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Singular boundary value problems (SBVPs) are cropped up in mathematical 

modeling of many real-life phenomena such as chemical reactions, electro-

hydrodynamics, aerodynamics, thermal explosions, fluid dynamics, and 

atomic nuclear reactions. In this work, a new quintic B-spline approximation 

technique has been presented for the numerical solution of fourth-order 

singular boundary value problems. The fifth-degree basis spline functions are 

brought into play together with a new approximation for fourth-order 

derivative. The proposed numerical technique is proved to be uniformly 

convergent in the entire domain. In order to corroborate this work, the 

proposed scheme has been implemented on some test problems. The 

comparison of computational outcomes advocates the superior performance 

of the presented algorithm over current methods on the topic. 
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1. Introduction 

*In this work, we have considered the following 

class of fourth-order SBVPs. 

 𝛼𝑢(4)(𝑥) + 𝛽𝑥 𝑢(3)(𝑥) + 𝑣(𝑥)𝑢′′(𝑥) + 𝑤(𝑥)𝑢′(𝑥) =𝑓(𝑥, 𝑢), 𝑥 ∈ [0, 1],                                                                          (1) 

 

with one of the following the initial/boundary 

conditions: 

 {𝑢(0) = 𝛽1, 𝑢′(0) = 𝛽2, 𝑢′′(0) = 𝛽3, 𝑢′′′(0) = 0𝑢(0) = 𝛽1, 𝑢′(0) = 𝛽2, 𝑢(1) = 𝛽3, 𝑢′(1) = 𝛽4𝑢(0) = 𝛽1, 𝑢′(0) = 𝛽2, 𝑢(1) = 𝛽3, 𝑢′′(1) = 𝛽4 ,         (2) 

 

where, 𝛼, 𝛽, 𝛼𝑖′𝑠 are constants and 𝑣(𝑥), 𝑤(𝑥) are 

smooth functions and 𝑓, 𝑓𝑢 are supposed to be 

continuous in the entire domain with 𝑓𝑢 ≥ 0. In 

recent years, SBVPs have attracted a considerable 

amount of research work. Khuri (2001) explored the 

numerical solution of generalized Lane-Emden type 

equations by means of a new decomposition method 

based on Adomian polynomials. Kim and Chun 
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(2010) employed a modified Adomian 

decomposition method to obtain the series solution 

of higher-order SBVP's. Aruna and Kanth (2013) 

studied the series solution of higher-order SBVP's 

using differential transformation method. Wazwaz 

(2015) proposed the Variational iteration method 

for the numerical solution of fourth-order SBVP's. 

Taiwo and Hassan (2015) presented a new iterative 

decomposition method to solve higher-order initial 

and boundary value problems. The numerical 

solution to fourth-order Emden-Flower type 

equations has been discussed in Wazwaz et al. 

(2015) using the Adomian decomposition method. 

Parand and Delkhosh (2017) proposed a generalized 

fractional-order of Chebyshev functions for solving 

singular Lane-Emden type equations. 

The spline interpolating functions have been 

employed frequently for solving initial and boundary 

value problems (BVP's). The third-degree spline 

functions were brought into use for solving second 

order SBVP's in Abukhaled et al. (2011), Caglar et al. 

(2009), and Goh et al. (2012; 2011). Khuri and Sayfy 

(2014) developed an adaptive cubic B-spline (CBS) 

collocation scheme to investigate the approximate 

solution of second-order Emden-Flower type 

equations. The fourth-degree polynomial spline 

functions were utilized by Akram (2011) for the 

numerical solution of third-order self-adjoint 

singularly perturbed BVP's. Akram and Amin (2012) 

used a quintic polynomial spline for solving fourth-
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order singularly perturbed BVP's. Lodhi and Mishra 

(2016) employed the quintic B-spline (QnBS) 

collocation method for solving fourth-order 

singularly perturbed SBVP's.  

In this paper, we have explored the approximate 

solution of fourth-order SBVP's by dint of QnBS 

functions reinforced with a new approximation for 

fourth-order derivative. In recent years, several 

numerical techniques have been proposed for the 

numerical solution of SBVP's, but as far as we know, 

this technique is novel and has not been employed 

for solving BVP's before.  

This work is composed as follows: We shall 

review some key ideas of QnBS interpolation in 

section 2. The new QnBS approximation for the 

fourth-order derivative has been formulated in 

section 3. The numerical method is described in 

section 4. The derivation of uniform convergence is 

given in section 5. The numerical results and 

discussions are presented in section 6. 

1.1. Quintic B-spline functions 

We uniformly partition the interval [𝑎, 𝑏] by 𝑛 + 1 

equidistant knots 𝑥𝑖 = 𝑥0 + 𝑖ℎ, 𝑖 = 0(1)𝑛, where, 𝑛 ∈ ℤ+, 𝑎 = 𝑥0, 𝑏 = 𝑥𝑛 and ℎ = 𝑏−𝑎𝑛 . Let us extended [𝑎, 𝑏] to [𝑎 + 5ℎ, 𝑏 + 5ℎ] with equidistant knots 𝑥𝑖 =𝑥0 + 𝑖ℎ, ( 𝑖 = −5,−4,−3,… , 𝑛 + 3, 𝑛 + 4, 𝑛 + 5) and 

define the typical fifth-degree basis spline functions 

as (Lodhi and Mishra, 2016; Xu and Lang, 2014): 

  

 

𝐵𝑗(𝑥) = 1120ℎ5

{  
   
  
   
   
 (𝑥 − 𝑥𝑗−3)5,                                                                                        𝑥 ∈ [𝑥𝑗−3, 𝑥𝑗−2]ℎ5 + 5ℎ4(𝑥 − 𝑥𝑗−2) + 10ℎ3(𝑥 − 𝑥𝑗−2)2 + 10ℎ2(𝑥 − 𝑥𝑗−2)3                                +5ℎ(𝑥 − 𝑥𝑗−2)4 − 5(𝑥 − 𝑥𝑗−2)5,                                                   𝑥 ∈ [𝑥𝑗−2, 𝑥𝑗−1]26ℎ5 + 50ℎ4(𝑥 − 𝑥𝑗−1) + 20ℎ3(𝑥 − 𝑥𝑗−1)2 − 20ℎ2(𝑥 − 𝑥𝑗−1)3                           −20ℎ(𝑥 − 𝑥𝑗−1)4 + 10(𝑥 − 𝑥𝑗−1)5,                                               𝑥 ∈ [𝑥𝑗−1, 𝑥𝑗]26ℎ5 + 50ℎ4(𝑥𝑗+1 − 𝑥) + 20ℎ3(𝑥𝑗+1 − 𝑥)2 − 20ℎ2(𝑥𝑗+1 − 𝑥)3                           −20ℎ(𝑥𝑗+1 − 𝑥)4 + 10(𝑥𝑗+1 − 𝑥)5,                                                𝑥 ∈ [𝑥𝑗 , 𝑥𝑗+1]ℎ5 + 5ℎ4(𝑥𝑗+2 − 𝑥) + 10ℎ3(𝑥𝑗+2 − 𝑥)2 + 10ℎ2(𝑥𝑗+2 − 𝑥)3                               +5ℎ(𝑥𝑗+2 − 𝑥)4 − 5(𝑥𝑗+2 − 𝑥)5,                                                   𝑥 ∈ [𝑥𝑗+1, 𝑥𝑗+2](𝑥𝑗+3 − 𝑥)5,                                                                                         𝑥 ∈ [𝑥𝑗+2, 𝑥𝑗+3]0                                                                                                                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

.                                (3) 

  

 

For a sufficiently differentiable function 𝑢(𝑥), there corresponds a unique QnBS, 𝑈(𝑥), s.t. 

 𝑈(𝑥) = ∑ 𝑐𝑗𝐵𝑗(𝑥),𝑛+2𝑗=−2                                                                  (4) 

 

where, 𝑐𝑗's are, constants, yet to be calculated. Let 𝑈𝑖, 𝑚𝑖, 𝑀𝑖, 𝑇𝑖and 𝐹𝑖  denote the quintic B-spline 

approximations for 𝑢(𝑥) and its first four derivatives 

at the 𝑖𝑡ℎ knot respectively. 

Using Eqs. 3 and 4, we have: 

 𝑈𝑖 = 𝑈(𝑥𝑖) = ∑ 𝑐𝑗𝐵𝑗(𝑥𝑖) = 1120 (𝑐𝑖−2 + 26𝑐𝑖−1 + 66𝑐𝑖 +𝑖+2𝑗=𝑖−226𝑐𝑖+1 + 𝑐𝑖+2),                                                                               (5) 𝑚𝑖 = 𝑈′(𝑥𝑖) = ∑ 𝑐𝑗𝐵𝑗′(𝑥𝑖) = 124ℎ (−𝑐𝑖−2 − 10𝑐𝑖−1 +𝑖+2𝑗=𝑖−210𝑐𝑖+1 + 𝑐𝑖+2),                                                                               (6) 𝑀𝑖 = 𝑈′′(𝑥𝑖) = ∑ 𝑐𝑗𝐵𝑗′′(𝑥𝑖) = 16ℎ2 (𝑐𝑖−2 + 2𝑐𝑖−1 −𝑖+2𝑗=𝑖−26𝑐𝑖 + 2𝑐𝑖+1 + 𝑐𝑖+2),                                                                      (7) 𝑇𝑖 = 𝑈′′′(𝑥𝑖) = ∑ 𝑐𝑗𝐵𝑗′′′(𝑥𝑖) = 12ℎ3 (−𝑐𝑖−2 + 2𝑐𝑖−1 −𝑖+2𝑗=𝑖−22𝑐𝑖+1 + 𝑐𝑖+2),                                                                                  (8) 𝐹𝑖 = 𝑈(4)(𝑥𝑖) = ∑ 𝑐𝑗𝐵𝑗(4)(𝑥𝑖) = 1ℎ4 (𝑐𝑖−2 − 4𝑐𝑖−1 +𝑖+2𝑗=𝑖−26𝑐𝑖 − 4𝑐𝑖+1 + 𝑐𝑖+2).                                                                      (9) 

 

Moreover, from Eqs. 5–9, we can establish the 

following relations (Fyfe, 1969; Lodhi and Mishra, 

2016; Xu and Lang, 2014): 

 𝑚𝑖 = 𝑢′(𝑥𝑖) + ℎ65040 𝑢(7)(𝑥𝑖) − ℎ821600 𝑢(9)(𝑥𝑖) +⋯,             (10) 

𝑀𝑖 = 𝑢′′(𝑥𝑖) + ℎ4720𝑢(6)(𝑥𝑖) − ℎ63360 𝑢(8)(𝑥𝑖) + ⋯,                (11) 𝑇𝑖 = 𝑢′′′(𝑥𝑖) − ℎ4240𝑢(7)(𝑥𝑖) + 11ℎ630240 𝑢(9)(𝑥𝑖) +⋯,              (12) 𝐹𝑖 = 𝑢(4)(𝑥𝑖) − ℎ212 𝑢(6)(𝑥𝑖) + ℎ4240𝑢(8)(𝑥𝑖) +⋯.                  (13) 

 

From Eqs. 10–13, we can write: 

 ‖𝑚𝑖 − 𝑢′(𝑥𝑖)‖∞ = 𝑂(ℎ6),                                                         (14) ‖𝑀𝑖 − 𝑢′′(𝑥𝑖)‖∞ = 𝑂(ℎ4),                                                        (15) ‖𝑇𝑖 − 𝑢′′′(𝑥𝑖)‖∞ = 𝑂(ℎ4),                                                        (16) ‖𝐹𝑖 − 𝑢(4)(𝑥𝑖)‖∞ = 𝑂(ℎ2).                                                       (17) 

 

The truncation error in 𝐹𝑖  is 𝑂(ℎ2) which 

provides a solid reason to construct a new 

approximation for fourth-order derivative. 

2. The new approximation for 𝑼𝟒(𝒙) 
Using Eq. 3, the following expression can be 

established for 𝐹𝑖−2 at the knots 𝑥𝑖, (𝑖 = 𝑖, 2, 3, … , 𝑛 −2) (Iqbal et al., 2018): 

 𝐹𝑖−2 = 𝑢(4)(𝑥𝑖−2) − ℎ212𝑢(6)(𝑥𝑖−2) + ℎ4240𝑢(8)(𝑥𝑖−2) +⋯ = 𝑢(4)(𝑥𝑖) − 2ℎ𝑢(5)(𝑥𝑖) + 23ℎ212 𝑢(6)(𝑥𝑖) −7ℎ36 𝑢(7)(𝑥𝑖) + ⋯. 
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We can derive similar relations for 𝐹𝑖−1, 𝐹𝑖+1, 𝐹𝑖+2 

at the 𝑖𝑡ℎ knot as: 
 𝐹𝑖−1 = 𝑢(4)(𝑥𝑖) − ℎ2𝑢(5)(𝑥𝑖) + 5ℎ212 𝑢(6)(𝑥𝑖) − ℎ312𝑢(7)(𝑥𝑖) +⋯ , 𝐹𝑖+1 = 𝑢(4)(𝑥𝑖) − ℎ𝑢(5)(𝑥𝑖) + 5ℎ212 𝑢(6)(𝑥𝑖) + ℎ312𝑢(7)(𝑥𝑖) +⋯ , 𝐹𝑖+2 = 𝑢(4)(𝑥𝑖) + 2ℎ𝑢(5)(𝑥𝑖) + 23ℎ212 𝑢(6)(𝑥𝑖) +7ℎ36 𝑢(7)(𝑥𝑖) + ⋯ . 
 

Let �̃�𝑖  be the new approximation to 𝑢(4)(𝑥𝑖) s.t. 

 �̃�𝑖 = 𝑎1𝐹𝑖−2 + 𝑎2𝐹𝑖−1 + 𝑎3𝐹𝑖 + 𝑎4𝐹𝑖+1 + 𝑎5𝐹𝑖+2.              (18) 

 

The above expression returns five equations 

involving 𝑎𝑖 ’s as: 

 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 = 1, −2𝑎1 − 𝑎2 + 𝑎4 + 2𝑎5 = 0, 23𝑎1 + 5𝑎2 − 𝑎3 + 5𝑎4 + 23𝑎5 = 0,  −14𝑎1 − 𝑎2 + 𝑎4 + 14𝑎5 = 0, 121𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 +121𝑎5 = 0, 

 

hence, 𝑎1 = − 1240, 𝑎2 = 110, 𝑎3 = 97120, 𝑎4 = 110 and 𝑎5 =− 1240. 
 

Substituting 𝑎𝑖 ’s back into Eq. 18, we obtain, 

 �̃�𝑖 = 1240ℎ4 (−𝑐𝑖−4 + 28𝑐𝑖−3 + 92𝑐𝑖−2 − 60𝑐𝑖−1 + 970𝑐𝑖 −604𝑐𝑖+1 + 92𝑐𝑖+2 + 28𝑐𝑖+3 − 𝑐𝑖+4).                                      (19) 

 

Now we approximate 𝑢(4)(𝑥)  at 𝑥0 using four 

neighboring values, as: 

 �̃�0 = 𝑎1𝐹0 + 𝑎2𝐹1 + 𝑎3𝐹2 + 𝑎4𝐹3,                                          (20) 

 

where, 
 𝐹0 = 𝑢(4)(𝑥0) − ℎ212 𝑢(6)(𝑥0) − ℎ4240 𝑢(8)(𝑥0) +⋯, 𝐹1 = 𝑢(4)(𝑥0) − ℎ𝑢(5)(𝑥0) + 5ℎ212 𝑢(6)(𝑥0) + ℎ312 𝑢(7)(𝑥0) + ⋯, 𝐹2 = 𝑢(4)(𝑥0) + 2ℎ𝑢(5)(𝑥0) + 23ℎ212 𝑢(6)(𝑥0) + 7ℎ36 𝑢(7)(𝑥0) +⋯, 𝐹3 = 𝑢(4)(𝑥0) + 3ℎ𝑢(5)(𝑥0) + 53ℎ212 𝑢(6)(𝑥0) +17ℎ34 𝑢(7)(𝑥0) + ⋯. 

 

Eq. 20 returns the following four equations, 

 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 = 1, 𝑎2 + 2𝑎3 + 3𝑎4 = 0, −𝑎1 + 5𝑎2 +23𝑎3 + 53𝑎4 = 0,  𝑎2 + 14𝑎3 + 51𝑎4 = 0, 

 

hence, 𝑎1 = 76, 𝑎2 = − 512, 𝑎3 = 13, 𝑎4 = − 112. 

 

Using these values in Eq. 20, we get: 

 �̃�0 = 112ℎ4 (14𝑐−2 − 61𝑐−1 + 108𝑐0 − 103𝑐1 + 62𝑐2 −27𝑐3 + 8𝑐4 − 𝑐5).                                                                        (21) 

 

Similarly, involving four neighboring knots at 𝑥1, 

we suppose, 

 �̃�1 = 𝑎1𝐹0 + 𝑎2𝐹1 + 𝑎3𝐹2 + 𝑎4𝐹3,                                          (22) 

 

where, 
 𝐹0 = 𝑢(4)(𝑥1) − ℎ𝑢(5)(𝑥1) + 5ℎ212 𝑢(6)(𝑥1) − ℎ312𝑢(7)(𝑥1) + ⋯, 𝐹1 = 𝑢(4)(𝑥1) − ℎ212𝑢(6)(𝑥1) + ℎ4240 𝑢(8)(𝑥1) +⋯, 𝐹2 = 𝑢(4)(𝑥1) + ℎ𝑢(5)(𝑥1) + 5ℎ212 𝑢(6)(𝑥1) + ℎ312𝑢(7)(𝑥1) + ⋯, 𝐹3 = 𝑢(4)(𝑥1) + 2ℎ𝑢(5)(𝑥1) + 23ℎ212 𝑢(6)(𝑥1) + 7ℎ36 𝑢(7)(𝑥0) +⋯. 

 

Eq. 22 gives the following equations involving 𝑎𝑖 ’s: 

 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 = 1, −𝑎1 + 𝑎3 + 2𝑎4 = 0, 5𝑎1 − 𝑎2 +5𝑎3 + 23𝑎4 = 0,  −𝑎1 + 𝑎3 + 14𝑎4 = 0. 
 

Solving the above system, we get 𝑎1 = 112, 𝑎2 = 56, 𝑎3 = 112, 𝑎4 = 0. Substituting 𝑎𝑖 ’s back into Eq. 22, we 

have: 

 �̃�1 = 112ℎ4 (𝑐−2 + 6𝑐−1 − 33𝑐0 + 52𝑐1 − 33𝑐2 + 6𝑐3 + 𝑐4). 
                                     (23) 

 

Working on the same lines, following 

approximations at the knots 𝑥𝑛−1 and 𝑥𝑛 are 

obtained: 

 �̃�𝑛−1 = 112ℎ4 (𝑐𝑛−4 + 6𝑐𝑛−3 − 33𝑐𝑛−2 + 52𝑐𝑛−1 − 33𝑐𝑛 +6𝑐𝑛+1 + 𝑐𝑛+2),                                                                             (24) �̃�𝑛 = 112ℎ4 (−𝑐𝑛−5 + 8𝑐𝑛−4 − 27𝑐𝑛−3 + 62𝑐𝑛−2 − 103𝑐𝑛−1 +108𝑐𝑛 − 61𝑐𝑛+1 − 14𝑐𝑛+2).                                                     (25) 

3. Description of the numerical method 

Employing Quasi-linearization technique, Eq. 1 is 

transformed as 

 𝛼𝑢𝑚+1(4)(𝑥) + 𝛽𝑥 𝑢𝑚+1(3)(𝑥) + 𝑣(𝑥)𝑢𝑚+1′′(𝑥) +𝑤(𝑥)𝑢𝑚+1′(𝑥) + 𝑌𝑚(𝑥)𝑢𝑚+1(𝑥) = 𝑍𝑚(𝑥), 𝑥 ∈ [0, 1],      (26) 

 

where, 𝑌𝑚(𝑥) = −(𝜕𝑓𝜕𝑢)(𝑥,𝑢𝑚) and 𝑌𝑚(𝑥) = −(𝜕𝑓𝜕𝑢)(𝑥,𝑢𝑚), 𝑚 = 0, 1, 2, …. 

 

After removal of singularity, Eq. 26 takes the 

following form 

 𝑝(𝑥)𝑢𝑚+1(4)(𝑥) + 𝑞(𝑥)𝑢𝑚+1(3)(𝑥) + 𝑣(𝑥)𝑢𝑚+1′′(𝑥) +𝑤(𝑥)𝑢𝑚+1′(𝑥) + 𝑌𝑚(𝑥)𝑢𝑚+1(𝑥) = 𝑍𝑚(𝑥), 𝑥 ∈ [0, 1],      (27) 

 

where, 𝑝(𝑥) = {𝛼 + 𝛽,      𝑖𝑓  𝑥 = 0𝛼,             𝑖𝑓 𝑥 ≠ 0  and  𝑞(𝑥) ={0,          𝑖𝑓 𝑥 = 0𝛽𝑥 ,         𝑖𝑓 𝑥 ≠ 0. 
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Similarly, transforming the boundary conditions 

(Eq. 2), we get: 

 {𝑢𝑚+1(0) = 𝛽1 𝑢𝑚+1′(0) = 𝛽2𝑢𝑚+1(1) = 𝛽3 𝑢𝑚+1′(1) = 𝛽4.                                           (28) 

 

Let us consider that the QnBS solution for Eq. 27 

is given by: 𝑈(𝑥) = ∑ 𝑐𝑗𝐵𝑗(𝑥)𝑛+2𝑗=−2 .                                                               (29) 

 

Discretizing Eq. 27 at the 𝑖𝑡ℎ knot, we obtain: 

 𝑝(𝑥𝑖)𝑈𝑚+1(4)(𝑥𝑖) + 𝑞(𝑥𝑖)𝑈𝑚+1(3)(𝑥𝑖) + 𝑣(𝑥𝑖)𝑈𝑚+1′′(𝑥𝑖) +𝑤(𝑥𝑖)𝑈𝑚+1′(𝑥𝑖) + 𝑌𝑚(𝑥)𝑢𝑚+1(𝑥) = 𝑍𝑚(𝑥).                    (30) 

 

For 𝑖 = 2, 3, 4, … , 𝑛 − 2, using Eqs. 5-8 and 19 in 

30, we obtain: 

 𝑝(𝑥𝑖)240ℎ4 (−𝑐𝑖−4 + 28𝑐𝑖−3 + 92𝑐𝑖−2 − 60𝑐𝑖−1 + 970𝑐𝑖 −604𝑐𝑖+1 + 92𝑐𝑖+2 + 28𝑐𝑖+3 − 𝑐𝑖+4) + 𝑞(𝑥𝑖)2ℎ3 (−𝑐𝑖−2 + 2𝑐𝑖−1 −2𝑐𝑖+1 + 𝑐𝑖+2) + 𝑣(𝑥𝑖)6ℎ2 (𝑐𝑖−2 + 2𝑐𝑖−1 − 6𝑐𝑖 + 2𝑐𝑖+1 + 𝑐𝑖+2) +𝑤(𝑥𝑖)24ℎ (−𝑐𝑖−2 − 10𝑐𝑖−1 + 𝑐𝑖+1 + 𝑐𝑖+2) + 𝑌𝑚(𝑥𝑖)120 (𝑐𝑖−2 +26𝑐𝑖−1 + 66𝑐𝑖 + 66𝑐𝑖+1 + 𝑐𝑖+2) =  𝑍𝑚(𝑥𝑖).                      (31) 

 

Similarly, at the knots (𝑥0, 𝑥1, 𝑥𝑛−1) and 𝑥𝑛 , Eq. 30 

produces the following equations respectively, 

 𝑝(𝑥0)12ℎ4 (12𝑐−2 − 61𝑐−1 + 108𝑐0 − 103𝑐1 + 62𝑐2 − 27𝑐3 +8𝑐4 − 𝑐5) + 𝑞(𝑥0)2ℎ3 (𝑐−2 + 2𝑐−1 − 2𝑐1 + 𝑐2) + 𝑣(𝑥0)6ℎ2 (𝑐−2 +2𝑐−1 − 6𝑐0 + 2𝑐1 + 𝑐2) + 𝑤(𝑥0)24ℎ (−𝑐−2 − 10𝑐−1 + 10𝑐1 +𝑐2) + 𝑌𝑚(𝑥0)120 (𝑐−2 + 26𝑐−1 + 66𝑐0 + 26𝑐1 + 𝑐2) =  𝑍𝑚(𝑥0),
                    (32) 𝑝(𝑥1)12ℎ4 (𝑐−2 + 6𝑐−1 − 33𝑐0 + 52𝑐1 − 33𝑐2 + 6𝑐3 + 𝑐4) +𝑞(𝑥1)2ℎ3 (−𝑐−1 + 2𝑐0 − 2𝑐2 + 𝑐3) + 𝑣(𝑥1)6ℎ2 (𝑐−1 + 2𝑐0 − 6𝑐1 +2𝑐2 + 𝑐3) + 𝑤(𝑥1)24ℎ (−𝑐−1 − 10𝑐0 + 10𝑐2 + 𝑐3) +𝑌𝑚(𝑥1)120 (𝑐−2 + 26𝑐−1 + 66𝑐0 + 26𝑐1 + 𝑐2) =  𝑍𝑚(𝑥1),       (33) 𝑝(𝑥𝑛−1)12ℎ4 (𝑐𝑛−4 + 6𝑐𝑛−3 − 33𝑐𝑛−2 + 52𝑐𝑛−1 − 33𝑐𝑛 + 6𝑐𝑛+1 +𝑐𝑛+2) + 𝑞(𝑥𝑛−1)2ℎ3 (−𝑐𝑛−3 + 2𝑐𝑛−2 − 2𝑐𝑛 + 𝑐𝑛+1) +𝑣(𝑥𝑛−1)6ℎ2 (𝑐𝑛−3 + 2𝑐𝑛−2 − 6𝑐𝑛−1 + 2𝑐𝑛 + 𝑐𝑛+1) +𝑤(𝑥𝑛−1)24ℎ (−𝑐𝑛−3 − 10𝑐𝑛−2 + 10𝑐𝑛 + 𝑐𝑛+1) + 𝑌𝑚(𝑥𝑛−1)120 (𝑐𝑛−3 +26𝑐𝑛−2 + 66𝑐𝑛−1 + 26𝑐𝑛 + 𝑐𝑛+1) =  𝑍𝑚(𝑥𝑛−1),               (34) 𝑝(𝑥𝑛)12ℎ4 (𝑐𝑛−5 + 8𝑐𝑛−4 − 27𝑐𝑛−3 + 52𝑐𝑛−2 − 103𝑐𝑛−1 +108𝑐𝑛 − 61𝑐𝑛+1 − 14𝑐𝑛+2) + 𝑞(𝑥𝑛)2ℎ3 (−𝑐𝑛−2 + 2𝑐𝑛−1 −2𝑐𝑛+1 + 𝑐𝑛+2) + 𝑣(𝑥𝑛)6ℎ2 (𝑐𝑛−2 + 2𝑐𝑛−1 − 6𝑐𝑛 + 2𝑐𝑛+1 +𝑐𝑛+2) + 𝑤(𝑥𝑛)24ℎ (−𝑐𝑛−2 − 10𝑐𝑛−1 + 10𝑐𝑛+1 + 𝑐𝑛+2) +𝑌𝑚(𝑥𝑛)120 (𝑐𝑛−2 + 26𝑐𝑛−1 + 66𝑐𝑛 + 26𝑐𝑛+1 + 𝑐𝑛+2) =  𝑍𝑚(𝑥𝑛).      
                                                                       (35) 

 

The set of boundary conditions (Eq. 28) as well 

give the following four equations: 

 𝑐−2 + 26𝑐−1 + 66𝑐0 + 26𝑐1 + 𝑐2 = 120𝛽1,                         (36) 

−𝑐−2 − 10𝑐−1 + 10𝑐1 + 𝑐2 = 24ℎ𝛽2 ,                                    (37) 𝑐𝑛−2 + 26𝑐𝑛−1 + 66𝑐𝑛 + 26𝑐𝑛+1 + 𝑐𝑛+2 = 120𝛽3,           (38) −𝑐𝑛−2 − 10𝑐𝑛−1 + 10𝑐𝑛 + 𝑐𝑛+2 = 24ℎ𝛽4.                           (39) 

The system of Eqs. 31-39, with unknowns 𝑐𝑖 ,𝑠, 𝑖 =−2,−1, 0, … , 𝑛 + 2 can be expressed in matrix 

notation as: 

 𝐴𝑐 − 𝑏 = 0,                                                                                   (40) 

 

where, 𝐴 represents the coefficient matrix of order 𝑛 + 5, 𝑏 is a column vector with 𝑛 + 5 entities and 𝑐 = [𝑐−2𝑐−1𝑐0…𝑐𝑛+2]𝑇 . We start from 𝑚 = 0 with an 

initial guess 𝑈0(𝑥) and solve for 𝑐 using a modified 

form of well-known Thomas algorithm. The values of 𝑐𝑖 ’s are plugged into Eq. 29 to obtain 𝑈1(𝑥). This 

process is continued for 𝑚 = 1, 2, 3, … until we get 

the desired accuracy.  

4. Error analysis 

Using the QnBS approximations, we can establish 

the following relations (Lodhi and Mishra, 2016; Xu 

and Lang, 2014): 

 ℎ[𝑈′(𝑥𝑖−2) + 26𝑈′(𝑥𝑖−1) + 66𝑈′(𝑥𝑖) + 26𝑈′(𝑥𝑖+1) +𝑈′(𝑥𝑖+2)] = 5[−𝑈(𝑥𝑖−2) − 10𝑈(𝑥𝑖−1) + 10𝑈(𝑥𝑖+1) +𝑈(𝑥𝑖+2)],                     (41) ℎ2[𝑈′′(𝑥𝑖−2) + 26𝑈′′(𝑥𝑖−1) + 66𝑈′′(𝑥𝑖) + 26𝑈′′(𝑥𝑖+1) +𝑈′′(𝑥𝑖+2)] = 20[𝑈(𝑥𝑖−2) + 2𝑈(𝑥𝑖−1) − 6𝑈(𝑥𝑖) +2𝑈(𝑥𝑖+1) + 𝑈(𝑥𝑖+2)],                  (42) ℎ3[𝑈′′′(𝑥𝑖−2) + 26𝑈′′′(𝑥𝑖−1) + 66𝑈′′′(𝑥𝑖) + 26𝑈′′′(𝑥𝑖+1) +𝑈′′′(𝑥𝑖+2)] = 60[−𝑈(𝑥𝑖−2) + 2𝑈(𝑥𝑖−1) − 2𝑈(𝑥𝑖+1) +𝑈(𝑥𝑖+2)].                          (43) 

 

Similarly, using Eqs. 7, 8, and 19, we have: 

 ℎ4𝑈(4)(𝑥𝑖) = ℎ240 [−𝑈′′(𝑥𝑖−2) + 114𝑈′′(𝑥𝑖−1) −142𝑈′′(𝑥𝑖) + 30𝑈′′(𝑥𝑖+1) − 𝑈′′(𝑥𝑖+2)] + 7ℎ310 [𝑈′′′(𝑥𝑖−1) +2𝑈′′′(𝑥𝑖)].                                                     (44) 

 

Employing the operator notation, 𝐸𝜆(𝑈′(𝑥𝑖)) =𝑈′(𝑥𝑖+𝜆), 𝜆 ∈ ℤ, Eqs. 41-43 are written as (Fyfe, 

1969): 

 ℎ[𝐸−2 + 26𝐸−1 + 66 + 26𝐸1 + 𝐸2]𝑈′(𝑥𝑖) = 5[−𝐸−2 −10𝐸−1 + 10𝐸1 + 𝐸2]𝑢(𝑥𝑖),                                                      (45) ℎ2[𝐸−2 + 26𝐸−1 + 66 + 26𝐸1 + 𝐸2]𝑈′′(𝑥𝑖) = 20[𝐸−2 −2𝐸−1 − 6 + 10𝐸1 + 𝐸2]𝑢(𝑥𝑖),                                                 (46) ℎ3[𝐸−2 + 26𝐸−1 + 66 + 26𝐸1 + 𝐸2]𝑈′′′(𝑥𝑖) =60[−𝐸−2 + 2𝐸−1 − 2𝐸1 + 𝐸2]𝑢(𝑥𝑖).                                    (47) 

 

Using 𝐸 = 𝑒ℎ𝐷 , 𝐷 = 𝑑𝑑𝑥, we have the following 

expressions, respectively (Lodhi and Mishra, 2016; 

Xu and Lang, 2014): 

 𝑈′(𝑥𝑖) = 𝑢′(𝑥𝑖) + ℎ65040 𝑢(7)(𝑥𝑖) − ℎ821600 𝑢(9)(𝑥𝑖) +ℎ101036800 𝑢(11)(𝑥𝑖) +⋯,                                                                (48) 𝑈′′(𝑥𝑖) = 𝑢′′(𝑥𝑖) + ℎ4720𝑢(6)(𝑥𝑖) − ℎ63360 𝑢(8)(𝑥𝑖) +ℎ886400 𝑢(10)(𝑥𝑖) + ⋯,                                                                    (49) 
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𝑈′′′(𝑥𝑖) = 𝑢′′′(𝑥𝑖) − ℎ2240 𝑢(7)(𝑥𝑖) − 11ℎ630240 𝑢(9)(𝑥𝑖) −ℎ828800 𝑢(11)(𝑥𝑖) + ⋯.                                                                    (50) 

 

Similarly, writing Eq. 44 in operator notation, we 

get: 
 ℎ4𝑈(4)(𝑥𝑖) = ℎ440 [−𝐸−2 + 11𝐸−1 − 142 + 30𝐸1 −30𝐸2]𝑢′′(𝑥𝑖) + 7ℎ310 [𝐸−1 + 2]𝑢′′′(𝑥𝑖).                                    (51) 

 

Again, using 𝐸 = 𝑒ℎ𝐷 in Eq. 51, we obtain: 
 ℎ4𝑈(4)(𝑥𝑖) = ℎ240 [−𝑒−2ℎ𝐷 + 114𝑒−ℎ𝐷 − 142 + 30𝑒ℎ𝐷 −𝑒2ℎ𝐷]𝑈′′(𝑥𝑖) + 7ℎ310 [𝑒−ℎ𝐷 + 2]𝑈′′′(𝑥𝑖).                                 (52) 

 

Expanding in powers of ℎ𝐷, we get: 

 ℎ4𝑈(4)(𝑥𝑖) = ℎ240 [−84ℎ𝐷 − 68ℎ2𝐷2 − 14ℎ3𝐷3 ∓ 143 ℎ4𝐷4 +⋯]𝑈′′(𝑥𝑖) + 7ℎ310 [−3 − ℎ𝐷 + 12 ℎ2𝐷2 − 16 ℎ3𝐷3 +124 ℎ4𝐷4] 𝑈′′′(𝑥𝑖).                        (53) 

 

Simplifying the above relation, we have: 

 𝑈(4)(𝑥𝑖) = 𝑢(4)(𝑥𝑖) + 7ℎ3600 𝑢(7)(𝑥𝑖) − 19ℎ43600 𝑢(8)(𝑥𝑖) + ⋯.   (54) 

 

We define the error term at 𝑖𝑡ℎ knot as 𝑒(𝑥𝑖) =𝑈(𝑥𝑖) − 𝑢(𝑥𝑖). Using the Eqs. 48-50 and 54 in Taylor 

series expansion of error term, we get: 
 𝑒(𝑥𝑖 + 𝜃ℎ) = 𝜃21440 ℎ6𝑢(6)(𝑥𝑖) +𝜃(20+7𝜃2(−10+7𝜃))100800 ℎ7𝑢(7)(𝑥𝑖) + ⋯,                                          (55) 

 

where, 0 ≤ 𝜃 ≤ 1. From Eq. 55, it is clear that the 

truncation error in new QnBS approximation is 𝑂(ℎ6). 
5. Numerical results and discussion 

In this segment, the experimental outcomes of the 

new quintic B-spline approximation method are 

presented. The accuracy of the presented numerical 

scheme is verified by 𝐿∞, as (Abbas et al., 2014): 
 𝐿∞ = ‖𝑈𝑖 − 𝑢𝑖‖∞ = 𝑚𝑎𝑥𝑖 |𝑈𝑖 − 𝑢𝑖|, 
 

where, 𝑈𝑖  and 𝑢𝑖  represent the numerical and true 

solutions at the 𝑖𝑡ℎ nodal point, respectively. 

Problem 1: Consider the fourth-order Emden-

Flower type equation (Wazwaz, 2015): 
 𝑢(4)(𝑥) + 2𝑥 𝑢(3)(𝑥) = − 3(3−2𝑥2)𝑢7(𝑥) , 0 ≤ 𝑥 ≤ 1, 𝑢(0) = 1, 𝑢′(0) = 0, 𝑢′′(0) = 1,    𝑢′′′(0) = 0. 

 

The analytical solution is √1 + 𝑥2. Table 1 

displays a comparison of computational outcomes 

with VIM (Wazwaz, 2015). It is observed that our 

approximate results are better than VIM as 𝑥 → 1. 

The numerical error norm corresponding to four 

different choices of step size is presented in Fig. 1. 
 

Problem 2: Consider the fourth-order Emden-

Flower type equation (Wazwaz et al., 2015): 
 𝑢(4)(𝑥) + 3𝑥 𝑢(3)(𝑥) = 96(1 − 10𝑥4 + 5𝑥8)𝑒−4𝑢(𝑥), 0 ≤ 𝑥 ≤1, 𝑢(0) = 0, 𝑢′(0) = 0, 𝑢′′(0) = 0,    𝑢′′′(0) = 0. 

 

The exact solution is 𝑢(𝑥) = log(1 + 𝑥4). The 

approximate results are listed in Table 2. It is 

obvious that the obtained results are well balanced 

as compared to the Adomian decomposition method 

(ADM) (Wazwaz et al., 2015) and QnBSM used in 

Lodhi and Mishra (2016). The absolute 

computational error for 𝑛 = 10, 20, 40, 80 is 

displayed in Fig. 2. The computational error 

decreases as the mesh size is decreased, which 

confirms the convergence of the proposed numerical 

technique. 
 

Problem 3: Consider the fourth-order singular 

boundary value problem: 
 𝑢(4)(𝑥) + 1𝑥 𝑢(3)(𝑥) + 𝑢′′(𝑥) + 𝑢′(𝑥) + 𝑢(𝑥) = 𝑓(𝑥), 0 ≤𝑥 ≤ 1, 𝑢(0) = 0, 𝑢′(0) = 0, 𝑢(1) = sin 10,    𝑢′(1) =10 cos 10 + sin 10. 

 

where, 𝑓(𝑥) = 10(−498 + 𝑥) cos 10𝑥 + (−300 + 𝑥 +9901𝑥2) sin 10𝑥𝑥 . 

 

The exact solution is 𝑢(𝑥) = 𝑥 sin 10𝑥. The 

approximate results are listed in Table 3. It is 

observed that the obtained approximate results are 

better than the quintic B-spline collocation method 

(QnBSM) used in Lodhi and Mishra (2016). Fig. 3 

portrays a close agreement between the 

approximate and exact solution when h = 1 20⁄ . 

 

Table 1: Approximate results for problem 1 when h=1/20 𝑥 VIM (Wazwaz, 2015) Proposed method Exact solution 

0.0 1 1.0000000000 1 

0.1 1.0049875621 1.0049875593 1.0049875621 

0.2 1.0198039027 1.0198038892 1.0198039027 

0.3 1.0440306502 1.0440306154 1.0440306509 

0.4 1.0770329231 1.0770328880 1.0770329614 

0.5 1.1180331707 1.1180338570 1.1180339887 

0.6 1.1661805962 1.1661901642 1.1661903790 

0.7 1.2205772258 1.2206552361 1.2206555616 

0.8 1.2801571267 1.2806243813 1.2806248475 

0.9 1.3431296012 1.3453617662 1.3453624047 

1.0 1.4052734375 1.4142127186 1.4142135624 𝐿∞ 8.94 × 10−3 8.44 × 10−7  
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Fig. 1: Absolute error for problem 1 

 

 
Table 2: Numerical results for problem 2 when h=1/20 𝑥 ADM (Wazwaz et al., 2015) Proposed method Exact solution 

0.0 0 0.0000000000 0 

0.1 0.0000999950 0.0000999841 0.0000999950 

0.2 0.0015987214 0.0015986513 0.0015987214 

0.3 0.0080673721 0.0080671401 0.0080673711 

0.4 0.0252779124 0.0252772347 0.0252778072 

0.5 0.0606282552 0.0606234649 0.0606246218 

0.6 0.1219275141 0.1218616201 0.1218635878 

0.7 0.2158897574 0.2151891479 0.2151920215 

0.8 0.3486204122 0.3433022850 0.3433059762 

0.9 0.5350095738 0.5044611160 0.5044654406 

1.0 0.8333333333 0.6931423256 0.6931471806 𝐿∞ 1.40 × 10−1 4.85 × 10−6  

 

 
Problem 4: Consider the following fourth-order 

singularly perturbed SBVP (Lodhi and Mishra, 2016). 

 𝜖𝑢(4)(𝑥) + 1𝑥 𝑢(𝑥) = 𝑒𝑥[1 − 𝑥 − 𝜖(8 + 7𝑥 + 𝑥2) − 23 𝑒(1 −𝑥2), 0 ≤ 𝑥 ≤ 1, 𝑢(0) = 0, 𝑢′′(0) = 0, 𝑢(1) = 0,    𝑢′′(1) = 0. 

 

The exact solution is 𝑢(𝑥) = 𝑥𝑒𝑥(1 − 𝑥) − 23 𝑒(1 −𝑥2). The computational outcomes are listed in Table 

4, when h = 120 and 𝜖 = 116. t is obvious that the 

approximate results are in good agreement with the 

exact solution.  

Table 5 portrays a comparison of absolute 

numerical error with QnBSM (Lodhi and Mishra, 

2016) using different values of ∈ and ℎ. It is revealed 

that our approximate results are superior to those 

obtained by QnBSM. In Fig. 4, the analytical and 

numerical solutions are exhibited when ℎ = 𝜖 = 16. 

Fig. 5 displays the absolute computational error 

corresponding to four different step sizes with 𝜖 = 16.
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Fig. 2: Absolute error for problem 2 

 

 
Fig. 3: Exact and approximate solutions for problem 3 using h=1/20 

 

Table 3: Absolute numerical error for problem 3 𝑛 8 16 32 64 128 

Proposed method 1.38E-02 1.14E-03 1.01E-04 8.92E-06 8.54E-07 

QnBSM used in Lodhi and Mishra 

(2016) 
3.06E-01 6.79E-02 1.63E-02 4.02E-03 1.00E-03 

 

Table 4: Numerical results for problem 4, when h = 120 and 𝜖 = 116 𝑥 Exact solution Proposed method Absolute error 

0.0 0 0.0000000000 2.95 × 10−16 

0.1 -0.0799412181 -0.0799412319 1.38 × 10−8 

0.2 -0.1525156327 -0.1525156584 2.57 × 10−8 

0.3 -0.2112569432 -0.2112569787 3.55 × 10−8 

0.4 -0.2508572021 -0.2508572451 4.29 × 10−8 

0.5 -0.2673901394 -0.2673901869 4.75 × 10−8 

0.6 -0.2585716360 -0.2585716846 4.86 × 10−8 

0..7 -0.2240630066 -0.2240630520 4.53 × 10−8 

0.8 -0.1658235625 -0.1658235994 3.96 × 10−8 

0.9 -0.0885198484 -0.0885198706 2.21 × 10−8 

1.0 0 0.0000000000 3.25 × 10−8 
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Table 5: Computational error norm for problem 4 with 𝜖 = 10−𝑘  n k 0 2 4 6 8 

8 Proposed Method QnBSM (Lodhi and Mishra, 2016) 
2.60E-06 

8.51E-04 

8.85E-07 

2.62E-04 

1.01E-07 

7.52E-06 

3.05E-09 

1.30E-07 

3.19E-11 

1.35E-09 

16 Proposed Method QnBSM (Lodhi and Mishra, 2016) 
1.60E-07 

2.12E-04 

5.51E-08 

6.62E-05 

6.09E-09 

1.86E-06 

5.20E-10 

2.87E-08 

8.14E-12 

3.82E-10 

32 Proposed Method QnBSM (Lodhi and Mishra, 2016) 
9.96E-09 

5.30E-05 

4.43E-09 

1.65E-05 

3.83E-10 

4.65E-07 

4.07E-11 

6.92E-09 

1.86E-12 

9.40E-11 

64 Proposed Method QnBSM (Lodhi and Mishra, 2016) 
6.21E-10 

1.33E-05 

2.13E-10 

4.13E-06 

2.41E-11 

1.16E-07 

2.53E-12 

1.72E-09 

242E-13 

2.04E-11 

128 Proposed Method QnBSM (Lodhi and Mishra, 2016) 
2.50E-11 

3.31E-06 

1.68E-11 

1.03E-06 

1.87E-12 

2.90E.08 

1.59E-13 

4.30E-10 

1.52E-14 

4.98E-12 

 

 

Fig. 4: Exact and approximate solution of problem 4 using h=ϵ=1⁄16 

 

  

  

Fig. 5: Absolute error from problem 4 when ϵ=1⁄16 

 

6. Conclusion 

In this paper, a new quintic B-spline 

approximation technique is developed for solving 

fourth-order singular boundary value problems. We 

conclude this work as: 

 

1.  The proposed numerical approach is based on a 

new quintic B-spline approximation for the fourth-

order derivative. 

2.  The presented technique is novel for fourth-order 

singular boundary value problems. 

3.  The scheme is uniformly convergent in the entire 

domain. 
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4.  As the step size is decreased, the approximate 

solution approaches the exact analytical solution, 

which ensures the convergence of the proposed 

algorithm. 

 

By virtue of simple implementation, it produces 

more accurate outcomes as compared to VIM 

(Wazwaz, 2015), ADM (Wazwaz et al., 2015), and 

QnBSM (Lodhi and Mishra, 2016). 
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