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Numerical range preserving operators on a Banach algebra

by
V.J, PELLEGRINI (Cinciunati, Ohio)

Absixact. Let 4 be a unital Banach algebra and let T, and T be bounded linear
operators an 4. We find necessary and sufficient conditions for the numerical range
of Tya to bo contained in the numerical range of Tya for each ae A.

Let 4 be » complex Banach algebra with unit e. It M is a linear sub-
space of 4 containing e and M* i3 its dual space, we let D(M, ¢)
= {pe M™: 1 ==p(6) == |lp[}. The set D(4,e) is called the state space
of A. The numerical range of an element ae A is defined by .

V(4,a) = {p(a): g D(4, ¢)}.

The basic facks about the numerical range may be found in [17 and [8].
In this paper we determine necessary and sufficient conditions for
a pair of operators Iy and T, on A to sabisty

(1) Vid, Ta) « V4, T,a)

for each ¢e< .4 (see Theorem 2.2).

In the case where 4 = ((X) for some compact space X we have
V{4, f) = cof(X) for each fe(C(X) [8]. Here co means closed convex
hull. Theorem 2.2 then states {T,f}(X) < eo (T,f)(X) for each fe O(X)
if and only it T'y == 87, where S is a positive operator on €(X) (by positive
we mean S(1) =1 and §fz 0 whenever fz 0). In the ease where T
iy the identity operator the theorem was originally proven by B. R.
Phelps [5].

We begin in Seetion 1 with sowe remarks on positive operatovs.
Section 2 confains the main result, Finally, in Section 3, we present an
application of our results.

Before proceeding with the main body of the paper the author would
like to thank Professor J. Bustoz for suggesting the problem and the referee
for hig helpful suggestions which simplified the proofs of several of the
results in this paper. :

1. In this section we will consider & class of operators whose adjoints
preserve states. More precisely,
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DeFinrrion 1.1. Let M and N be subspaces of Banach algebras 4
and A with units ¢ and é. A bounded linear operator 8: M—N will be
called state preserving i S*D(N,e) = D(M, o).

We note two properties of state preserving operators.

THREOREM 1.2. Let 8: M—N be a state preserving operator where M
and N are as in 1.1. Then

(i) 8¢ =e.

{ii) If ae M and V(4, ) « B¥, then V(4,8a) c R

Proof. If we D(N, &), then w(Se) = 8 y(e) = 1. Heneco ‘V(,[L, &e--¢8)
= {0} and thus Se =¢é by [1], page 34, . _
Tt V(4,a) « BY and ge D(V,¢), then ¢(Sa)= S'p{a)e BT. Thus

V(4, 8a) = R*.

We remark that (i) and (i) do not imply that & preserves states
To see this we expand on & construction of Phelps [6]. Let H(A)
={aed: V{4, ) = R} and J(4) =H(A)-iH(A). J(4) is a closed
subspace of 4. The Vidav-Palmer Theorem [1] implies 4 = J(4) if
and only if 4 is isometrically™ isomorphic to a C*-algebra. Wow let 4,
be any Banach algebra for which J (4,) # 4,. Pickan clement #ye 4N (A,)
of norm 1 and a closed subspace N of 4, such that J(4,) = N, Nn[X,]
= {0}and 4, = N +[X,] where @, is the one-dimensional subspace spanned
by #,. Now select p,e D(4,, ¢) such that gg(w,) '+ ¢ and 8 > 1 such that
d1pe(®o)| > 1. Define an operator T: A,—A, by T(n--luy) = n -+ Adw,.
Then T'isabounded linear operator sablstying (i) and (ii) but T*p, ¢ D (A, é,).

We close this section by remarking that if 4 is a (*-algebra the usual
notion of positivity for an element aec A is equivalent to V{4, a) = B
[1]. An operator satisfying (i) and (ii) of 1.2 is called a normalized positive
operator. 1t is easy to show that for a C*-algebra an operator 7 on A4 iy
state preserving if and only if it is & normalized positive operator.

2. We begin by quoting & result of R. T. Moore [4] and A. M. Sinclair
[7] which e will need in the sequel. (See also [2], §31.)

Lyvma 2.1, Let A be a wwital Banach algebra. If Le A
y Gge BT and Ly, ..., Lye D(A, &) such that

there emist

L= (ay Loy — oy Lg) — i {ag Loy — ag Ly)
and

oy + g4 0+ ag < V25up {|L(@)]: ae A, v(a) <

3L}
where v(a) = sup{|Al: 1e V{4, a)}.

TumoREM 2.2. Lot A be a wnital Banach algebra and Tet T, and T, be
bounded linear operators on A. Then the following are equivalent:

() V(4,T1a) c V{4, To0) for cach ac 4.

cm
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(i) YDA, e) « T} D(A4, o).
If ee B(Ty) then (1) and i) are equivalent o
(iti) Ty = VT, where V: R( o)-+4 is slate preserving.

Proof. (i) = (ii). Supp()se that (i) does not hold. Then there exishs
o gtate ¢y suoh that T pod Ty D(4, ¢). Since Ty is continuous when A*
has the weak* topology ([3], p. 478), T3 D4, ¢) is weak* compact and
convex. By 8], p. 417, and [87, p. 421, there exists ae A and constants

¢ and ¢, ¢ > (, such that
Red (T pp) = 6—e << 0 RedTs D4, ey,

Thiy jmp]ies po(Tyale V(A, Tya). and thus contradicts (i).
(il) = (i). The plool‘ is immediate from the -definitions involved.
(m = (ii). Let To be T, considered as a map from A—=R(T,) = A4,.

Thus ’l’a A7->A*. By the Hahn-Banach theorem. the 1est11et1011 mapping

p+y/d; mapy D(4, e) onto D(d,,e). We also have Tg pid, = T;p.
Thus we have

(2) TyD(dy, 0) = T3
D(4,e) D4,
TYD(A, €) = T V*D(4,e) = T*D

D{4,e).

Since by assumption, V*D ; €), we have

(dq,8) =Ty D(4,e).

* (i) = (iit). By (2) and (ii) we conclude that TID(4,e) = T D(4,,¢).
Hence by Lemma 2.1, T 4* < .'Z’r,A* Thus, for each Le A%, there exists
a unique F(L)e A; such tha.’n L= T* (L) (the umqueness of F(L)
follows from the fact that T;, has a dense range and thus Tz is 1-1). From
the uniquencss of F(L) one can easily show that F': A*> A} is a linear
map. Since IYD(4, e) = T D(4,, e), we see that FD(A,e) = D(4,;,e).

. We now show that # i bounded By 2.1, we may write
L= (ay Ly — 0y L) ) +i(agLy—a,Ly)

where ay, ..., age B" and Iy, ..., L,e D(4, e).
[1], page 34, we have

ML = ay-f

Thus, again by 2.1 and

gty |- ag I/ZSup{JL [: aed, v{a)< 1}

< V2 eIl
It ge A%, then |p{Tya) < [F ()] |Taall. Hence
(8) 1Ty0l. = sup{lp(Tya): pe A™, lp| = 1}

< sup{|IF ()| 1Tall: e A, |g) =1}
< [E)-Ta.


GUEST


146 V.J. Pellegrini

Detine V: B{T,)-4 by VI = Tyu. By (3), V is well defined and 1).()1111(1-
ed. Hence it may be extended o all of 4,. If we also call the extension V,
then we have VT, = VI, = T,. Hence TiV* =17 =Ty and we
conclisde, since 7% is 1-1, that V* = F. Therefore, VD (4, ¢) « D(A,, o).

THROREM 2.3, Let A be @ unital Banach algebra and T and Ty bounded
linear operators on A. Let ec A, where A; = B(Ty), i = 1, 2. Then the fol-
lowing are equivalent:

@Y V{4, T a) =V(4, T,a), acd.

(i) T, = VT, where V: d,—~A, is an inveriible operator such that
V and V™' are state preserving.

Proof. (i)’ = (i). By Theorem 2.2 wehave V(d,, T10) = V(d,, Tha)
for sach ae 4. But, by [1], p. 16, we have that V(A;,b) = V{4, b}
for all be A (i =1, 2) Hence (i) follows. } .

iy = {ii)’. Theoremn 2.2 implies that T, = VI, and T, == NWTI
where V: A;—4 and W A, A are state preferving. Let V" be V as
a map from 4,4, and let W be W as a'map from A,->4,. V and W
are state preserving and ¥ = W™

3. In this section we present an application of Theorem 2.2. We
recall that an invertible linear transformation J on a C*-algebra A i8 & C Mf
isomorphism ‘(also called a Jordan isomorphism) if J(X*) =dJ (X)* and
J(a") = J(a)" for each self-adjoint element & and each positive integer .
These maps were first defined and studied by Kadison. Au alegant
statement of Kadison’s results that will he used in this section can be
found in [9], Theorem 1.1.

THEEORBM 3.1. Lét A be a Cr-algebra with identity ¢ ond 1Ly and T,
bounded Vinear operators on A. Suppose that Ty and T, have dense ranges.
Then, V(A, T.a) = V{4, T,a) for each acA if and only if Ty =JT,
where J is a C*isomorphism.

Proof. Suppose T, — JT,. Then, by [9], Theorem L1, we have
that J is bipositive (i.e. V{4, Ja) = R™ if and ounly if V{4, a) = BY)
and Je = e For a C*-algebra this implies J and J ™ preserve states. Tlence
V(d, Tia) = V{4, JTs0) = V(4,Tya) for each ac.d by Theorem 2.3.

Conversely, suppose V (4, Tie) = V (4, T,a) for all ae.d. Then,
by Theorem 2.3, 1', = JT, where Je = ¢ and J and J7 proserve states.
Tbus, by Theorem 1.1, J is bipositive. Thus, by [9], Theorem 1.1, J is
2 (*-isomorphism.
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