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Electronic-structure theory is a strong pillar of materials science. Many different computer codes that employ
different approaches are used by the community to solve various scientific problems. Still, the precision of
different packages has only recently been scrutinized thoroughly, focusing on a specific task, namely selecting
a popular density functional, and using unusually high, extremely precise numerical settings for investigating
71 monoatomic crystalst. Little is known, however, about method- and code-specific uncertainties that arise
under numerical settings that are commonly used in practice. We shed light on this issue by investigating the
deviations in total and relative energies as a function of computational parameters. Using typical settings
for basis sets and k-grids, we compare results for 71 elemental and 63 binary solids obtained by three differ-
ent electronic-structure codes that employ fundamentally different strategies. On the basis of the observed
trends, we propose a simple, analytical model for the estimation of the errors associated with the basis-set
incompleteness. We cross-validate this model using ternary systems obtained from the NOMAD Repository
and discuss how our approach enables the comparison of the heterogeneous data present in computational

materials databases.

Over the last decades, computational materials sci-
ence has evolved as a paradigm of materials science,
complementing theory and experiment with computer
experiments? In particular, density-functional theory
(DFT) has become the workhorse for a plenitude of com-
putational investigations, representing a good compro-
mise between precision and computational expense, thus
allowing for the investigation of realistic systems with
affordable numerical effort® The widespread application
of electronic-structure theory was especially fueled by the
development and distribution of many user-friendly and
computationally efficient simulation packages (termed
codes in the following) based on DFT. Essentially all
these codes rely on the same fundamental physical con-
cept and solve the Kohn-Sham (KS) equations® of DFT
self-consistently by expanding the Kohn-Sham states in
a finite basis set. Moreover, apart from the choice of the
basis set, different approximations and various numeri-
cal techniques and algorithms are employed. Inherently,
this raises the question how consistent, and hence, how
comparable, results from different codes are.

Only recently, a synergistic community effort led by K.
Lejaeghere and S. Cottenier has shed light on these is-
sues, essentially concluding that “most recent codes and
methods converge toward a single value”. This concerns,
however, only the investigated relatively robust case of
computing the equation of states for elemental solids!*
using the PBE exchange-correlation (xc) functional. In
this context, it has to be noted that such a close agree-
ment across codes and methods was only achieved by us-

ing safe numerical settings that guaranteed highest preci-
sion and that are rarely used in routine DFT calculations.
In practice, such settings are often not even necessary as
long as only data obtained by the same methodology,
code, and settings are used, because then one benefits
from error cancellation, and trends are described reliably.

Over the last decade, the increased amount of avail-
able computational power as well as the maturity of
existing first-principles materials-science codes made it
possible to perform computational studies in a “high-
throughput” fashion by scanning the compositional and
structural space in an almost automated manner S In
such a case, the numerical settings have to be chosen
a priori in such a way that the trends of the proper-
ties of interest are captured. Often, this is achieved
via educated guesses, sometimes via (semi-)automatic
algorithms 2?1 Since the properties of interest differ in
different investigations, also the numerical settings can
vary quite significantly 12 This has some impact on the
possibility of reusing data beyond its original scope and
purpose. Also, comparing data from different sources —
created using different methodologies and settings or fo-
cusing on different properties — is not risk-free, in spite
of the fact that the data may be publicly available in
databases and repositories, as for instance, in the NO-
MAD Repositoryt® AFLOW 1817 Materials Project 18
OQMD X Materials Cloud/2? and alike. In a nutshell,
using data from different sources that are based on dif-
ferent numerical settings implies potentially uncontrol-
lable uncertainties. This is a pressing and severe issue,



given that the sheer amount of calculations existing to
date prevents a human, case-by-case check of the data.

In this work, we describe a first step for overcoming
this unsatisfactory situation and show how errors for data
stemming from DFT computations can be estimated. We
emphasize that we do not investigate errors that originate
from the use of approximate physical equations, e.g., the
use of a particular xc-functional. We rather focus on nu-
merical aspects, i.e., on errors arising from the fact that
different codes solve the same equation by employing dif-
ferent numerical approximations and techniques. To this
end, we systematically investigate the numerical errors
that arise in total energies and energy differences in three
different DFT codes, the two all-electron, full-potential
packages exciting?! and FHI-aims?22¥ as well as
the projector-augmented wave formalism implemented
in the package GPAW24 27 In the two all-electron, full-
potential codes, all electrons are accounted for in the self-
consistency cycle on the same footing. The exciting?!
code uses linearized augmented plane-waves plus local
orbitals, whereas real-valued, numeric atom-centered or-
bitals (NAOs) are used as a basis set both for core and
valence electrons in FHI-aims?223  Conversely, in the
projector augmented wave (PAW) method“® employed in
GPAWAH23 core states are frozen whereas valence states
are mapped onto smooth pseudo-valence states using
a linear transformation involving atom-centered partial
wave expansions?® The pseudo-states are smooth and
represented in a plane-wave expansion?? In the follow-
ing, we evaluate and analyze the numerical errors arising
in these different formalisms at various levels of precision
and then suggest how to estimate the errors associated
with the basis-set incompleteness and, consequently, get
access to the complete-basis-set limit for total energies
and energy differences.

I. METHODS

To perform the DFT calculations with these three
codes in a systematic manner, the atomic simulation
environment ASE2927 was used to generate the code-
specific input files and to store the results using ASE’s
lightweight database module. In this paper, we fo-
cus on the two main numerical approximations that are
used to discretize and represent the electron density
n(r) = >, [ (r)[* via the Kohn-Sham wavefunctions.
These are the density of the reciprocal-space grid (k grid)
for Brillouin-zone (BZ) integrations and the finite basis
set ¢,x(r). The Kohn-Sham wavefunctions are written
as

Yie(r) = uk(r) exp(ikr) with  wy(r) = chjk(bjk(r) .

(1)
For the BZ sampling, we use a I'-centered k-grid charac-
terized by a uniform k-point density

Pk = (Nk/VBZ)%> (2)

where Ny is the total number of k-points and Vgy the
BZ volume.

To discuss and analyze numerical errors, we performed
total-energy calculations for fixed geometries, i.e., with-
out any relaxation, using a representative set of numeri-
cal settings. These are k-point densities of 2, 4, and 8 A,
respectively, and choices of basis sets that are described
in detail in the Supplemental Material. They reflect set-
tings typically used in production calculations and also
include extremely precise numerical settings that ensure
convergence in total energy of < 0.001 eV/atom. The
latter are termed “fully converged” reference when we
evaluate the error occurring with less precise (typical)
settings. To make sure that no other numerical errors
cloud the ones stemming from the k-grid and the basis
set, all other computational parameters —for example, the
convergence thresholds for self-consistency— were chosen
in an extremely conservative way, as detailed in the Sup-
plemental Material.

To cover the chemical space in these benchmark cal-
culations, a set of representative materials has been cho-
sen. This includes the 71 elemental solids that have been
studied in the aforementioned work by Lejaeghere and
coworkers! and also includes prototypical binary materi-
als (one for each element with atomic number < 71; no-
ble gases excluded). The atomic structures and detailed
geometries were taken from the experimental Springer
materials database3! by selecting the energetically most
stable binary structure for each particular element ** On
top of that, 10 ternary materials were chosen from the
NOMAD Repository22 A detailed list including space
groups, stoichiometric formulae, structures, and refer-
ences to the original scientific publications is given in
the Supplemental Material.

In the following, we focus on the convergence and re-
lated errors of two fundamental properties, i.e., the ab-
solute total energies Fi.: and relative energies Fy . The
latter were computed as the total-energy difference be-
tween the original unit cell and an expanded cell, with
5% larger volume and scaled internal atomic positions.
While Eiot includes both the energetic contribution from
core and valence electrons, F.q is less sensitive to con-
tributions from the core and semi-core electrons due to
benign error cancellation. Accordingly, F.. is a good
metric to quantify the typically needed numerical pre-
cision for energy differences as well as potential-energy
surfaces. It also sheds light on the errors that would
occur in properties derived from the total energy, like
elastic constants, vibrational properties, and alike. In
our evaluations, the error for one material ¢ in a data
set x; is always defined with respect to the “fully con-
verged” reference value ¢;, as indicated by the notation
Ax; = x; — ¢, e.8., AEyq ; for the total energy error of
material i. To statistically analyze the errors across the
full set of materials with IV entries, we report the mean
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FIG. 1. Average (black/orange) and maximum (red/blue) error in Eio¢ (upper row) and Ere (lower row) as a function of
basis-set size as observed in exciting, FHI-aims, and GPAW for the 71 elemental solids (PBE, 8A k-point density). Note
that we use a logarithmic scale for the energy axis and different energy windows in the upper and lower row. See text for a
discussion of the different metrics used in the different codes to quantify basis set quality. The green dashed horizontal lines

indicate values of typically wanted precision.

absolute error
1
(Az) = 5 > |Azi] 3)

and the maximum error

max(Az) = max |Ax,]| . (4)

Here, we limit the discussion to data computed with the
PBE xc-functional. The numerical errors occurring with
a different type of generalized gradient approximation
(GGA) or the local-density approximation (LDA) show
the same qualitative behavior and only minor quantita-
tive differences (see Supplemental Material).

Il. RESULTS

In the following, we first summarize the trends ob-
served for the elemental solids (Sec. . When dis-
cussing errors related to the basis set, we always compare
to calculations that are “fully converged” with respect
to k-points. Likewise, errors arising from an insufficient
k-point density are discussed for “fully converged” ba-
sis sets, since the errors arising from either source can be
considered independent of each other. In all cases, a sim-
ple summation approach with a Fermi-function smearing
of 100 meV is used for the BZ integration. The observed
trends allow us to propose a simple, but versatile math-
ematical model to estimate the error associated to the

basis set for any compound and any of the investigated
codes, as exemplified in Sec. [[IB] for binary and ternary
materials.

The results of this work are available for further
analysis, both as raw data in the NOMAD Repository=2
and as a Jupyter notebook in the NOMAD Data-
Analytics Toolkit (https://analytics-toolkit.
nomad-coe.eu/tutorial-error—-estimates).
Therein, errors for arbitrary systems can be calculated
via an easy-to-use interface for various numerical settings
for exciting, FHI-aims, and GPAW. The correspond-
ing Python code can be modified and extended for
custom purposes.

A. Elemental Solids

First, we address the convergence with respect to the
size viz. degree of completeness of the basis set. The
results are shown in Fig. In the case of exciting,
the atom-specific settings, which are kept fixed in all cal-
culations, correspond to a sizable number of local or-
bitals that ensure well-converged ground-state calcula-
tions and transferability between different compounds.
The remaining (and most widely used) parameter to
judge the quality of the plane-wave basis is RKyax,
which is the product of the radius of the smallest atomic
sphere and the plane-wave cutoff (for details, see Ref. [21]).
Choosing the optimal value RKSPL such that it corre-
sponds to a convergence of the total energy of about
0.1 meV/atom (for details, see the Supplemental Mate-
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rial), we use the squared fraction (RKpax/RKSPE)? to
label the basis set quality, see Supplemental Materialfor
details. For FHI-aims, which uses tabulated, chemical-
species-specific sets of NAOs, the number of NAOs per
electron is used as metric. Note that these NAOs come
in tiers that group different angular momenta.2? The av-
erage number of basis functions per electron present in
these tiers and in the species-specific suggested settings
(“light”, “tight”) provided by the FHI-aims developers
are shown as black and gray vertical lines in the figures.
Since the “translation” from the number of NAOs into
this metric requires binning (not all elemental solids ap-
pear for all values of the x-axis), the reported errors do
not decrease monotonically. It is important to note that
tier 4 sets are not provided for all elements, but only
for those species for which such an additional set of ba-
sis functions improved the description of the electronic
structure during the basis-set construction procedure 2
Accordingly, only these problematic elements determine
the errors shown for 9 and more NAOs per electron. The
more benign elements, that are already fully converged
in this limit, no longer enter the shown average error,
since the developer-suggested settings do not allow for
more than 8 NAOs per electrons for these species. In
the plane-wave code GPAW the basis set is characterized
by the cut-off energy FE.., i.e., all plane waves with a
kinetic energy smaller than E.,; are included in the ba-
sis set. Note that this affects the convergence of relative
energies, since, for the same value of E .y, cells with dif-
ferent volume contain different number of plane waves.

As evident from Fig. [I| the errors in the total energy
exhibit a systematic convergence with increasing basis-
set size for all three codes. Generally, the maximum
error in the total energy can be even roughly one or-
der of magnitude larger than the average error. This
is due to the fact that numerical errors are species spe-
cific, i.e., some chemical species require a large basis set
to be described precisely. This is reflected by the fact
that the difference between average and maximum er-
ror is more pronounced in the results for FHI-aims
and GpAW (Fig. due to the metric chosen to quan-
tify the basis-set completeness, i.e., the x-axis in this fig-
ure. While FHI-aims and GPAW use an absolute metric,
exciting uses a relative one, i.e., fractions of species-
specific values RKCP . In this case, the fact that the
developers provide well-balanced, species-specific values
for RK°P! ensures that a similar precision is achieved

max

for all species at a specific fraction of (RKyax/REKSRE)?.
In turn, this leads to a more consistent precision across
material space and thus to smaller maximum errors at
a given value of (RKyay/REKSPL )2, For all three codes,
the average and maximum errors in total energies are
roughly one to two orders of magnitudes larger than the
ones for relative energies. Again, this finding reflects that
the main source for imprecisions in the total energy is
species specific and leads to a beneficial error cancellation
in energy differences. We note in passing that this aspect

is directly exploited in the VASP code3334 for an auto-

4

matic convergence correction®?3¢, In Sec. we will ex-
ploit this fact for the three codes exciting, FHI-aims,
and GPAW to predict errors a priori for multi-component
systems using information from the elemental solids, as
shown in Fig.

Let us now inspect the errors in total energies that
arise due to the finite reciprocal-space grid. Figure [2]
shows results for k-point densities of 2 A and 4 A. Data
obtained with a k-point density of 8 A serves as “fully
converged” reference. The rather large observed errors
result from the fact that many elemental solids are metal-
lic with a more involved shape of the Fermi-surface, so
that a substantial number of k-points is required to reach
convergence. Quite consistently, all codes yield average
errors of the same order of magnitude if the same k-point
densities are used, despite the fact that the three codes
handle the numerical details of the reciprocal-space in-
tegration differently. This is reflected in the maximum
errors, which vary slightly more between codes than the
average ones. Again, we observe that the maximum error
is approximately one order of magnitude larger than the
average error.

B. Predicting Errors for Binary and Ternary Systems

Following our discussion of the errors in total and rela-
tive energies of elemental solids stemming from the basis-
set incompleteness, we propose to estimate the corre-
sponding errors for multicomponent systems by linearly
combining the respective errors observed for the con-
stituents in the elemental-solids calculations at the same
settings. This follows the above discussed observation
that there are chemical species that require larger basis
sets to reach convergence. This is in fact independent of
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FIG. 2. Average (left) and maximum error (right) observed

for the elemental solids for two different k-point densities px
with exciting, FHI-aims, and GPAW. In all three codes, the
calculations were carried out using the PBE xc-functional. A
simple summation with a Fermi-function smearing of 100 meV
is used for the BZ integration to facilitate comparison between
codes.
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actual numerical errors in Fior (upper row) and FEre (lower row) for 63 binary systems, considering

two basis-set sizes for each of the three employed codes. The structures were chosen from the experimental Springer materials

database®’

the employed code. For the error in the total energy/37

we simply assume:

—-— 1
ABror = 5 Y NiAEer1 (5)
I

N; being the number of atoms of species I. For AE,q
we proceed analogously.

To validate the ansatz of Eq. , we have computed
the total and relative energy errors for 63 binary solids
using the exact same strategies used for the elemental
solids in Sec. [[TA] In Fig. 3] we then compare these real
errors observed in the calculations for binary systems for
two basis-set sizes for each of the three codes to the es-
timated errors obtained via Eq. . As shown in these
plots, we generally get quite reliable total energy pre-
dictions for all three codes by this means. For the to-
tal energies (top panels), we observe better predictions
when an “unbiased” and smooth metric is used to char-
acterize the basis-set completeness. For instance, GPAW,
which uses the atom-independent plane-wave cutoff F.,
yields an almost perfect correlation between predicted
and actual total energy errors. Conversely, more scat-

by selecting the energetically most stable binary structure for each particular element. Note the logarithmic scales
and the different energy windows in the upper and lower row.

tering is observed for FHI-aims, which uses an atom-
specific, granular metric with different NAOs for each
atom. Nonetheless, we find a clear correlation between
the predicted, AEq, and the actual errors, AE;q;, for
all codes. In particular, this holds for absolute energy
errors larger than > 10 meV/atom. This demonstrates
that the relatively intuitive relation formulated in Eq.
can serve as a reliable estimate for the error associated
to a particular total-energy calculation.

For the relative-energy errors shown in the lower half of
Fig.[3] we observe more scattering and a less neat correla-
tion between predicted and actual errors. The reason for
that is twofold: First, benign error cancellation reduces
numerical errors in relative energies, since total energy
differences are inspected. In other words, a large portion
of the species-specific errors described by Eq. cancel
each other out for when computing relative energies as
a difference. For this exact reason, relative energies are
generally less affected by numerical errors (see Fig. [I|and
its discussion). Second, relative errors are —in contrast to
total energies— non-variational, i.e., they do not necessar-
ily decrease monotonically with basis-set size. The reason
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FIG. 4. Estimated vs. actual numerical error in the total energy of ternary systems, using two basis-set sizes in each of the

employed codes. Note that CaxCdP, NagIrZn, and LioSnCl exhibit very similar errors and are thus not fully visible for all

codes and levels of precision.

is that the errors associated to the two total energies en-
tering the relative energies typically do not decrease at
the exact same rate. Still, the relative energy error esti-
mates for all codes are reliable enough in the respective
energy window of interest, hence allowing us to compare
relative energies obtained from different codes with dif-
ferent settings.

The data shown and discussed for the binary materi-
als suggest that Eq. can be used to estimate the total
energy errors for any multi-component system. As an ex-
ample, we demonstrate this in Fig. [4l in which the same
comparison between predicted and actual total energy
errors is made for ten ternary systems, which were se-
lected from the huge pool of compounds available in the
NOMAD Repository®? so to cover material and struc-
tural space. Also in this case, the same quantitative and
qualitative behavior as discussed for Fig. [3] is observed.
The relatively simple approach of Eq. is able to cor-
rectly predict the numerical errors also in these ternary
systems. This further substantiates that the described
approach is not only applicable to the relatively simple
binary systems discussed in Fig. [3| but also to more com-
plex systems, as the ones found in electronic-structure
materials databases.

I1l. CONCLUSIONS

In this study, we have presented an extensive, curated
data set obtained by three conceptually very different
electronic-structure codes. This set contains elemental
solids, binary, and ternary materials for various combina-
tions of computational parameters. The data have been
used to understand and predict the errors of calculations
with respect to the basis-set quality. More specific, we
have shown that the errors for arbitrary systems can be
estimated from the errors obtained from systematic cal-
culations for related elemental solids, as exemplified for

63 binaries and 10 ternary systems covering 13 differ-
ent space groups. The developed formalism, which gives
surprisingly good results for total energies despite its
conceptual simplicity, can be incorporated into compu-
tational materials databases to estimate errors of stored
data. This is a prerequisite for operating on data col-
lections that originate from different computations, per-
formed with different computer codes and/or different
precision. Our work may serve as a starting point for
more sophisticated concepts to quantify numerical errors
and uncertainties, especially for more complex materials
properties that do not necessarily depend monotonically
on the basis-set size, e.g., band gaps, forces, vibrational
frequencies, and the relative energies discussed in this
work.

IV. DATA AVAILABILITY

All presented data, i.e.,in- and output files for
all electronic-structure theory codes, is available
at the NOMAD Repository?? for lexciting,
FHI-aims, |GPAW, as well as [VASP. Addition-
ally, the data can be explored interactively us-
ing the Jupyter notebook in the NOMAD Data-
Analytics Toolkit (https://analytics-toolkit.
nomad-coe.eu/tutorial-error—estimates).
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