾✼❁❊❉✿❀✻✾✼ ✻❁ ❀■❄✼ ❏❄r✼❄❏ ❋❧

q = qmin + (qmax − qmin) s(y),
✇❴ ❑✃✃②

✺■✻❍■ ❁❀✻❈❈ ❋ ❄❈✾✼✽❁ ❀✾ ❀■❄ ❇❆✼✽❄
[qmin, qmax]

❑
✈■❄ ❉ ✾❀✻④❆❀✻✾✼ ✾♦ ❁❊❍■ ❆ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ✻❁ ❀■❄ ♦✾❈❈✾✺ ✻✼✽ ❑ ☎ ✻❇❁❀ ❂ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠❁ ❆❇❄
④❄❇❧ ❁✾✿■✻❁❀✻❍❆❀❄❏ ❀❄❍■✼✻♣❊❄❁ ❍❆✿❆❋❈❄ ✾♦ ❉ ✾❏❄❈✻✼✽ ❄❜❀❇❄❉ ❄❈❧ ❍✾❉✿❈❄❜ ♦❊✼❍❀✻✾✼❁ ✇✻✼ ✿❆❇●
❀✻❍❊❈❆❇ ❂ ✼✾✼❈✻✼❄❆❇ ✾✼❄❁ ✺ ✻❀■ ❈❆❇✽❄ ✼❊❉❋ ❄❇❁ ✾♦ ④❆❇✻❆❋❈❄❁② ❂ ❆✼❏ ❆❀ ❀■❄ ❁❆❉ ❄ ❀✻❉ ❄ ❂ ❀■❄ ❈❄④❄❈
✾♦ ❀■❄ ❊❁❄❇ ♠✼✾✺ ❈❄❏✽❄ ✼❄❄❏❄❏ ❀✾ ❁❊❍❍❄❁❁♦❊ ❈❈❧ ❆✿✿❈❧ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠❁ ✻❁ ❉❊❍■ ❈✾✺❄❇ ❀■❆✼
✺✾❊❈❏ ❋ ❄ ❀■❄ ❍❆❁❄ ❊❁✻✼✽ ❂ ♦✾❇ ❄❜❆❉✿❈❄ ❂ ❁✾❉ ❄ ❉✾❇❄ ❀❇❆❏✻❀✻✾✼❆❈ ✼✾✼❈✻✼❄❆❇ ❁❀❆❀✻❁❀✻❍❆❈ ❉ ❄❀■●
✾❏❁ ❑ q✼ ❆❏❏✻❀✻✾✼ ❂ ❀■❄ ❄❜✿ ❄❍❀❄❏ ✿❆❧✾♥ J (q)

❏❄r✼❄❏ ✻✼ ✇✃ ❑�② ❋ ❄❍✾❉ ❄❁ J (θ)
❂ ✺ ✻❀■

θ =
(
θ �

✁
kl, θ

✂✄☎
l ; 0 ≤ k ≤ 3 ; 1 ≤ l ≤ 4

) ❂ ❆✼❏ ✻✼ ❀■❄ ❁❄♣❊❄❈ ❀■❄ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ✺ ❑❇ ❑❀ ❑
θ

✺✻❈❈ ❋ ❄ ✿ ❄❇●
♦✾❇❉ ❄❏ ❊❁✻✼✽ ❆✼ ❄❁❀✻❉ ❆❀✻✾✼ ✾♦ ❀■❄ ✽❇❆❏✻❄✼❀ ∇J (θ)

❑ ✈■✻❁ ⑦ ❊❁❀✻r❄❁ ✺■❧ ✺❄ ■❄❇❄ ❍✾✼❁✻❏❄❇ ❆
❁❉ ✾✾❀■ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ❑ ➂✾✺❄④❄❇ ❂ ❀■❆✼♠❁ ❀✾ ✈■❄✾❇❄❉ ❴ ❑✃ ❂ ✺❄ ❉ ❆❧ ❄❜✿ ❄❍❀ ❀■❄ ✾✿❀✻❉ ❆❈
❍✾✼❁❊❉✿❀✻✾✼ ❀✾ ❋ ❄ ✾♦ ❋❆✼✽●❋❆✼✽ ❀❧✿ ❄ ❑ ✈■✻❁ ❋ ❄■❆④✻✾❇ ❍❆✼ ❋ ❄ ❁❄❄✼ ❆❁ ❆ ❈✻❉ ✻❀ ❍❆❁❄ ✺■❄❇❄ ❀■❄
✾❊❀✿❊❀ ✺❄✻✽■❀❁ ❀❄✼❏ ❀✾ ✻✼r✼✻❀❧❑ q❀ ❉ ❄❆✼❁ ❀■❆❀

y
❇❄✿❇❄❁❄✼❀❁ ✻✼ ❆ ✼✾✼❈✻✼❄❆❇ ✺❆❧ ❀■❄ ❋❆✼✽●

❋❆✼✽ ❀■❇❄❁■✾❈❏ s ♦✾❇ ❈❆❇✽❄ ✿ ✾❁✻❀✻④❄ ④❆❈❊❄❁ ✾♦
y
❂
q ≈ qmax

❆✼❏ ♦✾❇ ❈❆❇✽❄ ✼❄✽❆❀✻④❄❁ ④❆❈❊❄❁ ✾♦

y
❂
q ≈ qmin

❑

✂ ✂❖ ✂❖ ✆✆✱ ✝✵❳✶❨✱❬❯ ❳❲✝✴✵❨❯✆❭

☎❇✾❉ ❆✼ ✻✼✻❀✻❆❈ ❇❆✼❏✾❉ ❍✾✼r✽❊❇❆❀✻✾✼ ✾♦ ✺❄✻✽■❀❁ ❂ ❀■❄ ❁❀✾❍■❆❁❀✻❍ ✽❇❆❏✻❄✼❀ ❆❈✽✾❇✻❀■❉ ❉ ❆♠❄❁ ❂
✻✼ ❄❜✿ ❄❍❀❆❀✻✾✼ ❂ ❆ ❉ ✾④❄ ❀✾✺❆❇❏❁ ✿ ✾✻✼❀❁ ✾♦ ■✻✽■❄❇ ④❆❈❊❄❁ ✻✼ ❀■❄ ❁❄❆❇❍■ ❁✿❆❍❄ ❂ ✻✼ ✾❇❏❄❇ ❀✾
❈✾ ❍❆❀❄ ❆ ❈✾ ❍❆❈ ❉ ❆❜✻❉❊❉ ✇❁❄❄ ❵❄✼④❄✼✻❁❀❄ ❂ ❃ ❄❀✻④ ✻❄❇ ❆✼❏ ✁ ❇✻✾❊❇❄❀ ✇✃❪❪❫② ❂ ➉❊❁■✼❄❇ ❆✼❏ ☛ ✻✼
✇✃❪❪�② ♦✾❇ ✽❄✼❄❇❆❈ ❇❄♦❄❇❄✼❍❄❁ ✾✼ ❁❀✾ ❍■❆❁❀✻❍ ❆✿✿❇✾❜ ✻❉ ❆❀✻✾✼ ❆❈✽✾❇✻❀■❉ ❁② ❑ ➈❄ ❀■❊❁ ❏❄r✼❄ ❆
❇❄❍❊❇❁✻④❄ ❁❄♣❊❄✼❍❄ ✾♦ ✿❆❇❆❉ ❄❀❄❇❁

(θn)
❋❧ ❁❄❀❀✻✼✽

θn+1 = θn + γn
̂∇θJ (θn)

❂ ✺■❄❇❄
̂∇θJ (θn)

✻❁ ❆ ✽❇❆❏✻❄✼❀ ❄❁❀✻❉ ❆❀✾❇ ✾♦ ❀■❄ ❉ ❆✿✿✻✼✽
θ 7→ J (θ)

❆✼❏
(γn)

✻❁ ❆ ❁❊✻❀❆❋❈❄ ❁❄♣❊❄✼❍❄ ✾♦
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✼✾✼✼❄✽❆❀✻④❄ ❁❀❄✿ ❁✻✂❄❁ ❑ ➈❄ ■❆④❄ ❍■✾❁❄✼ ❀✾ r❜
γn

❀✾ ❆ ❍✾✼❁❀❆✼❀ ❀■❇✾❊✽■✾❊❀ ✾❊❇ ✼❊❉ ❄❇✻❍❆❈
❄❜✿ ❄❇✻❉ ❄✼❀❁ ❂ ❋❊❀ ❀■❄ ❏✻✆ ❍❊❈❀ ✿❆❇❀ ✻❁ ❀✾ ❏❄❍✻❏❄ ■✾✺ ❈❆❇✽❄ ❀■❄ ❁❀❄✿❁ ❁■✾❊❈❏ ❋ ❄ ❑ ➇❆❇✽❄ ❁❀❄✿❁
❉ ❆❧ ❍✾✼④❄❇✽❄ ❉ ✾❇❄ ♣❊✻❍♠❈❧❂ ❋❊❀ ❉ ❆❧ ❆❈❁✾ ✾④❄❇❁❀❄✿ ❀■❄ ❁✾❈❊❀✻✾✼ ✾❇ ✽✾ ✾♥ ✻✼ ❀■❄ ✺❇✾✼✽
❏✻❇❄❍❀✻✾✼ ❑ q✼ ❍✾✼❀❇❆❁❀ ❂ ④❄❇❧ ❁❉ ❆❈❈ ❁❀❄✿❁ ❉ ❆❧ ✽✾ ✻✼ ❀■❄ ❍✾❇❇❄❍❀ ❏✻❇❄❍❀✻✾✼ ❂ ❋❊❀ ❀■❄❧ ❆❈❁✾
❇❄♣❊✻❇❄ ❆ ❈❆❇✽❄ ✼❊❉❋❄❇ ✾♦ ✻❀❄❇❆❀✻✾✼❁ ❑ ✈■❄ ❍✾❇❇❄❍❀ ❁❄❀❀✻✼✽ ♦✾❇ ❀■❄ ❁❀❄✿ ❁✻✂❄ ✻❁ ❆✿✿❈✻❍❆❀✻✾✼●
❏❄✿ ❄✼❏❄✼❀ ❂ ❆✼❏ ❀❧✿✻❍❆❈❈❧ ❍■✾❁❄✼ ❋❧ ❄❜✿ ❄❇✻❉ ❄✼❀❁ ❑ ✈■❄ ❆❈✽✾❇✻❀■❉ ❁❀✾✿❁ ✻✼ ❆ ■✻✽■ ✿ ✾✻✼❀ ❂
✺■✻❍■ ✻❁ ❆ ❈✾ ❍❆❈ ❉ ❆❜✻❉❊❉ ❑ ✈■❇✾❊✽■✾❊❀ ❀■❄ ✼❊❉ ❄❇✻❍❆❈ ❄❜✿ ❄❇✻❉ ❄✼❀❁ ✺❄ ■❆④❄ ✿ ❄❇♦✾❇❉ ❄❏ ❂
❀■❄ ④❆❈❊❄❁ ❀✾ ✺■✻❍■ ❀■❄ ❆❈✽✾❇✻❀■❉ ■❆❁ ❍✾✼④❄❇✽❄❏ ✺❄❇❄ ❆❈❈ ④❄❇❧ ❍❈✾❁❄ ❀✾ ❀■❄ ✽❈✾❋❆❈ ✾✿❀✻❉❊❉
✇✿❇❄❁❊❉ ❆❋❈❧ ✽✻④❄✼ ❋❧ ❀■❄ ❉ ❄❀■✾❏ ✾♦ ✹❄❍❀✻✾✼ ✮ ❑❴② ❑ ③ ❁ ♦✾❇ ∇θJ (θ)

❂ ✻❀ ■❆❁ ❋ ❄❄✼ ❍✾❉✿❊❀❄❏ ❋❧
❆ ❍❈❆❁❁✻❍ ❃ ✾✼❀❄●❅❆❇❈✾ ❆✿✿❇✾❆❍■ ❂ ❊❁✻✼✽ ❆ ✿❆❀■●✺ ✻❁❄ ❉ ❄❀■✾❏ ✇❁❄❄ ➉❊❁■✼❄❇ ❆✼❏ ☛❆✼✽ ✇✃❪❪ ✃②
❆✼❏ ❇❄❍❄✼❀❈❧ ☛✾❋ ❄❀ ❆✼❏ ❃❊✼✾❁ ✇✮❫❫➁②② ❑ q❀ ✻❁ ❀■❊❁ ❄❜✿❇❄❁❁❄❏ ❆❁ ❆✼ ❄❜✿ ❄❍❀❆❀✻✾✼ s

∇θJ (θ) =E

(N−1∑

i=0

∇θq(θ, ti, Fti , Qti)∂qΨti(qti , Fti , Qti)

+ ∂θQti∂QΨti(qti , Fti , Qti)

)
+ E

(
e−rT∂θQT∂QPT (FT , QT )

)
.

✇❴ ❑✃✮②

✈■❄ ♣❊❆✼❀✻❀❧ ∇θq(θ, ti, F,Q)
❇❄❁❊❈❀❁ ✻✼ ❏✻♥ ❄❇❄✼❀✻❆❀✻✼✽ ❀■❄ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ✾♦ ❀■❄ ❍✾✼❁❊❉✿●

❀✻✾✼ ❏❄r✼❄❏ ✻✼ ✇❴ ❑✃✃② ❂ ✺■✻❍■ ✻❁ ❁❀❇❆✻✽■❀♦✾❇✺❆❇❏ ❑ ☎✾❇ ❀■❄ ❃✾✼❀❄ ❅❆❇❈✾ ❄④❆❈❊❆❀✻✾✼❁ ✾♦ ∇θJ (θ)
❂

✺❄ ✼❄❄❏ ❀✾ ❁✻❉❊❈❆❀❄
(∂θQti)0≤i≤N

❑ q❀ ✻❁ ✾❋❀❆✻✼❄❏ ❊❁✻✼✽ ❀■❄ ❄♣❊❆❀✻✾✼
Qti+1

= Qti + qti
❂

♦❇✾❉ ✺■✻❍■ ✺❄ ❏❄❏❊❍❄

∂θQti+1
= ∂θQti + ∂θq(θ, ti, Fti , Qti) + ∂Qq(θ, ti, Fti , Qti) ∂θQti ,

✺✻❀■ ❆✼ ✻✼✻❀✻❆❈ ❍✾✼❏✻❀✻✾✼
∂θQ0 = 0

❑

✂ ✂❖ ✂✂ ✂◗❭✱✵❨❚❳❲ ✵✱✷◗❲❯✷
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❍✾✼❁❊❉✿❀✻✾✼ ❀✾ ❋ ❄ ✾♦ ❋❆✼✽●❋❆✼✽ ❀❧✿ ❄ ❑ ✈■❊❁ ✻✼ ✾❇❏❄❇ ❀✾ ❀❆♠❄ ✻✼❀✾ ❆❍❍✾❊✼❀ ❀■✻❁ ✇❇❄❉ ❆❇♠❆❋❈❄②
❇❄❁❊❈❀ ❂ ❆ ❀■❇❄❁■✾❈❏ ♦❊✼❍❀✻✾✼ ❍❆✼ ❋ ❄ ❆❏❏✻❀✻✾✼❆❈❈❧ ❆✿✿❈✻❄❏ ❀✾ ❀■❄ ✾❊❀✿❊❀ ❊✼✻❀ s

q☎�✁✂✄�✂ ☎✆ = qmax 1
q✬✓✗✝✢✒✞>

qmax+qmin
2

+ qmin 1
q✬✓✗✝✢✒✞≤ qmax+qmin

2

.

q✼ ❀■❄ ❆❋ ✾④❄ ❄❜✿❇❄❁❁✻✾✼ ❂
q✁✂☎✟✂✁✠ ❆✼❏

q☎�✁✂✄�✂ ☎✆ ❁❀❆✼❏ ♦✾❇ ❀■❄ ✾❊❀✿❊❀ ✼❄❊❇✾✼ ❆✼❏ ❀■❄ ❀■❇❄❁■✾❈❏
④❆❈❊❄ ❂ ❇❄❁✿ ❄❍❀✻④❄❈❧❑ ➂❄❇❄ ❂ ❀■❄ ✿❆❇❆❉ ❄❀❄❇❁ ❆❇❄ ❀■❄ ✾✼❄❁ ✽✻④❄✼ ✻✼ ❅❆❁❄ ✃ ❑ ➈❄ ❆❈❁✾ ❍✾✼❁✻❏❄❇
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☎ ✻✽❊❇❄ ✃❫ s ✁ ❇✻❍❄ ✾♦ ❀■❄ ✹✺ ✻✼✽ ❍✾✼❀❇❆❍❀ ✺ ❑❇ ❑❀ ❑ ❀■❄ ✼❊❉❋ ❄❇ ✾♦ ✻❀❄❇❆❀✻✾✼❁ ❑ ✝✼ ❀■❄ ❈❄♦❀ ❂ ✺ ✻❀■
❆ ⑤❆❀ ♦✾❇✺❆❇❏ ❍❊❇④❄ ❑ ✝✼ ❀■❄ ❇✻✽■❀ ❂ ✺ ✻❀■ ❀■❄ ♦✾❇✺❆❇❏ ❍❊❇④❄ ✾♦ ☎ ✻✽❊❇❄ ✃ ❑

⑥ ❄❊❇❆❈ ✼❄❀✺✾❇♠ ⑥❄❊❇❆❈ ✼❄❀✺✾❇♠ ☎✾❇❄❁❀ ✾♦ ❀❇❄❄❁
❋ ❄♦✾❇❄ ❀■❇❄❁■✾❈❏✻✼✽ ❆♦❀❄❇ ❀■❇❄❁■✾❈❏✻✼✽

☎ ❈❆❀ ♦✾❇✺❆❇❏
2659 ± 28 2681 ± 28 ✮�✃�

❍❊❇④❄
✉❄❆❈

4555 ± 31 4584 ± 31
①� ✃✃

♦✾❇✺❆❇❏ ❍❊❇④❄

✈❆❋❈❄ ✮ s ☎ ✻✼❆❈ ✿❇✻❍❄ ✾♦ ❀■❄ ✹✺ ✻✼✽ ❍✾✼❀❇❆❍❀ ❂ ❋ ❄♦✾❇❄ ❆✼❏ ❆♦❀❄❇ ❀■❇❄❁■✾❈❏✻✼✽ ❀■❄ ❍✾✼❁❊❉✿❀✻✾✼
✇❀■❄ ④❆❈❊❄❁ ❆♦❀❄❇ ± ❄♣❊❆❈ ❀■❄ ■❆❈♦ ✾♦ ❀■❄ ❪➁� ❍✾✼r❏❄✼❍❄ ✻✼❀❄❇④❆❈ ✺ ✻❏❀■ ② ❑

A = B = 1
❑ ✈■❄ ❁❀❄✿ ❁✻✂❄ ♦✾❇ ❀■❄ ❁❀✾ ❍■❆❁❀✻❍●✽❇❆❏✻❄✼❀ ❆❈✽✾❇✻❀■❉ ✻❁ ❍✾✼❁❀❆✼❀ ❆✼❏ ❄♣❊❆❈ ❀✾

3
❑

✞ ❄✼✾❀❄ ❋❧

• NMC

❀■❄ ❇❄♣❊✻❇❄❏ ✼❊❉❋ ❄❇ ✾♦ ❃ ✾✼❀❄ ❅❆❇❈✾ ❁✻❉❊❈❆❀✻✾✼❁ ❀✾ ❍❆❈❍❊❈❆❀❄ ❆✼ ❄❁❀✻❉ ❆❀✾❇ ✾♦
❀■❄ ✽❇❆❏✻❄✼❀ ❂ ♦✾❇ ❆ ✽✻④❄✼ ❁❄❀ ✾♦ ✿❆❇❆❉ ❄❀❄❇❁ ❂

• NIT

❀■❄ ✼❊❉❋ ❄❇ ✾♦ ✻❀❄❇❆❀✻✾✼❁ ✾✼ ❀■❄ ✿❆❇❆❉ ❄❀❄❇❁ ✻✼ ❀■❄ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ❁❀❆✽❄ ❑

✈■❄ ❆❈✽✾❇✻❀■❉ ❍❆✼ ❀■❄❇❄♦✾❇❄ ❋ ❄ ❁✿❈✻❀ ✻✼❀✾ ❀✺✾ ❁❀❆✽❄❁ s

✃② ❆ r❇❁❀ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ❁❀❆✽❄ ❂ ✺■❄❇❄ ✺❄ ❁❄❀ ♦✾❇ ❄❜❆❉✿❈❄
NMC = 100

❆✼❏ ❆ ❈❆❇✽❄ ✼❊❉❋❄❇
✾♦ ✻❀❄❇❆❀✻✾✼❁

NIT = 3000
❂ ❁✾ ❀■❆❀ ❀■❄ ❆❈✽✾❇✻❀■❉ ✿❇❄❁❊❉ ❆❋❈❧ ❍✾✼④❄❇✽❄❁ ❑

✮② ❆ ❁❄❍✾✼❏ ✿❇✻❍✻✼✽ ❁❀❆✽❄ ✺ ✻❀■ ❀■❄ ❈❆❁❀ ❁❄❀ ✾♦ ✿❆❇❆❉ ❄❀❄❇❁ ❆✼❏ ❆ ❉❊❍■ ■✻✽■❄❇
NMC

✇✻❀
❍❆✼ ❋ ❄ ❁❄❀ ❄♣❊❆❈ ❀✾

100000
♦✾❇ ❄❜❆❉✿❈❄② ❂ ✻✼ ✾❇❏❄❇ ❀✾ ❇❄❏❊❍❄ ❀■❄ ❍✾✼r❏❄✼❍❄ ✻✼❀❄❇④❆❈
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✾✼ ❀■❄ ✿❇✻❍❄ ❑

✉❄❁❊❈❀❁ ❆❇❄ ❇❄✿ ✾❇❀❄❏ ✻✼ ✈❆❋❈❄ ✮ ❑ ⑥✾❀❄ ❀■❆❀ ♦✾❇ ❋ ✾❀■ ♦✾❇✺❆❇❏ ❍❊❇④❄❁ ❂ ❀■❄ ❇❄❁❊❈❀❁ ❆❇❄ ♦❆❇ ❋❧

1%
♦❇✾❉ ❀■❄ ✾✿❀✻❉ ❆❈ ✿❇✻❍❄ ❍✾❉✿❊❀❄❏ ❋❧ ❀■❄ ❀❇❄❄ ❉ ❄❀■✾❏ ❂ ❆✼❏ ❀■❇❄❁■✾❈❏✻✼✽ ❆❀ ❀■❄ ❄❜ ✻❀ ✾♦

❀■❄ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠ ❁❄❄❉ ❁ ❀✾ ❋ ❄ ❇❄❈❄④❆✼❀ ❑ ☎❊❇❀■❄❇❉ ✾❇❄ ❂ ✺❄ ❍❆✼ ❁❄❄ ❀■❆❀ ❀■❄❁❄ ❀✺✾ ❀❄❁❀❁
✿❇✾④✻❏❄ ✿ ✾✺❄❇♦❊❈ ✻✼❁✻✽■❀❁ ❍✾✼❍❄❇✼✻✼✽ ❀■❄ ❀❧✿ ❄ ✾♦ ❍✾✼④❄❇✽❄✼❍❄ ❀■❆❀ ❉ ❆❧ ❋ ❄ ✾❋❁❄❇④❄❏ ✻✼ ❀■❄
✾✿❀✻❉ ✻✂❆❀✻✾✼ ❆❈✽✾❇✻❀■❉ ❁ ✇✻✼❏❄✿ ❄✼❏❄✼❀❈❧ ✾♦ ❀■❄ ❁❄❈❄❍❀❄❏ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ② ❑ ☎✾❇ ❀■❄ r❇❁❀
♦✾❇✺❆❇❏ ❍❊❇④❄ ❂ ✺❄ ❍❆✼ ❁❄❄ ❀■❆❀ ❀■❄ ❆❈✽✾❇✻❀■❉ ❇❄♣❊✻❇❄❁ ✾✼❈❧

1000
✻❀❄❇❆❀✻✾✼❁ ❀✾ ❍✾✼④❄❇✽❄ ❂

❆✼❏ ❀■❊❁ ✻❀ ✻❁ ❊❁❄❈❄❁❁ ❀✾ ✽✾ ❊✼❀✻❈
3000

✻❀❄❇❆❀✻✾✼❁ ❑ ✝✼ ❀■❄ ❍✾✼❀❇❆❇❧❂ ♦✾❇ ❀■❄ ❁❄❍✾✼❏ ♦✾❇✺❆❇❏
❍❊❇④❄ ❂ ✺❄ ■❆④❄ ❆ ❁❈✾✺❄❇ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ❂ ✺■✻❍■ ✻❁ ❄④❄✼ ✿ ❄❇♦✾❇❉ ❄❏ ✻✼ ❀✺✾ ❁❀❄✿❁ ✇❆❁ ✻♦ ❆ ❈✾ ❍❆❈
✾✿❀✻❉❊❉ ✺❄❇❄ ❇❄❆❍■❄❏ ❆❀ ❆✼ ✻✼❀❄❇❉ ❄❏✻❆❀❄ ❁❀❆✽❄② ❑ ✈■❄ ♣❊❆❈✻❀❧ ✾♦ ❇❄❁❊❈❀❁ ❆✼❏ ❀■❄ ❀❧✿ ❄ ✾♦
❍✾✼④❄❇✽❄✼❍❄ ❆❇❄ ❀■❊❁ ❁❀❇✾✼✽❈❧ ❇❄❈❆❀❄❏ ❀✾ ❀■❄ ❁❄❈❄❍❀❄❏ ♦✾❇✺❆❇❏ ❍❊❇④❄ ❑
�✁❳❭✁ ❲✱ ❖ ✸ ✷❯✴✵❳✝✱ ❚✴❬❯✵❳❚❯ ✂ ✈■❄ ④❆❈❊❄❁ ✾♦ ✿❆❇❆❉ ❄❀❄❇❁ ❆❇❄ ❁❄❀ ❀✾ ❀■✾❁❄ ✾♦ ❅❆❁❄ ✮ ❑ ✈■❄
❁❀❄✿ ❁✻✂❄ ♦✾❇ ❀■❄ ❁❀✾❍■❆❁❀✻❍●✽❇❆❏✻❄✼❀ ❆❈✽✾❇✻❀■❉ ✻❁ ❍✾✼❁❀❆✼❀ ❆✼❏ ❄♣❊❆❈ ❀✾

0.1
❑ ✈■❄ ❀❄❇❉ ✻✼❆❈

✿ ❄✼❆❈❀✻❄❁ ❆❇❄ ❆❈✺❆❧❁ ❁❆❀✻❁r❄❏ ✻✼ ❀■✻❁ ❍❆❁❄ ❑ q✼ ♦❆❍❀ ❂ ❆❁ ❆❈❇❄❆❏❧ ❉ ❄✼❀✻✾✼❄❏ ❂ ❀■❄ ❍✾✼❁❀❇❆✻✼❀❁ ✻✼
❀■❄ ❁❀✾❇❆✽❄ ❍❆❁❄ ❍❆✼ ❋ ❄ ♦✾❇❉❊❈❆❀❄❏ ❆❁ ♦✾❈❈✾✺ ❁

f1(t) ≤ Qt ≤ f2(t),∀t ∈ [0, T ].

✞ ❄✼✾❀❄ ❋❧
qparams(t)

❀■❄ ✾❊❀✿❊❀ ✾♦ ❀■❄ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠ ❆❀ ❀✻❉ ❄
t
❑

� Qt ≥ f1(t)
♦✾❇ ❄④❄❇❧

t ∈ [0, T ]
❑ ✈■❊❁ ❆❁ ❁✾✾✼ ❆❁ |Qt − f1(t)| ≤ |qmin| dt

❂ ✺❄ ❇❄✿❈❆❍❄
❀■❄ ✾❊❀✿❊❀ ✾♦ ❀■❄ ✼❄❀✺✾❇♠ ❋❧ s

q1t =





qparams(t),

✻♦
qparams(t) +Qt dt ≥ f1(t)

f1(t)−Qt

dt
,

✾❀■❄❇✺ ✻❁❄
.

� Qt ≤ f2(t)
♦✾❇ ❄④❄❇❧

t ∈ [0, T ]
❑ ✈■❊❁ ✻♦

q1t dt+Qt > f2(t)
❂ ✺❄ ❇❄✿❈❆❍❄

q1t
❋❧ f2(t)−Qt

dt

❑

☎ ✻✼❆❈❈❧❂ ❀■❄ ❇❄❀❆✻✼❄❏ ❍✾✼❀❇✾❈ ❆❀ ❀✻❉ ❄
t

❀❆♠❄❁ ❀■❄ ♦✾❇❉ ✾♦

qt =
❉✻✼ [

q1t ,
f2(t) −Qt

dt

]
=

❉✻✼ [❉❆❜ (
qparams(t),

f1(t) −Qt

dt

)
,
f2(t) −Qt

dt

]
.

⑥✾❀❄ ❀■❆❀ ❀■❄ ❆❋ ✾④❄ ❍✾✼❁❊❉✿❀✻✾✼ ✻❁ ✼✾❀ ✾♦ ❍❈❆❁❁ C1
❆✼❧ ❉ ✾❇❄ ❑ ➂✾✺❄④❄❇ ❂ ❀■❄ ❁❀✾ ❍■❆❁❀✻❍

✽❇❆❏✻❄✼❀ ❆❈✽✾❇✻❀■❉ ✻❁ ❁❀✻❈❈ ❆✿✿❈✻❍❆❋❈❄ ❂ ❁✻✼❍❄ ❀■❄❇❄ ✻❁ ✾✼❈❧ ❆ r✼✻❀❄ ❁❄❀ ✾♦ ✿ ✾✻✼❀❁ ✺■❄❇❄ ❀■❄
♦❊✼❍❀✻✾✼ ✻❁ ✼✾❀ ❏✻♥ ❄❇❄✼❀✻❆❋❈❄ ❑



�✁✂✄✂☎✆ ✝✞ ✟✠✂☎✆ ✝✡ ☛✂✝☎☞ ✌ ✍ ✎ ✏✑✒✒✓✒✑✔✕✖✗✓✘✓ ✙ ✚ ✎ ✏✓✒✛✓✒✓✗ ✙ ✍ ✎ ✜✢✖✖✑✣ ✙ ✕ ✎ ✤✢✥✓✗ ✙ ✦ ✎ ✧✓★✩✢✪ ✙ ✫ ✎ ✧✪✬✢✖ ✙ ✜ ✎ ✫✓✥✢✪✣✔✭✑✣★✓ ✮①

⑥❄❊❇❆❈ ✼❄❀✺✾❇♠ ☎✾❇❄❁❀ ✾♦ ❀❇❄❄❁
☎ ❈❆❀ ♦✾❇✺❆❇❏

64.7 ± 0.4 �� ❂❪
❍❊❇④❄ ✇

NIT = 3000
②

✉❄❆❈
218.7 ± 0.6 ✮①✮ ❑❴

♦✾❇✺❆❇❏ ❍❊❇④❄ ✇
NIT = 6000

②

✈❆❋❈❄ ❴ s ☎ ✻✼❆❈ ✿❇✻❍❄ ✾♦ ❀■❄ ❁❀✾❇❆✽❄ ❍✾✼❀❇❆❍❀ ✇❀■❄ ④❆❈❊❄❁ ❆♦❀❄❇ ± ❄♣❊❆❈ ❀■❄ ■❆❈♦ ✾♦ ❀■❄ ❪➁�
❍✾✼r❏❄✼❍❄ ✻✼❀❄❇④❆❈ ✺ ✻❏❀■ ② ❑

✈■❄ ❇❄❁❊❈❀❁ ❇❄✿ ✾❇❀❄❏ ✻✼ ✈❆❋❈❄ ❴ ❆❇❄ ❍✾❉✿❊❀❄❏ ✺ ✻❀■
NIT = 3000

✇❇❄❁✿ ❑
NIT = 6000

②
✻❀❄❇❆❀✻✾✼❁ ♦✾❇ ❀■❄ ⑤❆❀ ♦✾❇✺❆❇❏ ❍❊❇④❄ ✇❇❄❁✿ ❑ ♦✾❇ ❀■❄ ♦✾❇✺❆❇❏ ❍❊❇④❄ ♦❇✾❉ ☎ ✻✽❊❇❄ ✃② ❂ ❁❀✻❈❈
❊❁✻✼✽

NMC = 100000
✿❆❀■❁ ♦✾❇ ❀■❄ r✼❆❈ ④❆❈❊❄ ❑ ⑥✾❀❄ ❀■❆❀ ❀■❄ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠ ✽✻④❄❁ ❆ ❈❄❁❁
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☎ ✻✽❊❇❄ ✃✃ s ✁ ❇✻❍❄ ✾♦ ❀■❄ ❁❀✾❇❆✽❄ ❍✾✼❀❇❆❍❀ ✺ ❑❇ ❑❀ ❑ ❀■❄ ✼❊❉❋ ❄❇ ✾♦ ✻❀❄❇❆❀✻✾✼❁ ❑ ✝✼ ❀■❄ ❈❄♦❀ ❂ ✺ ✻❀■
❆ ⑤❆❀ ♦✾❇✺❆❇❏ ❍❊❇④❄ ❑ ✝✼ ❀■❄ ❇✻✽■❀ ❂ ✺ ✻❀■ ❀■❄ ♦✾❇✺❆❇❏ ❍❊❇④❄ ✾♦ ☎ ✻✽❊❇❄ ✃ ❑

❁❆❀✻❁♦❧ ✻✼✽ ✿❇✻❍❄ ✻✼ ❀■❄ ❍❆❁❄ ✾♦ ❀■❄ ❇❄❆❈ ♦✾❇✺❆❇❏ ❍❊❇④❄ ❑ ✈■❄ ❁❀❇✾✼✽ ❁❄❆❁✾✼❆❈✻❀❧ ❍✾❉✿ ✾✼❄✼❀
✾♦ ❀■❄ ❍❊❇④❄ ✻❁ ❊✼❏✾❊❋❀❄❏❈❧ ❆✼ ✻❉✿ ✾❇❀❆✼❀ ❄❜✿❈❆✻✼ ✻✼✽ ♦❆❍❀✾❇ ❑ ③❏❏✻✼✽ ❉ ✾❇❄ ■✻❏❏❄✼ ✼❄❊❇✾✼❁
❍❄❇❀❆✻✼ ❈❧ ✻❉✿❇✾④❄❁ ❀■❄ ♣❊❆❈✻❀❧ ✾♦ ❀■❄ ✿❇✻❍❄ ❂ ❋❊❀ ❆❈❁✾ ✻❉✿❈✻❄❁ ❈✾✼✽❄❇ ❍✾❉✿❊❀✻✼✽ ❀✻❉ ❄❁ ❑
➇❄❀ ❊❁ r✼❆❈❈❧ ❁❀❇❄❁❁ ❀■❆❀ ✼✾ ❀■❇❄❁■✾❈❏✻✼✽ ❆❀ ❀■❄ ✾❊❀✿❊❀ ✾♦ ❀■❄ ✼❄❀✺✾❇♠ ■❆❁ ❋ ❄❄✼ ❆✿✿❈✻❄❏
■❄❇❄ ❑ ☞✼❈✻♠❄ ❀■❄ ✹✺ ✻✼✽ ❍✾✼❀❇❆❍❀ ❂ ✺❄ ■❆④❄ ✼✾❀ ❋ ❄❄✼ ❆❋❈❄ ✻✼ ❀■✻❁ ❍❆❁❄ ❀✾ r✼❏ ❆ ❇❄❈❄④❆✼❀
❀■❇❄❁■✾❈❏✻✼✽ ❇❊❈❄ ❆❀ ❀■❄ ✾❊❀✿❊❀ ✾♦ ❀■❄ ✼❄❀✺✾❇♠ ❑



�✁✂✄✂☎✆ ✝✞ ✟✠✂☎✆ ✝✡ ☛✂✝☎☞ ✌ ✍ ✎ ✏✑✒✒✓✒✑✔✕✖✗✓✘✓ ✙ ✚ ✎ ✏✓✒✛✓✒✓✗ ✙ ✍ ✎ ✜✢✖✖✑✣ ✙ ✕ ✎ ✤✢✥✓✗ ✙ ✦ ✎ ✧✓★✩✢✪ ✙ ✫ ✎ ✧✪✬✢✖ ✙ ✜ ✎ ✫✓✥✢✪✣✔✭✑✣★✓ ✮➁

� ✡� ✔✍✌✓✘✎ ✌✖✌✖✗✓✎✓✌✍✞✖✎✍✚✏ ✚ ✎ ✎✒✓ ✌✢✌✘✒✖☞✓ ✎✒✌✓☞✒✚ ✍☛

✂ ✂✂ ✂✁ �✴✵ ❯✆✱ ◆✳ ❨❬✝ ❚✴❬❯✵❳❚❯

☞✼❈✻♠❄ ❀■❄ ✿❇❄④✻✾❊❁ ❆✿✿❇✾❆❍■ ✺ ✻❀■ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠❁ ❂ ■❄❇❄ ❀■❄ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ✾♦
q(ti, F,Q)

❏✾❄❁ ✼✾❀ ✼❄❄❏ ❀✾ ❋ ❄ ❁❉ ✾✾❀■ ✺ ✻❀■ ❇❄❁✿ ❄❍❀ ❀✾ ✿❆❇❆❉ ❄❀❄❇❁ ❑ ➈❄ ❇❆❀■❄❇ ♦✾ ❍❊❁ ✾✼ ❀■❄ ❋❆✼✽●❋❆✼✽
❋ ❄■❆④✻✾❇ ✺■✻❍■ ❍❆✼ ❋ ❄ ❄❜✿ ❄❍❀❄❏ ♦❇✾❉ ✈■❄✾❇❄❉ ❴ ❑✃ ❑ ✈■❊❁ ❂ ✺❄ ■❄❇❄ ❆❁❁❊❉ ❄ ❀■❆❀

• q∗(ti, Fti , Qti)
❀❆♠❄❁ ✾✼❈❧ ❀✺✾ ④❆❈❊❄❁

qmin
❆✼❏

qmax
❂

• q∗(ti, Fti , Qti)
✻❁ ❆✼ ✻✼❍❇❄❆❁✻✼✽ ♦❊✼❍❀✻✾✼ ✺ ❑❇ ❑❀

Fti

❑

✈■❄ ❁❄❍✾✼❏ ✿❇✾✿ ❄❇❀❧ ✻❁ ■❄❊❇✻❁❀✻❍ s ✺❄ ❄❜✿ ❄❍❀ ❀■❆❀ ❆ ■✻✽■❄❇ ✿❇✻❍❄ ✾♦ ✽❆❁ ✺ ✻❈❈ ❈❄❆❏ ❀✾ ❆ ■✻✽■❄❇
❍✾✼❁❊❉✿❀✻✾✼ ❆❀ ❆ r❜❄❏ ✿❇✻❍❄

K
❑ ✁ ❇❄④✻✾❊❁ ❆❈✽✾❇✻❀■❉ ❁ ❋❆❁❄❏ ✾✼ ❀■❄ ❏❧✼❆❉ ✻❍ ✿❇✾✽❇❆❉❉ ✻✼✽

❄♣❊❆❀✻✾✼ ✇❁❄❄ ✹❄❍❀✻✾✼ ✮② ✽✻④❄ ❇❄❁❊❈❀❁ ❀■❆❀ ❍✾✼r❇❉ ❀■✻❁ ■❄❊❇✻❁❀✻❍ ❑ ☎❇✾❉ ❀■❄❁❄ ❀✺✾ ✿❇✾✿ ❄❇❀✻❄❁
✺❄ ❏❄❏❊❍❄ ❀■❆❀ ✻♦

q
✻❁ ✾✿❀✻❉ ❆❈ ❂ ❀■❄❇❄ ❄❜✻❁❀❁ ❆ ❀■❇❄❁■✾❈❏

S∗ ❏❄✿ ❄✼❏✻✼✽ ✾✼ ❋ ✾❀■
ti

❆✼❏
Qti

❁❊❍■ ❀■❆❀

qti = qmax1{Fti
>S∗(ti,Qti

)} + qmin1{Fti
≤S∗(ti,Qti

)}.

✝❊❇ ❆✿✿❇✾❆❍■ ✻❁ ❀✾ ❉ ✾❏❄❈ ❀■✻❁ ✾✿❀✻❉ ❆❈ ❀■❇❄❁■✾❈❏ ✿❇✻❍❄ ❆❁ ❆ ♦❊✼❍❀✻✾✼ ✾♦
t

❆✼❏
Qt

❑ ➈❄ ❍❆✼
❏✻④✻❏❄ ❀■❄ ❁❄❀ ✾♦ ❍✾❊✿❈❄❁

(ti, Qti)
✻✼❀✾ ♦✾❊❇ ✂✾✼❄❁ ❑

• ✁✾✼❄ ✃ ❍✾❇❇❄❁✿ ✾✼❏❁ ❀✾ ❆ ❍✾✼❁❊❉✿❀✻✾✼ ❁❊❍■ ❀■❆❀ ❀■❄ ❍✾✼❁❊❉ ❄❇ ✻❁ ❁❊❇❄ ❀✾ ❇❄❁✿ ❄❍❀ ❀■❄
✽❈✾❋❆❈ ❍✾✼❁❀❇❆✻✼❀❁ ❑ ✈■❄ ✾✿❀✻❉ ❆❈ ❀■❇❄❁■✾❈❏ ✻❁ ❄♣❊❆❈ ❀✾ ❀■❄ ❁❀❇✻♠❄

K
❑

• ✁✾✼❄ ✮ ✇❇❄❁✿ ❑❴② ❍✾❇❇❄❁✿ ✾✼❏❁ ❀✾ ❆✼ ✾④❄❇ ✇❇❄❁✿ ❑ ❊✼❏❄❇② ❍✾✼❁❊❉✿❀✻✾✼ ❑ q✼ ❀■❄❁❄ ❀✺✾ ❍❆❁❄❁
❀■❄ ✾✿❀✻❉ ❆❈ ❀■❇❄❁■✾❈❏ ✻❁ ❆✼ ❄❜✿❈✻❍✻❀ ♦❊✼❍❀✻✾✼ ✾♦

ti
❑ q♦ ❀■❄ ✽❈✾❋❆❈ ✿ ❄✼❆❈❀✻❄❁ ❆❇❄ ✻✼r✼✻❀❄ ❂

❀■❄❁❄ ❀✺✾ ✂✾✼❄❁ ❆❇❄ ❊❁❄❈❄❁❁ ❑

• ✁✾✼❄ ① ✻❁ ❀■❄ ✾✼❈❧ ✾✼❄ ✺■❄❇❄ ❀■❄ ❀■❇❄❁■✾❈❏ ■❆❁ ❀✾ ❋ ❄ ♦✾❊✼❏ ❑

❛④❄✼ ✻♦
Fti

⑤❊❍❀❊❆❀❄❁ ❆ ❈✾❀ ❂ ✺❄ ❄❜✿ ❄❍❀ ❀■❆❀ ❀■❄ ❀■❇❄❁■✾❈❏
S∗ ❍■❆✼✽❄❁ ❆ ❈✻❀❀❈❄ ✺ ✻❀■ ❇❄❁✿ ❄❍❀

❀✾
ti

❆✼❏
Qti

❑ ☎✾❇ ✻✼❁❀❆✼❍❄ ❂ ✻✼ ❀■❄ ❁✿ ❄❍✻❆❈ ❍❆❁❄ ✺■❄❇❄
Fti

✻❁ ❏❄❀❄❇❉ ✻✼✻❁❀✻❍ ✺ ✻❀■
r = 0

❂
S∗ ✻❁

❍✾✼❁❀❆✼❀ ❑ ❅✾✼❁❄♣❊❄✼❀❈❧❂
S∗(ti, Qti)

❉❆❧ ❋ ❄ ❆✿✿❇✾❜ ✻❉ ❆❀❄❏ ❋❧ ❆ ❁❉ ✾✾❀■ ♦❊✼❍❀✻✾✼ ✾♦
(ti, Qti)

❑
☎ ✻✽❊❇❄ � ❆❋ ✾❊❀ ❀■❄ ✻✼⑦ ❄❍❀✻✾✼ ✾✿❀✻❉ ❆❈ ❏❄❍✻❁✻✾✼ ❍✾✼r❇❉ ❁ ❀■❆❀ ❀■❄ ❀■❇❄❁■✾❈❏ ❁❊❇♦❆❍❄ ❉ ❆❧ ❋ ❄
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t

1

2

3

4

Qt

Qmin

Qmax

t = T

Qt = qmax × t

Qt = qmin × t

.

.

.

.

.

.

..

.

.

. .

.

....

. .

..

. .

..

1

2

3

4

t = T

Qt − qmin × t

t −
Qt−qmin×t

qmax−qmin

Qmax − qmin × t

Qmin − qmin × t

☎ ✻✽❊❇❄ ✃✮ s ✁❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ✾♦ ❀■❄ ❀■❇❄❁■✾❈❏ ❆❁ ❆ ♦❊✼❍❀✻✾✼ ✾♦ ❋ ✾❀■
(t,Qt)

❆✼❏
(t −

Qt−qmin

qmax−qmin
, Qt − qmin × t)

❑

❆✿✿❇✾❜ ✻❉ ❆❀❄❏ ❋❧ ❆ ❁❉ ✾✾❀■ ✾✼❄ ♦✾❇ ❀■❄❁❄ ❍✾✼❀❇❆❍❀❁ ❑ ③❍❀❊❆❈❈❧❂ ✻❀ ✻❁ ❉ ✾❇❄ ❄✆ ❍✻❄✼❀ ❀✾ ❄❜✿❇❄❁❁

S∗ ❆❁ ❆ ♦❊✼❍❀✻✾✼ ✾♦
(
i− Qti − qmin × i

qmax − qmin
, Qti − qmin × i

)
,

❀■❄ ❁❊✿✿ ✾❇❀ ✾♦ ❀■❄ ♦❊✼❍❀✻✾✼
S∗ ❋ ❄✻✼✽ ✼✾✺ ❆ ❇❄❍❀❆✼✽❈❄ ❑ ✈■❄ ✿❆❇❆❉ ❄❀❄❇❁

θ
✾♦ ❀■❄ ♦❊✼❍❀✻✾✼

S∗ ❆❇❄ ④❆❈❊❄❁ ✾♦ ❀■❄ ❀■❇❄❁■✾❈❏ ❆❀ ❆ r❜❄❏ ✿ ✾❁✻❀✻✾✼ ❁✿❇❄❆❏ ❂ ✾✼ ❆ ❊✼✻♦✾❇❉ ✽❇✻❏ ✺ ✻❀■ ❆ ❍■✾❁❄✼
❁✻✂❄ ✇

5 × 5
♦✾❇ ❄❜❆❉✿❈❄② ❑ ✈■❄ ④❆❈❊❄ ✾♦

S∗ ✾❊❀❁✻❏❄ ❀■❄ ✽❇✻❏ ✻❁ ❄♣❊❆❈ ❀✾ ❀■❄ ❁❀❇✻♠❄ ✻♦ ❀■❄
❍✾❊✿❈❄

(ti, Qti)
✻❁ ✻✼ ✁✾✼❄ ✃ ❂ ❆✼❏ ❀✾ ❆ ❋✻❈✻✼❄❆❇ ✻✼❀❄❇✿ ✾❈❆❀✻✾✼ ✾♦ ❀■❄ ♦✾❊❇ ✼❄❆❇❄❁❀ ✼❄✻✽■❋ ✾❇❁ ❂

✾❀■❄❇✺ ✻❁❄ ❑

✂ ✂✂ ✂❖ �✁❯❨❭ ❨✁❳❯❨✴❬ ✴ ☎ ✁❳✵❳❭✱❯✱✵✷

➈ ✻❀■ ❀■✻❁ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ❂ ❀■❄ ♦❊✼❍❀✻✾✼ J (θ)
❀✾ ❉ ❆❜✻❉ ✻✂❄ ✻❁ ✼✾❀ ❁❉ ✾✾❀■ ❂ ❆✼❏ ❆ ❁✿ ❄❍✻r❍

✾✿❀✻❉ ✻✂❆❀✻✾✼ ✿❇✾ ❍❄❏❊❇❄ ■❆❁ ❀✾ ❋ ❄ ❍❆❇❇✻❄❏ ✾❊❀ ❑
✹✻✼❍❄ ✿❆❇❆❉ ❄❀❄❇❁

θ
❆❇❄ ❀■❇❄❁■✾❈❏ ④❆❈❊❄❁ ❂ ❀■❄❧ ❍❆✼ ❋ ❄ ✻✼✻❀✻❆❈✻✂❄❏ ✼❄❆❇ ❀■❄ ④❆❈❊❄

K
❑ ✈■❄

✻❏❄❆ ✾♦ ❀■❄ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ✻❁ ❀■❄ ♦✾❈❈✾✺ ✻✼✽ ❑ ➈ ✻❀■ ❆ ✽✻④❄✼ ❁❄❀ ✾♦ ❁✻❉❊❈❆❀✻✾✼❁ ❂ ✺❄ ❍❆✼ ❄④❆❈❊❆❀❄

Ĵ (θ)
♦✾❇ ❆✼❧ ④❆❈❊❄ ✾♦

θ
❑ ➈❄ ❆❇❄ ❈✾✾♠✻✼✽ ♦✾❇ ❀■❄ ✾✿❀✻❉ ❆❈ ✿❆❇❆❉ ❄❀❄❇ ❋❧ ❆✿✿❈❧✻✼✽ ❍✾✾❇❏✻✼❆❀❄●

✺ ✻❁❄ ✻❀❄❇❆❀✻④❄ ✿ ❄❇❀❊❇❋❆❀✻✾✼❁ ✾♦ ❀■❄ ✿❆❇❆❉ ❄❀❄❇❁ ❑ ✈■❄ ❁✻✂❄ ✾♦ ❀■❄ ✿ ❄❇❀❊❇❋❆❀✻✾✼ ❄♣❊❆❈❁
ε

❆✼❏
✿❆❇❆❉ ❄❀❄❇❁ ❆❇❄ ✻❀❄❇❆❀✻④❄❈❧ ❍■✾❁❄✼ ❆❍❍✾❇❏✻✼✽ ❀✾ ❆ ❁❀❆❀✻❁❀✻❍❆❈ ❀❄❁❀ ❋❆❁❄❏ ✾✼ ❀■❄ ❄❉✿✻❇✻❍❆❈
❉ ❄❆✼ ❆✼❏ ④❆❇✻❆✼❍❄ ✾♦ ❀■❄ ✻❉✿❇✾④❄❉ ❄✼❀ ❑ ✈✾ ✽❄❀ ❋ ❄❀❀❄❇ ❆✼❏ ❋ ❄❀❀❄❇ ✿❆❇❆❉ ❄❀❄❇❁ ✺❄ ✻✼❍❇❄❆❁❄
❀■❄ ❁✻✂❄ ✾♦ ❀■❄ ❁❄❀ ✾♦ ❁✻❉❊❈❆❀✻✾✼❁ ✻✼ ❁❄④❄❇❆❈ ❁❀❆✽❄❁ ❑ ➈❄ ❁❀❆❇❀ ✺ ✻❀■

l = 0
❆✼❏

NMC = 10000
❑

➈❄ ❏❄r✼❄
θ

+
j0

= (θ1, . . . , θj0 + ε, . . . , θd)
❆✼❏

θ
−
j0

= (θ1, . . . , θj0 − ε, . . . , θd)
❑ ✈■❄ ❆❈✽✾❇✻❀■❉

❍❆✼ ❋ ❄ ❏❄❁❍❇✻❋ ❄❏ ❆❁ ♦✾❈❈✾✺ ❁ ❑



�✁✂✄✂☎✆ ✝✞ ✟✠✂☎✆ ✝✡ ☛✂✝☎☞ ✌ ✍ ✎ ✏✑✒✒✓✒✑✔✕✖✗✓✘✓ ✙ ✚ ✎ ✏✓✒✛✓✒✓✗ ✙ ✍ ✎ ✜✢✖✖✑✣ ✙ ✕ ✎ ✤✢✥✓✗ ✙ ✦ ✎ ✧✓★✩✢✪ ✙ ✫ ✎ ✧✪✬✢✖ ✙ ✜ ✎ ✫✓✥✢✪✣✔✭✑✣★✓ ✮�

• ✹❀❆✽❄
l

�
✹✻❉❊❈❆❀❄ ❆ ❁❄❀ ✾♦

2lNMC

✻✼❏❄✿ ❄✼❏❄✼❀ ✿❆❀■❁
(Fti)i

❑

�
✞ ❄✼✾❀❄ ❋❧

σ̂(X)
❀■❄ ❄❉✿✻❇✻❍❆❈ ❁❀❆✼❏❆❇❏ ❏❄④✻❆❀✻✾✼ ✾♦

X
❍✾❉✿❊❀❄❏ ✺ ✻❀■ ❀■✻❁ ❁❄❀

✾♦ ✿❆❀■❁ ❑

�
➈ ■✻❈❄ Ĵ (θ)

✻❁ ✻❉✿❇✾④❄❏

∗ ❅✾❉✿❊❀❄ ❀■❄ ❄❉✿✻❇✻❍❆❈ ❉ ❄❆✼ ✾♦ Ĵ (θ)
❊❁✻✼✽ ❀■✻❁ ❁❄❀ ✾♦ ✿❆❀■❁ ❑

∗ ☎✾❇ ❄❆❍■ ✿❆❇❆❉ ❄❀❄❇ ❍✾✾❇❏✻✼❆❀❄
θj0

· ✻♦ Ĵ (θ+
j0

) − Ĵ (θ) > 1.65 × σ̂(J (θ+
j0

) − J (θ))
✾❇

· ✻♦ Ĵ (θ−
j0

) − Ĵ (θ) > 1.65 × σ̂(J (θ−
j0

) − J (θ))

❍■❆✼✽❄ ❀■❄ ④❆❈❊❄ ✾♦
θj0

❆✼❏ ❍✾✼❀✻✼❊❄ ❀■❄ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ✺ ✻❀■ ❀■❄ ❋ ❄❁❀ ✾♦ ❀■❄❁❄
❀■❇❄❄ ❁❄❀❁ ✾♦ ✿❆❇❆❉ ❄❀❄❇❁ ❑

• l → l + 1
❑

q❀❄❇❆❀✻✾✼❁ ❆❇❄ ❁❀✾✿✿ ❄❏ ✺■❄✼
2lNMC

✻❁ ❀✾ ✾ ❈❆❇✽❄ ♦✾❇ ❍✾❉✿❊❀❆❀✻✾✼❁ ✾❇ ✺■❄✼ ❀■❄❇❄ ✻❁ ✼✾ ❉ ✾❇❄
✻❉✿❇✾④❄❉ ❄✼❀ ❑

✂ ✂✂ ✂✂ ▲✁✁ ❲❨❚❳❯❨✴❬✷ ❯✴ ✷❯✴✵❳✝✱ ❚✴❬❯✵❳❚❯

③ ❁✻❉ ✻❈❆❇ ❁❀❇❆❀❄✽❧ ❍❆✼ ❋ ❄ ❊❁❄❏ ♦✾❇ ❀■❄ ❁❀✾❇❆✽❄ ❍✾✼❀❇❆❍❀ ❂ ❁✻✼❍❄ ✺❄ ❄❜✿ ❄❍❀ ❀■❆❀ ❀■❄ ✾✿❀✻❉ ❆❈
❍✾✼❁❊❉✿❀✻✾✼

q(t,Qt, Ft)
❀❆♠❄❁ ✾✼❈❧ ❀■❇❄❄ ④❆❈❊❄❁ ❑ q✼ ❀■✻❁ ❍❆❁❄ ✺❄ ❋❊✻❈❏ ❀✺✾ ❁❊❇♦❆❍❄❁ ❆❁❁✾ ❍✻●

❆❀❄❏ ❀✾ ❀■❄ ❀✺✾ ❀■❇❄❁■✾❈❏❁ ❂ ❊❁✻✼✽ ❀■❄ ❁❆❉ ❄ ❉ ❄❀■✾❏ ❑ ➈❄ ❍■✾✾❁❄ ❆ ❁✻✂❄ ✾♦ ✽❇✻❏ ❆✼❏ ❍■❆✼✽❄
❀■❄ ④❆❈❊❄❁ ✾♦ ✼✾❏❄❁ ❂ ✾✼❄ ❋❧ ✾✼❄ ❂ ❆❀ ❄❆❍■ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ❁❀❄✿ s ✼✾❏❄❁ ✾♦ ❀■❄ r❇❁❀ ❁❊❇♦❆❍❄ ❂ ❀■❄✼
✼✾❏❄❁ ✾♦ ❀■❄ ❁❄❍✾✼❏ ✾✼❄ ❑ ✹✻✼❍❄ ❀■❄ ✿❇❄④✻✾❊❁ ❍■❆✼✽❄ ✾♦ ④❆❇✻❆❋❈❄❁ ✻❁ ❊❁❄❈❄❁❁ ❂ ✺❄ ✿❆❇❆❉ ❄❀❄❇✻✂❄
❀■❄ ❀✺✾ ❁❊❇♦❆❍❄❁ ✺ ✻❀■

ti
❆✼❏

Qti

❑

✂ ✂✂ ✂☛ ✁ ✱✷◗❲❯✷

�✁❳❭✁ ❲✱ ✁ ✸ ◆✳ ❨❬✝ ❚✴❬❯✵❳❚❯ ✂ ☎✾❇ ❏✻♥❄❇❄✼❀ ♦✾❇✺❆❇❏ ❍❊❇④❄❁ ❂ ❀■❄ ❁✾❈❊❀✻✾✼ ❆✼❏ ❀■❄ ✾✿❀✻❉ ❆❈
✿❆❇❆❉ ❄❀❄❇❁ ❍✾❉✿❊❀❄❏ ✺ ✻❀■ ❀■✻❁ ❆❈✽✾❇✻❀■❉ ❏✾ ✼✾❀ ❏❄✿ ❄✼❏ ✾✼ ❀■❄ ✻✼✻❀✻❆❈ ❁❄❀ ✾♦ ✿❆❇❆❉ ❄❀❄❇❁ ❑
☎❊❇❀■❄❇❉ ✾❇❄ ❂ ✼✾ ❈✾ ❍❆❈ ❉ ❆❜✻❉❊❉ ✿■❄✼✾❉ ❄✼✾✼ ■❆❁ ❋ ❄❄✼ ✼✾❀✻❍❄❏ ❑ ✈■❄ ♣❊❆❈✻❀❧ ✾♦ ❇❄❁❊❈❀❁
❉ ❆✻✼❈❧ ❏❄✿ ❄✼❏❁ ✾✼ ❀■❄ ♦✾❇✺❆❇❏ ❍❊❇④❄❁ ❑ ➈ ✻❀■ ❆

4 × 4
✽❇✻❏ ✺❄ ❍❆✼ ❇❄❆❍■ ❂ ✻✼ ❀■❄ ❋ ❄❁❀ ❍❆❁❄❁ ❂



�✁✂✄✂☎✆ ✝✞ ✟✠✂☎✆ ✝✡ ☛✂✝☎☞ ✌ ✍ ✎ ✏✑✒✒✓✒✑✔✕✖✗✓✘✓ ✙ ✚ ✎ ✏✓✒✛✓✒✓✗ ✙ ✍ ✎ ✜✢✖✖✑✣ ✙ ✕ ✎ ✤✢✥✓✗ ✙ ✦ ✎ ✧✓★✩✢✪ ✙ ✫ ✎ ✧✪✬✢✖ ✙ ✜ ✎ ✫✓✥✢✪✣✔✭✑✣★✓ ✮�

❪�� ✾♦ ❀■❄ ✿ ❄❇♦✾❇❉ ❆✼❍❄ ✾❋❀❆✻✼❄❏ ❋❧ ❆ ❏❧✼❆❉ ✻❍ ✿❇✾✽❇❆❉❉ ✻✼✽ ❆✿✿❇✾❆❍■ ❑ ✈■❄ ♦✾❈❈✾✺ ✻✼✽
❇❄❁❊❈❀❁ ❆❇❄ ❍✾❉✿❊❀❄❏ ✺ ✻❀■

ε = 0.1
❂
l = 5

❁❀❄✿❁ ✇❍✾❇❇❄❁✿ ✾✼❏✻✼✽ ❀✾ ❆ ❉ ❆❜✻❉❊❉ ❁❄❀ ✾♦ ❴✮❫
❫❫❫ ❏✻♥ ❄❇❄✼❀ ❁✻❉❊❈❆❀✻✾✼❁② ❆✼❏ ❪➁� ❍✾✼r❏❄✼❍❄ ✻✼❀❄❇④❆❈❁ ❑

☎✾❇✺❆❇❏ ❍❊❇④❄ ✹✻✂❄ ✾♦ ✽❇✻❏ Ĵ ☎✾❇❄❁❀ ✾♦ ❀❇❄❄❁
❇❄❆❈

4 × 4 4565 ± 25
①� ✃✃

❇❄❆❈
10 × 10 4578 ± 25

①� ✃✃
⑤❆❀

4 × 4 2696 ± 23 ✮�✃�
⑤❆❀

10 × 10 2692 ± 23 ✮�✃�
�✁❳❭✁ ❲✱ ❖ ✸ ✷❯✴✵❳✝✱ ❚✴❬❯✵❳❚❯ ✂ ✈■❄❁❄ ❇❄❁❊❈❀❁ ❉ ❆✻✼❈❧ ❏❄✿ ❄✼❏ ✾✼ ❀■❄ ❍■✾✻❍❄ ✾♦

ε
❆✼❏ ❀■❄

❁✻✂❄ ✾♦ ✽❇✻❏❁ ❑
ε

✼❄❄❏❁ ❀✾ ❋ ❄ ❁❉ ❆❈❈ ❄✼✾❊✽■ ❀✾ ■❆④❄ ❇❄❈✻❆❋❈❄ ❇❄❁❊❈❀❁ ❋❊❀ ❆ ❀✾✾ ❁❉ ❆❈❈ ④❆❈❊❄
✾♦
ε

❉❆❧ ❆❈❁✾ ✽❄✼❄❇❆❀❄ ■❄❆④❧ ❍✾❉✿❊❀❆❀✻✾✼❁ ❑ q✼ ✾❊❇ ❍❆❁❄ ✽❇✻❏❁ ✺❄❇❄ ❀✾ ✾ ❍✾❆❇❁❄ ❀✾ ❊❁❄ ❆
④❄❇❧ ❁❉ ❆❈❈ ④❆❈❊❄ ✾♦

ε
❑ ③❏❆✿❀✻④❄ ✽❇✻❏❁ ❂ ✺■✻❍■ ❋ ❄❍✾❉ ❄ ❉✾❇❄ ✿❇❄❍✻❁❄ ❆❁

t
✽❇✾✺ ❁ ❂ ❉ ❆❧ ❋ ❄

❉ ✾❇❄ ❄✆ ❍✻❄✼❀ ❀■❆✼ ❊✼✻♦✾❇❉ ✾✼❄❁ ❑ q✼ ❀■❄ ❁❀✾❇❆✽❄ ❍✾✼❀❇❆❍❀ ❂ ❆ ✽❇✻❏ ❀■❆❀ ❄✼❁❊❇❄❁ ❍✾✼❀✻✼❊✻❀❧
✾♦ ❀■❄ ❀■❇❄❁■✾❈❏ ❁❊❇♦❆❍❄ ❆❀ ❄❏✽❄❁ ✾♦ ✁✾✼❄ ✃ ❂ ✽✻④❄❁ ✽✾✾❏ ❇❄❁❊❈❀❁ ❆❁ ✺❄❈❈ ❑ q❀ ❆✿✿ ❄❆❇❁ ❀■❆❀
✻✼ ✻❀✻❆❈✻✂❆❀✻✾✼ ❆✼❏ ✾❇❏❄❇ ✾♦ ✿❆❇❆❉ ❄❀❄❇❁

θj

✻✼ ❀■❄ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ✿❇✾❍❄❏❊❇❄ ❆❇❄ ✼✾❀ ❍❇❊❍✻❆❈ ❑

☎✾❇✺❆❇❏ ❍❊❇④❄ ✹✻✂❄ ✾♦ ✽❇✻❏ Ĵ ☎✾❇❄❁❀ ✾♦ ❀❇❄❄❁
❇❄❆❈

4 × 4 225.3 ± 1.2 ✮①✮ ❑➁
❇❄❆❈

10 × 10 230 ± 1.2 ✮①✮ ❑➁

� ✁❣❞❥ ✠✐✡❦❣❞

q✼ ❀■❄ ✿❆✿ ❄❇ ❂ ✺❄ ■❆④❄ ✿❇❄❁❄✼❀❄❏ ❁❄④❄❇❆❈ ✼❊❉ ❄❇✻❍❆❈ ❉ ❄❀■✾❏❁ ❀✾ ✿❇✻❍❄ ✹✺ ✻✼✽ ✾✿❀✻✾✼❁ ❑ ✈■❄
✺❄❈❈●♠✼✾✺✼ ♦✾❇❄❁❀ ✾♦ ❀❇❄❄❁ ❉ ❄❀■✾❏ ❆❈❈✾✺ ❁ ❀✾ ❏❄❆❈ ❄✆ ❍✻❄✼❀❈❧ ✺ ✻❀■ ✾✼❄ ♦❆❍❀✾❇ ❉ ✾❏❄❈❁ ❑ ➈❄
■❆④❄ ❄❜❀❄✼❏❄❏ ❀■❄ ➇✾✼✽❁❀❆♥●✹❍■✺❆❇❀✂ ❉❄❀■✾❏ ✇✻✼ ✻❀✻❆❈❈❧ ❊❁❄❏ ♦✾❇ ❵❄❇❉❊❏❆ ✾✿❀✻✾✼❁② ❀✾ ✾❊❇
♦❇❆❉ ❄✺✾❇♠ ❑ ✈■✻❁ ❆❊❀■✾❇✻✂❄❁ ❉❊❈❀✻●♦❆❍❀✾❇ ❉ ✾❏❄❈❁ ❑ ✈■❄❁❄ ❀✺✾ ✿❇✾❍❄❏❊❇❄❁ ❀❆♠❄ ❆❏④❆✼❀❆✽❄
✾♦ ❀■❄ ❏❧✼❆❉ ✻❍ ✿❇✾✽❇❆❉❉ ✻✼✽ ❄♣❊❆❀✻✾✼ ❆✼❏ ❀■❊❁ ❂ ❈❄❆❏ ❀✾ ❆❍❍❊❇❆❀❄ ④❆❈❊❆❀✻✾✼❁ ✾♦ ❀■❄ ✹✺ ✻✼✽
❍✾✼❀❇❆❍❀ ❑ ⑥❊❉ ❄❇✻❍❆❈ ❄❜✿ ❄❇✻❉ ❄✼❀❁ ❍✾✼r❇❉ ❀■✻❁ ♦❄❆❀❊❇❄ ❑ ➈❄ ❏❄④❄❈✾✿ ❆❈❀❄❇✼❆❀✻④❄ ❆❈✽✾❇✻❀■❉ ❁
❋❆❁❄❏ ✾✼ ❇❄❈❄④❆✼❀ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼❁ ✾♦ ❀■❄ ❍✾✼❁❊❉✿❀✻✾✼ ❑ ✈■❄❁❄ ✼❄✺ ❉ ❄❀■✾❏❁ ❍❆✼ ❆❈❁✾
■❆✼❏❈❄ ❉❊❈❀✻●♦❆❍❀✾❇ ❉ ✾❏❄❈❁ ❑ ❃ ✾❇❄✾④❄❇ ❂ ❊✼❈✻♠❄ ❀■❄ ✿❇❄④✻✾❊❁ ✾✼❄❁ ❂ ❀■❄❧ ■❆④❄ ❀■❄ ❆❏④❆✼❀❆✽❄
❀✾ ✽✻④❄ ✻✼❀❄❇❉ ❄❏✻❆❀❄ ✿❇✻❍❄❁ ❀■❇✾❊✽■✾❊❀ ❀■❄ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ❁❀❆✽❄ ❑
✈✾ ✽❊✻❏❄ ✾❊❇ ❍■✾✻❍❄ ✾♦ ✿❆❇❆❉ ❄❀❄❇✻✂❆❀✻✾✼ ❂ ✺❄ ■❆④❄ ✿❇✾④❄✼ ❀■❆❀ ❀■❄ ✾✿❀✻❉ ❆❈ ✿❊❇❍■❆❁❄ ✻❁
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✾♦ ❋❆✼✽●❋❆✼✽ ❀❧✿ ❄ ❑ ✈■❄ r❇❁❀ ✿❆❇❆❉ ❄❀❇✻❍ ❉ ❄❀■✾❏ ✻❁ ❋❆❁❄❏ ✾✼ ❆ ✼❄❊❇❆❈ ✼❄❀✺✾❇♠ ❂ ✺■✻❍■
❍❆✼ ❆❁❧❉✿❀✾❀✻❍❆❈❈❧ ❇❄✿❇✾❏❊❍❄ ❀■❄ ❋❆✼✽●❋❆✼✽ ❋ ❄■❆④✻✾❇ ❑ ✈■❄ ✾❋⑦ ❄❍❀✻④❄ ♦❊✼❍❀✻✾✼ ✻❁ ❁❉ ✾✾❀■
✺ ❑❇ ❑❀ ❑ ✿❆❇❆❉ ❄❀❄❇❁ ❆✼❏ ✽❇❆❏✻❄✼❀ ❁❀✾ ❍■❆❁❀✻❍ ❉ ❄❀■✾❏❁ ❍❆✼ ❋ ❄ ❊❁❄❏ ♦✾❇ ❀■❄ ✾✿❀✻❉ ✻✂❆❀✻✾✼ ❑ ✈■❄
❇❄❁❊❈❀❁ ❆❇❄ ♣❊✻❀❄ ❁❆❀✻❁♦❧✻✼✽ ❑ ✈■❄ ❁❄❍✾✼❏ ✿❆❇❆❉ ❄❀❇✻❍ ❉ ❄❀■✾❏ ❏✻❇❄❍❀❈❧ ❉ ✾❏❄❈❁ ❀■❄ ❋❆✼✽●❋❆✼✽
❀■❇❄❁■✾❈❏ ❆❁ ❆ ♦❊✼❍❀✻✾✼ ✾♦ ❀■❄ ❀✻❉ ❄ ❆✼❏ ❀■❄ ❍❊❉❊❈❆❀✻④❄ ❍✾✼❁❊❉✿❀✻✾✼ ❑ ✈■✻❁ ❁❄❄❉ ❁ ❀✾ ❋ ❄
✿❆❇❀✻❍❊❈❆❇❈❧ ❆❏❆✿❀❄❏ ❀✾ ❀■❄ ✿❇✾❋❈❄❉ ❆✼❏ ❀■❊❁ ❈❄❆❏❁ ❀✾ ❋ ❄❀❀❄❇ ❇❄❁❊❈❀❁ ❑

� ✁ ❢❣ ❣ ✆ ❣ ✆ ✁✝✄❣❢✄☎ � ✂�

➇❄❀
q(.)

❋ ❄ ❆✼ ✾✿❀✻❉ ❆❈ ❍✾✼❀❇✾❈ ❆✼❏
q̄(.)

❆✼ ❆❏❉ ✻❁❁✻❋ ❈❄ ❍✾✼❀❇✾❈ ✻✼
[qmin, qmax]

❑ ☎✾❇
ǫ ∈ [0, 1]

❂
✺❄ ❏❄r✼❄ ❆ ❀■✻❇❏ ❆❏❉ ✻❁❁✻❋ ❈❄ ❍✾✼❀❇✾❈

qǫ
tj

=





qti + ǫ (q̄ti − qti) j = i,

qtj j 6= i.

✈■❄ ✾❋⑦ ❄❍❀✻④❄ ♦❊✼❍❀✻✾✼ ❍✾❇❇❄❁✿ ✾✼❏✻✼✽ ❀✾
qǫ ✻❁ ✽✻④❄✼ ❋❧

J (qǫ) = E




N−1∑

j=0

e−rtj qǫ
tj

(Ftj −K) + e−rTFTP (Qǫ
T )



 .

✹✻✼❍❄
q

✻❁ ✾✿❀✻❉ ❆❈ ❂ ✺❄ ✽❄❀ J (qǫ) ≤ J (q)
❂ ♦✾❇ ❄④❄❇❧

ǫ ∈ [0, 1]
❂ ❆✼❏ ❀■❄❇❄♦✾❇❄ ∂J (qǫ)

∂ǫ
|ǫ=0 ≤ 0.

➈❄ ❍❆✼ ❄❆❁✻❈❧ ❍✾❉✿❊❀❄ ❀■✻❁ ❏❄❇✻④❆❀✻④❄ ❆✼❏ ✾❋❀❆✻✼

∂J (qǫ)

∂ǫ
|ǫ=0 = lim

ǫ↓0

J (qǫ) − J (q)

ǫ

= E
{
(q̄ti − qti)

[
e−rti(Fti −K) + e−rTFTP

′(QT )
]}

= E
{
(q̄ti − qti)

[
e−rti(Fti −K) + E

(
e−rTFTP

′(QT )|Fti , Qti

)]}
≤ 0.

✈■❄ ❆❋ ✾④❄ ✻✼❄♣❊❆❈✻❀❧ ■✾❈❏❁ ❀❇❊❄ ♦✾❇ ❆❈❈ ❆❏❉ ✻❁❁✻❋ ❈❄ ❍✾✼❀❇✾❈
(q̄tj )j

❂ ❀■❊❁ ✻✼ ✿❆❇❀✻❍❊❈❆❇ ♦✾❇

q̄tj = qtj + (q − qti)1λti
>01i=j

❂ ✺■❄❇❄

Hti = e−rti(Fti −K) + E
(
e−rTFTP

′(QT )|Fti , Qti

)

❆✼❏
λti = (q− qti)Hti

✇
q ∈ [qmin, qmax]

❋ ❄✻✼✽ r❜❄❏② ❑ ✈■✻❁ ✽✻④❄❁
E
(
1λti

>0λti

)
≤ 0.

q✼ ✾❀■❄❇
✺✾❇❏❁ ❂

λti

✻❁ ✼❄✽❆❀✻④❄ ✾❊❀❁✻❏❄ ❁✾❉ ❄ ✼❄✽❈✻✽✻❋ ❈❄ ❁❄❀❁ ❑ ✈■❊❁ ✺❄ ■❆④❄ ✿❇✾④❄✼ ❀■❄ ♦✾❈❈✾✺ ✻✼✽
✾✿❀✻❉ ❆❈✻❀❧ ❍✾✼❏✻❀✻✾✼

(q − qti)
[
e−rti(Fti −K) + E

(
e−rTFTP

′(QT )|Fti , Qti

)]
≤ 0,∀ q ∈ [qmin, qmax],

❆✼❏ ❀■❄ ❏❄❁✻❇❄❏ ❇❄❁❊❈❀ ♦✾❈❈✾✺ ❁ ❆❀ ✾✼❍❄ ❑
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