QUARTERLY OF APPLIED MATHEMATICS
VOLUME LXIX, NUMBER 1

MARCH 2011, PAGES 79-89

S 0033-569X(2010)01231-3

Article electronically published on December 9, 2010

NUMERICAL SOLUTION OF A SINGULAR INTEGRAL EQUATION
WITH CAUCHY KERNEL IN THE PLANE CONTACT PROBLEM

By

M. R. CAPOBIANCO (Istituto per le Applicazioni del Calcolo “Mauro Picone” - CNR, Sezione di
Napoli, Via Pietro Castellino 111, 80131 Napoli, Italy)

AND

G. CRISCUOLO (Dipartimento di Matematica e Applicazioni, Universita degli Studi di Napoli
“Federico II”, Complesso Monte Sant’Angelo, Edificio T, Via Cintia, 80126 Napoli, Italy)

Abstract. This paper describes a collocation method for solving numerically a sin-
gular integral equation with Cauchy and Volterra operators, associated with a proper
constraint condition. The numerical method is based on the transformation of the given
integral problem into a hypersingular integral equation and then applying a collocation
method to solve the latter equation. Convergence of the resulting method is then dis-
cussed, and optimal convergence rates for the collocation and discrete collocation meth-
ods are given in suitable weighted Sobolev spaces. Numerical examples are solved using
the proposed numerical technique.

1. Introduction. Let us consider the singular integral equation

—l][ Md:lc—l—g(t)/_lv(gc)d:zc—|—l/ k(t,z)v(x)de = f(t), |t| <1, (1.1)

T)_1x—t1 T J_1

with the condition
1
/ v(x)de = C, (1.2)

where C is a preassigned constant. Here the symbol f_ll denotes the Cauchy principal
value, and g, f and k are given functions on [—1, 1] and [—1, 1]2, respectively. Substituting
v=00v ,0 Yz) = p(xr) =+1— 22 in (), we shall consider in the sequel the equation
written in operator form

(=80 + MyVy + Ko) 0 = f, (13)
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80 M. R. CAPOBIANCO anxp G. CRISCUOLO

where (Myh)(t) = g(t)h(t), Se and V, are the Cauchy singular integral operator and the
Volterra operator defined by

S0 =+f Loy,

iy _1£L'—t

(Vo0)(t) = /716(x)0(z)das,

respectively, and K, denotes the integral operator

(K, 5)(t) = % [ k(b 2)0(a)a(e)ds,

corresponding to the perturbation kernel k.

In practice equations such as ([Il) with (I2]) occur quite often in the theory of elastic-
ity and fluid mechanics, in particular in the mathematical solution of the plane contact
problem. A.I. Kalandija [9, Chapter Three] describes a series of problems which can be
formulated in terms of equations such as (1)) with a condition similar to (I2). Applica-
tions of integral equations of the first kind with both Cauchy and Volterra operators are
also related by G.M.L. Gladwell in [7]. An exhaustive review of a collection of singular
integro-differential equations arising from practical applications in applied mathematics
and mathematical physics has recently been presented in [5].

The collocation method for the above equation to be considered here, based on Cheby-
shev polynomials, represents the endpoint singularities of the exact solution. Lots of pa-
pers have dealt with the classical collocation or quadrature method for (I3 dealing with
the case g = 0. Among others we refer the reader to [I] and the references cited therein.
The aim of the present paper is to prove optimal convergence rates for collocation and
quadrature methods for (I3) in a suitable weighted Sobolev norm.

The paper is organized as follows: in Section 2, we give some notation and investigate
the property of the integral equation (L3)); in Section 3, we present a procedure to solve
([I3) numerically, proving its stability and optimal convergence rates. Finally, in Section
4, we report some numerical results and we give some computational considerations.

2. Notation and preliminaries. In order to make the paper more readable we start
with some notation and preliminary results.

Let L2, w(z) = (1 —2)*(1 4+ x)?, a,8 > —1 denote the weighted space of square
integrable functions on the interval [—1, 1] endowed with the scalar product and the norm

o) =+ [ w@p@ut)de, lul, = o,

respectively. Moreover, let p¥ refer to the normalized Jacobi polynomial (with positive
leading coefficient) of degree n with respect to the Jacobi weight w. For real numbers
s > 0 define the weighted Sobolev space L%* by

o0
Lﬁ;S_{ueLﬁ} : Z(1+n)25|<u,p;”>w2<oo},

n=0
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with the norm

oo 1/2
ullw,s = [Z(l +n)* |<u7pl“é’>w2] :

n=0
Let T; and U; be the Chebyshev polynomials of the first and of the second kind,
respectively, normalized by (T},Tj)s = 7/2,5 # 0, (Tv, To)e = 7, and (U;,U;), = 7/2.
Then, we define the spaces H i’s and H2* to be the closures of all polynomials with re-
- . 1/2
spect to the norms || |2« = | ||y« and uf gz = [zjzlj28|<u,Tj>g|2+ |<u,T0>C,|2] :
respectively. For the operator V, = oV, the following result holds.

THEOREM 2.1. The operator V, : H2*\{Ty} — H2**! is continuous with continuous
inverse.

Proof. Let Vypu = v and p € H>*\{Ty}. Due to

_ U
VT, = - =12, (2.1)
J
we have, with y = %Eoi (1w, T5) 6T},
_ 2 i U;,_1
Va,u == Z<M7Tj>a j- )
4 j
=1
yielding
</J/7Tj+1>0' .
Uj), = =0,1,....
<V7 J>LP j+ 1 ’ j »
Hence,
(oo}
1 z.eer = D0+ DX Tisa)ol* = Il — (. To)2, (2.2)
j=0
from which the assertion follows. |

In order to describe an algorithm for the numerical solution of the contact reactions
represented by the singular integral equation (L3]), we start by observing that in view
of the previous theorem the solution of the integro-differential problem (LI)—(T2) is
equivalent to solving the hypersingular integral equation

(Ap + S, + Ky )u=h, (2.3)

where

u(t) = o(t) [/_1v(x)a(:t)dx — %(1 —|—t)} , u(=1)p(=1) =u(l)p(l) =0, (2.4)

h(t):f(t)—% {(14—7&)9() 1y g1—H+ / k(¢ azdm}
and A, S'g,, K, are the operators
(Apu)(t) = g(t)p(t)u(t),
. _ 1d [ u(z)
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1
(Bot) =1 [ haltz)u()pods

™)

We remark that relation (2.4)) respects the symmetry of the considered functions. In fact,
if v is even, it follows that u is odd. We use (23)—([2.4) as the basis for the proposed
numerical method to solve the problem (LI)—([L2). This implies that an approximation
of the solution w is generated, but the desired approximation for the original solution
v does not require the additional step corresponding to the numerical differentiation
(cf. relation (3.7)). Further, this reformulation allows us to use standard mathematical
techniques (see [2] B]) for the stability and the convergence analysis.

In the last few years, several authors have been working on the development of nu-
merical methods for hypersingular integral equations similar to (23] (see [], [10] and
the references cited therein). Collocation and quadrature methods for solving numer-
ically integral equations such as ([23) are presented in [2]. In that paper the authors
develop widely the necessary theory for establishing the convergence results in weighted
Sobolev spaces. In a subsequent paper [3], the solution by means of a polynomial collo-
cation method is proposed and for this case uniform convergence results are thoroughly
derived. Following the technique of [2, B], we derive the collocation and quadrature
methods to solve (I.I]) with optimal convergence rates.

In the following we summarize some results concerning the properties of the hypersin-
gular integral equation ([2.3]).

LEMMA 2.2 ([6, Theorem 1]; [2, Corollary 2.8]). The finite part integral operator S, is a
continuous isomorphism between the spaces L2*+" and L%*®. Moreover, for u € LZ**",

o0

Seu= ) (1 +1){u,Uj),Uj,
§=0
where the series converges in the sense of Li;s.
LEMMA 2.3 ([3, Proposition 2.3]). The inverse operator 5‘;1 0 L% — L%t of the
hypersingular integral operator 5@, can be written in the form
S;t = 8, W,S,,
where the continuous operators
S L3 = L%, Wy i L2% o L2*H | 5,5 [2o11  [2041

are defined by

respectively. Moreover,

(5, HU; = (SaWoS,)Uj = -

T 0Lz
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The following lemma was proved for the first time by P. Junghanns in [§], in a different
context. Here, we report a different proof, only for the clarity of the reader.

LEMMA 2.4. Let 7 >0 be an integer and v = gp. If |y®)|pF < const, k= 0,1, ..., 7,
then Aju € L?(;T when u € LZ’T.

Proof. Let u € LZ". Since u € LZ" C L2, and 7 is an integer, we have

1
/ [DFu(z)]2(1 — o) T12(1 4 2)"12dg < oo, E=1,2,..,r.
-1

Moreover vyu € Li, v being bounded and u € Li. Thus, to prove that yu € Li’r it is
sufficient to prove that

/1 [D* (y(z)u(x))]?(1 — &) T2(1 4 2)"2de < oo, k=1,2,..,r

—1

(see also [1]). Now, by applying the Cauchy-Schwarz inequality,

[ D)0 -2 )

2
1 k

:/1 Z(j)Dk J )DJ ( ) (l—x)k+1/2(1+x)k+l/2d;p
- [ (5) e pmae et
-1
+2/11 k: (j)Dk Iny(x) DI u(z) il <];>Dki’Y(f)Diu(x)(l—xz)kJrl/de
= i=j+
::§3<€>2 D@1 - 2 DR ()t s
=0 /I
k—1

> (5)(5) [ ot pia v - s

0i=j5+1

+2i

\)

< const / [DIu(x)]?(1 — )7t/ 2dz

@ (k> / (D () P[D () 2(1 — 22) 12

=01i=j

’—‘m

k—
+2

J

1

< [ D@ PD ()P - 2 s < o,
—1
where we have used the assumptions on u and . This proves the lemma. O
LEMMA 2.5. Let s >0 and v = gp. If |y |o* < const, k = 0,1,...,[s + 1], [s + 1]

being the integer such that s < [s +- 1] < s 4 1, then the operator A, : L2°tt — L% is
compact.
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Proof. Since [s + 1] < s + 1 implies LZ"™ 2 L%+ it follows that u € L3,

Thus, in view of the previous lemma and recalling that L%T*E ,7 >0, € >0, is compact
imbedded in L%" (cf. [I]), the assertion follows. O

LEMMA 2.6. Let k(-,2) € L%*t!*¢ ¢ > 0 uniformly with respect to = € [-1,1], and
ke(-,z) € L2. Then the operator K, : L2 — LZ* is compact.

Proof. The assumptions assure that k,(-,x) € Lf;“e uniformly with respect to x €

[—1,1]. Thus, the assertion follows by applying Lemma 4.2 in [1]. O
We remark that the previous lemma remains true for other perturbation kernels k&
(see [2]).

THEOREM 2.7. Assume that the hypotheses of Lemmas 2.5 and 2.6 are fulfilled. If
Ker(A, + S, + K,) = {0} in L2, then the operator A, + S, + K, is bounded having an
inverse.

Proof. The assertion follows by Lemmas 2.2, 2.5, 2.6. |

3. Numerical algorithm. Finite and boundary element methods are two of the
most frequently used numerical approaches for solving crack problems in fracture me-
chanics. An alternative approach is the integral equation method, which gives significant
simplifications and advantages (e.g., it reduces a partial differential equation (PDE) in
two dimensions to a one-dimensional singular integral equation (1D SIE)) and, in gen-
eral, is more accurate than the aforementioned methods. This becomes obvious when
it is possible to prove stability and convergence of a suitable numerical method to solve
the 1D SIE. The convergence analysis of the numerical methods (e.g., finite elements,
spectral method) to solve the same problems formulated by PDE accompanied by proper
boundary conditions requires different arguments. We solve (3] numerically, proving
stability and optimal convergence rates of the proposed procedure.

We investigate equation (23]) in the pair of spaces (L?(;s“, L?D’S). Let xf’j be the zeros
of U,, and denote by LY the Lagrange interpolation operator

- - T = xrfz’ .
(£28) (x) =Y _6(xf )E (2), €2 ,(x)= ] % J=12..n
Jj=1 i=1,itj = T n,i

The collocation method consists in looking for an approximate solution u,, € II,,_1 of
23) by solving the equation

LE(Ay + Sy + Kp)up = LT,

II,,—1 being the set of all polynomials of degree at most n — 1. In view of Lemma 2.1 and

Seu =327 + 1)(u,U;) Uy, this equation is equivalent to
(I+ S, LE(Ap + Ky))un = S, LER. (3.1)

The following theorems prove the stability and the convergence of the proposed method.
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THEOREM 3.1. Assume that the hypotheses of Lemmas 2.5 and 2.6 are fulfilled.
If Ker(A, + S, + K,) = {0} in L2, then for sufficiently large n the operator
I+ S’;lﬁﬁ(Aw + IAQ,) has a bounded inverse in Li’s*‘l.

Proof. In view of Lemmas 2.5, 2.6 the operator
o 2,541 2,[s+1]—
Ay + Kyt L2 — p2lme
is compact. Further

[Er(EE IS ]

< const H(ﬁ,f —I)(A, + k«p)‘

2,5+1 2,s+1 2,541 2,[s+1]—e ?
Ly — Ly Ly —Ly

where we have used Lemma 2.2. On the other hand,

: _ 2,[s+1]—¢
dim |6~ £56] =0, §eLzltie

p,[s+1]—¢

since [s 4+ 1] — e > 1/2 with suitable € > 0 (see Theorem 3.4 in [1]). Thus

Al N
|szt s —De + 5| s i =0
and, consequently,
. !
H (I + S;lﬁrf(Aq; + Ktp)) < const.
Li’s+lﬁLi’S+l
This proves the theorem. O

THEOREM 3.2. Assume that the hypotheses of Lemmas 2.5 and 2.6 are fulfilled. If
the constant C in ([2) and the given functions g, f,k are such that h € Li’r, and
(A, + K]p)u € Li’r, with r > s, 7 > 1/2, then for sufficiently large n,

const 2
[u = unllps+1 < nr—s {”hl(p’r + H <A“" + KLP) uHsa T} -

Proof. Equation (23) can be rewritten as follows:
[1 + S5 L8 (A + f@,)} ut 55 (A + Kou— S5LE(Ap + K)u=S5he (3.2)
By ([23) and B2]) we deduce
[1 + LA+ fg,)} (u—up) == S, Ay + Ky )u
+SMLE(Ap + Kp)u+ 5, h— S LEh,
which implies that
[I +S1LE(A, + fq‘,)} (u—up) = 55 {(h— LER)
+ e84, + Ky) - (g + K|
Applying Theorem 3.1 together with Lemma 2.2 we obtain

= tnllgsir < b= L5l , +]|(T = £2)(Ap + Ko)u| (33)

®,8
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Moreover, in view of Theorem 3.4 in [I], we have

const

1h = L3hl e < —= hlle.r (3.4)
. t X
|a— o+ Ko < “fii (A + K| (3.5)
©,s n @,r
since h € L%" and (A, + Ko)u € L7, with r > s and 7 > 1/2. Comparing 3.3)-(B.3),
the theorem follows. ]

With the help of Qf we will denote the application of the Gaussian rule with respect
to the weight ¢, which means that

1 n
[ dttetn ~ @700 = Yo7 otes
1 e
with
1
T AT C R

Now, we can approximate the operator k by

(Kgu)(t ZA 2 Julas ).

B

The quadrature or discrete collocation method consists in solving the equation to
(I+8,'LE(Ap + KE))us = S, LE . (3.6)

LEMMA 3.3. Assume k(t,-) € LZ*T!, for some s > 1/2 uniformly with respect to
t € [-1,1], and ky(t,-) € L. Then , for 0 <r < s and u € L2,

H,Cﬁ(f(,f - IA(W)uH < const n" % ||ulf,.
@, r+1

Proof. The assumptions assure that k. (t,-) € Li;s uniformly with respect to ¢ € [—1, 1]
(see [1]). Since, for a polynomial p,, of degree less than n, ||py|ler+1 < 2" pnlly, we
are able to estimate, with the help of the Schwarz inequality,

N A 2 N N 2
|ca (ke —Royl| < n22||e(Ry - o)l
p,r+1 %]

2

- ”2:2 S/ 11 o) (£l () — ol )] (o) |

2

|UH2Z>\ [’ka n]"))_k ( ;]’.)||¢

| /\

2

gconstn2"728||u||iz)‘ Hk nJ")||¢,s+1

Jj=1

2r—2s

< const n ||u||5207

where we have used that for all § € Li;s,

1
|0 — L£(0)]|, < const n™*[|0]|e,s if s> 3

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



SINGULAR INTEGRAL EQUATION IN THE PLANE CONTACT PROBLEM 87

(see [I). O
The next theorem proves the convergence and the stability of the discrete collocation
method.

THEOREM 3.4. Assume that the hypotheses of Theorems 3.1 and 3.2 are fulfilled. If
k(t,-) € LE*t, for some s > 1/2 uniformly with respect to t € [=1,1], and k.(t,-) € L2,
then, for sufficiently large n, equation (B.6]) is uniquely solvable, and the solution u}
converges in the norm of the space L?f“, 0 < r < s, to the unique solution u of (23],
where

ety = llgr < comst 0~ ully. 1.

Proof. Taking into account Lemma 3.3, the proof goes along the same lines as the
proof of Theorem 3.8 in [2]. O

Now, we come back to the original unknown. As we can deduce from relation (24]),
we can write

(1) = (1) Ll (tu(t) + 5 ol0)

Moreover, we consider the approximate solution w,(t) = Z;é arUk(t) of the hyper-
singular integral equation (Z3]), where the coefficients ay are obtained by solving, as
usual, the linear system (B for the collocation method and the linear system (B.0) in
the discrete collocation method. In view of relation (ZI)) of Theorem 2.1, we obtain an
approximate solution

n—1
’Un(t) = — Z(k’ + 1)aka+1(t) + %cp(t), (37)
k=0

of the original equation (I3]). Furthermore, it is easy to see from relation (Z2]) of Theorem
2.1 that

15— Bl g2 < constlfu — o1 (3.8)

4. Numerical considerations. In this section we state some numerical results ob-
tained using the algorithm described in Section 3. All computations reported in this
section were carried out in double precision. We observe that the numerical results are
in accordance with the theoretical ones. Furthermore, we point out some computational
aspects regarding the numerical resolution of the linear system (B.I).

EXAMPLE 4.1. We solve the integral equation (1.1) with g(¢) = 1/v/1 — 2, k(t,x) =

ltle + § [ 2?|2[v/1 — 22 — 2|2|v/1 — 22 + 2 arcsin || } and f(t) = %(4 —t)+ T —

i [ \Q/If—t; log i\/—vi:z -6 } Assuming that f_ll v(x)dx = 0, the solution is given by

v(t) = 2|t|. We remark that the solution u(t) = t[t| of (2.3) is such that u € L35~ for
all € > 0. Moreover the convergence rate given by Theorem 3.2 for s = 0 is ||u—uy|y1 =
O(n¢~15), for € arbitrarily small. Thus, in view of (3.8), we deduce ||[v—1, ||, < O(nc15).

This convergence rate is confirmed by the numerical results given in Table 1.
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TABLE 1

| n | |0 = Vnllo

8 | 3.53D-02
16 | 1.43D-02
32| 5.43D-03
64 | 2.01D-03

128 | 7.21D-04

256 | 2.58D-04

512 | 9.15D-05
TABLE 2

| n | 194096 — Vnllo

8 6.35D-02
16 1.79D-02
32 4.99D-03
64 1.37D-03

128 3.70D-04
256 9.87D-05
512 2.59D-05

EXAMPLE 4.2. In this example we solve the integral equation (1.1) with g(t) =
1/V1—12k(t,z) =0, f(t) = (t*-3)|t|-log }—;i—i—w\/}:‘_ﬁz and assuming f_ll v(z)dxr = 2m.
In this case the solution v is unknown. For this reason we compare the approximate so-
lution @, with D4006. Since h = (t* — 3)[t|, we deduce that h € L%"5~¢, and Theorem
3.2 shows the following convergence rate: |u — uy||,1 = O(n°19)
arbitrarily small. Thus, in view of (3.8), we deduce || — ¥, ||o < O(nc~1%). Also in this
case the numerical results of Table 2 confirm the theoretical ones.

, for s = 0 and with €

Finally, we remark that if the unknown function v is even, as happens in some
particular contact problems, in view of ([24]) it follows that u is odd. For this rea-
son, there is a reduction to zero of half of the coeflicients of the Chebyshev expansion

un(t) = Zz;é ag Uy (t)

Acknowledgment. The authors are grateful to the referee for his contribution in
improving the paper.
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