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Abstract. The present study investigates the role of natural and mixed convection heat transfer of a Cu–water
nanofluid in a square cavity with inside circular heating and cooling bodies. The finite volume discretization
methodwith the Semi-ImplicitMethod for Pressure Linked Equations algorithm is employed for solving the two-
dimensional Navier–Stokes and energy equations. The effects of various design parameters on the heat transfer
rate are investigated. Design parameters used in this numerical simulation are the position and size of circular
bodies. A wide range of parameters such as the Rayleigh number (103�Ra� 106), volume fraction
(0�’� 0.05), Richardson number (0.01�Ri� 1000), and the Grashof number (102�Gr� 104) has been used.
The numerical analysis is carried out for the circular body’s positions on the vertical centerline of the cavity. The
circular body’s positions on the vertical left-line of the cavity are also presented and discussed for comparison
purposes. The results show that the optimal heat transfer is obtained when placing the circular body near the
bottom wall. Furthermore, the effects of pair of circular bodies on the heat transfer rate are investigated. The
simulations show that the heat transfer rate increases with changing the orientation of the pair of circular bodies
from the horizontal to the vertical directions. For the case of the mixed convection process, it is found that at
high Richardson numbers, the effect of moving walls decreases and the heat transfer rate changes significantly.

Keywords: circular body / natural convection / mixed convection / nanofluid

1 Introduction

Natural and mixed convection fluid flow and heat transfer
is very important phenomenon for various engineering
applications, such as heating and cooling nuclear systems of
reactors, lubrication technologies, cooling of electronic
devices, ventilation of rooms with radiators, cooling of
containers and heat exchangers [1]. Therefore, enhance-
ment of heat transfers in the cavities in several applications
needs to add some cooling and/or heating bodies inside.
Numerous investigations have been found on the natural
convection (NC) [2,7] and mixed convection (MC) heat
transfer in cavities filled with nanofluids [8,10]. The work of
Khanafer and Aithal [8] was concentrated on the effect of
MC flow and heat transfer characteristics in a lid-driven
cavity with a circular body inside. The results showed that

the average Nusselt number increases with an increase in
the radius of the cylinder for various Richardson numbers
and the optimal heat transfer results are obtained when
placing the cylinder near the bottom wall. Islam et al. [9]
investigated a numerical study on a lid-driven cavity with a
heated square blockage. They found that size, location and
Richardson number of the heater eccentricities affect the
average Nusselt number of heater. Garoosi et al. [10]
studied natural and MC heat transfer of nanofluid. Their
simulations indicate that there is an optimum volume
fraction of nanoparticles, where the maximum heat
transfer occurs, and for MC by increasing Grashof number
and decreasing Richardson number, the heat transfer rate
increases. Deng [11] investigated laminar NC in a square
cavity due to two and three discrete heat source–sink pairs
on the vertical side walls. They observed that the heat
transfer between walls of coolers and heaters is one-to one
in a reversed manner. Oztop and Dagtekin [12] performed a
numerical simulation on a square cavity with two moving
walls. The obtained results show that when the vertical
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walls move upwards in the same direction the heat transfer
decreases significantly compared to when the vertical walls
move in opposite directions. Talebi et al. [13] reported MC
of nanofluids inside a differentially heated cavity (DHC) to
note a direct relationship between the Rayleigh number
and solid concentration.

Oztop et al. [14] reported a numerical simulation on a
square cavity with two vertical adiabatic walls and two
horizontal isothermal cold walls with a plate heater inside
the cavity. Horizontal and vertical orientations of the
heater were studied and the results showed that the heat
transfer is higher in the case of vertical orientation of the
heater compare to the horizontal orientation. Garoosi

et al. [2] studied NC of nanofluids in a square cavity with
several pairs of heaters and coolers (HAC). They found
that the maximum and the minimum of heat transfer rate
observed when the heater positioned at bottom and at top
of cavity, they also found that the increasing size of the
HAC and the Rayleigh number enhanced the heat transfer
rate. Change of orientation from vertical to horizontal
decreased the heat transfer, the effect of increasing number
of HAC enhanced the heat transfer until a saturated
number of HACs, and copper (Cu) produced slightly higher
rate of heat transfer compare to TiO2. Ho et al. [4,5]
investigated experimentally and numerically the effects of
the HAC position in an air filled circular enclosure with
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Fig. 1. Schematic of the cavity with circular bodies. Location of the circular bodies for each case is shown by dashed line.
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insulated walls [4] and subjected to external convection [5]
in the range of Rayleigh numbers between 104 and 107.
They considered cases where the heater was positioned
higher than the cooler and found that by increasing the gap
between the HAC, the rate of heat transfer decreases. Park
et al. [1] studied a numerical study on a square cavity with a
pair of hot horizontal cylinders positioned at different
vertical locations. They observed that the local Nusselt
numbers on the surface of the cylinders strongly depend on
the gap distance between the two hot cylinders and the
walls of the cavity.

El Abdallaoui et al. [7] performed a numerical simula-
tion of NC between a decentered triangular heating
cylinder and centered triangular heating cylinder [15] in
a square outer cylinder filled with a pure fluid or a nanofluid
using the lattice Boltzmann method. The results indicated
that the horizontal displacement from the centered
position to decentered position led to a considerable
increase of heat transfer at a weak Rayleigh number and
the vertical displacement had the most important effect on
heat transfer at high values of the Rayleigh number. Kalteh
et al. [16] considered laminar MC of nanofluid in a

Table 1. Thermo-physical properties of water and nanoparticles at T= 300 K [34].

Cp (J kg
−1K) ρ (kg m−3) K (WmK−1) β× 105 (K−1) μ× 106 (kg m−1 s−1) dp (nm)

Copper (Cu) 385 8933 401 1.67 – 25

Water (H2O) 4179 997.1 0.613 27.6 855 0.385

Table 2. Effect of the grid size onNutot for case 1A and case 4 of Figure 1. The cavity filled with the Cu–water nanofluid
(’=0.05) .

63 � 63 83 � 83 103 � 103 123 � 123

Ra Natural convection (case 1A) R=0.1

104 6.511 6.789 6.821 6.823

106 18.247 18.412 18.439 18.441

Ri (Gr= 102) Mixed convection (case 4) R=0.15

0.1 11.669 11.750 11.794 11.802

103 9.014 9.148 9.213 9.217

Table 3. Comparison of Nu between the present results and those reported in the literature for a DHC at different
Rayleigh numbers.

Ra
10

3
10

4
10

5
10

6

de Vahl Davis [32] 1.118 2.243 4.519 8.799

Relative error (%) 0.17 0.13 0.75 0.54

Barakos and Mitsoulis [33] 1.114 2.245 4.510 8.806

Relative error (%) 0.17 0.22 0.55 0.62

Dixit and Babu [3] 1.118 2.256 4.519 8.817

Relative error (%) 0.17 0.71 0.75 0.75

Present study 1.116 2.240 4.485 8.751

Grid size 832 832 832 1032
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lid-driven square cavity with a triangular heat source.
Their simulations indicated that increasing the volume
fraction, the nanoparticles diameter and Reynolds number
led to an increase in the average Nusselt number. Boulahia
et al. [17] reported a MC of the nanofluids in two-sided lid-
driven square cavity with a pair of triangular heating
cylinders. They found that by reducing the diameter of the
nanoparticles and Richardson number, the heat transfer
rate increases, and by changing horizontal direction of the
moving walls the heat transfer rate variation is negligible.
Other examples can be found in references [18–21]. The
work of AlAmiri et al. [22] addressed buoyancy-induced
heat transfer in a partially divided square enclosure. Their
investigations showed that increasing the height and width
of the heater enhances the heat transfer owing to the
increase in the surface area of the heater.

Brinkman [23] and Maxwell-Garnetts [24] are very basic
models of viscosity and conductivity literately used in many
applications of nanofluids, such as free convection of
nanofluids [7,15] and MC of nanofluids [13] which take into

consideration only the influences of volume fraction of
nanoparticles for estimating the effective viscosity and
thermal conductivityof thenanofluid.Various examinations
showthat conflicting results on the effects ofnanofluidon the
heat transfer rate in the enclosures can be obtained by using
different models for estimating effective viscosity and
conductivity of the nanofluid [25,26]. Experimental inves-
tigations propose that various parameters such as diameter,
type of the nanoparticles and volume fraction and tempera-
ture of the nanofluid can significantly influence the thermal
conductivity and effective viscosity of the nanofluid [27,28].
The new models indicate that enhancement in the rate of
heat transfer isnot similarwith ispredictedbysimplemodels
and insomecases increasingvolumefractionofnanoparticles
can even reduce the heat transfer rate [2].

The preceding researches indicate that the position, size
and orientation of heat transfer bodies change the
performance of heat transfer and changing properties of
heat transfer fluid can also affect the performance of heat
transfer mechanism. Recently, nanofluids, which are a
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Fig. 2. Comparison of present results with the numerical results of Khanafer and Aithal [8] (Re=100, Pr=0.7, r/H=0.2).

Table 4. Comparison of the average Nusselt number at the bottomwall of a lid driven cavity with an isothermal circular
cylinder (Tc) between the present results and that of Khanafer and Aithal [8] (Re= 100, Pr= 0.7, r/H= 0.2).

(δx, δy) Ri= 0.01 Ri= 5

Present Khanafer and Aithal [8] %Relative error Present Khanafer and Aithal [8] %Relative error

(0.5, 0.7) 2.24 2.26 0.89 2.86 2.89 1.04

(0.5, 0.5) 2.89 2.92 1.03 4.64 4.70 0.64

(0.5, 0.3) 5.18 5.19 0.19 5.53 5.52 0.18
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mixture of nanoparticles in a base fluid, with higher
conductivity, are used to enhance the rate of heat transfer
in many engineering applications.

In the present study, the main aim is to examine the free
andMCheat transfer of nanofluid in a square enclosure with
circular heating or cooling bodies. The first case under
investigation characterizes the numericalmodels used in our

study.Thecomputationalprocedureelaborated inthis study
is validated against the numerical results of other inves-
tigations. In the other following sections,we study the effects
of each design parameters which is simulated in the range of
volume fraction between 0% and 5%. The newmodels of the
thermal conductivity and effective viscosity investigated by
Corcione et al. [25] are used to estimate thermophysical

3 4 5 6

(a) streamlines

3 4 5 6

(b) isotherms

Fig. 3. (a) The streamlines and (b) isotherms inside the cavity corresponding to the position of the circular heating body (R= r/
H=0.1) on the VC of the cavity with case of pure fluid (dashed line) and Cu–water (solid line) nanofluid with ’=0.05.
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proprieties of the nanofluid. Our numerical results are
presented in the form of plots of isotherms, streamlines and
average Nusselt numbers to show the influence of nanofluid
and design parameters.

2 Problem statement

The studied configurations and coordinate system of the
considered enclosure in the present study are shown in
Figure 1. Thewalls of the square enclosure are assumed to be
partially cooled with isothermal partition Tc=290 of a
distance w=0.6. The other parts of the enclosure are all
thermally insulated. One circular heating body with
constant temperature Th=310 is used inside the square
cavity. Two cases are considered, i.e., case 1A where the
heated body is symmetrically placed on the vertical
centerline (VC) (X=0.5) of the cavity, and case 1B where
theheatedbody isplacedonvertical left-line (VL) (X=0.25)
of the cavity. As shown in Figure 1, three cases are
considered, i.e., case 2A where one pair of circular heating
bodies is placed on the horizontal centerline (HC) of the
cavity, case 2B where one pair of circular heating bodies is
placedontheVCof thecavity, andcase2Cwheretwopairsof
circular heating bodies are used inside the cavity, one is
placed on the VC of the cavity and the other on the HC.

Also, three other cases are considered, i.e., case 3A
where one pair of circular heating and cooling bodies is
placed on the HC of the cavity, case 3B where one pair of
circular heating and cooling bodies is placed on the VC of
the cavity, and case 3C where two pairs of circular heating
and cooling bodies are used inside the cavity, one is placed
on the VC of the cavity and the other on the HC. In
addition, two cases are studied for MC, i.e., case 4 where
the horizontal walls of the square cavity move in the
opposite direction, and case 5 where the vertical walls of the
square cavity move in the opposite direction. The thermo-

physical properties of the nanofluid used in this study are
evaluated at the average fluid temperature (Tc+Th)/2 as
listed in Table 1.

3 Mathematical formulation

The governing equations including the two-dimensional
transient equations of the continuity, momentum and
energy for an incompressible flow are expressed in the
following format:

∂u

∂x
þ
∂v

∂y
¼ 0 ð1Þ

∂u

∂t
þ u

∂u

∂x
þ v

∂u

∂y
¼ �

1

rnf

∂p

∂x
þ
mnf

rnf

∂
2u

∂x2
þ
∂
2u

∂y2

� �

ð2Þ

∂v

∂t
þ u

∂v

∂x
þ v

∂v

∂y
¼ �

1

rnf

∂p

∂y
þ
mnf

rnf

∂
2v

∂x2
þ
∂
2v

∂y2

� �

þ
ðrbÞnf
rnf

ðT � T cÞ ð3Þ

∂T

∂t
þ u

∂T

∂x
þ v

∂T

∂y
¼ anf

∂
2T

∂x2
þ
∂
2T

∂y2

� �

ð4Þ

where the nanofluid effective density, heat capacity,
thermal expansion coefficient and thermal diffusivity are
calculated from the following equations [6,29]:

rnf ¼ ð1� ’Þrf þ ’rs ð5Þ

ðrCpÞnf ¼ ð1� ’ÞðrCpÞf þ ’ðrCpÞs ð6Þ
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Fig. 4. Variation of (a) cmax and (b) Nutot in case of VC location for the three selected positions of the circular heating body at
different Rayleigh numbers and volume fraction of the nanoparticles.
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ðrbÞnf ¼ ð1� ’ÞðrbÞf þ ’ðrbÞs ð7Þ

anf ¼ knf=ðrCpÞnf ð8Þ

The Corcione model [6,25] for the dynamic viscosity
and the thermal conductivity of the nanofluid are given
by:

mnf ¼ mf=ð1� 34:87ðdp=dfÞ
�0:3

’1:03Þ ð9Þ

knf

kf
¼ 1þ 4:4Re0:4B Pr0:66

T

T fr

� �10
kp

kf

� �0:03

’0:66 ð10Þ

ReB ¼
rfuBdp

mf

ð11Þ

uB ¼
2kbT

pmfd
2

p

ð12Þ

All terms are defined in the nomenclature.
The boundary conditions for NC andMC are written as:

see equation (13) above
The following dimensionless variables for NC and MC

are defined based on properties of pure fluid:

t ¼
t

H=Uref

; X ¼
x

H
; Y ¼

y

H
; U ¼

u

Uref

;

V ¼
v

Uref

; P ¼
p

rnfU
2

ref

; u ¼
T � T c

T h � T c

ð14Þ

where Uref is considered to be af/H and U0 are for NC and
MC, respectively. The dimensionless numbers for the
system are defined as:

Re ¼
urefH

nnf
; Ri ¼

Gr

Re2
; Gr ¼

gbfðT h � T cÞH
3

n2f
ð15Þ

Ra ¼
gbfðT h � T cÞH

3

afnf
; Pr ¼

nf

af

ð16Þ

The governing equations (1)–(4) are written in the
following dimensionless form:

∂U

∂X
þ
∂V

∂Y
¼ 0 ð17Þ

∂U

∂t
þ U

∂U

∂X
þ V

∂U

∂Y
¼ �

∂P

∂X

þ C
rf

rnf

mnf

mf

∂
2U

∂X2
þ
∂
2U

∂Y 2

� �

ð18Þ

∂V

∂t
þ U

∂V

∂X
þ V

∂V

∂Y
¼ �

∂p

∂Y

þ C
rf

rnf

mnf

mf

∂
2V

∂X2
þ
∂
2V

∂Y 2

� �

þ C0
ðrbÞnf
rnfbf

u ð19Þ

∂u

∂t
þ U

∂u

∂X
þ V

∂u

∂Y
¼ C00 anf

af

∂
2u

∂X2
þ

∂
2u

∂Y 2

� �

ð20Þ

where C, C0, and C00 are given for case of NC or MC:

The dimensionless form of the boundary conditions for
NC and MC can be written as:

see equation (21) above

The total mean Nusselt number of all cavity’s walls is
defined as:

Nutot ¼
1

w
∫
H
2
þw

2

H
2
�w

2

knfð’Þ

kf
j
∂u

∂X
jleft þ j

∂u

∂X
jright

� �

dY

þ
1

w
∫
H
2
þw

2

H
2
�w

2

knfð’Þ

kf
j
∂u

∂Y
jbottom þ j

∂u

∂Y
jupper

� �

dX ð22Þ

C C0 C00

Natural convection (NC) Pr Ra ⋅Pr 1

Mixed convection (MC) 1/Re Ri 1/(Pr ⋅Re)

u ¼ 0 or �U 0; v ¼ 0;T ¼ T c or Th on bottom wall of the cavity

u ¼ 0 or U 0; v ¼ 0;T ¼ T c on upper wall of the cavity

v ¼ 0 or �V 0; v ¼ 0;T ¼ T c on right wall of the cavity

u ¼ 0 or V 0; v ¼ 0;T ¼ T c or Th on left wall of the cavity

ð13Þ

U ¼ 0 or �1; V ¼ 0; � ¼ 0 or 1 on bottomwall of the cavity

U ¼ 0 or 1; V ¼ 0; � ¼ 0 on upperwall of the cavity

V ¼ 0 or �1; V ¼ 0; � ¼ 0 on rightwall of the cavity

U ¼ 0 or 1; V ¼ 0; � ¼ 0 or 1 on left wall of the cavity

ð21Þ
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(a) streamlines

3 4 5 6

(b) isotherms

Fig. 5. (a) The streamlines and (b) isotherms inside the cavity corresponding to the position of the circular heating body
(R= r/H=0.1) on the VL of the cavity with case of pure fluid (dashed line) and Cu–water (solid line) nanofluid with ’=0.05.
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4 Numerical details

The discretization procedure of the governing equations
(Eqs. (17)–(20)) and boundary conditions described by
equation (21) is based on a finite volume formulation, given
by Patankar [30] on a staggered grid. The Semi-Implicit
Method for Pressure Linked Equations procedure is used to
solve the coupled pressure–velocity equation while hybrid
differencing scheme of Spalding [31] is used for the
convective terms. Line by line application of Tri-Diagonal
Matrix Algorithm method [31] is applied on equation
systems until sum of the residuals became less than 10�6.
The developed algorithm is implemented in FORTRAN
program.

4.1 Grid independence study

In order to determine a proper grid for the numerical
simulation, a square cavity filled with a Cu–water
nanofluid (’=0.05) is analyzed in two extreme Rayleigh
numbers (Ra=103 and 106) and Richardson number (Ri=
0.1 and 1000) for both NC and MC configurations. The

mean Nusselt number obtained using different grid
numbers for particular cases is presented in Table 2. As
can be observed from the table, a non-uniform 103� 103
grid is sufficiently fine for the numerical calculation.

4.2 Validations

The present numerical scheme is validated against various
numerical results available in the literature, two different
heat convection problems are chosen. The first case is the
benchmark problem of NC in a square cavity which
considered by De Vahl Davis [32] filled with air (Pr=0.71).
Table 3 demonstrates an excellent comparison of the
average Nusselt number between the present results (bold
values) and the numerical results found in the litera-
ture [3,32]. The second case is a MC flow and heat transfer
characteristics in a lid-driven cavity with a circular body
inside. Figure 2 illustrates a comparison of the isotherms
and streamlines between the present results and the results
reported by Khanafer and Aithal [8] at a Reynolds number
(Re=100) for various Richardson numbers. The results
shown in Table 4 (bold values) provide sufficient confi-
dence in the present numerical scheme.
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Fig. 6. Variation of (a) cmax and (b) Nutot in case of VL location for the three selected positions of the circular heating body at
different Rayleigh numbers and volume fraction of the nanoparticles.
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5 Results and discussion

In the present study, direct simulations with the finite
volume method are carried out for natural and MC heat
transfer of a nanofluid (Cu–water) in a square cavity with
inside circular heating and cooling bodies. The key
parameters used in this numerical simulation are: the
position and size of circular bodies. Wide range of
parameters such as the Rayleigh number (103�Ra� 106),
volume fraction 0� ’� 0.05, Richardson number (0.01�

Ri� 1000), Grashof number 102�Gr� 104, position of
circular heating body (0.25�Y� 0.75) and the radius of
the circular body (0.1�R� 0.3) have been used. The
results are presented in separate sections.

5.1 NC configuration

5.1.1 Position of circular body

The streamlines and isotherms corresponding to the
position of the circular heating body on the VC of the
cavity are presented in Figure 3 for which the Rayleigh

3 4 5 6

(a) streamlines

3 4 5 6

(b) isotherms

Fig. 8. (a) The streamlines and (b) isotherms inside the cavity corresponding to different sizes of circular heating body, i.e.,
R= r/H=0.1, 0.2 and 0.3 with case of pure fluid (dashed line) and Cu–water (solid line) nanofluid with ’=0.05.
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number is altered between 103 and 106. The circular
heating body is fixed on the VC of the cavity and its
position is changed from bottom to top (Y=0.25,
0.5 and 0.75) at different Rayleigh numbers and volume
fractions of nanoparticles. Figure 3 shows the effect of
changing the position of the circular heating body on the
streamlines and isotherms. The cavity is filled with a Cu–
water nanofluid (’=5%), for comparisons, the streamlines
and the isotherms for pure fluid and nanofluid are shown by
dashed line and solid line respectively, we can see in
Figure 3(a) that the flow is symmetrical with respect to the
VC of the cavity. The flow structure is organized into two
convection cells, one clockwise vortex on the right and one
counter-clockwise vortex on the left. For Ra=103 and 104,
the isotherms shown in Figure 3(b) are uniformly
distributed which indicate that the heat transfer in the
cavity is governed mainly by the conduction mode. When
the circular heating body is positioned at the bottom, at the
middle or at top, the bicellular symmetrical structure of the
flow is still preserved. The centers of the convection cells
are located below the circular body which is positioned at
the top and the central vortex core changes significantly by
changing the position of the body from the bottom to the
top. By increasing the Rayleigh number from 103 to 105, 106

and hence the buoyancy force, the concentration of the
isotherms in the vicinity of the circular heating body and at
the top wall increases too. The form of the isotherms
becomes more and more complex which means that the
heat transfer mechanism is changing from conduction to
the convection regime, the case illustrating a convection
mode (Ra=105, 106). Figure 3(a) indicates that the centers
of the vortex core are considerably shifted upward and
become close to the median vertical plane of the cavity in
all cases of body position. At Ra=106 when the circular
body located at bottom (Y=0.25) or at medium
(Y=0.25), we can see in Figure 3(b) a vertical stratifica-

tion of temperature near to VC of the cavity like a plum
where there is the hot fluid compare to the neighboring
fluid.

Variation of the total averaged Nusselt number Nutot

and the maximum stream function cmax for the three
selected positions of the circular heating body at different
Rayleigh numbers and volume fractions of nanoparticles are
presented in Figure 4. The maximum stream function cmax

shows in Figure 4(a) decreases at all Rayleigh numbers by
increasing the volume fraction of nanoparticles, we can
explain the decrease ofcmax by equation (9) which indicates
that increasing volume fraction of the nanoparticles leads to
anincrease intheviscosityof thefluid.Figure4(b)showsthat
changing the position of the circular heating body has a
significant effect on the heat transfer rate. When Ra=103,
wecansee inFigure4(b) that thevaluesofNutot are thesame
in the case of bottom and top body positions. By increasing
theRayleighnumber from103 to 105, 106, thebuoyancy force
becomes significantly important, the maximum and the
minimum values of Nutot are observed when the circular
heatingbody is positionedat thebottomandat the topof the
cavity, respectively. At high values of the Rayleigh number,
the optimum volume fraction of nanoparticles which
maximizes the heat transfer rate in most cases is about 1%
(Fig. 4(b)).

The case for which the circular body is positioned on the
VL of the cavity is shown in Figure 5. We can see at small
values of the Rayleigh number (Ra=103, 104) in all cases of
body position that the flow symmetry is destroyed and the
horizontal displacement of the circular body from the VC
to the VL of the cavity induces a big cell muchmore intense
and a small cell less intense than the latter. It is worth
mentioning that for Ra=103 and 104 (case of dominating
conduction) the isotherms shown in Figure 5(b) are
uniformly distributed, but at high values of the Rayleigh
number (Ra=105, 106), the path of the fluid particles
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Fig. 9. Variation of (a) cmax and (b)Nutot corresponding to different sizes of circular heating body, i.e., R= r/H=0.1, 0.2 and 0.3 at
different Rayleigh numbers and volume fraction of the nanoparticles.
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becomes more and more complex which indicates that the
main heat transfer mechanism is through convection. By
increasing Ra beyond 105, it is observed in Figure 5(a) that
the increase of the flow intensity in the upper part of the
cavity overweighs its increase in its lower part, which shows
that the centers of the big vortex are located above the
circular body in the case where the body is positioned at the
bottom or at the middle.

Figure 6 shows the variations of cmax and Nutot under
the same conditions as shown in Figure 5. It is also
observed in the case of the VL of the cavity that by
increasing the volume fraction of nanoparticles, the value
of cmax decreases. In addition, in Figure 6(a), by
increasing Ra beyond 104, we can observe clearly that
there is an optimum volume fraction of nanoparticles ’opt
for which the heat transfer rate is maximum. According to

3 4 5 6

(a) streamlines

3 4 5 10
6

(b) isotherms

2A 

2B 

2C 

2A 

2B 

2C 

Fig. 10. (a) The streamlines and (b) isotherms inside the cavity for case 2A to 2C at different Rayleigh numbers with case of pure fluid
(dashed line) and Cu–water (solid line) nanofluid with ’=0.05.
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equations (9) and (10), increasing the volume fraction of
nanoparticles enhances the thermal conductivity but at
’> ’opt, the adverse effects of the viscosity are more
important than the positive effects of the thermal conduc-
tivity which leads to decrease the heat transfer rate. Similar
remarks are also observed by Garoosi et al. [2]. At small
values of the Rayleigh number (Ra=103, 104), the effect of
changing the circular body position from the bottom to the
top is slightly negligible, as shown clearly in Figure 6(b), but
when Ra exceeds (Ra=106), we can observe an important
difference in theheat transfer ratebetween thepositionof the
bodyatthebottomandat thetop. InFigure6(b)atRa=106,
it is also noticed that themaximumand theminimumvalues
of Nutot are observed when the circular heating body is
positioned at the bottom and at the top of the cavity,
respectively.

The comparison concerning Nutot of the horizontal
displacement of the circular heating body from the VC to
the VL of the cavity in the case when the circular body is
positioned at the bottom is shown in Figure 7. It is observed
that at small Rayleigh numbers (Ra=103, 104), the
displacement of the circular heating body from the VC
to the VL of the cavity leads to an increase in the heat
transfer rate. At high values of the Rayleigh number
(Ra=105, 106), the enhancement of the heat transfer rate is
observed when the circular body is positioned at the VC of
the cavity, and this can be explained by the more space in
the case of the VC of the cavity which results in a better
circulation of the flow in the cavity and hence, improve-
ments of the convection heat transfer (at high Ra).

From the preceding results in this section, we can
conclude that the vertical displacement of the circular body
has the most important effect on the heat transfer rate at
high Rayleigh numbers and the horizontal displacement
from the VC to the VL of the cavity increases the heat
transfer at small Rayleigh numbers. Similar remarks were
also reported by El Abdallaoui et al. [7].

5.1.2 Size of circular heating body

We present in this section three different sizes of the
circular heating body, i.e., R= r/H=0.1, 0.2 and 0.3,
which are examined in a cavity filled with a Cu–water
nanofluid with ’=0.05. Figure 8 displays the effects of the
circular body size on the streamlines and the isotherms for
different values of the Rayleigh number. Figure 8(a) shows
that at Ra=103 and 104 (case of dominating conduction),
two overall rotating symmetric eddies exist. By increasing
the size of the circular heating body from R=0.1 to 0.3, we
can see clearly that the rotating symmetric eddies become
with two inner vortices, respectively. At Ra=104 for a size
R=0.3, the patterns of the isotherms (Fig. 8(b)) and the
streamlines are about the same as those for Ra=103. It is
worth mentioning that at Ra=103, 104 and 105, increasing
the size of the circular heating body toR=0.3, weakens the
strength of the flow circulation and hence, the conduction
becomes stronger and significantly dominant. By increas-
ing the Rayleigh number up to 105 (and therefore, the
buoyancy force), the role of convection in heat transfer
becomes more significant. In Figure 8(b) for sizes R=0.1
and 0.2, a plume starts to appear on the top of the circular
heating body, and the presence of high-temperature
gradients across this plume makes the upper part much
more intense concerning the thermal gradient than the
lower part. The flow at the bottom of the cavity is very
weak compared with that at the top regions, which suggests
stratification effects in the lower part of cavity. At
Ra=106, increasing the size R to 0.3 causes the rise of
two secondary vortices, located in the upper surface of the
circular heating body, while the primary eddies move to the
side walls (see Fig. 8(a)).

Figure 9 shows the values of cmax and Nutot at
different Rayleigh numbers and volume fractions of
nanoparticles. By increasing the size of the circular body
and the Rayleigh number, the heat transfer rate enhances.
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Fig. 11. Variation of (a)cmax and (b)Nutot for case 2A to 2C at different Rayleigh numbers and volume fraction of the nanoparticles.
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At small values of Rayleigh number (Ra=103 and 104), we
have seen that the conduction is significantly dominant at
the biggest size of the circular heating body and therefore,

enhancement of the heat transfer rate is maximum for
’=5%. At high Rayleigh numbers (Ra=105 and 106), the
optimum value of ’ is about 1% in most cases.
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(b) isotherms
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5

Fig. 12. The streamlines and (b) isotherms inside the cavity for case 3A to 3C at different Rayleigh numbers with case of pure fluid
(dashed line) and Cu–water (solid line) nanofluid with ’=0.05.
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5.1.3 Effect of one pair of circular heating bodies

In this section, results on the effect of one pair of circular
heating bodies on the fluid flow and heat transfer rate are
presented considering three different cases (2A, 2B and 2C)
represented in Figure 1 which are explained in three steps.

Figure 10(2A) shows the effect of one pair of circular
heating bodies which is placed at the HC of the cavity, on
the streamlines and the isotherms at different Rayleigh
numbers, defined in the first step. When Ra=103, heat
transfer in the cavity is governed mainly by the conduction
mode. Thus, the streamlines and the isotherms are almost
symmetric about the HC of the cavity, as shown in
Figure 10(2A). The circulation of the flow shows two
vortices appearing near each circular body, one in the upper
side and the other in the lower side. At Ra=104, the
patterns of the isotherms and the streamlines are almost
similar to those when Ra=103, as shown in Figure 10(2A).
AtRa=105, the role of convection in heat transfer becomes
more significant, for this reason we see clearly two
secondary vortices appearing in the upper side between
the pair of circular heating bodies, and hence, the intensity
of flow in the lower side becomes less than that in the upper
side. The thermal boundary layer around the surface of the
two circular bodies becomes thinner, and the isotherms in
the lower side are stratified which is a sign of a weak
convection. However, the isotherms at the upper side
become more tightened where the thermal plumes rising
from the two circular body. By increasing Ra beyond 105

and hence, the buoyancy force, the intensity of the two
vortices between the two circular bodies increases and the
two secondary vortices become weakened. The thermal
plumes on each circular body become much stronger than
those of Ra=105.

In the second step, the effects of one pair of circular
heating bodies which is placed at the VC of the cavity, on
the fluid flow and heat transfer rate are investigated at

different Rayleigh numbers. The streamlines and the
isotherms are shown in Figure 10(2B). The flow is
symmetrical with respect to the VC of the cavity, and
its structure is organized into two vortices, one clockwise
vortex on the right and one counter-clockwise vortex on the
left. At Ra=103 and 104, the isotherms shown in Figure 10
(2B) are uniformly distributed which indicates that the
heat transfer in the cavity is governed mainly by the
conduction mode. When Ra=105 and 106, the case
illustrating a dominating convection regime, Figure 10
(2B) shows that the centers of the convection cells become
close to the median vertical plane of the cavity. At
Ra=106, the thermal boundary layer on the surface of the
lower circular body is accompanied by the formation of a
vertical plume at the VC of the cavity.

In the third step, the combined effects of two pairs of
circular heating bodies, one placed at the VC of the cavity
and the other at the HC of the cavity, are shown in
Figure 10(2C). At Ra=103 and 104, we can see clearly two
vortices appearing near the cavity’s upper left and right
corners and two others are similar with the latter which
appear at the lower side (see Fig. 10(2C)). When Ra=104,
the patterns of the isotherms and the streamlines are
generally similar to those when Ra=103, because the
conduction is significantly dominant. By increasing the
Rayleigh number, the role of convection in heat transfer
becomes more significant and hence, the buoyancy force,
for this reason at Ra=105 and 106, the intensity of the two
vortices which are in the lower part is less than that found
in the upper part. At Ra=106, the thermal boundary layer
becomes more complex at the upper side and thinner
around the surface of the circular bodies.

Figure 11 shows the values of cmax and Nutot at the
same conditions of Figure 10. It is clear that with increasing
the Rayleigh number and changing the location of the one
pair of circular heating bodies fromtheHCof the cavity (2A)
to the VC (2B), the rate of heat transfer increases. The
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Fig. 13. Variation of (a)cmax and (b)Nutot for case 3A to 3C at different Rayleigh numbers and volume fraction of the nanoparticles.
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combined effects (2C) of two pairs of circular heating bodies
increase significantly the heat transfer. At high values of the
Rayleighnumber (Ra=105and106), theoptimumvalue of’
is about 1% in most cases, similar to the previous sections.

5.1.4 Effect of one pair of circular heating and cooling bodies

In this section, results on the effects of one pair of circular
heating and cooling bodies on the fluid flow and heat
transfer rate are presented considering three different cases
(3A, 3B, and 3C) represented in Figure 1 which are
explained in three steps.

Figure 12(3A) shows the effects of one pair of circular
heating and cooling bodies which is placed at the HC of the
cavity, on the streamlines and the isotherms for different
Rayleigh numbers, defined in the first step. It can be seen
from Figure 12(a) that for Ra=103 and 104, a counter-
clockwise vortex forms inside the cavity between the two
circular bodies and four secondary clockwise vortices
appear near the cavity corners, the vortices which are in the
upper left and lower right corners are more intense than
those in the other corners. In Figure 12(b), the uniformly
distributed isotherms at this Rayleigh number shows that
the main heat transfer mechanism is through conduction.

(a) streamlines (a) streamlines(b) isotherms (b) isotherms
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Fig. 14. (a) Streamlines and (b) isotherms inside the cavity with circular heating body (R= r/H=0.15) filled with Cu–water the pure
fluid (dashed line) and Cu–water nanofluid (solid line) with ’=5% and at different Ris for cases 4 and 5 (Gr=102).
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When Ra=105, the intensity of the main vortex increases
and becomes with two inner cores and the isotherms get
tightenedaroundthecircularbody(Fig.12(b)).Byincreasing
Ra beyond 105, the path of the fluid particles becomes more
andmorecomplexwhich indicatesthatthemainheattransfer
is changing from conduction to the convection mode.

In the second step, the effects of one pair of circular
heating and cooling bodies which is placed at the VC of the
cavity, on the fluid flow and heat transfer rate are
investigated at different Rayleigh numbers. When Ra=
103 and 104, we can see in Figure 12(3B) the rotating eddy
with two inner vortices, one on the right side and the other

(a) streamlines (a) streamlines(b) isotherms (b) isotherms
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Fig. 15. (a) Streamlines and (b) isotherms inside the cavity with circular heating body (R= r/H=0.15) filled with Cu–water the pure
fluid (dashed line) and Cu–water nanofluid (solid line) with ’=5% and at different Ris for cases 4 and 5 (Gr=104).
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Fig. 16. Variations of Nutot with respect to the volume fraction of the nanoparticles at different Richardson numbers and Grashof
numbers for cases 4 and 5. (a) Gr=102 and (b) Gr=104.
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on the left-hand side. By increasing the Rayleigh number,
the intensity of the vortices increases and occupies a large
space in the cavity. At Ra=106, the isotherms are
distorted more due to the stronger convection effects,
the surfaces of the inner circular body and the cavity
become thinner and the thermal gradients on the walls
become larger when Ra=106, compared to those when
Ra=105 (see Fig. 12(3B)).

In the third step, the combined effects of two pairs of
circular heating and cooling bodies, one placed at the VC of
the cavity and the other at the HC are shown in Figure 12
(3C). At Ra=103 and 104, it can be seen from Figure 12
(3C), four vortices appear near the cavity corners and one
between the circular heating and cooling bodies, the
vortices which are in the upper right and lower left corners
are more intense than those in the other corners of the
cavity. By increasing the Rayleigh number beyond 105, the
intensity of the flow and convection inside the cavity
increases and the isotherms become more distorted due to
the stranger convection effects.

Figure 13 shows the values of cmax and Nutot for the
same conditions of Figure 12. At Ra=103, we can see
clearly that there is no difference between cases (3A) and
(3B) in terms of Nutot, but by increasing the Rayleigh
number, case (3A) becomes better in terms of increasing
the heat transfer rate than case (3B) and the combined
effects of these two cases (case (3C)) enhance more and
more the heat transfer rate. At high values of the Rayleigh
number (Ra=105 and 106), the optimum value of ’ is
about 1% in most cases but at lower Rayleigh numbers
where conduction is dominant, the heat transfer rate is
maximum at ’opt=0.05.

5.2 MC configuration

In this section, a square cavity with a circular heating body
inside, filled with a Cu–water nanofluid is considered for
MC heat transfer.

Figures 14 and 15 display the streamlines and iso-
therms for various values of the Richardson number and
the Grashof number. In Figures 14 and 15, case 4 shows the
effects of a circular heating body in the cavity with a
horizontal moving wall, and case 5 shows the effects of the
vertical moving wall. In this configuration, forces due to
moving walls of the cavity and the buoyancy act in opposite
directions. At small values of the Richardson number
(Ri� 0.1), the flow circulation is mostly generated by the
moving walls indicating that the forced convection is
dominant. By increasing the Richardson number up to 1,
the effects of NC and hence, the buoyancy force becomes
stronger and the effects of the moving walls become
significantly weakened, then increasingRi is in favor of NC.
The uniformly distributed isotherms at high Richardson
numbers for Gr=102 shown in Figure 14(b) indicate a
conduction-dominated problem and we can note that the
isotherms resemble those of NC (see Fig. 3(a)). When
Gr=104 (Fig. 15(b)), the patterns of the isotherms become
more complex which indicates a convection-dominated
problem. We can see clearly in Figures 14 and 15 for all Ri
values that the difference between the results of a nanofluid
and a pure fluid become more evident at higher Richardson

numbers (Ri=1000) and this can be explained by the
higher viscosity of the nanofluid compared to that of the
pure fluid, but at small values of Ri, where forced
convection is strongly dominant, the viscosity of the
nanofluid does not significantly affect the flow field.

The values of Nutot for cases 4 and 5 are shown in
Figure 16 for different Richardson numbers, Grashof
numbers and volume fractions of nanoparticles. We can
see that by decreasingRi and increasingGr, the rate of heat
transfer is increased. In addition, at high values of the
Richardson number (Ri≥ 10) while Gr=102 (Fig. 16(a)),
the effects of NC are dominant but heat is still mainly
conducted. Therefore, the effects of conduction are
dominant leading to a maximum heat transfer rate for
’=0.05. On the other hand, at Gr=104 (Fig. 16(b)) and
with a high Richardson number (Ri≥ 10), NC dominates.
Therefore, the effects of convection are dominant so that
the heat transfer rate is maximized for ’� 1%.

6 Conclusion

This study investigates the role of natural and MC heat
transfer of a Cu–water nanofluid in a square cavity with
inside circular heating and cooling bodies. The effects of
various design parameters such as the location and size are
investigated. According to the presented results, the
following conclusions are drawn.

6.1 NC configuration

By increasing Ra, the heat transfer rate increases, and at
high values of Ra, there is an optimum volume fraction of
nanoparticles whichmaximizes the heat transfer rate and it
is about 1% in most cases.
– The results show that when the circular heating body is
positioned at the bottom, the heat transfer enhances. The
vertical displacement of the circular body has the most
important effect on heat transfer rate at high Rayleigh
numbers and the horizontal displacement from the VC to
the VL of the cavity increases the heat transfer at small
Rayleigh numbers.

– By increasing the size of the circular heating body and the
Rayleigh number, the heat transfer rate is enhanced.

– By increasing the Rayleigh number and changing the
location of the pair of circular heating bodies from the HC
of the cavity to the VC, the rate of heat transfer increases.
The combined effects of the two pairs of circular heating
bodies increase the heat transfer significantly. At high
values of the Rayleigh number (Ra=105 and 106), there
is an optimum volume fraction of nanoparticles for which
the maximum heat transfer occurs.

– By increasing the Rayleigh number, the pair of circular
heating and cooling bodies in the case (3A) becomes
better in increasing the heat transfer rate than the case
(3B) and the combined effects of these two cases (case
(3C)) enhance more and more the heat transfer rate.

– At high values of theRayleigh number (Ra=105 and 106),
the optimum value of ’ is about 1% in most cases but at
lowerRayleighnumbers forwhichconduction isdominant,
the heat transfer rate is maximum at ’opt=0.05.
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6.2 MC configuration

In the case of moving walls at different directions, the heat
transfer rate changes significantly, and at high Richardson
numbers, the effect of moving walls decreases.
– At small values of the Richardson number (Ri� 0.1), the
flow circulation is mostly generated by the moving walls
indicating that the forced convection is dominant.

– The difference between the results of a nanofluid and a
pure fluid becomes more evident at higher Ri values.

– By increasing Gr and decreasing Ri, the heat transfer
rate increases.

– At high values of the Richardson number (Ri≥ 10) while
Gr=102, the effects of conduction are dominant leading
to a maximum heat transfer rate for ’=0.05. On the
other hand, at Gr=104 with a high Richardson number
(Ri≥ 10), there is an optimum volume fraction of
nanoparticles for which the maximum heat transfer
occurs.

Nomenclature

Cp specific heat, J kg�1K�1

dp diameter of the nanoparticle, m
df diameter of the base fluid molecule, m
g gravitational acceleration, m s�2

Gr Grashof number (= gbDTH3/n2)
H enclosure height, m
k thermal conductivity, Wm�1K�1

kb Boltzmann’s constant =1.38066� 10�23

Nutot heat transfer of cavity’s walls
p dimensional pressure, Nm�2

P dimensionless pressure
Pr Prandtl number (= nf/af)
r radius of circular body
R non-dimensional radius of circular body (= r/H)
Ra Rayleigh number (= gbf(Th�Tc)H

3/afnf)
ReB Brownian-motion Reynolds number
Re Reynolds number (=U0H/n)
Ri Richardson number (=Gr/Re2)
T temperature, K
t time, s
t dimensionless time (t/H/Uref)
u, v velocity components, m s�1

uB Brownian velocity of the nanoparticle, m s�1

U, V dimensionless velocity components
x, y Cartesian coordinates, m
X, Y dimensionless Cartesian coordinates (x, y)/H

Greek symbols

a thermal diffusivity, m2 s�1

b thermal expansion coefficient, K�1

u dimensionless temperature
m dynamic viscosity, kgm�1 s�1

n kinematic viscosity, m2 s�1

r density, kgm�3

’ volume fraction of the nanoparticles
c stream function ¼ �∫YY o

U∂Y þ cðX;Y 0Þ
� �

Subscripts

c cold
f fluid
h hot
nf nanofluid
s solid nanoparticles
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