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Numerical Techniques for Finding
v-Zeros of Hankel Functions

By James Alan Cochran and Judith N. Hoffspiegel

Abstract. This paper is concerned with numerical procedures for the evaluation of the zeros,
with respect to order, of Hankel functions and their derivatives in cases when the arguments
of these functions are held fixed. Using Olver’s asymptotic expansions, two auxiliary tables
have been computed, one appropriate for real and the other for purely imaginary argument.
These tables, included herein, permit the calculation of rather accurate approximations to
the desired v-zeros for wide ranges of argument and index. Moreover, from the given tabular

entries, the errors attendant with any approximate v-zero so determined can be easily esti-
mated.

1. Introduction. In numerous scattering and diffraction problems where circular
or spherical boundaries are present, the zeros of ‘Bessel functions (or combinations

thereof) are of interest. Previously we have studied, from a theoretical point-of-view
[1], the roots of

(1.1) H{(w) = 0,
(1.2) (d/dw)H(w) = 0,
(1.3) (d/dw)HD(w) + iWHDw) =0 (W = constant),

where these Hankel functions and their derivatives are to be considered as functions
of their order v with fixed argument w. We now focus attention on procedures which
can be used to obtain numerical values for the v-zeros of these functions. Particular
consideration is given to (1.1) and (1.2) for the situation wherein the argument w is
either positive real or purely imaginary. In the latter case it is well known that the
v-zeros of H{"(w) and (d/dw)H!"(w) are themselves purely imaginary also [6], [7].

Our point-of-departure is the uniform asymptotic expansion of Olver [2], [3] for
the Hankel function of the first kind.* After reversion, it turns out that auxiliary
tabular values may be computed, which allow rather accurate approximation of
v-zeros for wide ranges of argument and index. Second differences are included in
the tables for purposes of interpolation, and certain limiting cases which extend the
domain of applicability are also considered. In a sense, then, the work reported herein
complements that already appearing in [1].

In the absence of “exact™ values with which to verify the accuracy of roots of (1.1)
and (1.2) computed using our procedures, the attendant error can only be estimated.
We have done this in two ways: by calculation of a first-order correction term based
upon Olver’s representation and by comparison with results obtained using a four-
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414 JAMES ALAN COCHRAN AND JUDITH N. HOFFSPIEGEL

term Debye approximation to the Hankel functions [4], [ 5]. In the latter case we show
how any inaccuracies in the Debye expression itself might be roughly ascertained.

2. Preliminaries. It should be recalled that the roots of equations (1.1), (1.2), and
(1.3) are symmetric about the origin, since e'/2**H{)(w) and e!/*"™(d/dw)H'"(w)
are even functions of v. We need only to concern ourselves, therefore, with v-zeros
lying, say, in the upper half-plane. If we enumerate these with the integer index s, in
order of increasing magnitude, then as s — oo,

)1 _ ins 1+0 M
(2.1) s = idn — arg w) + In(3ns/ejw)) In s

for the roots of both (1.1) and (1.2) [ 1]. For positive (negative) w these v-zeros are all
located in the first (second) quadrants of the v-plane, and for large s are such that
arg v, ~ in. If arg w = §n, then Pélya [6], [7] has shown that arg v, = in exactly
for all s.**

The appropriate uniform representation for the Hankel function of the first kind
due to Olver takes the form ([2, p. 338], [3]):

HD(vz) ~ 2e‘(1/3)m’< 4 )”“ {Ai(vz/i“e“/”m‘o 2 AL

1 —2z2 i3 o VY
(2.2) e(2/3)niAi/(v2/3e(2/3)"iC) 0 Br(C)
+ K VI
r=0

as |v| -» o0, 0 < argv < =, |arg z| < n.*** Here the original argument w of H'!
has temporarily been replaced by vz and

B() =372 Js 1T (AL — A0} dt,

(2.3) ’
A =1,  4,.,0) = —3B(Q) + %Jf(C)Br(O d¢
with
A, y(—0)=0 forr=0,
(2.4)
5 (2422 + 4)
f©) = W‘z - m s

and

11 _ s2\1/2 _ 212
(2.5) %CW = J L:—)/—dt = In [—1—#—)—] — (1 = )2,

Ai is the well-known Airy function of the first kind (see [ 3, pp. 446 ff], for instance)

**These results can also be easily established using methods such as those employed in [8].
***The range |arg v| < n which Olver gives in [2] is unnecessarily restrictive; his results actually are

valid in the larger region —34n < arg v < (3/2)n which includes the upper half of the v-plane as designated
herein.
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V-ZEROS OF HANKEL FUNCTIONS 415

and is an entire function of its argument. The coefficients 4,((), B,({) given by (2.3),
Sf(©) from (2.4), and z({) defined by (2.5), however, are only regular analytic functions
in a {-plane cut, say, along the rays arg{ = +in from { = (3n/2)?3e*1/3m o
infinity.

TaABLE 1
(1/Z), A, and A’ as Functions of A3 for ((3%/Z) = A

x /3 1/ 3 2 A Al
T S—
0.00 T 1.0000 0.0636 -0.0143 -
0.20 1.0318 0.0640 -0.0140 -3
0.40 1.1275 0.0651 -0.0132 -0.750
0.60 1.2884 0.0670 -0.0120 -0.315
0.80 1.5162 0.0694 -0.0106 -0.165
1.00 1.8134 0.0722 -0.00923 -0.0971
1.20 2.1829 0.0754 -0.00789 -0.0617
1.40 2.6277 0.0788 -0.00669 -0.0414
1.60 3.1514 0.0824 -0.00565 -0.0290
1.80 3.7574 0.0860 -0.00477 -0.0210
2.00 4.4495 0.0897 -0.00403 -0.0156
2.00 4.4495 0.5608 -0.00403 -0.0156
2.50 6.5803 0.6189 -0.00268 -0.00820
3.G0 9.3300 0.6766 -0.00184 -0.00479
3.50 12.756 0.733 -0.00130 -0.00303
4.00 16.916 0.789 -0.000952 -0.00203
4.50 21.864 0.843 -0.000713 -0.00143
5.00 27.655 0.89 -0.000546 -0.00104
5.50 34.342 0.948 -0.000427 -0.000780
6.00 41.977 0.999 -0.000340 -0.000600

3. The v-Zeros of H{"(w)for Fixed w. The expansion (2.2) shows that the v-zeros
of H{!(vz) are given asymptotically by the v-solutions of

Ai(v2/3e(2/3”“{) — 0;

in other words, as |v| - o we have
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(31) \,2,36,12 3)nic ~ a,,

where the a;, s = 1,2, ... are the (negative real) zeros of the Airy function Ai. If we
restore the original argument w = vz of the Hankel function, it follows from (3.1)
that the v-zeros of H{!X(w) for fixed w should satisfy

(3.2) w/z(0) = vy ~ e ™(ay/) 2.

It is by means of this expression that { and z, which are originally related by (2.5),
are now given as implicit functions of w and s.
The relation (3.2) can be rewritten as

(3.3) 32z ~ i(—ag)®w,

which for real or purely imaginary w has a right-hand side which is either purely
imaginary or real. This suggests that for such arguments w, single-entry tables could
be constructed, using (2.5), which would allow easy calculation of approximate
v-zeros. In fact, for given /, the equations

.32 .
(3.4) (7'(2) _ {li

z A

may be numerically inverted to yield z (or 1/z for convenience). This we have done
and the results are tabulated in Tables 1 and 2, to 5 significant figures, where, for
simplicity in presentation of the data, /' * has been chosen as the independent param-
eter. Second central differences are given for use in interpolating intermediate values,
say by Everett's formula [3, p. 880]:

q(l —

2
1 —

. o P’ .,
(35) .f(xO + ph) = q,() - 31 51 +

with

0sp=sl, 4g=1-p

The tabular step h (0.20 for 0 < 2''* < 2.00 and 0.50 for 2.00 < A'? < 6.00) is a
compromise choice which permits interpolation accurate to within two units in the
last decimal place, while at the same time keeping the size of the tables within modest
bounds. The tables have been terminated at the point where (1/z) can be determined
from the somewhat simpler approximate relations

3/1 2 il
o
(cf. Egs. (5.2), (5.4) of [1]) with roughly five significant figure accuracy.t Figure 1

graphically displays the real and imaginary parts of (1/z) from Table 2. (Compare
Figure 1 of [97])

+Explicit approximate relations for (1/z) as a function of 4 much more elementary than Eq. (3.6) gen-
erally are considerably less accurate. For instance, the expression z ~ 3/24 In[44/(3e In(24/e))] (cf. Eqgs.
(5.3), (5.5) of [1]) still is in error by about 2%, when 4 is 10°.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



417

V-ZEROS OF HANKEL FUNCTIONS

009000°0 $00000°0 £6¢000°0 90000 0- 796 °0 661°0 w9 L€ L197°¢1L 0079
08.000°0 /0000070 9770000 /80000 0- €160 (61°0 86t 0¢ 88G L1 0679
70 100°0 6000000 £25000°0 S§¢1000°0- 198°0 9/81°0 w92 72 €ISL7°6 00°S
¢y100°0 ¢10000°0 16200070 /81000 0- /080 618170 L6881 r0L°8 0S¥
s0¢00°0 7100000 1010070 £62000°0- €570 29,170 92¢ Wl (8¢9°9 00" 1
20¢00°0 010000 0- 8¢100°0 7817000 0- 969°0 90/1°0 €150l r8r¢ S 0s°¢
1670070 /20000 0- 76100°0 88000 0- 18¢9°0 259170 L6872 L6221 00°¢
758000 812000 0- 9/.200°0 8610070~ 08.6°0 619170 S6L6 Y G827 ¢ 0s6°¢
9910°0 21100 0- 08¢00°0 60¢00°0- /G160 0L91°0 8610 ¢ 6¢8%°¢ 00°¢
9910°0 2110070~ 08¢00°0 60¢00°0- $¢80°0 2s20°0 86107 ¢ 6¢87° ¢ 00°¢
52200 9¢¢C0"0- 1Z700°0 7000 0- 582070 852070 8.0 ¢ e 081
21¢0°0 S¢r00°0- Lsp00°0 56000~ St/0°0 19¢0°0 whig L €996 1 09°1
Srp0°0 L7800 0- L9700°0 12900 0~ 90/.0°0 99¢0°0 vy L 99y L ov't
G590°0 £910°0- 90070 9¢800°0- 6990°0 €2¢0°0 02071 GESG 71 01
0010 61¢0°0- 98¢00°0 001070~ $¢90°0 2820°0 750270 2L8¢7 L 00°1
7910 790" 0- 86¢00°0 911070~ 5090°0 2620°0 (VAN 00621 080
66¢°0 8¢l 0- £6100°0 8710°0- 2850°0 10¢0°0 86720 qLIwL 1L 09°0
089°0 5S¢ 0- L76000°0 2¢10°0- 79500 01¢0°0 7oLl 0 2¢90° 1 or° 0
(YN AR 617¢000°0 L71L0°0- 7S5s0°0 S1¢0°0 622070 651071 0¢°0
@® @ - 0000000 ¢r10°0- 0660°0 AR 0000°0 00001 000

I q 1 | I ! 1 y

y | —
WV Nw /1 m\ﬁA

7a1av]

Y1 = (Z/g1¢d) 40f ¢1 ¥ Jo suonunyg so |y puv v (Z/1)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



JAMES ALAN COCHRAN AND JUDITH N. HOFFSPIEGEL

418

8¢srlL’9 2199179 0s
06¢01°9 sy 9 64
01909 9¢¢80°9 8r
2641079 096¢0°9 Ly
8CVL6 'S 2296675 9%
S66¢6°S 1¢S6° S Sy
{6v88°S 76206 S A"
226¢8°S 61298°S 47
6426475 21918°¢ 41
655V 7S 0¢69.°S 87
192697 ¢ 2Ll s oy
088179 S £¢€29°S 6¢
7166575 0LrZ9°s 8¢
8S8VS S 00wLs 'S L€
8061 S 862057 S 9¢
(OSArATATANS 660LY & S¢
6016¢°§ 0081Lr°S ¢
6%9¢¢ S G6¢9¢°S 41
52087°S 6480¢°S 4%
18¢22°S Inese s L
0949176 06v61°S 0¢
s0901°S ¢09¢1L°S 6l
20sv0° S 8.5.0°S 8¢
86786 ¥ 901710°S L
6m8Lle" 60561 9¢
5 S
2/ Go) 2y (707) S

S xapu[ ay31 fo suonoung sv ., (Sn—) puo ,, (Sv—)

€ 319V

892581 85881 e
7068 1 SL6l8 v 24
AV 75052 1 ¢
6919 v 686291 22
/9695 ¥ 704091 ¥4
8lLbY ¥ 181ES ¥ 0¢
8651y Y 000SY b 6l
P8LCE 1 IASYESN' 81l
T 59687 v /1
buiSL Y 2021 91
ySHy90 1 S9LLL' P Sl
7196 € 559 10" P nl
0/v98 ¢ €916 ¢ ¢l
€6962 ¢ PSLL8 ¢ 2l
C/1p9°¢ 02007 "¢ Ll
07616°¢ (1185 ¢ 0l
60085 ¢ $8USH ¢ 6

y9vhe ¢ 641§ ¢ 8

56780 ¢ 29891 ¢ /

055167 10500 ¢ 9

815172 (8187 S

09281 ¢ 15097 v

1056172 6560 ¢ ¢

82208 | /81207 ?

65600 1 60625 " | 1

N\_ch-v N\_nmo-v

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



v-ZEROS OF HANKEL FUNCTIONS 419

350

30.0

250

Im()

15.0

100

50

TrrrrrrryrrrrrJrrrrrrrrrJrrrr 1111111171

o

Re (1/2)

FIGURE 1. Real and Imaginary Parts of (1/z) from Table 2 for Case of ({3/?/z) = il;
v-Zeros Given by w/z.

4. Thev-Zeros of(d/dw)H'"(w). Before proceeding to some typical calculations it
is worth noting that analysis compatible with the above can be carried out for the
derivatives of the Hankel function with respect to argument. The asymptotic ex-
pansion (2.2) can be differentiated term by term, with the result that the v-zeros of
(d/dw)H"((w) appear asymptotically as the v-solutions of

Ai/(v2/3e(2/3)m'c) — 0
The analogue of (3.2) is then
(4.1) w/z({) = vy ~ e”™(ay/{)*?

(as |v'| » o0). With the exception that the (negative real) turning-points a; of the
Airy function Ai have here replaced the zeros a,, the relation (4.1) is identical with
that obtained earlier. Making the appropriate correlation, therefore, Tables 1 and 2
should also permit easy calculation of approximate v'-zeros for either real or purely
imaginary argument w.t+

ttFor the smaller v'-zeros particularly, however, the values thus obtained may be a good deal less
accurate than the corresponding zeros of H{"(w). This characteristic phenomenon was observed earlier
by Olver [2, p. 345], with regards to ordinary Bessel function zeros. Also see Section 6.
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420 JAMES ALAN COCHRAN AND JUDITH N. HOFFSPIEGEL

5. Sample Calculations. Let us assume that we are interested in, say, the Sth zero
of (d/dw)H'"(w) for various values of w. To carry out the calculation of our approxi-
mation we need knowledge of (—a5)'/2. This we find from the supplementary Table 3
of values of (—a,)"/? and (—a))'/?, s = 1(1)50, to be

(—ds)'? = 2.7152.

With w = i, for instance, we thus obtain A!® = 2.7152, and hence interpolating
from Table 1,

(1/2) = (0.5696)(6.5803) — (0.0641)(0.6189) + (0.4304)(9.3300) — (0.0584)(0.6766)
= 7.6846.

Since v = w/z, we finally have
vs = 7.6846i

which compares very favorably with the more accurate value of 7.6908i.
For the 10th zero of H{!(5) the calculation would proceed as follows:

(—a,o)? = 3.5817 (from Table 3)
A3 = 20946  (using Egs. (3.3) and (3.4))

1 = 26213 + 3.3378i (interpolating using Table 2 and Eq. (3.5))
z
Vio = w/z = 13.107 + 16.689i.

Employing a four-term Debye approximation to the Hankel function [4], [5] we
would find v = 13.106 + 16.690i.

6. Improved Approximations. Within the limits imposed by the accuracy of (2.2)
itself, progressively better approximations to the desired v-zeros can be obtained by
incorporating higher-order terms of Olver’s asymptotic expansion into our analysis.
For instance, if we replace (3.1) by the more accurate relation

(2/3)mi
. i . N4
AI(V2/38(2/3)MC) + Al/(v2/3e(2/3)mc) 5 7 BO(C) — 0,

v undergoes a perturbation (to first order) in the amount

(6.1) Av = A/w
where

_ »2)\1/2
(6.2) A= —¢1/230(§)Z/1n [I_‘F(IZ_Z)L]

In these equations

1 3 5 5
Bo(l) = — 24{1/2 [(1 _ 22)1/2 - a1— 22)3/2] - 48C2 >

as determined from (2.3), and z, { are related as in (2.5), (3.3). As an illustration, then,
we can calculate the correction, given by (6.1), for the second example of the preceding
section. We find
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v-ZEROS OF HANKEL FUNCTIONS 421

A = —0.003 + 0.004i,
and hence
Av = —0.001 + 0.001i.

In completely analogous fashion, the v-zeros of the derivative of the Hankel func-
tion can be improved. For this case we obtain (again to first order)

AV = Ajw

with
, C—3/2 22 1+ (1 _ 22)1/2
63) A= —Z[CI/ZBO(C) + & 2l = 22)3/2]/ln[ . ]
2
(6.4) ~ AT B

150(1 — z%)
For the first example in Section 5, we calculate

Av = —iAN = 0.0067i,
and thus
Vs + AV = 7.6913i.

The expressions (6.2) and (6.3) are functions of z and (; in view of (2.5), however,
they can be tabulated in terms of z alone. For completeness we have included such
values in Tables 1 and 2. The approximate relation (6.4) will suffice to determine A’
in the neighborhood of the singularity at 4 = 0. The following expressions, moreover,
which are in keeping with (3.6), will yield at least three significant figures for large 4:

A —7 [u- 6 In(2/z)
T 72In(2/z2)| 1 - InQ/z) |’

z [1 + 6 ln(2/z)]

A/

T 72In@2/z)| 1 = InQ/7)

7. The Overall Error. In a considerable number of numerical examples the v-zeros
obtained by the methods outlined in this paper have been compared with values com-
puted using a Newton-Raphson procedure applied to a four-term Debye approxima-
tion to the Hankel function [4], [5]. Although we assume that these latter values are
usually more accurate than even our improved approximations, they themselves do
contain some inaccuracy, however. In the absence of a thorough error analysis, any
such inaccuracy might be roughly ascertained as follows: Let

HPw) = Z,(w) + ¢

where Z, is the value of the Hankel function computed from the Debye approximation
and ¢ the associated error. Under the assumption that ¢ is only a slowly varying func-
tion of v, the identity

2
H{,(w) + HY,(w) = S H{(w)
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permits the approximate calculation of ¢ as

w

2
(7.1) £ o [zm(w) +Zyoyw) - 2 Zv(w>].

It then follows, using a two-term Taylor series, that

0Z (w)
ov
where v, is the desired zero of the Hankel function and v is the value computed using

the Debye approximation.
For the v-zeros of the Hankel function derivatives a similar analysis leads to

[1 Z,W) — Zy s y(w) + —— We} /3 [1 Z(w) — zm(w)]
w w ovlw

1 oz 0z,

b

(7.2) v — vy & [Z,w) + e]/

X

’ ’
v—VO

(7.3)

&

In the cases investigated it appeared that five digit accuracy generally prevailed
for all but the smallest zero or two.
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