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Numerical Study of Optical Injection Dynamics of
Vertical-Cavity Surface-Emitting Lasers

M. S. Torre, Cristina Masoller, and K. A. Shore

Abstract—We study numerically the transverse-mode dynamics
of a vertical-cavity surface-emitting laser with external optical
injection. We consider the case in which two transverse modes
with parallel polarizations are exited. Varying the strength and
frequency of the injected field, we find a rich variety of complex
behaviors. We show that by increasing the optical injection
strength the laser does not turn into a single-mode laser, as
would be expected if the transverse modes have perpendicular
polarizations.

Index Terms—Antiphase dynamics, chaotic oscillations, injec-
tion locking, optical injection, vertical-cavity surface-emitting
lasers (VCSELs).

I. INTRODUCTION

VERTICAL-CAVITY SURFACE-EMITTING LASERS
(VCSELs) are promising devices for applications that

require stable single-mode operation under high-speed mod-
ulation. Injection locking of a slave laser to a master laser
is a technique commonly employed to enhance the spectral
stability and to minimize the chirping of lasers. In VCSELs,
the influence of optical injection from an edge-emitting laser
or from another VCSEL was studied theoretically and exper-
imentally by several authors [1]–[10]. It has been shown that
the polarization state of a VCSEL can be switched by optical
injection [1]. Stable phase locking within a large detuning
range has been reported, as well as a variety of nonlinear
behaviors outside the locking range [2]. In [3], it was shown
that the bistability inherent to polarization locking allows for
generating a memory effect by modulating the bias current
of the master laser. In [4], the polarization state of the light
emitted by a slave VCSEL was controlled by injecting an
orthogonally polarized optical signal from a master VCSEL.
By modulating the bias current of the master VCSEL, fast
polarization switching in the slave VSCEL was observed.
Phase tuning of two slave VCSELs, being injection-locked by
a master VCSEL, was demonstrated in [5]. Injection-locking
by injected optical power from another VCSEL improves the
transmission performance of a directly modulated VCSEL [6].
Optical injection was also found to induce chaos and dynamic
instability [7], [8] in the polarization-resolved output power of
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a VCSEL operating, without injection, in a stable polarization
regime.

The short cavity length of VCSELs ensures single longitu-
dinal mode operation, but due to their large Fresnel number
high-order transverse modes are easily excited. Li et al. [2] ob-
served that, when the master laser frequency was detuned to
be coincident with the frequency of one transverse mode of the
slave VCSEL, this mode was enhanced and the other mode was
partially or even totally suppressed. Based on a model that in-
cluded the spatial dependence of the carrier density and of the
optical field, Law et al. [9] showed that a two-transverse-mode
VCSEL could be forced, due to optical injection, to operate in a
single transverse mode. It was assumed that the two transverse
modes had orthogonal polarizations, and thus the externally in-
jected field interfered only with one of the modes. More re-
cently, Hong et al. [10] studied experimentally the spectrum of a
two-transverse-mode VCSEL under optical injection and found
that, in agreement with the results of [2] and [9], when the two
modes have orthogonal polarizations, suitably choosing the de-
tuning and injection power allows the suppression of one mode.
However, it was found that when the two transverse modes have
parallel polarization single-mode operation could not be ob-
tained via optical injection. In this paper, we use a model similar
to that employed by Law et al. [9] to understand the behavior of
an optically injected VCSEL having two transverse modes with
parallel polarization. In simpler models where, e.g., spatial ef-
fects are omitted, quite complex optical injection dynamics may
arise [17]–[25]. As such, it is to be expected that the model used
in this work will yield a range of instabilities and various dy-
namical regimes.

This paper is organized as follows. The model is described
in Section II. In Section III, we present the numerical results.
Section IV contains a summary and the conclusions.

II. MODEL

We consider a cylindrically symmetric structure, whose ac-
tive region (consisting of several quantum wells) is modeled as
a single effective quantum well (QW) of radius and thickness

. Barrier regions of thickness limit the QW region. Two
highly reflecting mirrors separated by a distance along the
longitudinal axis define the laser cavity. The injected current
is for and otherwise.

The optical mode profile is determined by the built-in index
guiding introduced by transverse refractive index step in the sur-
rounding region. The core (cladding) refractive index is taken
to be , i.e., the transverse refractive index profile is

for and for .
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By considering that due to its short cavity length the VCSEL
supports a single longitudinal mode (but several transverse
modes), the optical field can be split into longitudinal and
transverse parts as

(1)

where is the angular oscillation frequency of the
th transverse mode of the free-running VCSEL and

is determined by the round-trip condition in the plane
wave approximation. For a Fabry–Perot cavity of length

with a integer. For the circular
transverse geometry of the VCSEL, the appropriate transverse
modes are the linearly polarized modes [11], for which
the transverse variation of the field is given by

for

for (2)

where and are Bessel functions of the first and second
kinds, respectively,

is an integer, and the
wavevector is obtained from eigenvalue equations.

To simplify the calculations, we consider two transverse
modes that have azimuthal symmetry: the and
modes

and

(3)

Their profiles are normalized such that .
Since we are studying two transverse modes with parallel po-

larization, we have the scalar equation for the optical field

(4)

where and are the slowly varying complex ampli-
tudes of the transverse modes. and are normalized such
that is proportional to the number of photons in the th
mode.

We assume a CW externally injected field of frequency
that has an arbitrary transverse profile, which can be decom-
posed in terms of the modes of the VCSEL.

The equations for the slowly varying complex amplitude of
the transverse modes , the density of (confined) car-
riers in the QW regio, , and the density of (unconfined)
carriers in the barrier regio, are [12]–[15]

(5)

(6)

(7)

(8)

The first term on the right-hand side of (5) and (6) accounts
for optical gain, losses, and phase-amplitude coupling. Here,
is the linewidth enhancement factor and is the modal gain,
given as follows:

(9)

where is the linear gain coefficient, is the confinement
factor for the th mode, and is the transparency carrier den-
sity. is the photon lifetime for the th mode.

The second term on the right-hand-side of (5) and (6) takes
into account optical injection. The external field injects photons
into the th transverse mode with an efficiency that depends on
the overlap of the transverse profiles of the injected field and the
th mode. This is taken into account through the modal injec-

tion strength , which is proportional to the number of pho-
tons injected into the th mode. The interaction of the injected
field with the th mode also depends on the frequency differ-
ence , which is the detuning of the injected
field with respect to the th mode frequency. In the rate-equa-
tion approach, the injection term has to be divided by the factor

, which is the VCSEL cavity round-trip time.
The terms on the right-hand side of (7) correspond, from left

to right, to: 1) the rate at which carriers are injected into the
barrier region; 2) the rate at which carriers are captured into
the QWs; 3) the rate at which carriers escape out of the QWs;
4) the carrier loss owing to various nonradiative recombination
processes; and 5) the last term accounts for carrier diffusion
across the barrier region. The transport effects are included by a
capture time , a escape time , and a diffusion coefficient

. The carrier loss is included by a carrier lifetime . Since
the variables and refer to carrier densities, the different
sizes of the barrier and QW regions must be taken into account.
This is done by the ratio , where is the
volume of the barrier region and is the volume
of the QW region.

The terms on the right-hand side of (8) correspond, from left
to right, to: 1) the carriers captured into the QWs; 2) the carriers
that escape out of the QWs; 3) the nonradiative carrier loss; 4)
the carrier loss owing to stimulated recombination; and 5) the
final term to carrier diffusion across the QWs.

III. RESULTS

We solve numerically the model equations with the parame-
ters given in Table I. The time integration step is
ps and the space integration step is m. The initial
conditions used all through the paper correspond to the laser in
the OFF state. The modal injection strength and the fre-
quency of the injected field are the free parameters of our
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TABLE I
PARAMETERS USED IN SIMULATIONS

study. We consider two different values of the injection current:
one such that in the absence of optical injection the mode
dominates ( mA), and one such that in the absence of
optical injection both modes have nearly equal power (
mA).

In edge-emitting single-mode lasers, the injection strength
has commonly been measured relative to the free-running modal
power , and typical values for the region of weak
(large) injection are [21]. Since in the
model rate equations the relevant parameter is

, due to the small value of in VCSELs the in-
jection regions shift to lower values of (the locking region of
a single-mode VCSEL for typical parameters and zero detuning
occurs for , see [9, Fig. 1]). Since in multimode
VCSELs the free-running modal powers are different, we mea-
sure the injection strength of the th mode relative to the
free-running modal power . We therefore define the param-
eter as

(10)

Let us first consider the situation in which the fundamental
mode dominates ( mA). Fig. 1 displays the maximum,
minimum, and average values of the oscillations of the modal
intensities and as the strength
of the injected field increases. The frequency of the injected
field is tuned to match that of the dominant mode
and both modes are injected equally .
The effect of asymmetric injection will be discussed later. Since
the free-running modal powers are different, the injection ratio
of the depressed mode is larger than that of
the dominant mode . If the injection is weak
enough, there are modal intensity oscillations (since the max-
imum and minimum values differ), while for stronger injection
the modal intensities are constant and increase linearly with the
injection strength.

Fig. 2 displays the maximum, minimum, and average
values of the oscillations of the modal intensities when
only the fundamental mode is coupled to the injected field

. In this case, we observe that the

Fig. 1. Effect of increasing the injection strength when the LP mode
dominates (I = 2 mA). ! = ! . Both modes are injected with the same
number of photons (P = P = P ). The relative injection rates
K = P =P and K = P =P differ because the free-running modal
powers are different (for I = 2 mA, P = 1200 a.u. while P = 300
a.u.). We plot the maximum, minimum, and average values of (a) I (t) and
(b) I (t).

Fig. 2. Effect of increasing the injection strength when only the LP mode
interacts with the injected field (P = 0; P = P ). I = 2 mA,
! = ! . We plot the maximum, minimum, and average values of (a) I (t)
and (b) I (t).

mode is rapidly suppressed as the injection increases.
However, the injection locking regime occurs for higher injec-
tion strength with respect to that when both modes are coupled
to the injected field.

Similar results are observed in the operating regime where
both modes are equally dominant ( mA). Figs. 3 and
4 display results when both modes interact equally with the in-
jected field and when only the fundamental mode interacts with
the injected field, respectively. For weak injection, there are os-
cillations in the intensities of the two modes, and above a cer-
tain injection level we observe steady-state dynamics. The inten-
sities of both modes grow steadily with the injection strength.
On the contrary, if the modes have orthogonal polarizations and
the injected field interferes only with one of them, we observe
that strong enough injection depresses (and eventually com-
pletely suppresses) the other mode. Notice, however, that when
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Fig. 3. Maximum, minimum, and average values of the intensity (a) of the
LP mode and (b) of intensity of the LP mode as a function of the injection
coefficient when P = P . ! = ! ; I = 3:2 mA.

Fig. 4. Maximum, minimum, and average values of the intensity (a) of the
LP mode and (b) of intensity of the LP mode as a function of the injection
coefficient when P = P and P = 0. ! = ! ; I = 3:2 mA.

the field interacts only with the mode injection locking
begins at higher injection strengths than when it interacts with
both modes.

In the region where the modal intensities reach a constant
value, the optical spectrum reveals that the frequencies of both
transverse modes lock to that of the injected field. As could be
expected, a rich variety of complex nonlinear behaviors occurs
outside the injection locking region. In agreement with the ex-
perimental observations of Hong et al. [10], we found parameter
regions where the frequency of one mode locks to that of the
injected field, while the frequency of the other mode remains
unperturbed [Fig. 5(a) and (c)]. In these regions the modal in-
tensities oscillate inphase [Fig. 5(b) and (d)] at the frequency

(where is the frequency of the th mode with in-
jection). The mode whose frequency differs from that of the in-
jected field exhibits the larger oscillations.

There are also parameter regions where none of the frequen-
cies of the modes lock to that of the injected field, and new fre-
quencies appear in the optical spectrum [Fig. 6(a), (c), and (e)].

Fig. 5. Optical spectrum and time evolution of the modal intensities. We plot
the spectrum of the laser field with optical injection (thick solid line), of the
free-running laser (thin solid line), and of the injected field (dot-dashed line).
The zero of the horizontal axis coincides with ! (and, thus, the frequency of
the LP mode of the free-running laser is ! = 45 GHz). We plot the power
of the fundamental mode with a thick line and the power of the LP mode with
a thin line. (a), (b) I = 3:2mA, K � K � 1:8�10 . (c) ! �! = 35

GHz. (d) ! � ! = �10 GHz.

Fig. 6. Optical spectrum and time evolution of the modal intensities. We plot
the spectrum of the laser field with optical injection (thick solid line), of the
free-running laser (thin solid line), and of the injected field (dot-dashed line).
The zero of the horizontal axis coincides with ! (and, thus, the frequency of
theLP mode of the free-running laser is! = 45GHz). We plot the power of
the fundamental mode with a thick line and the power of the LP mode with a
thin line. (a), (b)I = 3:2mA, K � K � 3:6�10 . (c) ! �! = �40

GHz. (c), (d) ! � ! = 10 GHz. (e), (f) ! � ! = 80 GHz.

In these regions, there is a dynamic behavior where the modal
intensities oscillate partially inphase and partially out of phase
[Fig. 6(b), (d), and (f)]. Chaotic pulsing behavior has also been
observed [Fig. 7(a) and (b)]. In tiny parameter regions (for weak
injection and ). there is complete antiphase
behavior [Fig. 7(c) and (d)].

Since the coupling of the injected field with a transverse mode
depends on the overlap of their spatial profiles, the coupling
of the injected field with the fundamental and the modes
will in general be different. Therefore, the parameters and

, which measure the number of photons injected into the
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Fig. 7. Optical spectrum and time evolution of the modal intensities. We plot
the spectrum of the laser field with optical injection (thick solid line), of the
free-running laser (thin solid line), and of the injected field (dot–dashed line).
The zero of the horizontal axis coincides with ! (and, thus, the frequency of
the LP mode of the free-running laser is ! = 45 GHz). We plot the power
of the fundamental mode with a thick line and the power of the LP mode with
a thin line. I = 3:2 mA. (a), (b) K � K � 7:3� 10 ; ! � ! = 80

GHz. (c), (d) K � K � 9� 10 ; ! � ! = 22:5 GHz.

Fig. 8. Optical spectrum and time evolution of the modal intensities. We plot
the spectrum of the laser field with optical injection (thick solid line), of the
free-running laser (thin solid line), and of the injected field (dot-dashed line).
The zero of the horizontal axis coincides with ! (and, thus, the frequency of
the LP mode of the free-running laser is ! = 45 GHz). We plot the power
of the fundamental mode with a thick line and the power of the LP mode
with a thin line. I = 3:2 mA, ! � ! = �10 GHz. (a) K � 0:0036. (b)
K = K . (c), (d) K = K =4. (e), (f) K = 0.

and modes, will in general be different. Neverthe-
less, we find that the regimes discussed previously for sym-
metric coupling also occur when and

differ. As an example, Fig. 8 displays results for injec-
tion locking when [Fig. 8 (a) and (b)];

[Fig. 8 (c) and (d)] and [Fig. 8(e) and(f)].
When both modes receive strong enough injection, their fre-
quencies lock to that of the injected field [Fig. 8(a) and(c)]. We
point out that the modal powers vary with the number of injected
photons [note that the value of in Fig. 8(d) is lower than in
Fig. 8(b)]. When the mode is not coupled to the injected
field, its frequency remains unperturbed as only the frequency
of the injected mode locks to that of the injected field [Fig. 8(e)].

IV. CONCLUSION

We have studied numerically the behavior of a VCSEL
having two transverse modes with parallel polarization, which
interact with an externally injected CW optical field. We used
a model that includes spatial profiles for the two transverse
modes and for two types of carriers, those in the QW and
those in the barrier regions of the VCSEL. The model applies
to weakly index-guided VCSELs, where the transverse modal
profiles and the free-running modal frequencies are determined
by the built-in refraction index distribution, thus allowing
a description in terms of modal amplitudes. The externally
injected field was assumed to have an arbitrary transverse
profile, which was decomposed in terms of the transverse
modes of the VCSEL.

In agreement with the experimental results of [10], we found
that it is not possible to induce single-transverse-mode behavior
by optical injection when the injected field interacts with the
two transverse modes. Different dynamic regimes were found
depending on the injection strength and frequency of the in-
jected field. Strong enough injection induces a two-mode injec-
tion locking regime, where the frequencies of both transverse
modes lock to that of the injected field. Weak injection induces
different behaviors including in-phase mode oscillations, mixed
states where inphase and out of phase oscillations alternate, an-
tiphase oscillations, and chaotic pulsing.

It is well known that optically injected semiconductor lasers
exhibit complex nonlinear behavior. We have shown that, when
the injected field interacts with more than one transverse mode,
an even richer dynamics arises. It will be interesting in the fu-
ture to study the dynamics when the injected field interacts with
an arbitrary number of transverse modes with parallel and or-
thogonal polarizations.
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