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YEXOCJHOBAIIKUN MATEMATUYECKUN MYPHAIJI

Mamemam UNHC ym Jexoc. yrott Axademuu Hayw
T. 8 (83) IIPATA 15. X1I. 1958 ., No 4

.OB OTHON KOMBUHATOPHOI TEOPEME U EE
NPUMEHEHUN K HEOTPUHATEJILHBIM MATPULIAM

BJACTUMUJI IITAK (Vlastimil Ptdk), ITpara
(Hocrymmiro B pegaruumio 22/11 1958 r.)

,ZIOK&E}LIBHOTCH npocrast }COM6HH3TOPH3H TeopeMa, Jiemalias 8 OCHO-
BE MHOTHX CBOHCTB HEeOTPULATe/ILHLIX MaTpRIT.

Tipu wmecsefioBanmy HEKOTOPHX NpOGIeM, HAXOAAMMXCH B CBA3H C He-
OTpuNaTeJbHbIMUI lianYIl{aMM, co3JlaeTcst BlieyatrJcHue, 4YTO II(-).THJH?I 822018 GBOfICTB
HEOTPHUHATEJLHBIX MATPWIl HOCHT YHCTO KOMOMHATOPHBII Xapawrep. ABTOp
3aIUMAJICSL BTHM BOIPOCOM M eMy YAaJoch HalTw HPOCTOH KOMOUHATOpDHEIA
LIPUEINH, JIeKAMUH B OCHOBE MHOI'MX CBOHCTB HEOTPHIATEJbHBIX MATPUIL.

dra KoMOUHATOPHAA TeopeMa NPHBOJUTCA B IepBOM Haparpage, BO BIOPOM
naparpade HOACHAETCA ee CBA3b ¢ Teopueil HeoTPUIATeIbHEIX MATPHIL.

Goospagenusa, Ilycts n — pamnoe marypaneaOe 4rcio; wepes N o6ozHauum
MHOKECTBO BCeX HATYPaJbHBIX yucedn 1, 2, ..., n. llycts F 03HaYaeT MHOKECTBO
BeeX oToOpaskeHuil @, 00NIANAIONIMX CIeIYIOMNMYA JBYMS CBOACTBAMM:

1° oroGpaskeHHe @ CTABUT B COOTBETCTBYME KamAoMy MHOmectBY 4 ¢ N
OUATH HEKOTOpoe,MHOMKecTBO ¢(4) c N,

2° orobpaskenne ¢ anfUIWBHO; uMeeT MecTo paseHcTBO ¢(0) = 0, m mua
mo6eix nByx A, ¢ N, 4, ¢ N — paBeHCTBO

p(dy v 4;) = ¢(4,) v p(4,) .

B rom cnysae, xorga orofpajkeHwe ¢ CTABHT B COOTBETCTBHE KAMKIOMY MHO-
srectBy A ¢ N myeroe MHOKecTBO, MBL GyieM nmcats ¢ = 0.

Orobpaenue @ ¢ F' HA30BeM PaAsAomcuMbiM, €CIH CYWECTBYET ITOIMHO-
sectBO P c N, ormmunoe or 0 m N, taroe, 4ro ¢(P) ¢ P. Oro6paenne ¢ ¢ F
MBIl Ha30BEM HePA3AOMCUMBIM, €CIH @ He ABdercsi pasiomumbiM. Ecmu n = 1,
T0 Ramgoe @ € F' HepasloKmMo, B YACTHOCTH, HEPasIOMRUMO OTOOpaKeHHme
@ = 0. Jns n > 1 orobpaskenne ¢ = 0 6ymer, 0ueBHIHO, Pasiokumo. B mann-
HeHWImeM MbI BCIOJy HpeAIojiaraeM, 4ro #.>> 1, Tak 4TO s J000ro Hepasmio-
KEMOIO ¢ mmeer MecTo ¢ + 0.
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(L) Ifycmo @ € F nepasaoscusno; moeda ¢(N) = N u g(A) == 0, ecan moab-
koA == 0.

Horazarenscrso. O6oznaunm B = @(N). Torna nmecm ¢(B) c p(N) c B,
TaR 4o HOKHO Obirek uin B = 0 yumm B = N. Eeau 651 B = 0, 65110 681, 09e~
BusHo, ¢ = 0. Ilyers 4 = 0. Eciu 651 ¢(A4) = 0, Gouto Onr p(4) ¢ 4. Tar rax
A & 0, 65170 651 4 = N, 3uauur, 65110 651 1 p(N) = 0, rax yro ¢ = 0.

(1,2) Tyemv @ ¢ F nepasaoncumo, A == 0. Tozda Gydem
Avgpd)u...ueg(4)= N,
Ecau v — npoussoavroe namypasvioe 4ucao, mo
e(A4) v gt Ay u ... U gt (4) = N,

HorasarensvcrBo. Muomecrsa Fo=4, F,=40¢d), F,=A4vu
U @(4) u ¢¥4), ... yuopsgodcHH nocpefcrsoM BRmoueHma. HomxEo cyme-
CTBOBATEL HATypaibuoe yueso k = n raxoe, uto ¢*(4) ¢ F,_;, u0o B NPOTHBAOM

coyuae K, copmepmano 6ul Ho Kpaiineil mepe npa saementa, ', — xora OB Tpu
BJIeMEeHTa 1 T. ., 9T0 HeBo3MoskHo. Torma 6ymer bk — 1 < » — 1, m MBI HOJTyIuM

¢(Finy) = [p(d) v ... v g (A) v gMA) C Py

Tar wxax 0 #+ 4 c Fy_,, Oyner I, = N, a tem Gonee F,_, = N. Bropas
YacTh HAINEro YTBOPHKICHHS JIETKO BEITEKAeT M3 LEepPBOH II0 METONY IOJXHOMR
HHJIYKIUH, CCIIM MCHIOJB30BaTh paseHctso g(N) = N.

1. Tlepeiizem Tenmeph K riaBHoH Teopeme. Ecim ¢ € F mw p — Hexoropoe Ha-
TypasbHOe 4MeN0, TO IOBTOPHOE OoTo0paskenuce @P, OYEBHAHO, TAK/KE BXOAHT
B F. Ceyiomas TeopeMa NMOKA3HBACT, 90 Bee HEPABNOMKEMEE 0TO6pasKeHAa
@ € ' MosxHO TOHpA3genuTs HA IBA KIACCA B 3aBHCHUMOCTH OT IOBeleHUA UX
cTeneneH.

Teopema ¥. Hycmv @ e F nepasaomcumo. To2da moeym nacmynumv dea
CACOYIOWUL CAYUAR:

1° sce omobpascenus @, ¢, ..., @ HEPASAONCUMLL, MO0200 Q¥ HEPABAOHNCUMO
das scex v u gP(A) = N das anbozo nenyemozo A, ecaw moavko p = (n— 1)% 4 1,

2° cywecmeyem k < n mar, wmo ¢* pazsomcumo; moeda cywecmsyem becko-
HeYHOe KOAUMECINBO ¥ MARUE, YN0 ¢V PABLOMCUMO; CCAU e Q¥ PABROMCUMO, MO
eywecmeyem wucao d > 1, seasiyeeca deaumenen v, u nenyemoe muoncecmso P
makoe, wmo mHowcecmsea P; = @'(P)y dus § =0, 1, ..., d — 1 no-napno ne ne-
peceraomea y 0baadarom cacdyWuML CEOUCMEAMU

(1) PpuPru...uPy =N,

(2) @P,) = P; das i = 0,1,...,d — 1, mar wmo mem Goaee g*(P;) = Py,

(8) ecan Q@ c N u ¢o(Q) c Q, mo @ ssanemes coedunenties nexomopux Py u,
caedosamenvo, useem mecmo damee coomnouenve e4@Q) = Q.
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Horasarenberso. ITpenmosozuM Hpesrae BCero, YTo Bee OTOODAKEHHA
@, 9% ..., ¢" Hepasnosumel, Eemp w — Harypaibuoe umeno, To uepes @(w)
0603HaINM MHOKCCTBO BeeX x ¢ NV Tanmx, uro x € ¢”(x). Yepes v ofoznagum
HaUMEHLITIEe HATYPaILHOe umeio, Mist Koroporo @(v) % 0. Ouwesmpuo, Gyner
v < n. Hycrs @ e Q(v); obozmagum uepes X, MHOKECTBO, COCTOSIICE W3 eNWH-
crBenHoro anemeHta ®. OGozmaumm X; = ¢(X,), rar aro X,c X, c X, ...
Tar rar X; ¢ p°(X,), T0 31cCH He MOMKET UMETL MECTa PABEHCTBO 338 MCKIOYE-
wueM caydaa X, = N. Orcopa caegyer, aro p—12(X) = N. Ilyers, pmasee,
TaHo Heuycroe muoectBo A ¢ N. OfGosnaumy wyepes s HamMeHbIIee LeJ0e He-
OTPUIATEIHHOE 4UCA0, Hst KoToporo ¢f(A4) n Q(v) + 0. Bossmem p e ¢3(4) n
N @(v) u oboszmaumm wepes Py MHOMmECTBO, cocTosINee W3 efUHCTBEHHOTO BIe-
menTa p. CoriacHo npejsAyleMy nMecM

§rOInA) > gt (Py) = N .

Masr Oyfem pasnuuarh iBa cIydas:

(I) v=n— 2. Tak wag s =n, 10 6yuer s + (n — VDo < n + (n—1).
L —2)=1-F1{(n— 1)%

(2) v = n — 1. BosbmeM Py € Q(v) m o6osuaamm P, = ¢(py), Py = #*(Py)s - ..
Bosbmem TOURY P,y € Ppy TAK, 9TOOH Py € @(P,-,), HATEE TOURY Pp-z € Ly _y
TAK, UTOOB Py_y € P(Py_g), ¥ T. IL.

Hoxasmem mupesmge Bcero, YTo BCe TOYKH Py, Py, - - -, Pooy OTIAMIHBL IPYT OF
apyra. ITyers, naoGopot, cymecTByloT wnena 0 = ¢ < § << v, Tag, 970 P; = p;.
Torga Gymer P, € ¢~ 9(p;) = ¢°~(p;), orryma p; e pit*—i(p,). Opmaro ¢ + v —
— § < v, WTO HPOTHBOPEYAT BhIIe cKasaHHOMY. [l moboro p; (0 < ¢ S v — 1)
MMEOT MeCTO P; € ¢Hpy), Do € P Up;:), cuenosarennuo, p; € @(v). Ilyers reuepn
v = n — 1, m nyerb mano nenycroe muomectso 4. Tax rak B Q(v) comepsrurcs
no Membmeit mepe 7 — 1 sxementoB, 6yner (4 U p(4)) n Q(v) + 0. Hrag, s < 1,
TaKk 49ro omATh § + (n — v =1 + (n — 1)2

HoxasarenberBo Gyjier 3aBepIIeHO, eciim MBI IOKA}KeM, YTO ciydail v = n
repo3MoskeH. B srom ciyuae Q(v) = N. Bmemem eme o6o3Hadenme P, = P,
¥ TOKarkeM, 9T0 Jist joboro 4 (0 < ¢ < n — 1) umeer MeCTO PaBeHCTBO @(p;) =
= p;,,- lIpegnonomum, naoGopor, aro cymecrsyer i (0 =< ¢ =< n — 1) Tax, gro
MHOKECTBO @(P;) COMePsRUT KPOME HIeMeHTa P,,, elle Karo#-imumbo Rpyroi
anement p;. Eciauw § > ¢ - 1, To mmeem »

Do € "~H(p;) C gnTTH(py) C @I (D)
Opmaxo n —j + 1 -+ 4 < n, 9ro aBaserca mporusopeduem. Eciwm § <4, To
;e (D), ;€ ¢ i(p;) cmemopaTensHO, P; € @i~ p;); onmako i —j + 1 < m
3a WCKIIOYeHmeM ciiydas ¢ = n — 1, § = 0. Ho rorma p; = p,. Orcioga cxrenyer,

910 @™(x) = & [mIA moboro x € N, Tar 9T0 @" PABIOMKHEMO, UTO IPOTHBOPEIAT
IPeI0NIOFKeHIIO.

IIpenmomnomuyM, BO-BropsiX, YTO CYIIECTBYET HATYPANbHOE YHCIO ¥ H He-
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nycroe cobcrBenHoe moamuokecrso P ¢ N rax, uro ¢*(P) c P. Bossmem P na-
CTOJHKO MAanBM, 9TO HE JUIA KaKOH Hemycroil cobcrBenno#t dacrm P’ mHO-
srectBa P me umeer mecra coormomenye ¢®(P') c P’

O6osnaunm V = ¢?(P), rax ur0 ¥V c P. Coramacuo (1,1) 6ymer V = 0. Umeem
@*(V) c 9*(P) = V u, caeposateinnuo, nomuuo 0sme V = P. Urag, ¢*(P) = P.

O6osuauum Py = P, P, = ¢(P), P,=¢¥P),... Hna muomectna B =
= Pyu P, u...u P, umeer, ouesujno, mecto @(B) c B, Tar 9T0 JOIHHO
opires B = N. [anee, ¢°(P,) = ¢*(¢{(P)) = ¢i(¢*(P)) = ¢*(P) == P,. Tlora-
JKeM Teneps, uro jgwoboe P; umeer caenpyiomee cpoiictBo: Eenu ¢ ¢ P, nemycro
u (@) c @, ro Q= P, [eicrBurcnnuo, @' Q) c ¢*~i(P,) = P. [azece,
@ (@) = ¢*~H¢*(Q)) c ¢*~{(Q). CreponarenLHO, JOIGKHO OBTL @'~H)) =
= P, otryna P, = ¢¥(P) = ¢*(¢*=4Q)) = ¢*(@) Cc @, rax uro P, = Q.

VI3 TOALKO YTO JIOKA3aHHOTO CBOWCTBA HENOCPENCTBCHHO CHEAYCT, Y10 JBa
moOBIX MuO3KeCTBA P, u P; nin ju3TIONKTHE WIH ToskaecTBeHHEL. Ielicrsu-
ressBo, ecnm P, n P; & 0, vo ¢*(P; 0 P;) c P, n P; u, cienoBateibyuo, a1o
nmepecedenne NOJKHO OBITH TO;gecTBeHHO ¢ P, m ¢ P;.

Ilycrs reneps d — HamMeHBIIEG HATYPAIBLHOE YHMCHO, IS KoToporo P, = P,
Horamewm, uro d asusercs penutenem v. IleficrBurentuo, nyers b — manto-
JIBINEH OOIIME HesinTenhb qucel d u v; nycTh, gauee, k > 0. Torna cymecrsyior
HaTypadbHble qucaa P, ¢ Tarue, uro pd — qu = h. Teneps Py = Py = P,; =

= Pyy= ..., otryma Py = P,y = Py = P;. Tar rax 0 < b = d, pomsio
OBt d = h. BEcnuw H = Py u P, u ... 0 Py, 10 ¢(H) = H, rax uro H = N.
IMoxamem eme, wro mBokecrea Py, Py, ..., P, no-napuo me nepeceraiorcs.

Ecnu 61, maobopor, cymecrsoBanm uncna 0 < » < s < d rag, awro P, = P,,
68110 081 P, 4, == Py, opaxo r +d — s =d — (s — 7) < d. BEcim @ — He-
IyCTOe MHOMKeCTBO, sl ROTOporo ¢*(¢)) c @, to BozbMeM npousBoinuoe P,
Umeem ¢*(P; n Q) c P; n @, un nosromy mnw P, n @ = 0 wm P, c Q. Mno-
MECTBO () SIBIACTCS, CIEOBATEILHO, COBIHHEHWEGM HeROTOPHX P, oTRyna
Q) = Q.

2. Ilepefizem Temepb K BHAYEHHMIO HpPEABJIyLiel TeOpeMbl B TCOPUM HEOTPH-
narteasubx mMarpun. Ecenmm A — gaHHag HeoTpumaTteabHas MATPHIA HOPAIKA
7, TO WOCTABUM el B coorBercrnue orobpaikenue ¢ € F' ciaenyomuM o6pasoM.
IIyers @(0) = 0. Ecan P ¢ N menycro, 10 0603HagnM wepesd ¢(P) MHOKECTBO
BeeX Tex § e N, Jyisi KOTOPHX cymecTnyer ¢ e P Taw, uro a,; #+ 0. Herpymmo
BojieTk, 9To ¢ € £'. flcwo, wro marpuna A HepasmoKUMa TOTHA MW TOIBKO TOTHA,
ecan oroGpaskenue ¢ Hepaznomumo. I{o MeTogy WonHOH WHIYKIUU HETPYIHO
HOKasaTh, 9r0 cremesu A° coorsercTBYeT OTOOpasKeHHe ¢V

PnaBnas reopema Torpja HONyCKAaeT CJIRVIOMYIO HHTEPIPeTaIlHIo:

(2,1) IIyemv A — neompuyamenvnas nepazsomcumas wmampuua. Ecau ece
mampuys A2, A3 ..., A" nepassomcusvi, mo AY wmepasaomcuma dan #i06020
v,a0an v =1 + (n— 1) mampuya A? noaoycumessvia.
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Ecau rakas-aubo cmenens Av pazsomcuma, mo cywecmeyem déaumend
d > 1 qucaa v maxr, wmo cmenenv A% ModICHO NPU NOMOWU Hadaexncawer nepe-
CMAH0BKU CMPOK U 00HOBPEMEHHO CMIOAGY08 NpUseCMU K eudy

B,0 0...0
0 B,0...0
00 0..B,

€ K8aOpAMHUIMU HEPABAONCUMBLMU MAMPUYAMU 6 2aasHoll Ouazonasu. Ilpu
mom dce pasbuernull Ha OA0KU MAMPULY A MONCHO NPU NOMOWU MOL Mce camoli
nepeCMAHOBKU NPUGECMU ¥ 610y

Idra reopema pocxogur K Mpobenuycy [1], ognaxo Dpobenuyc moKaszaa
B IIepBOI YacTH TEOPEeMBl HeCKONLKO Ooslee ciaboe yrBep:xienne: CymecrByer
noKasartellb v, I KoToporo A® monosruTenbHa. [1mKeIo0 rpanuny Ama aToro
nokrasarens npusoppr 6e3 norasaredberBa Bunampr [2]. Ipammma 1 4
+ (n — 1) He MonycKaeT TaJbHEHINEero IOHWKEHUs, KAK JIOKAa3bIBaeT IpUMe]p
[2] marpuOH, onpemeseHHoll paBeHCTBAMME

(LIZ = a23 = = an—l,n = a’n,l = a’n,% = 1

n TpeboBaneM, 4T00B OCTANBHEE H1eMEHTH PABHANNCH HYIIO.

Hamerum Temeps c1mocol, Kak HPeNBAYLIIYIO TEOPEMY MOJKHO HCIOIb30BATH
B TeOPpHH HEOTPUIATECIBHLIX MaTpPHI. Maur 6y)1eM HOJB30BATECA TOJABKO CJIEHy-
IOITAM Pe3yIabTaTOM:

Ecnm A — meoTpHUIATENLHAA HEPA3IOKEMasg MATPUNA, TO CYIECTBYeT
YHUCIO ¢ > 0, ABasomeecs HPOCTHIM cOOCTBEHHEIM 3HAaYeHUEM MaTpRIbl A,
npugeM |o'| = ¢ ms moboro gasmpHeRnIero cOGCTBEHHOTO 3HAYEHHA o' MaTpu-
ust 4. Ecnm 4 momoskurenbHa, TO maske |o’| << ¢ mis moGoro jambBeimiero
cO0CTBEHHOTO 3HAYCH U Q’ MaTpurObL A.

Msr mazoBeM HeOTPHIATENBHYIO HEPA3IOKUMYI) MATPHNY UPAMUTHBHOMN,
eCcIIl Ha OKPYRHOCTH 2| == o He JIeyKuT HE OJHOH TOUKK ee CHeKTpa, KPOMe g.

Ham momamoGurcsi eme clefylomasi HeTPYIHAs JIeMMa.

(2,2) Hycmv M — mampuya yurauuecko20 6uda

0 M,0 ..0
0 0 My...0
0 0 0 .. M,
M,;0 0 ..0
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¢ readpammuyimu OaoKamu 6004v esagHoil Ouazonasu. IIycmv npu mom e
pasbueruu wa 6a0ku edunuunas mampuyae E uneemn sud

B0 0 .0
0 H,0 .0
=100 E,..0
\o 00 .. E

Hycmy, dasce, £ — npoussoavroe wucao, 0as komopozo et = 1. O6osrauum

e, 0 0...0
0 &28,6...0

Tozda eM = DM D, mak wmo cnekmp mampuysl M unsapuarmern omHocu-

meavrHo noeopoma KOMRAEKCHOE NAOCKOCMU HQ yaoa 7 .

HorazareabcTBO HENOCPEICTBEHHO.

N3 reopemst (2,1) m memmsl (2,2) JerKo BHITEKAIT CIENYION[AE Pe3yJIbTATH:

(2,3) Hycmv mampuna A neompuyamenvna u Hepasnoxncuma. Tozda caedyo-
wue GHICKA3BIBANUS dKEEUSANCHIMHLL Opye Opyey:

1° mampuya A npumumusra,

2° gce cmenenu mampuysl A HepasAOMCUMBL,

3° ece mampuyw A, A2, ..., A" HepassomcuMmbL,

4° cmeneny A® noaomcumeavna das v = 1 - (n — 1)2

5° cywecmeyem 4ucao p maroe, umo A? noA0OMCUMENbH.

(2,4) Hycmv mampuya A weompuyamesvna u nepassoncuma. Ecau A npu-
mumusna, mo A® npumumusna 04s 4106020 v.

(2,6) Ilycmv mampuya A neompuyamesvna u Hepasaoncuma. lycmv A umeem
6 mounocmu h co6emeenmpix wucen, paswuix no abcoaiomuoii eeauuune o. Toeda
secy cnekmp mampuyst A nepeiidem 6 cebs npu nogopome KOMRACKCHOI NAOC-

2n
KOCIMU BOKDY2 HA4aAa KOODPOUHAM HA Y204 N Bce cobcmeennvie sHadeHus,
pasksie 1o abcorromuoll seaunune 9, seasiomes npocmuimu. Jucao h asasemcs
HAUMEHbULUM NOKa3amesesm, Oas KOmMmopoeo A" pacnadaemcs 6 npumumusHie
msampuysl. Jucao HePASAONCUMBE MAMPUL, KA KOMOPLlE PACNAOAEINCS CMENeHnd

A?, pasuo naubosvuwemy obwemy deaumento wuces v u h.
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Summary

ON A COMBINATORIAL THEOREM AND ITS APPLICATION
TO NONNEGATIVE MATRICES

VLASTIMIL PTAK, Praha
(Received February 22, 1958)

In many investigations concerning nonnegative matrices the idea suggests
itself that many of their properties are of a purely combinatorial character,
in other words that they depend on the distribution of zeros and ‘“nonzeros”
in the matrix only regardless of the actual values of the positive entries. In
the present paper we present a combinatorial theorem which contains the
combinatorial substance of the behaviour of iterations of nonnegative matrices.

Notation. Let n be a natural number, n > 1 and let N be the set of natural
numbers 1, 2, ..., n. Let F be the set of all mappings ¢ with the following two
properties.

1° the mapping ¢ assigns to every set 4 ¢ N some set p(4) c N,

2° the mapping ¢ is additive; we have @(0) == 0 and ¢(4, u 4,) = ¢(4,) U
U ¢(4,) for any twosets 4, c N, 4, c N.

We write ¢ = 0 if ¢(A4) = 0 for every 4 c N. A mapping ¢ ¢ F is said
to be reducible if there is a set P ¢ N different from 0 and &V such that ¢(P) c P.
A mapping ¢ € F is said to be irreducible if ¢ is not reducible.

(1.1) Let @ € I be irreducible. Then ¢(N) = N and ¢(4) + 0 whenever A = 0,

Proof. Let B = ¢(V). We have then ¢(B) c ¢(N) = B, so that either B = 0
or B = N. The case B = 0 is impossible, since B = 0 impliesp = 0. Let 4 £ 0
and ¢(4) = 0. Then ¢(4) c 4 whence either 4 = 0 or 4 = N. Since 4 =+ 0,
we have A = N whence ¢(N) = 0 which is impossible.

(1.2). Let ¢ = F be irreducible, A =+ 0. Then

Auegd)u...uvem{4)=N.

Proof. Let Fo=A4, F, = A u p(4d), Fy =4 v p(4) u ¢¥(4), ..., so that
0% FycF,cF,c... There exists a natural number & < n such that ¢*(4) c
c Fj_,. Indeed, if this were not the case, I/, would contain at least two elements,
F, at least three elements ete. which is impossible.

It follows that ¢(F},_,) c F}_,. Since 0 = 4 c F;_,, we have F;,_;, = N and,
a fortiori, F/,_, = N.

If p e F and p is a natural number, clearly ¢? ¢ F' as well. The following
theorem shows that the class of all irreducible mappings ¢ € F may be divided
into two subclasses according to the behaviour of the iterated mappings.
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Theorem. Let ¢ ¢ F be irreducible. Then the following two cases are possible:

1° the mappings ¢, @2, ..., ¢" are all irreducible; then ¥ is irreducible for every
v and g?(A) = N for every A & 0 and every p =1 + (n — 1),

2° there exists a k = n such that ¢* is reducible; then @® is reducible for infinitely
many v. If v is reducible, there exists a divisor d > 1 of v and a nonvoid set P
such that the sets P; = ¢i(P), § = 0,1, ..., d — 1, are mutually disjoint and
posses the following properties:

(1) PyuvP,u...uPsy=N,
(2) ¥ P)) =P, for i = 0,1, ...,d — 1 so that, a fortiors, ¢*(P;) = P,,
(3) if @ c N and ¢°(Q) C Q, then Q is the union of some P; so that ¢*(Q) = Q.

Proof. Suppose first that ¢/ is irreducible for j = 1,2, ..., n. For every
natural w let @(w) be the set of all z ¢ N such that z € ¢”(x). Let v be the least
natural number for which Q(v) % 0. Clearly v < =. Let 2 ¢ @(v) and let X be the
set consisting of the point x. Let X; = ¢?(X,) so that X, c X, c X, c....
Since X, c ¢*(X,), we cannot have equality here unless X, = N. Hence
g1 X ) = N. Take now a nonvoid 4 c N. Let s be the least nonnegative
integer for which ¢%(4) n @(v) = 0. Let P, be a one-point set contained
in ¢*(A4) n @(v). We have then

gHh(4) o g v(Py) = N .

We shall distinguish two cases:

() v =n — 2.8inces < n,wehaves + (n — )v = n+ (n — 1)(n — 2) =
=14 (n — 1),

(2) v =n — 1. Take a p, € Q(v) and put P, = ¢(po), P2 = ¢*(p,), .... Take
a point p,_, € P,_, such that p, e ¢(p,_,), then a point p,_, € P,_, such that
Py € P(Py_2) and so on. We show next that the pointé Pgs Pis - - +» Poy are differ-
ent from each other. To see that, suppose that there exist two numbers 0 =
< i< j<wv such that p, = p,. Then p,e ¢*~i(p;) = ¢*~(p;), whence p, e
€ g**v=i(p,;) which is a contradiction since ¢ + v — j << v. Clearly p; e @(v)
forevery ¢, 0 < ¢ < v — 1.

Now let v = n — 1 and let 4 be a nonvoid subset of N. Since ¢(v) contains
at least » — 1 elements, we have

(4 uved)n@ £0.
Hence s < 1, so that
s+n—1Dov=1+4(n— 1)2.

The proof will be concluded if we show that the case v = = is impossible.
In this case we have Q(v) = N. Put p, = p,. It is possible to show then that
@(p;) = Piy, for every ¢ (0 <4 = n — 1). It follows that ¢"(x) = x for every
x € N so that ¢” is reducible, which is a contradiction.
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To prove the second part of the theorem, suppose there exists a number v
and a set P c N different from 0 and N such that ¢*(P) ¢ P. Suppose that P
has been chosen small enough so that no nonvoid proper subset P’ of P fulfills
¢*(P') c P’. 1t follows that ¢?(P) = P.

Define P, = P, P, = ¢(P), Py = ¢*P),.... Fr B=P,uv P, u...u P,
we have clearly ¢(B) c B whence B = N. Clearly ¢¥(P;) = P; for every i.
We show next that every P; has the following property: if 0 & @ ¢ P; and
(@) c @, then @ = P,. Indeed, we have ¢—Q) c ¢*~{(P;) = P. Further

(" (@) = ¢~ (@) c 9°7H(Q)
whence ¢*~i(Q) = P so that P; = ¢i(P) = ¢i{p"~(Q)) = ¢”(Q) c @. We have
then P; = Q.

We may show now that any two of the sets P; are either disjoint or identical.
Indeed, if P; n P; & 0, we have ¢*(P; n P;) c P, n P; so that P, n P; must
be equal both to P; and P,.

Now let d be the least natural number for which P, = P,. We intend to
prove that d is a divisor of v. Indeed, let m > 0 be the greatest common divisor
of d and ». There exist natural numbers p, g such that pd — qv = m. We have
Py=P,=P,;=P;y=...80 that P=P,; =P, ., = P,..

Since 0 < m =< d, wehavem = d. Wehave p(H) = H for H = P, u P, u ...

. v P,_,, whence H = N. If there were two numbers 0 < r < s < d such
that P, = P,, we should have P,, ;. = P, which iz a contradiction since
r4+d—s<d.

Let @ be a nonvoid set such that ¢¥(@) c @ and let a P, be given. Clearly P;
is either contained in @ or disjoint with @. The set @ is thus seen to be union
of some of the @, so that ¢4(@) = @. The proof is complete.

2. We proceed to explain the meaning of this theorem for nonnegative
matrices. If 4 is a nonnegative matrix of degree n, we define a ¢ € F in the
following manner:

Put ¢(0) = 0. If P c N is nonvoid, we define p(P) as the set of those j ¢ N
for which there exists an ¢ € P such that a;; + 0. The fact that ¢ € F' is easily
verified. Clearly ¢ is irreducible if and only if 4 is indecomposable. It is easy
to see that the mapping ¢* corresponds to 4.

We refer to the main text for the exact formulation of the results on non-
negative matrices which may be obtained from the preceding theorem; they
are collected in the second section.
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