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Abstract: A numerical analysis based on stress-blended eddy simulation was conducted to investigate
the pressure fluctuation of the bow of a submarine at various velocities (5.93 kn, 10 kn, and 12 kn).
The simulation results were compared with the experimental data to demonstrate the validity of the
numerical method. Self-power spectrum and wave-number frequency spectrum were discussed from
the perspective of energy. The results show that with increasing submarine velocity, the pressure
fluctuation in the axial direction increases, the transition point moves forward, and the frequency of
the Tollmien–Schlichting wave raises.

Keywords: the bow of the submarine; turbulent boundary layer; pressure fluctuation; stress-blended
eddy simulation

1. Introduction

Turbulent wall pressure fluctuation is an important hydrodynamic noise source, and
it is necessary to carry out the corresponding calculation and experimental research. In
addition, the sonar is installed on the bow of the submarine, and it is easily affected by
self-noise. Therefore, it is important to understand the change in the flow field on the bow
at different velocities to improve the performance of the submarine itself.

Benefiting from the development of computer technology, computational fluid dynam-
ics (CFD) is increasingly applied to submarine hydrodynamic research. Huang et al. [1]
analyzed the wake of the SUBOFF model with various appendages through experiments
and provided the velocity information, which was used to develop the CFD capability
for the prediction of flow fields around underwater bodies. Abedi et al. [2] used the
Reynolds-averaged Navier–Stokes (RANS) to calculate the three-dimensional axisymmetric
flow of the SUBOFF without any appendages and carried out numerical simulation and
comparison of the cross-flow vortex structure of the submarine with the SUBOFF and
DRDC STR precursors. The calculated data agreed with the experimental. Manoha et al. [3]
used the large eddy simulation (LES) to calculate the pressure fluctuation of the unsteady
flow field at the blunt trailing edge of the thick plate, then analyzed the pressure fluctuation
on the wall of the trailing edge, and the evolution of its amplitude, frequency, and flow
direction. Both were in good agreement with the measurements of blunt trailing-edge
airfoils. Posa et al. [4] simulated the submarine wake flow field based on LES and it was
shown that the wake of the body was affected mainly by the shear layer from the trailing
edge of the fins and the turbulent boundary layer growing along the stern, while the
influence of the wake of the sail was minimal. Broglia et al. [5] analyzed both the global
loads and the vortices originating from the sail of submarine, but focused on the coherent
structures shed from the tip and the root of the appendages, where the results showed that
the pattern of the coherent structures produced by the stern appendages was substantially
dependent on the maneuvering conditions. Ashok et al. [6] used PIV to investigate the
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turbulent wake of the submarine, that in yaw was expected to generate wakes that were
inherently more persistent than one in pitch, and the strong asymmetries in yaw were
expected to produce a net rolling moment on the body. In recent years, hybrid formulations
such as the detached eddy simulation (DES) [7] and stress-blended eddy simulation (SBES)
have been widely used. The starting point for the hybrid formulation was designed to
cover all attached boundary layers in the RANS model and to only switch to the LES model
in detached zones. Alin et al. [8,9] used LES, DES, and RANS models to investigate the
effect of the different simulation methods and to demonstrate the feasibility of using DES
and LES on the relatively coarse grids for submarine flows. Liu et al. [10] adopted the DES
model to investigate the horseshoe vortex generated around the appendage-body junction
of submarines and analyzed the flow characteristics around the appended submarine
body, where a new method on the vortex control baffle was presented. Wang et al. [11]
studied the effect of the enclosure shape on the hydrodynamic noise of the submarine
by the SST-SBES turbulence model and analyzed the influence of the leading and trailing
edges with different shapes on the flow field and noise of the underwater vehicle, where
the results demonstrated that the front edge of the enclosure could effectively suppress the
noise. Magionesi et al. [12] investigated the physical properties of the pressure fluctuation
under the turbulent boundary layer on the ship wall through a self-power spectrum and
cross-spectrum to reduce the vibration source that may cause noise. Bhushan et al. [13] ap-
plied the SST-URANS, SA-DDES, k-ω-DDES, and RANS/LES hybrid methods to simulate
the flow field and vortex structure around the SUBOFF enclosure and wake, respectively.
Magionesi et al. [14] used Farabee’s semi-empirical formula to compare with measure-
ments of the mean square value of the pressure fluctuation in the turbulent boundary
layer of the bow sonobuoy, and found that the experimental values of the zero pressure
gradient test section agreed better with the empirical values, and the experimental values
of the inverse pressure gradient test section were significantly higher than the empirical
values. Li et al. [15] used the IDDES model to capture the variation characteristic of the
eddy and showed that the pump-jet propulsor had significant force fluctuation and more
complex vortices evolution in drifts. Dietiker et al. [16] used the DES method to calculate
the pressure fluctuation of the backstage flow, and the calculated main frequency was in
good agreement with the test, and the power spectrum was consistent with the empirical
model. Meng et al. [17,18] applied the LES method to calculate the pressure fluctuation
in the low-speed case of a thin-plate wing with arching and combined it with the FW–H
equation for radiated noise. The calculated frequency spectrum and spreading correlation
of the pressure field in the edge region of the wing surface were in good agreement with
the experiment.

At present, there are few researchers exploring the analysis of pressure fluctuation
from the perspective of energy. Based on the analysis of the law of axial pressure change,
this paper analyzed the variation of pressure fluctuation at the bow of the submarine from
the perspective of energy change under different velocities by calculating the self-power
spectrum and wave-number frequency spectrum.

2. Numerical Simulation Methods

The flow of the submarine was simulated based on the RANS equations. In this paper,
the SST-SBES (stress-blended eddy simulation, SBES) model was used. The SBES model
shielding properties were much improved relative to the current DES/DDES model formu-
lations and SBES allowed for a much more rapid RANS-LES transition than DES/DDES [19].
SBES is expressed as

∂(ρk)
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∂
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εSDES = −β∗ρwkFSDES (3)

FSDES =

[
max

(
Lt

CSDES∆SDES
(1− fSDES), 1

)
− 1
]

(4)

where ρ is the fluid density; p is the fluid pressure; µ is the fluid dynamic viscosity; U is
the velocity vector; t is the time; k is the turbulent kinetic energy; and ω is the turbulent
dissipation rate.

The SBES model takes the dissipative term ε replaced with Equation (3). Compared
with DES, the shielding function of SBES can realize fast conversion between RANS and
LES. The stress tensor is obtained by

τSBES
ij = fSDESτRANS

ij + (1− fSDES)τ
LES
ij (5)

where τRANS
ij and τLES

ij are the RANS and LES parts of the model stress tensor, respectively,
fSDES is the shielding function. If the two models are based on the eddy-viscosity, the
formula can be simplified as

νSBES
t = fSDESνRANS

t + (1− fSDES)ν
LES
t (6)

where νSBES
t is the eddy viscosity and νRANS

t and νLES
t are the RANS and the LES eddy

viscosity, respectively. In addition, it should be noted that the equations were solved
based on the ANSYS Fluent V2020. The detailed information of other parameters can be
found in [20].

After selecting the SBES model for the hybrid model, ANSYS Fluent provides four
subgrid-scale (LES) models as options: the Smagorinsky–Lilly model, dynamic
Smagorinsky–Lilly model, wall-adapting Local eddy-viscosity (WALE) model, and al-
gebraic wall-modeled LES S−Ω (WMLES S-Omega) model. In this paper, WALE was
selected as it provides the lowest eddy viscosity in 2D flow regions and thereby allows the
flow to quickly develop 3D turbulence structures in separating the shear layers. The combi-
nation of SBES with the WMLES S-Omega formulation is likely not a useful combination,
as the SBES-WALE model combination can by itself act in a WMLES mode [20].

In the simulation, the PISO (pressure-implicit with splitting of operators) algorithm
was used. The Eulerian terms and viscous terms were discretized by a standard second-
order scheme, and a bounded second-order scheme was used for the physical time dis-
cretization. Pressure-velocity coupling was SIMPLIC and the time-step was 5 × 10−5.

3. Numerical Simulation of Submarine
3.1. Model Geometry

In this paper, the 1:24 scaling SUBOFF model was used. The geometric model was
based on the SUBOFF geometric model published by the David Taylor Research Center [21].
The total length of the model was 4356 mm, the head was 1016 mm, the middle part was
2229 mm, and the tail was 1111 mm. The leading edge of the sail was located at 924 mm
of the submarine, the length was 368 mm, and the height was 206 mm. The trailing edge
of the stern appendage was 349 mm away from the tail end of the submarine, which was
arranged in a cross shape. The SUBOFF model is shown in Figure 1.
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3.2. Mesh and Numerical Setup

The entire computational domain was divided into two subdomains: the inner domain
and outer domain. The outer domain is shown in Figure 2. The submarine worked in a
cylinder tunnel with a length of 25 m, and a radius of 10 m. The blockage ratio of the water
domain was 0.0025, which was small enough that the blockage effect of the SUBOFF model
could be ignored. The inlet was located 8 m upstream of the submarine. For the outlet
boundary, it was defined as the pressure outlet boundary. Smooth wall conditions (zero
shear) were defined as the side of the cylinder boundary, and the SUBOFF surface was
considered to be the no-slip wall.
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Figure 2. Computational domain and boundary conditions.

In order to obtain better turbulent structural characteristics of the submarines, mesh
densification was carried out on the sail, the tail rudder, and the tail area. Meanwhile,
considering the calculation power, the entire computing domain was divided into two
parts: the inner domain and the outer domain. By refining the mesh, the outer domain
can appropriately reduce the number of elements, so that the mesh can be effectively
concentrated around the submarine. The submarine mesh is shown in Figure 3. In the
numerical simulation of the submarine, high-quality results can be obtained only when all
boundary layer solutions are sufficient. In this paper, the y+ was set to 1, the width of the
first cell to the wall y was set to 1× 10−5 m, and it increased exponentially according to 1.1.
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3.3. Verification of Mesh

The mesh density and quality have an important influence on the calculation results,
and CFD uncertainty analysis was carried out with the numerical results of the submarine
drag. Three groups of meshes were generated for verification, having approximately
23 million (coarse mesh), 44.3 million (medium mesh), and 82 million (fine mesh) cells. The
verification simulations are presented at an operating velocity of 5.98 kn. Table 1 lists the
number of meshes with different scales and resolutions.

Table 1. The calculation results of the total drag coefficient.

Mesh Groups ID Number (M) Drag Force (N)

Coarse 1 23 97.3
Medium 2 44.3 99.6

Fine 3 82 100.7

Next, two steps were performed to complete the mesh-independent verification.
Step 1: Calculate the convergence ration Rk according to the following formula:

Rk = εk32/εk21 (7)

εk32 = Sk3 − Sk2 (8)

εk21 = Sk2 − Sk1 (9)

where εk21 is defined as the changes between ID1 and ID2, in the same way as εk32.
The Rk = 0.4783. Because 0 < Rk < 1, the three different meshes presented monotone

convergence, and the convergence was satisfied.
Step 2: Calculate the order of accuracy and one-term estimates:

pk1 =
ln(εk32/εk21)

ln(rk)
(10)

δ∗REk1
=

εk21

rpk1
k − 1

(11)

The correction factor Ck is

Ck1 =
rpk1

k − 1

rpkest
k − 1

(12)

Because Ck = 1.8572 >1, according to the ITTC (2017) recommendation, when the Ck >1,
the mesh uncertainty Uk is

Uk =
∣∣∣Ck1δ∗REk1

∣∣∣+ ∣∣∣(1− CTk1)δ
∗
REk1

∣∣∣ (13)

The comparison error ek is
Ek = D− S (14)

The validation uncertainly Uv is

Uv =
√

U2
SN + U2

D (15)

After calculation, Ek = 1.60, Uv = 3.42. For validation of the uncorrected simulation,
|Ek| < Uv, so that the validation of Uv was achieved. Therefore, the medium met the
requirement of mesh independence. Meanwhile, the result of the medium was 99.6 N, the
experimental [22] result was 102.3 N, and the error was 2.64%, which met the requirements.
Therefore, the mesh with 44.3 million was chosen for further simulation.
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3.4. Verification of Numerical Method

In order to verify the validity of the numerical calculation method adopted in this
paper, the numerical simulation under the working condition of 5.93 kn was carried out,
and the results were compared with the experimental results [23], which were used to
verify the pressure coefficient Cp and the surface friction coefficient Cf along the upper
meridian line of the submarine longitudinal section obtained by numerical simulation. The
formulas of Cp and Cf are shown as follows:

Cp =
p− pre f

0.5ρre f ν2
re f

(16)

C f =
τw

0.5ρre f ν2
re f

(17)

where p is the static pressure; τω is the wall shear stress; pre f is the reference pressure; ρre f
is the reference density; and vre f is the reference velocity, in this paper, vre f refers to the
flow velocity.

It can be seen from Figures 4 and 5 that Cp and Cf are in good agreement with the
experimental value. The pressure coefficient Cp values of the bow, the sail, and the tail of
the SUBOFF were larger, while the Cp values of other parts of the submarine were smaller,
which is consistent with the actual flow field. It was noted that the lift force was the integral
of the pressure on the surface of the submarine, so it can be represented with the integral
of the pressure coefficient. The experimental [23] value was −0.03615 and the calculated
value was −0.03721. The error was 2.93%, which met the requirement of less than 5%.
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Through the comparison, it could be found that the numerical calculation in this paper
was in good agreement with the experimental results, which verifies the accuracy and
feasibility of the numerical method used in this paper.

4. Results and Discussion
4.1. Overview of the Fluid and the Boundary Layer Transition

In this section, the characteristics of the overall and bow flow field of the submarine
under three velocities (5.93 kn, 10 kn, 12 kn) were studied. Figure 6 shows the simulation
results of the three pressures. It can be seen that the pressure distribution on the surface of
the submarine was similar under three velocities. The places where the pressure changed
strongly were the bow, the front of the sail, and the front of the tail, which is consistent
with the actual flow field. According to Bernoulli’s principle, the impact of the fluid on the
wall caused the velocity to decrease and the pressure to increase.
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Figure 6. The contours of pressure at three velocities.

The surface distribution of the velocity gradient tensor under three velocities was the
second invariant, as seen in Figure 7, where VA denotes the inflow velocity. The vortex
structure around the submarine was clearly visible, which could well capture the horseshoe
vortex and top vortex pair at the bottom of the sail and the bottom of the rudder.
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Table 2 compares the total drag, the drag coefficient, and main parameters of the
horseshoe vortex in the sail of the submarine under three velocities, where ReL is the
Reynolds number with the length as the characteristic length; Fx is the drag; Cd is the drag
coefficient; A and Γ are the size of the vortex and the flux of the circulation as the flow
direction vorticity, respectively. Γ is expressed as

Γ =
x

A

wxdA (18)

where ωx is the vorticity component along the x-axis perpendicular to the measurement plane.
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Table 2. The drag and structural parameters of the horseshoe vortex at three velocities.

Velocity (kn) ReL Fx (N) Cd A (m2) Γ (m2/s2)

5.93 1.322 × 107 99.6 0.106 8.195 × 10−5 5.397 × 10−4

10 2.230 × 107 262.2 0.098 7.902 × 10−5 1.482 × 10−3

12 2.676 × 107 370.7 0.096 7.528 × 10−5 1.815 × 10−3

It can be seen from Table 2 that as the velocity increased, the drag on the submarine
increased, the drag coefficient decreased slightly, and the structure of the horseshoe vortex
in front of the sail became smaller, but the strength of the vortex increased.

Extracting the pressure coefficient distribution on the ridge of the longitudinal pro-
file in the submarine, we compared the pressure coefficient of 5.93 kn with [23], which
was closer to the literature results. Here, it can be seen that for the SUBOFF standard
model, the velocity had essentially no effect on the distribution of the pressure coeffi-
cients (Figure 8), and the pressure coefficients for all three velocities reached their lowest
values at x/L = 0.025.
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Table 3 shows the specific location of the turning point calculated by the intermittent
factor under the three cases. S is the arc length to the transition point at the bow, and Res
is the Reynolds number with S as the characteristic length. As can be seen from the table,
with the increase in the velocity, the position that reached the critical Reynolds number
moved forward, so the turning point position moved forward gradually. The intermittency
phenomenon occurred as the boundary layer developed along the flow direction from
laminar to fully developed turbulence, that is, during the transition between laminar and
turbulent periods. The intermittency factor is typically used to describe the intermittent
phenomena. Intermittent phenomena can also occur in the normal upward direction such
as in the areas where turbulent patches arise, where the turbulence is fully developed inside
the patches, and the laminar is outside the patches. The intermittency factor γ is the time
average of the intermittency function I(x,y,z,t), which has a value of 0 in laminar flow and 1
in turbulent flow. The relationship between the two is expressed as

γ =
1
T

T∫
0

I(x, y, z, t)dt = γ(x, y, z, t) (19)
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Table 3. The parameters of the transition point at different velocities.

Velocity (kn) S (m) Res

5.93 0.2925 8.880 × 105

10 0.2235 1.144 × 106

12 0.1718 1.056 × 106

Figure 9 depicts the distribution of the bow’s intermittent factor, and the position of
the transition point of the 1:24 scaling model of SUBOFF at 5.93 kn could be obtained. The
arc length of the surface through which the fluid flowed was 0.2925 m at x = 0.20 m. Taking
the arc length as the characteristic length, the critical Reynolds number Res = 8.880 × 105

was obtained. The distribution of the intermittency factor allowed us to observe the
location where the transient occurred, where the higher the velocity, the more forward
the transition location, and Figure 10 shows the distribution of the intermittency factor at
different velocities.
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Figure 11 shows the time-averaged velocity profiles at the positions of x = 0.03 m,
0.087 m, 0.2 m, and 0.5 m, respectively. Based on the previously obtained positions of the
transition points, when x < 0.0976 m, the boundary layers of the three cases were in laminar
flow and the velocity distribution curves had inflection points, as shown in Figure 11a,b.
When x = 0.2 m (Figure 11c), the case of 5.93 kn was still laminar, while the 10 kn and 12 kn
were already after the turning point, and the distribution of the 10 kn and 12 kn velocities
along the normal direction at this time also showed the typical turbulent boundary layer
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velocity profile characteristics. When x = 0.5 m (Figure 11d), the boundary layer of all
three cases developed into a turbulent state, and the boundary layer was no longer a single
laminar structure, but an inner and outer layer, and the velocity distribution profiles of the
linear bottom layer, transition layer, logarithmic layer, and outer layer were characterized.
This significant change in the velocity pattern is that the velocity profile with flow direction
is an important sign of the boundary layer transition phenomenon.
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Figure 11d shows the distribution of the turbulent boundary layer velocity along the
normal direction at x = 0.5 m, where the velocity stratification structure of the inner layer
was consistent with the wall rate of the turbulent boundary layer at the linear bottom layer
(0 ≤ y+ ≤ (5 ∼ 8)), with

u+ = y+ (20)

In the logarithmic layer ((30 ∼ 50)ν/µτ ≤ y ≤ 0.2δ), the velocity distribution satisfies
the logarithmic law of the form:

u+ =
1
κ

ln y+ + C (21)

Since there is still no consensus on the choice of coefficients, the calculated results
of the three cases were fitted here, and 1/κ and C are shown in Table 4. Combined with
Figure 11d, it is clear that at the same flow position, in the inner layer with y < 0.2δ, the
profiles of the boundary layer with various mainstream velocities were very similar and
did not change significantly with the change in velocity. While in the outer layer with
y > 0.2δ, the data points for different mainstream velocities fell on different profiles, and
the appearance of this dispersion implies a change in the turbulence characteristics.

Table 4. The fitting results of 1/κ and C.

Velocity (kn) 1/κ C

5.93 3.1379 1.9797
10 3.1086 1.5708
12 3.1146 1.5411



J. Mar. Sci. Eng. 2022, 10, 1188 11 of 18

4.2. Axial Pressure Distribution

As shown in Figure 12, thirty sample points were arranged along the mid-longitudinal
profile ridge on the surface of the bow. Figure 13 shows the curves of the pressure fluc-
tuation at several of the selected sample points with time. Due to the small velocity, the
pressure fluctuation at different flow locations was not visually distinguishable in the time
domain, so Cp′ is needed to be used to measure the magnitude of the pressure fluctuation,
which represents the strength of the pressure fluctuation, and is expressed as

Cp′ =
p′rms
Qv
× 100% (22)

where p′rms is the root mean square value of pressure fluctuation; Qv is the pressure of the
fluid velocity.
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The pressure fluctuation data at the bow were extracted for the three cases, and the
variation curves of the pulsation pressure with times at several sample points at 12 kn are
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shown in Figure 13. At a higher velocity of 12 kn, it can be observed from the time domain
that the amplitude of pulsation pressure was very small in the laminar region, there was a
sudden increase in the transient region (Res = 1.011 × 106), and then there was a certain
decrease in the turbulent region, but it was still higher than the laminar.

Figure 14 gives the strength of the pressure fluctuation at different velocities for the
first 20 sample points along the axial direction at three velocities. This is in agreement
with the time-domain characteristics where the pressure fluctuation is small in the laminar
region and has a clear peak at the transient region, after which it decays rapidly and
develops to the turbulent phase, where the pressure fluctuation magnitude is maintained
at a lower level, but is somewhat larger than in the laminar. This feature of the boundary
layer pressure fluctuation is also one of the most effective methods to detect boundary layer
transitions. For example, Hu et al. [24] used the pulsation pressure test technique to detect
the boundary layer transitions in a 10◦ cone in a wind tunnel and obtained the evolution of
the pulsation pressure coefficient along the bus.
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Comparing the pressure fluctuation evolution law for three velocities, the transition
point at the bow moved forward with increasing velocity and the pressure fluctuation
coefficient declined, while the strength of the pressure fluctuation in the transient region
increased, and the magnitude of the increase grew larger. In conclusion, the pressure
fluctuation strength in the transient area may be separated from the laminar and turbulent
flow more clearly when the velocity is higher.

4.3. Self-Power Spectral of Wall Pressure Fluctuation

The self-power spectral of the pressure fluctuation at the sample point at different
velocities is given in Figures 15–17. According to Parseval’s theorem, the total energy of
the signal in the time domain was equal to the total energy of the signal in the frequency
domain. From the random signal through Fourier transform, and then through the fol-
lowing calculation, we could find its self-power spectrum. In this paper, the frequency
characteristics of the pressure fluctuation are represented by the power spectrum Gp and is
defined as

Gp = 10lg
G( f )
p2

re f
(23)

where pref is baseline sound pressure; pref = 1 µ pa; G(f ) is the pressure fluctuation power
spectral density function calculated with fast Fourier transform.
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Figure 15. The self-power spectral of the pressure fluctuation at the velocity of 5.93 kn.
(I) Res = 1.349 × 105, (II) Res = 6.060 × 105, (III) Res = 7.409 × 105, (IV) Res = 8.760 × 105,
(V) Res = 1.482 × 106.
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Figure 16. The self-power spectral of the pressure fluctuation at the velocity of 10 kn.
(I) Res = 2.275 × 105, (II) Res = 5.668 × 105, (III) Res = 7.939 × 105, (IV) Res = 1.136 × 106,
(V) Res = 1.590 × 106.

In the low- and medium-frequency range, each velocity case followed the same pattern
of the highest spectral level occurring in the transient region, the lower spectral level in
the region toward turbulence, and the lowest spectral level in the laminar region. In the
frequency range around 100 Hz, a peak gradually appeared during the development from
the laminar to the transient, which was associated with the T–S wave generated in the
sensible phase and growth in the linear phase. The frequency and spectral level of this
peak at each velocity transient point are given in Table 5. It is clear that as the velocity rises,
the T–S wave frequency and spectral level increased.
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Figure 16. The self-power spectral of the pressure fluctuation at the velocity of 10 kn. (I) Res = 2.275 
× 105, (II) Res = 5.668 × 105, (III) Res = 7.939 × 105, (IV) Res = 1.136 × 106, (V) Res = 1.590 × 106. 

    

(a) Frequency domain characteristic (b) Third-octaves 

Figure 17. The self-power spectral of the pressure fluctuation at the velocity of 12 kn.
(I) Res = 2.730 × 105, (II) Res = 5.441 × 105, (III) Res = 8.175 × 105, (IV) Res = 1.090 × 106,
(V) Res = 1.499 × 106.

Table 5. The parameters of the T–S wave at different velocities.

5.93 kn 10 kn 12 kn

fTS (Hz) 93.33 133.33 166.67
Spectrum level (dB) 135.70 141.84 149.92

4.4. Wave-Number Frequency Spectrum of Wall Pressure Fluctuation

The pressure fluctuation was subjected to a two-dimensional Fourier transform from
time–space to the wave-number frequency domain in order to examine the movements of
the bow turbulent boundary layer vortices and the distribution of energy. With a sampling
time step of 0.001 s, only the low-frequency portion of the spectrum, which corresponds to
the large-scale eddies, was studied in this paper.

Fourier transform of the correlation function of the turbulent pressure fluctuation
time-space signal was used to define the wave-number frequency spectrum. The equation
is as follows:

Φ
(→

k , w
)
=
∫ +∞

−∞
R
(→

ξ , τ

)
e−i(

→
k ,
→
ξ +ωτ)d

→
ξ dτ (24)

By applying a fast Fourier variation to the discrete spatial and temporal signals
of turbulent pressure fluctuation and methodically averaging the square of its ampli-
tude, it is typically possible to derive the wave-number frequency spectrum in practice.
The formula is:

Φm(k, w) =

〈∣∣∣∣ N
∑

n=1

M
∑

m=1
W(xm, tn)pm(xm, tn)e−i(kx xm+wtn)∆x∆t

∣∣∣∣2
〉

(2π)2NMCw
(25)

where pm is the pressure fluctuation from the mth sensor. N is the number of time nodes
and M is the number of sensors. ∆x is sensor spacing and ∆t is the time step.

xm = (m− 1)∆x (26)

tn = (n− 1)∆t (27)

W(xm, tn) = W(xm)W(tn) (28)
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where W(xm) and W(tn) are window functions. The Hanning window was used in this paper.

Cw =

N
∑

n=1

M
∑

m=1
W2(xm, tn)

NM
(29)

In the wave-number domain, the range was −π⁄d to π⁄d with a resolution of 2π/Nd,
where D is the distance between adjacent sampling points and N is the number of sampling
points. With an interval of 4.2 mm between adjacent monitoring points, 100 points were
placed along the ridge line of the mid-longitudinal profile in the fully developed turbulent
area at the bow to increase the resolution of the wave-number domain. According to
Figure 18, the first sample point was situated at x = 0.3 m.
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Figure 19 shows the wave-frequency spectrum of the wall pressure fluctuation at 
three velocities. The acoustic component is what led to the highest value at k = 0. It is clear 
that the migratory ridge was readily visible. With an increase in frequency, the amplitude 
lowered, the wave number decreased to the peak value of the migration ridge, and the 
migration ridge widened. The highest portion of the wavenumber-frequency spectrum, 
or the distribution of energetic vorticity with the highest energy, had a frequency domain 
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Figure 18. The position of the sample points.

Figure 19 shows the wave-frequency spectrum of the wall pressure fluctuation at three
velocities. The acoustic component is what led to the highest value at k = 0. It is clear
that the migratory ridge was readily visible. With an increase in frequency, the amplitude
lowered, the wave number decreased to the peak value of the migration ridge, and the
migration ridge widened. The highest portion of the wavenumber-frequency spectrum,
or the distribution of energetic vorticity with the highest energy, had a frequency domain
range that expanded with increasing velocity from the standpoint of energy distribution.
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Figure 19. Two views of the wave-number frequency spectrum at different velocities. 
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Figure 19. Two views of the wave-number frequency spectrum at different velocities.

Table 6 lists the computed results for the wave-number frequency spectrum parameters.
The three velocities had peak spectral levels of 21.79 dB, 64.61 dB, and 83.57 dB, respectively.
These values are consistent with the change in the self-power spectral level, which rises
with increasing velocity. The migration velocity is one of the crucial physical quantities to
examine the turbulent wall pressure, which reflects the motion velocity of the turbulent
vortex cluster structure.

Table 6. The parameters of the wave-number frequency spectrum.

Item 5.93 kn 10 kn 12 kn

Spectral peak level (dB) 21.79 64.61 83.57
Frequency range (Hz) (0,250) (0,450) (0,500)

Wavenumber range (rad/m) (−529,0) (−680,0) (−695,0)
Migration rate (m/s) 2.17 3.62 4.49

Dimensionless migration rate 0.71 0.70 0.73

The calculated migration velocities for 5.93 kn, 10 kn, and 12 kn were 2.17 m/s, 3.62 m/s,
and 4.49 m/s, respectively, while the corresponding dimensionless velocities were 0.71 m/s,
0.70 m/s, and 0.72 m/s, meaning that the migration velocities rose as the main flow velocities
rose, while the corresponding dimensionless velocities hovered around 0.7.

5. Conclusions

For the SUBOFF standard model 5.93 kn, 10 kn, and 12 kn cases, calculations were
carried out to determine the flow field structure and pressure fluctuation for various
velocities. The following conclusions were drawn after data analysis.

(1) The distribution of pressure coefficients along the ridge of the mid-longitudinal profile
and the distribution of pressure and velocity in the flow field of the submarine under
various velocities essentially followed the same pattern. The influence of velocities on
the flow field was more apparent in the numerical magnitude of pressure and velocity
as well as the size and intensity of the vortex structure. With increasing velocity, the
submarine experienced an increase in both the drag coefficient and the total drag
force. However, the size of the horseshoe vortex at the sail deck’s bottom leading edge
decreased as the velocity rose, and its intensity increased.

(2) Using the horizontal distance to the stationary point of the bow as the characteristic
length, the critical Reynolds number of the submarine’s bow was 6.339 × 105. With
the higher velocity, the crucial Reynolds number was positioned further ahead and
the transient point was located farther forward.

(3) When the transient occurred, the pressure fluctuation amplitude greatly increased
and appeared to reach a high peak before swiftly decaying and dropping to a lower
level in the turbulent region. The pressure fluctuation at the wall of the submarine’s
bow was relatively modest in the laminar region. The peak obtained in the transient
region rose under conditions of increasing velocity and advanced with it.
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(4) As the pulsation energy of each frequency component significantly increased at the
transient compared to laminar flow, the magnitude of the pressure fluctuation was
reflected in the self-power spectrum. During the development from laminar to the
transient, a peak gradually appeared in the frequency range of about 100 Hz, which
was associated with the T–S wave generated in the perceptive phase and growing
in the linear phase. The T–S wave frequency rose with increasing velocity, and the
spectral level followed suit.

(5) In the fully developed turbulent region’s wave-number-frequency spectrum, a clear
migration ridge with energy focused in the lower frequency range could be seen. The
migration ridges increased in frequency, width, and amplitude as they migrated in
the direction of lower wave numbers. The migration velocity was the vortex cluster’s
average movement speed; the larger the velocity, the higher the migration velocity,
which was maintained at 0.7.
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