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The paper discusses the issue of discretization of the strain–configuration relation-
ships in the geometrically exact theory of three-dimensional (3D) beams, which has
been at the heart of most recent nonlinear finite-element formulations. It is demon-
strated that the usual discretization procedures for implementing these strain mea-
sures within a finite-element framework violate the important property of objectiv-
ity: invariance to rigid-body rotations. A method is proposed for overcoming this
limitation, which paves the way for an objective finite-element formulation of the
geometrically exact 3D beam theory. For a two-noded element, this method involves
obtaining the relative rotation matrix that rotates one nodal triad onto the other
and then interpolating the resulting rotation vector.
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1. Notation

s, L arc-length parameter of the centroid axis, initial length of the beam
R,N sets of real numbers and positive integers
SO(3) three-parametric Lie group of 3D rotations
δij , eijk Kronecker symbol and permutation symbol
Ei orthonormal base vectors of inertial coordinate system (i = 1, 2, 3)
Gi orthonormal base vectors attached at cross-sections
N, Ii number of nodes on finite element, shape functions of order N − 1
(•), (•)′ quantity (•) acted upon by a constant motion and d(•)/ds
(̂•), (•)h cross-product operator (•)× and approximated quantity (•)
(•)R, (•)0 constant quantity (•), initial quantity (•)
(•)a, (•)d average (mean) and difference for two given quantities
C configuration of the beam
r,Λ position vector of centroid axis and rotation matrix from Ei to Gi

ψ, ψ total rotational vector and its norm
γ,κ vectors of translational and rotational strain measures
I, J, c fixed parameters in objective formulations
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Λr,φIJ reference triad and relative local rotation in objective formulations
Ψ l,Θl total and incremental local rotation in objective formulations

2. Introduction

Many engineering structures can be modelled with sufficient accuracy using beam
models, and extensive work on the basic theory has spanned almost three centuries.
Most of the proposed theories assume the Bernoulli hypothesis of the cross-sections
remaining undeformed in the deformed state of the beam and differ in the way in
which the relationships between the displacements and rotations and corresponding
strain measures are defined. Thus the ‘Euler’s elastica’ (Euler 1744) denotes a planar
beam with no axial and shear strains and with the bending stress-couple being pro-
portional to the curvature, while the ‘Kirchhoff’s beam’ (Kirchhoff 1859) is a spatial
generalization of Euler’s elastica with the torsional stress-couple being proportional
to the torsional curvature. When some small axial straining is added, we talk about
the ‘Kirchhoff–Love beam’ theory (Love 1944). Due to the absence of shear strains
at centroids of cross-sections, in all of these theories the cross-sections always remain
orthogonal to the centroidal axis of the beam.

In contrast, the presence of shear strains introduces a change of the angle between
a cross-section and the centroidal axis, so that the deformed configuration of a beam
is defined by (i) the deformed centroidal axis and (ii) the set of orientations of cross-
sections with respect to their undeformed positions. Such a beam, in which the fields
of lateral displacements and rotations are considered as independent, is generally
referred to as the ‘Timoshenko beam’.

Some finite-element procedures start with the continuum equilibrium equations
(Bathe & Bolourchi 1979; Dvorkin et al . 1988) and are known as degenerate-contin-
uum formulations. In contrast, in the present work, we will concentrate on models
that are derived directly from the resultant forms of the differential equations of
equilibrium. In the present context, the equivalent strain–configuration relationships
involve three ‘direct strains’ (including two shear strains) and three ‘curvatures’.
These strain measures are considered to stem from a ‘geometrically exact beam
theory’ when the relationships between the configuration and the strain measures
are consistent with the virtual work principle and the equilibrium equations at a
deformed state regardless of the magnitude of displacements, rotations and strains.
The theory is often referred to as the ‘geometrically exact finite-strain beam theory’
(Reissner 1972, 1973, 1981; Simo 1985; Simo & Vu-Quoc 1986; Jelenić & Saje 1995).
However, for a genuine finite-strain formulation, we should also adopt a consistent
constitutive model and it is not immediately obvious how this could be implemented
in conjunction with a beam theory based on the non-deformability of cross-sections.
Indeed, none of the previous papers on the finite-element implementation of the
geometrically exact beam theory (Simo 1985; Simo & Vu-Quoc 1986; Cardona &
Géradin 1988; Ibrahimbegović et al . 1995; Jelenić & Saje 1995) has considered a
genuine finite-strain constitutive model. For this reason, in the following develop-
ments we will drop the term ‘finite strain’ from the name of the theory.

The present work can be considered to stem from the strain measures defined by
Simo (1985). They are sometimes referred to as belonging to ‘Reissner’s beam the-
ory’ (Reissner 1972, 1973, 1981), although a simplification in the parametrization
of the rotation matrix in space was made by Reissner (1981), which facilitated the
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derivation of the rotational strain measures, but also spoiled the geometric exact-
ness of the theory. A different approach in the geometrically exact beam theory was
presented by Antman (1974) and was used by Simo (1985) to propose a parametriza-
tion of the rotation matrix in space which furnished a full geometric exactness of the
theory.

Among others, Simo’s strain–configuration relations have been used by Simo & Vu-
Quoc (1986), Cardona & Géradin (1988), Ibrahimbegović et al . (1995), Jelenić & Saje
(1995) and many others to provide most of the modern new finite-element formula-
tions for static analysis of geometrically exact three-dimensional (3D) beams. Finite-
element developers have followed the conventional approach for the displacements
and have directly interpolated the rotation parameters or their incremental/iterative
changes. In so doing, they have ignored the fact that rotational vectors are physi-
cally non-additive quantities. In the present paper, we will show that this approach
leads to a non-objectivity of the interpolated strain measures, even though the strain
measures themselves are objective (Simo 1985; Ibrahimbegović 1994; a more general
discussion of the issue of frame-indifference in theories arising from degenerating 3D
continuum theories was given by Ciarlet (1997)). We will also describe a new inter-
polation procedure which is specifically designed to preserve this objectivity. This
procedure should pave the way for an objective finite-element formulation using the
geometrically exact 3D beam theory (Jelenić & Crisfield 1999). Because beams are
now being used to model highly complex problems with phenomena such as ‘localized
writhing’ (Thompson & Champneys 1996), we believe that it is important to develop
finite-element formulations that are built on such a firm basis. It is worth noting that,
as pointed out by McRobie & Lasenby (1999), the geometrically exact 3D beam the-
ory as given by Simo & Vu-Quoc (1986) may be recast by using geometric (Clifford)
algebra notions of bivectors and rotors rather than the rotational pseudo-vectors and
rotation matrices. We believe, however, that the problems of interpolation addressed
in this paper also extend to the Clifford algebra approach.

The parametrization of the rotation matrix using the rotational (pseudo)-vector
has proved to be particularly convenient in dynamic analyses (see Simo & Vu-Quoc
1988; Cardona & Géradin 1988; Simo et al . 1995; Jelenić & Crisfield 1998, 1999),
where the definition of the kinetic energy is easily performed using the definition of
the beam kinematics with respect to the inertial frame. Recent work on dynamics
of 3D beams has concentrated on energy/momentum conserving algorithms aimed
at ensuring numerical stability (Simo et al . 1995). To construct these algorithms,
it is found to be necessary to interpolate the incremental (tangent-scaled) rotations
(Simo et al . 1995). Again, the standard approach leads to non-objectivity (which is
even more severe due to the tangent-scaling) and hence, in the present paper, we
also outline a new incremental interpolation procedure that should provide the basis
for a future work on deriving objective energy/momentum conserving algorithms.

3. Strain measures in the geometrically exact 3D beam theory

(a) Basic kinematics. Initial and deformed configurations

For a given parameter s ∈ [0, L] ⊂ R, L ∈ R, we define an initial (undeformed)
configuration of the beam centroid axis by a space curve s → r0(s) ∈ R3 in a
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Figure 1. Kinematics of initial and deformed configurations of a curved beam.

three-dimensional ambient space R3 with a right-handed inertial Cartesian frame,

E1 =

1
0
0

 , E2 =

0
1
0

 , E3 =

0
0
1

 . (3.1)

The parameter s is usually referred to as the arc-length of the initial centroid axis
of the beam and L as the initial length of the beam (see figure 1). Cross-sections
of the beam in its initial configuration are defined by a right-handed orthonormal
triad of base vectors s → G0,1(s), G0,2(s), G0,3(s) ∈ R3 | G0,iG0,j = δij , G0,k =
eijkG0,iG0,j with the base vector G0,1(s) being directed along the initial centroid
axis so that

G0,1(s) = r′0(s), (3.2)

and with the base vectors G0,2(s) and G0,3(s) being directed along the principal
axes of inertia of the cross-section at s. Also, δij and eijk are the Kronecker and
the permutation symbols and repeated indices are assumed as summational over the
dimension of the space R3. In (3.2), the prime (′) denotes a derivative with respect
to arc-length parameter s.

The orthonormal bases G0,1, G0,2, G0,3 and E1, E2, E3 are related through
a linear transformation s → Λ0(s) ∈ SO(3) as G0,i(s) = Λ0(s)Ei, i = 1, 2, 3,
where SO(3) is the three-parametric Lie group of proper orthogonal transformations
satisfying detΛ(s) = 1 and Λ(s)Λt(s) = I ∀ s ∈ [0, L], with I being a 3 × 3 unit
matrix. Obviously, the initial position vector of the centroid axis of the beam and the
orientation of the orthonormal frame attached to the cross-section at s fully define
the initial configuration of the beam s→ C0 = (r0,Λ0) ∈ R3 × SO(3).

In a similar manner, we define the deformed configuration of the beam centroid
axis by a space curve s → r(s) ∈ R3 and the cross-sections of the beam in the
deformed configuration by a right-handed orthonormal triad of base vectors s →
G1(s), G2(s), G3(s) ∈ R3 | GiGj = δij , Gk = eijkGiGj .
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In contrast to the initial configuration, the base vector G1(s) need not be directed
along the deformed centroid axis so that such a beam model is capable of representing
the shear deformation. See Reissner (1972, 1973, 1981), Antman (1974) and Simo
(1985) for details. The base vectors G2(s) and G3(s) are still directed along the
principal axes of inertia of the cross-section at s and the orthonormal bases G1, G2,
G3 and E1, E2, E3 are related through a linear transformation s → Λ(s) ∈ SO(3)
as

Gi(s) = Λ(s)Ei, i = 1, 2, 3. (3.3)
The position vector of the deformed centroid axis and the orientation of the orthonor-
mal frame Λ attached to the cross-section at s fully define the deformed configuration
s→ C = (r,Λ) ∈ R3 × SO(3).

(b) Strain measures and their relation to the deformed configuration

The development of relationships between a deformed configuration of the beam
and the adopted strain measures takes a prominent role in the geometrically exact
beam theory. Reissner (1972, p. 795) defined the geometrically exact beam theory
as one in which we use ‘a system of non-linear strain displacement relations which is
consistent with exact one-dimensional equilibrium equations for forces and moments
via what is considered to be an appropriate version of the principle of virtual work’.
To derive such relations (which we will call the strain–configuration relations, rather
than the strain displacement relations) ‘we (i) take as basic the differential equations
of force and moment equilibrium for elements of the deformed curve. We then (ii)
stipulate a form of the principle of virtual work, and (iii) use this principle so as to
obtain a system of strain displacement relations, involving force strains and moment
strains in association with the assumed cross-sectional forces and moments’ (Reissner
1973, p. 87; ordinal numbers in the above quote are inserted by the present authors).
This three-step procedure is performed in Appendix A and leads to the strain–
configuration relations of the type,

γ = Λtr′ −
1

0
0

 , (3.4)

κ̂ = ΛtΛ′ −Λt
0Λ
′
0, (3.5)

where γ and κ are (material) translational and rotational strain measures, which are
energy-conjugate to the stress and stress-couple resultants acting at cross-sections as
a consequence of applied loads that take the beam from the initial to the deformed
configuration (see Reissner 1973, 1981; Simo 1985; Ibrahimbegović 1994; also see
Appendix A for details). In (3.5) and throughout the text, the hat denotes a skew-
symmetric matrix so that

v̂ = −v̂t =

 0 −v3 v2
v3 0 −v1
−v2 v1 0

 ; v =

v1
v2
v3

 . (3.6)

(c) Objectivity of strain measures in the geometrically exact 3D beam theory

The objectivity of material strain measures at a particular configuration is under-
stood as their inherent ability to remain unaffected by a constant motion of the
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configuration. We also say that such strain measures are invariant under a super-
posed rigid-body motion. We define a configuration C = (r,Λ), obtained by superpos-
ing an arbitrary constant ‘rigid-body’ motion CR = (rR,ΛR) onto the configuration
C = (r,Λ) as

r = ΛR(rR + r), (3.7)
Λ = ΛRΛ. (3.8)

The constant rotation may be defined as ΛR = exp ψ̂R and understood as the rota-
tion around axis ψR/ψR by the angle ψR = ‖ψR‖. For the sake of clarity, the axis
of rotation may be viewed as passing through the origin of the inertial coordinate
system with basis E1, E2, E3. This is illustrated in figure 2.

The above description is intended to set the scene for the following important
corollary of the geometrically exact beam theory.

Proposition 3.1. The strain measures γ and κ at the configuration C = (r,Λ),
defined by (3.4) and (3.5) are (i) objective in the sense that they are equal to the
strain measures γ and κ at the configuration C = (r,Λ), defined by (3.7) and (3.8)
and (ii) independent of the history of deformation.

The proof of this proposition is given in Appendix B a.

4. Simple finite-element implementation of the theory

In this section we attempt to illustrate that while the strain measures of the geo-
metrically exact theory are objective, all of the available finite-element implemen-
tations of the theory are, to the best of our knowledge, non-objective. We analyse
the interpolation-induced non-objectivity of the approximated strain measures and
propose a basic solution to the problem. We will initially focus our attention on the
analysis of the rotational strains (3.5) and choose an initially straight beam (Λ′0 = 0)
of length L as the model.

(a) Traditional implementation (total form)

By parametrizing the rotation matrix Λ in terms of its rotational vector ψ via
(Argyris 1982)

Λ = exp ψ̂Λ0 ≡
(
I +

sinψ
ψ
ψ̂ +

1− cosψ
ψ2 ψ̂2

)
Λ0; ψ = ‖ψ‖,

the skew-symmetric matrix of rotational strains (3.5) reads (note that we have taken
Λ′0 = 0)

κ̂ =
(
I +

sinψ
ψ
ψ̂ +

1− cosψ
ψ2 ψ̂2

)t(
I +

sinψ
ψ
ψ̂ +

1− cosψ
ψ2 ψ̂2

)′
. (4.1)

After taking the indicated derivative on the second factor in (4.1) and noting the
identities

âb̂â = −atbâ and âb̂â2 = −atbâ2

for any two 3D vectors a and b, a somewhat lengthy but otherwise straightforward
algebra leads to the following skew-symmetric matrix of rotational strains

κ̂ =
1
ψ2

(
1− sinψ

ψ

)
ψtψ′ψ̂ +

sinψ
ψ
ψ̂′ − 1− cosψ

ψ2 (ψ̂ψ̂′ − ψ̂′ψ̂),
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Figure 2. Rigid-body motion of the deformed configuration: (a) original deformed configura-
tion, (b) deformed configuration after rigid-body translation, (c) deformed configuration after
rigid-body translation and rotation.

with its axial vector being (note that ψ̂ψ̂′ − ψ̂′ψ̂ = ψ̂ ×ψ′ = ̂̂
ψψ′)

κ =
[

1
ψ2

(
1− sinψ

ψ

)
ψψt +

sinψ
ψ
I − 1− cosψ

ψ2 ψ̂

]
ψ′. (4.2)

This set-up (with the parametrization of the rotation matrix using a ‘total’ rotational
vector between the initial and the current configuration) enables a straightforward
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finite-element implementation by adopting a linear interpolation of the total rota-
tional vector via

ψ(s) .= ψh(s) =
L− s
L

ψ1 +
s

L
ψ2, (4.3)

where superscript ‘h’ here and throughout the text indicates a finite-element approx-
imation of a particular field variable, and ψ1, ψ2 are the total rotational vectors at
s = 0 and s = L, respectively. In a similar manner, we also interpolate the position
of the centroid axis, so that we have

r(s) .= rh(s) =
L− s
L

r1 +
s

L
r2. (4.4)

The finite-element approximation κh of the rotational strain measure κ follows by
substituting ψ in (4.2) with ψh defined by (4.3). In the standard finite-element
approach, we would compute κh at the middle of the beam as

κh(ψ1,ψ2,
1
2L) =

1
L

[
1
ψ2

a

(
1− sinψa

ψa

)
ψaψ

t
a +

sinψa

ψa
I − 1− cosψa

ψ2
a

ψ̂a

]
ψd, (4.5)

where subscripts ‘a’ and ‘d’ are used to indicate ‘average’ and ‘difference’ quantities
via ψa = 1

2(ψ1 +ψ2) and ψd = ψ2 −ψ1.
This approach was presented and fully detailed by Ibrahimbegović et al . (1995).

A somewhat different procedure was adopted by Cardona & Géradin (1988), who
advocated an interpolation of the (material) incremental rotations (the rotations
between the last converged configuration and the current deformed configuration)
rather than the total rotations. The total approach is a special case of the incre-
mental approach, where the last converged configuration coincides with the initial
configuration. Indeed, it was shown in Cardona & Géradin (1988) that (4.5) is only a
special case of a more general expression for rotational strains, which is also depen-
dent on a particular reference configuration (in their case this is the last converged
configuration) and on the rotational strains in the reference configuration. In a related
fashion, in the first finite-element formulation of the theory, given by Simo & Vu-Quoc
(1986), the ‘iterative’ rotations (i.e. those between the last known, but not necessar-
ily converged configuration and the current configuration) were interpolated. There
are a number of other differences between these formulations, including the choice
of material or spatial quantities and the choice of additive or multiplicative update,
but so far as the issue of interpolation is concerned, all of these formulations can be
regarded as stemming from the same family, for which the following is valid:

The interpolation is applied to the rotations between a particular reference
configuration and the current configuration.

With hindsight, the nature of this interpolation is bound to make all of these for-
mulations non-objective. The rotations interpolated in this way in general include
rigid-body rotations, so that the error, introduced by the interpolation, makes the
resulting strain measures dependent on the rigid-body rotation. In other words, if
we apply a constant rotation ΛR at nodes 1 and 2, so that the new, ‘rigidly rotated’,
nodal triads Λ1 = exp ψ̂1 and Λ2 = exp ψ̂2 are given via (3.8), interpolate ψ(s)
using (4.3) and compute the corresponding vector of rotational strains from (4.5),
we realize that

κh(ψ1,ψ2,
1
2L) 6= κh(ψ1,ψ2,

1
2L)
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for any genuine three-dimensional rotations. Evidence is given in Appendix Ca.
While the total formulation is not objective, it is path-independent in that the final
solutions are defined by the final configuration only, and are thus independent of the
precise nature of both the incremental and the iterative paths towards convergence.
In contrast, the original iterative formulation of Simo & Vu-Quoc (1986) is not only
non-objective but also dependent on the iterative path towards a converged solution,
while the incremental formulation of Cardona & Géradin (1988) is non-objective and
dependent on the history of incrementation. The path-dependence of these formula-
tions is illustrated in Appendix C b. Other formulations based on the interpolation
of incremental and iterative rotations, such as those due to Jelenić & Saje (1995)
and Jelenić & Crisfield (1998), are also non-objective and path-dependent.

(b) Proposed interpolation procedure

The non-objectivity of the traditional approaches is eliminated if we first compute
the rotation matrix that rotates the rotation matrix at node 1 onto the rotation
matrix at node 2 so that exp ϕ̂12 = Λ2Λ

t
1 and then linearly interpolate the extracted

rotational vector ϕ12 so that

Λ(s) .= Λh(s) = exp
(
s

L
ϕ̂12

)
Λ1.

In practice, it is more convenient to operate with a local rotational vector φ12 (with
components given in the coordinate system defined by Λ1) so that

exp φ̂12 = Λt
1 exp ϕ̂12Λ1 ≡ Λt

1Λ2, (4.6)

while

Λ(s) .= Λh(s) = Λ1 exp
(
s

L
φ̂12

)
. (4.7)

The extraction of φ12 from Λt
1Λ2 can be performed using the Spurrier (1978) algo-

rithm as given by Simo & Vu-Quoc (1986), Appendix B a and Crisfield (1997, § 16.10).
The skew-symmetric matrix of approximated rotational strains is now obtained from
(3.5) as

κ̂h(s) ≡ ΛhtΛh′ = exp
(
s

L
φ̂12

)t

Λt
1Λ1

[
exp
(
s

L
φ̂12

)]′
≡
(
I +

sin((s/L)φ12)
φ12

φ̂12 +
1− cos((s/L)φ12)

φ2
12

φ̂2
12

)t

×
(
I +

sin((s/L)φ12)
φ12

φ̂12 +
1− cos((s/L)φ12)

φ2
12

φ̂2
12

)′
, (4.8)

where φ12 = ‖φ12‖. By observing the similarity between (4.1) and (4.8) and noting
that the former is equivalent to (4.2), equation (4.8) is equivalent to

κh(s)

=
1
L

[
1
φ2

12

(
1− sin((s/L)φ12)

(s/L)φ12

)
φ12φ

t
12+

sin((s/L)φ12)
(s/L)φ12

I− 1− cos((s/L)φ12)
(s/L)φ2

12
φ̂12

]
φ12,
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which, after noting φt
12φ12 = φ2

12 and φ̂12φ12 = 0, provides a remarkably simple
solution

κh(s) =
1
L
φ12, (4.9)

so that, for the proposed two-noded element, we have a constant vector of rotational
strains. More importantly, in contrast to the traditional approaches, this method does
provide objective strain measures in the sense that κh(ψ1,ψ2, s) = κh(ψ1,ψ2, s),
where Λ1 = exp ψ̂1 and Λ2 = exp ψ̂2 are given by (3.8). The proof of this assertion
is given in the following section. In Appendix C c, we use the numerical example
used in Appendix C a, b to show that standard formulations are not objective, to
demonstrate that the proposed formulation is objective.

(c) Objectivity of the new formulation

In order to check the objectivity of the strain measures, approximated by applying
the technique from the previous section, we will superimpose an arbitrary constant
rigid-body translation rR and a rotation ΛR onto the existing configuration at both
nodes via (3.7) and (3.8), and examine how this affects the computed strain measures.
Since Λt

1Λ2 = Λt
1Λ

t
RΛRΛ2 = Λt

1Λ2, the relative rotation between the two nodes,
given by (4.6), does not change as a result of the rigid-body rotation.† Objectivity
of the rotational strain measures then follows immediately from (4.9).

The translational strain measures are equally unaffected by the rigid rotation. For
the present linear interpolation, the approximated translational strain measures in
the original configuration are computed from (3.4), (4.4) and (4.7) as

γh(r1, r2,Λ1,Λ2, s) =
1
L

exp
(
s

L
φ̂12

)t

Λt
1(r2 − r1)−

1
0
0

 .

By applying the rigid-body translation rR and rotation ΛR as mentioned above,
substituting r1, r2 and Λ1 in the above equation with r1, r2 and Λ1 as defined
by (3.7) and (3.8), and bearing in mind that the relative rotation between the two
nodes does not change as a result of the rigid-body rotation, we realize that both
the rigid-body translation and the rigid-body rotation cancel out from the equation
and we obtain

γh(r1, r2,Λ1,Λ2, s) =
1
L

exp
(
s

L
φ̂12

)t

Λt
1(r2 − r1)−

1
0
0

 = γh(r1, r2,Λ1,Λ2, s),

so that the original translational strain measures are preserved.
The simplicity of this proof is a direct consequence of the adopted approximation

for rotations via (4.7), which may be summarized in the following statement.

The interpolation is applied to the relative rotation between the nodes,
which is free from any rigid-body motion.

† Strictly speaking, we have proved that the rotation matrix exp φ̂12 given by (4.6) does not change,
rather than that the relative rotation φ12 itself does not change (the equivalence between the two is
maintained only if φ12 6 π). However, the φ12 employed here is extracted from exp φ̂12, and the properly
performed extraction always provides φ12 6 π (see Jelenić & Crisfield 1998), so the above proof is not
affected.
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5. Objective formulations for general isoparametric finite elements

In the previous section, we proposed a simple objective formulation for two-noded
beam finite element, which features linear interpolation of kinematic fields. In this
section, we will generalize this result to account for isoparametric elements with
an arbitrary number of nodes. This is needed because higher-order elements (in
particular, three-noded elements, with the quadratic interpolation of fields) are often
used due to their higher accuracy and ability to describe curved initial geometries.

(a) General condition for the objectivity of a finite-element formulation

If we want the objectivity properties of the strain measures to be inherited by the
finite-element solution, we need to prove

γh = γh and κh = κh, (5.1)

where the finite-element approximations of the strain measures in the original and
a rigidly displaced configuration, γh, κh, γh and κh, are obtained by introducing
particular finite-element approximations of the field variables in both configurations,
rh, Λh, rh and Λh, into the strain–configuration relationships of the geometrically
exact 3D beam theory (3.4) and (3.5) as

γh = Λhtrh′ −
1

0
0

 , γh = Λhtrh′ −
1

0
0

 , (5.2)

κ̂h = ΛhtΛh′ −Λht
0 Λ

h
0
′ and κ̂h = ΛhtΛh′ −Λht

0 Λ
h
0
′. (5.3)

This is a generalization of the route we pursued in § 4 c and (numerically) in Ap-
pendix C. It is useful to note that in order to assess the objectivity properties of a
formulation, a simple and general objectivity condition may be formulated, which
makes it unnecessary to fully undertake this route. This assertion is the result of the
following.

Proposition 5.1. The objectivity of particular finite-element approximations of
the strain measures γh and κh is equivalent to

rh = ΛR(rR + rh), (5.4)

Λh = ΛRΛ
h, (5.5)

for any constant (rR,ΛR) ∈ R3 × SO(3). The proof is given in Appendix B b.

(b) Formulation based on the interpolation of current local rotations

The simple invariant formulation for geometrically exact beams, proposed in § 4 b
will here be generalized for higher-order elements with N nodes. The interpolation
of the position vector of the centroid axis (4.4) is generalized as

r(s) .= rh(s) = Ii(s)ri,

where the index i is here and throughout the text summational over the number of
nodes N of the element and ri, i = 1, . . . , N , are the nodal values of the unknowns
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of the problem. The shape functions Ii(s), i = 1, . . . , N , are standard Lagrangian
polynomials of degree N − 1, which satisfy the standard conditions,

Ii(sj) = δij ,
N∑
i=1

Ii(s) = 1; i, j = 1, . . . , N.

The finite-element approximation of the rotation matrix Λ, given by (4.7), will be
generalized as

Λ(s) .= Λh(s) = Λr exp Ψ̂ lh(s), (5.6)

with the actual interpolation being applied to the local rotations in the body attached
frame Ψ lh(s) as

Ψ l(s) .= Ψ lh(s) = Ii(s)Ψ l
i , (5.7)

and the reference rotation matrix Λr being fully dependent on ΛI and ΛJ at two
chosen nodes I and J and the fixed constant c ∈ R in the following way:

Λr = ΛI exp(cφ̂IJ),

exp φ̂IJ = Λt
IΛJ −→ φIJ ,

exp Ψ̂ l
i = Λt

rΛi −→ Ψ l
i ; i = 1, . . . , N.

 (5.8)

It can be seen that for a two-noded element (N = 2), the choice of I = 1, J = 2
and c = 0 leads to the formulation given in § 4 b (closer inspection actually shows
that for N = 2 any choice of I, J ∈ {1, 2} and c ∈ R reduces the present solution
to the earlier one). Assessment of this formulation against the objectivity condition,
given in the previous section, is performed in Appendix D a. The objectivity proof is
somewhat more involved than the one given in § 4 c for the two-noded element, but
the path-independence of the formulation is immediately obvious from (5.6)–(5.8),
where no interpolation is hidden in the history of the evolution of Λh.

While both the objectivity and the path-independence of the formulation are sat-
isfied for arbitrary choice of parameters I, J ∈ {1, . . . , N} ⊂ N and c ∈ R it is still
possible to establish some criteria for the optimal choice of these parameters (i.e. for
the optimal choice of the reference triad Λr). Further comments on this subject will
follow in § 6.

It is worth emphasizing a strong link between the proposed procedure and the
‘co-rotational method’ (Crisfield 1990). In the latter, one would start by defining
an ‘element frame’ which is here the equivalent of Λr. Then one would compute
‘local rotations’ with respect to that element frame (here the Ψ l

is). These would
be effectively interpolated using a procedure similar to that in (5.7). However, in
contrast to the current developments, with the co-rotational technique it is important
to choose the element frame (here Λr) to minimize the magnitudes of the local
rotations (here the Ψ l

is). This is necessary because, with the co-rotational approach,
the adopted strain measures are not ‘geometrically exact’ (as here) but rather are
linearized approximations. The current approach is not limited by such concepts and
we can choose Λr for convenience. In particular, with a three-noded element, it makes
sense to choose the central node (see § 6). Despite these differences, there are strong
similarities between the co-rotational formulation and the present formulation and,
in particular, by interpolating ‘local quantities’, both procedures produce strains that
are invariant to a rigid-body rotation.
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(c) Formulation based on the interpolation of incremental local rotations

For certain applications, it may be necessary to use a formulation based on the
interpolation of incremental rotations (similar to those proposed by Cardona &
Géradin 1988). In particular, interpolating incremental rotations appears to be an
indispensable tool in designing energy-conserving dynamical integrators for systems
with 3D rotations (e.g. Simo et al . 1995). As a first step towards introducing the
present objective technique into conserving dynamical integrators for 3D beams, we
here outline the theoretical framework for the objective formulation based on the
interpolation of incremental local rotations.

By applying the rotational decomposition (5.6) at two consecutive increments
n and n + 1, Λn(s) = Λr,n exp Ψ̂ l

n(s) and Λn+1(s) = Λr,n+1 exp Ψ̂ l
n+1(s), and by

noting that Λn(s) and Λn+1(s) are related through the (spatial) rotational vec-
tor ϑ(s) via (Argyris 1982) Λn+1(s) = exp ϑ̂(s)Λn(s), which can be rewritten as
exp ϑ̂(s) = Λn+1(s)Λt

n(s), the rotation matrix of the incremental rotation ϑ(s) can
be expressed as exp ϑ̂(s) = Λr,n+1 exp Ψ̂ l

n+1(s) exp Ψ̂ lt
n (s)Λt

r,n, which gives

Λn+1(s) = Λr,n+1 exp Ψ̂ l
n+1(s) exp Ψ̂ lt

n (s)Λt
r,nΛn(s).

Obviously, by introducing interpolations Ψ lh = IiΨ
l
i for both the local rotations

at increment n and at increment n + 1, the earlier invariant formulation of § 5 b is
restored. In the present incremental formulation, however, we introduce the notion
of incremental local rotations, defined as

exp Θ̂l(s) = exp Ψ̂ l
n+1(s) exp Ψ̂ lt

n (s),

which we interpolate in the standard manner via

Θl(s) .= Θlh(s) = Ii(s)Θl
i, (5.9)

so that the finite-element approximation of the current rotation matrix Λn+1 is
obtained as

Λh
n+1(s) = Λr,n+1 exp Θ̂lh(s)Λt

r,nΛ
h
n(s). (5.10)

Note that this procedure requires the storage, either directly or indirectly, of both
Λr,n and Λh

n(s), with the latter usually being at the numerical integration points.
In order to apply interpolation (5.9), the nodal values of incremental local rotations
are provided from (5.10) as

exp Θ̂l
i = Λt

r,n+1Λi,n+1Λ
t
i,nΛr,n −→ Θl

i; i = 1, . . . , N, (5.11)

with Λr,n and Λr,n+1 being previously provided by using (5.8)1 and (5.8)2 at incre-
ments n and n+ 1.

The objectivity of the formulation is proved in Appendix D b. However, unlike the
total formulation of § 5 b, the present incremental formulation does depend on the
history of deformation. Its use is therefore recommended only with techniques that
are path-dependent in any case, such as, for instance, the time-stepping techniques
in structural dynamics.

6. Notes on the choice of reference triad Λr

The reference triad Λr, which is dependent on parameters I, J ∈ {1, . . . , N} ⊂ N
and c ∈ R, should be chosen according to the following criteria:
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1. The formulation must be unaffected by the actual orientation of the particular
isoparametric beam element (with equidistant element nodes) within the finite-
element mesh. In other words, the results of a particular problem in which
the element nodes 1 and N correspond to some structural nodes A and B,
respectively, must remain the same if the element topology is changed so that
the element node 1 corresponds to the structural node B and the element
node N corresponds to the structural node A. We may say that we want the
formulation to be ‘invariant to node-numbering’.

2. The extraction of the relative rotation φIJ between the nodes I and J , and the
total (or incremental) nodal local rotations Ψ l

i (or Θl
i) i = 1, . . . , N , should be

given particular attention—no rotation larger than π can be uniquely extracted
from a rotation matrix, so it makes sense to state from the outset that these
rotations are within that range.

In order to meet these criteria, we set-up the parameters I, J and c in the following
way:

(i) Criterion 1 naturally leads to setting-up Λr as a sort of ‘midway’ triad between
two ‘symmetric’ nodes. For even-noded elements, this implies I + J = N + 1
and c = 1

2 . For odd-noded elements this implies either the same as for the even-
noded elements or I = J = 1

2(N + 1) and c = 0. Since for I = J parameter c
plays no role (see (5.8)1,2), it can be set-up as c = 1

2 , and for both types of
elements criterion 1 reads

I + J = N + 1 and c = 1
2 . (6.1)

(ii) Criterion 2 requires that the rotations that undergo extraction from rotation
matrices (marked as long arrows in (5.8)2,3 and (5.11)) be less than π in mag-
nitude. Since extraction of Ψ l

i (or Θl
i) i = 1, . . . , N depends on the extraction

of φIJ , we firstly analyse the latter. For I = J , φIJ is guaranteed to be zero.
Further to (i), this is applicable to odd-noded elements, hence for these ele-
ments I = J and (6.1) together define the optimal choice of parameters I
and J as I = J = 1

2(N + 1), which means fixing the reference triad Λr at
the central node. For even-noded elements, I 6= J , and φIJ will in general be
smaller if I and J are adjacent nodes, so that the optimal choice of parameters
is given by (6.1) and (I − J)2 = 1. This leads to the reference triad Λr, which
is placed halfway between the two central nodes. For both types of elements,
these requirements and (6.1) may be expressed in a unique form by introducing
an integer function ‘int’, defined on R, which returns the whole (integer) part
of the argument, so that we obtain

I = int(1
2(N + 1)), J = int(1

2(N + 2)) and c = 1
2 . (6.2)

(iii) Equation (6.2) gives the general solution for the optimal choice of parameters
I, J and c. As a special case, it can be shown that for any choice of I, J
and c, the formulation based on the linear interpolation (N = 2) of total local
rotations, which was previously considered in § 4 b, provides a unique solution.
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7. Conclusions

Many of today’s finite-element formulations for 3D beams are based on a geometri-
cally exact theory that is derived directly from the resultant forms of the differential
equations of equilibrium. The paper has demonstrated that these formulations do
not satisfy the property of objectivity of strain measures with respect to rigid-body
rotations. The problem can be tracked down to the choice of rotational variables to
be interpolated within the finite-element framework. In particular, all of the current
procedures interpolate the rotations between a chosen reference configuration and
the current configuration and differ in whether the actual interpolation is applied to
iterative, incremental or total rotations. It has been shown that

(i) the formulation based on the interpolation of the total rotations between the
initial and the deformed configuration is non-objective, and

(ii) the formulations based on the interpolation of either incremental or iterative
rotations are non-objective and path-dependent.

In order to circumvent the problem, we have proposed a method in which inter-
polation is applied to a particular choice of local rotations. In this way, we have laid
the foundations for

(iii) an objective and path-independent formulation based on the interpolation of
total local rotations with respect to a chosen reference frame, capable of accom-
modating total local rotations of magnitude not larger than π for a suitably
based reference frame, and

(iv) an objective but path-dependent formulation based on the interpolation of
incremental local rotations with respect to a chosen reference frame, capable
of handling incremental local rotations of magnitude not larger than π; due
to its path-dependence, this formulation should only be used for providing the
finite-element framework for path-dependent problems.

Work is in progress on the numerical implementation of formulation (iii) in relation
to both statics and dynamics. The potential of formulation (iv) in energy–momentum
conserving dynamics is also being investigated.

This work has been financially supported by the Engineering and Physical Sciences Research
Council.

Appendix A. Derivation of the strain–configuration relationships
in the geometrically exact 3D beam theory

For the present purposes, it suffices to assume that the deformation from the initial
to the deformed configuration is caused by distributed external forces and torques f
and t. The differential equilibrium equations of the beam are given as (e.g. Reissner
1973, eqn 2; Simo 1985, eqn 3.3)

n′ + f = 0 and m′ + r′ × n+ t = 0,

where n and m are the vectors of (spatial) internal forces and moments acting over
the cross-section at s. While the strain–configuration relationships can be derived

Proc. R. Soc. Lond. A (1999)



1140 M. A. Crisfield and G. Jelenić

from the above equilibrium equations as they stand, they would be obtained in the
spatial form (see Simo 1985, proposition 4.1; Ibrahimbegović 1994, proposition 3.4),
which is less appropriate for studying the problems of invariance—an intrinsically
material concept. By noting that the material and the spatial setting of a problem
are related via pull-back/push-forward mappings with the orthogonal transformation
Λ ∈ SO(3) (see Marsden & Hughes 1994), we introduce the material vectors of
internal forces and moments (Simo 1985),

N = Λtn and M = Λtm, (A 1)
which correspond to the classical notion of stress and stress-couple resultants over a
cross-section, and recast the above differential equilibrium equations as

(ΛN)′ + f = 0, (A 2)

(ΛM)′ + r′ ×ΛN + t = 0. (A 3)
As indicated in § 3 b, in the geometrically exact beam theory we derive the strain–
configuration relationships by enforcing the equivalence between the differential
equations (A 2)–(A 3) and the equality of virtual work for the internal and exter-
nal forces over a segment [s1, s2] ⊂ 〈0, L〉. The virtual work equation is given as (see
Reissner 1972, 1973, 1981)∫ s2

s1

(δγtN + δκtM) ds =
∫ s2

s1

(δrtf + δωtt) ds+ [δrtn+ δωtm]s2s1 , (A 4)

where δγ and δκ are (material) virtual strain measures, which are work-conjugate to
the stress and stress-couple resultants N and M , while δr and δω are virtual dis-
placements and rotations, i.e. the kinematically admissible and infinitesimally small
perturbations of the configuration C = (r,Λ). The definition of a kinematically
admissible perturbation of the orthogonal triad attached to a cross-section by δω
relies on recognizing the equivalence relationship v×w = v̂w ∀w ∈ R3 between any
element v of a 3D vector space R3 endowed with a cross product operation and any
element v̂ of a Lie algebra so(3) (which is the skew-symmetric matrix defined earlier
in (3.6)). In this way, the kinematically admissible perturbation of Λ ∈ SO(3) by
δω̂ ∈ so(3), denoted by Λε ∈ SO(3), is defined through the standard exponential
mapping between Lie algebras and Lie groups as Λε = exp(εδω̂)Λ, ∀ε ∈ R and its
infinitesimally small change is computed through the directional derivative along δω̂
as (Simo & Vu-Quoc 1986)

δΛ =
d
dε

∣∣∣∣
ε=0
Λε = δω̂Λ. (A 5)

By following Reissner (1972, 1973), we express the distributed external forces and
torques from differential equations (A 2) and (A 3) in terms of the stress resultants
and the stress-couple resultants and insert them into the virtual work equation (A 4).
After performing integration by parts on terms with (ΛN)′ and (ΛM)′ and making
use of (A 1) and r′×ΛN = r̂′ΛN , the boundary terms cancel out and the remaining
equation ∫ s2

s1

(δγt − δr′tΛ+ δωtr̂′Λ)N ds+
∫ s2

s1

(δκt − δω′tΛ)M ds = 0

is non-trivially satisfied only for
δγ = Λt(δr′ + r̂′δω) and δκ = Λtδω′.
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These virtual relations are easily integrated. By using (A 5) we obtain

δγ = Λtδr′ +Λtδω̂tr′ = Λtδr′ + δΛtr′ = δ(Λtr′) (A 6)

and by using identities Λ̂v = Λv̂Λt ∀ v ∈ R3, Λ ∈ SO(3) and v̂ = −v̂t ∀ v̂ ∈ so(3)
we have

δκ̂ = Λtδω̂′Λ = Λt(δω̂Λ)′ −Λtδω̂Λ′ = ΛtδΛ′ + δΛtΛ′ = δ(ΛtΛ′). (A 7)

Remembering that the initial configuration is undeformed (i.e. unstrained) and mak-
ing use of (3.1), (3.2), and G0,1(s) = Λ0(s)E1, equations (A 6) and (A 7) are inte-
grated to give the required strain–configuration relationships

γ = Λtr′ −
1

0
0

 and κ̂ = ΛtΛ′ −Λt
0Λ
′
0.

These equations and their spatial counterparts appear to have been first derived by
Simo (1985, eqns 4.8b and 4.1b) (see also Simo & Vu-Quoc 1986, tables 1 and 2,
and Simo et al . 1995, eqn (20)), who used the rate of change of energy over time
rather than the virtual work. The approach used here corresponds to remark 4.5 in
Simo (1985). It must be noted that neither the virtual rotation δω used here, nor
the originally used rate of change of the rotation over time ω̇, implies the existence
of any ‘ω’ (see also Reissner 1981, p. 735).

Appendix B. Proofs of propositions 3.1 and 5.1

(a) Proof of proposition 3.1

By starting with the definition (3.4), the translational strains γ at configuration
C = (r,Λ) are computed as

γ = Λtr′ −
1

0
0

 .

After inserting (3.7) and (3.8) we obtain

γ = ΛtΛt
R[ΛR(rR + r)]′ −

1
0
0

 = ΛtΛt
RΛ
′
R(rR + r) +ΛtΛt

RΛR(r′R + r′)−
1

0
0

 .

Since ΛR and rR are constant, it follows that Λ′R = 0 and r′R = 0, so by noting that
Λt

RΛR = I the above equation reduces to

γ = Λtr′ −
1

0
0

 = γ.

Similarly, for the rotational strain measures (3.5),

κ̂ = ΛtΛ′ −Λt
0Λ
′
0 = ΛtΛt

RΛ
′
RΛ+ΛtΛt

RΛRΛ
′ −Λt

0Λ
′
0 = ΛtΛ′ −Λt

0Λ
′
0 = κ̂,

which proves part (i) of the proposition. The strain measures γ and κ depend only
on the current configuration C = (r,Λ). This makes them independent of the history
of deformation and proves part (ii) of the proposition.
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(b) Proof of proposition 5.1

We start by proving κh = κh ⇒ Λh = ΛRΛ
h. Inserting (5.3) into (5.1)2 gives

ΛhtΛh′ = ΛhtΛh′. (B 1)

Since Λh,Λh ∈ SO(3), there exist Λ∗,Λ? ∈ SO(3) so that

Λh = Λ∗ΛhΛ?. (B 2)
Equations (B 1) and (B 2) imply

Λ?
t
ΛhtΛ∗

t
(Λ∗′ΛhΛ? +Λ∗Λh′Λ? +Λ∗ΛhΛ?′) = ΛhtΛh′,

which is valid only for Λ? = I and Λ∗ = const. The latter requirement means that
Λ∗ is a rigid-body rotation, so the solution (B 2) is equivalent to (5.5), which proves
that κh = κh ⇒ Λh = ΛRΛ

h. The reverse implication and hence the equivalence
between (5.1)2 and (5.5) is proved by inserting (5.5) into (5.3)2 and showing that
the latter becomes equal to (5.3)1. Note that these implications are valid for (5.1) or
(5.4) and (5.5) being satisfied along the whole domain [0, L]. In particular, satisfying
(5.5) only at specific points does not imply the rotational strain invariance (5.1)2 at
these points.

The first part of the proposition is proved in a similar way. Inserting (5.2) into
(5.1)1 gives

Λhtrh′ = Λhtrh′,

which upon the introduction of (5.5) becomes

ΛhtΛt
Rr

h′ = Λhtrh′.
Since ΛR is a constant rotation, the above reduces to the differential equation rh′ =
(ΛRr

h)′, with the solution

rh = ΛRr
h + c; ∀c ∈ R3 | c = const. (B 3)

The constant vector c in (B 3) can be expressed in terms of the arbitrary rigid motion
(rR,ΛR) as c = ΛRrR, which leads to (5.4) and proves that γh = γh and

κh = κh ⇒ rh = ΛR(rR + rh).
Inserting (5.4) and (5.5) into (5.2)2 proves the reverse implication.

Appendix C. Numerical results

(a) Traditional implementation (total form): demonstration of non-objectivity

Let us take particular values,

ψ1 =

 1
−0.5
0.25

 , ψ2 =

−0.4
0.7
0.1

 , ψR =

 0.2
1.2
−0.5

 ,

where ψR is associated with the constant rotation ΛR via ΛR = exp Ψ̂R, and assume
L = 1. For the initial computation we omit the superimposed rigid-body rotation
and compute

ψa = 1
2(ψ1 +ψ2) =

 0.3
0.1

0.175

 and
1
L
ψd =

1
L

(ψ2 −ψ1) =

 −1.4
1.2
−0.15

 ,
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which, after insertion into (4.5), gives

κh(ψ1,ψ2,
1
2L) =

−1.2746
1.2676
−0.4035

 .

We now repeat the computations, having first superimposed the rigid-body rotation
on the nodal rotation matrices so that, from Λ1 = ΛRΛ1 and Λ2 = ΛRΛ2, we
extract the rotational vectors (see Spurrier (1978), Simo & Vu-Quoc (1986), and
Crisfield (1997) for the actual algorithm to extract the rotational vector from a
rotation matrix)

ψ1 =

 1.0015
0.3468
−0.8372

 and ψ2 =

 0.0885
1.9332
−0.0819

 .

Interpolation to the centre of the element (s = 1
2L) then gives

ψa =

 0.545
1.14

−0.45955

 and
1
L
ψd =

−0.9130
1.5864
0.7553


which, after inserting into (4.5), gives

κh(ψ1,ψ2,
1
2L) =

−1.2640
1.3137
−0.3375

 .

Clearly, κh(ψ1,ψ2,
1
2L) 6= κh(ψ1,ψ2,

1
2L) and the underlying finite-element for-

mulation is non-objective.

(b) Traditional implementation (incremental form): a demonstration of
path-dependence

To illustrate the path-dependence of the incremental formulations (here this term
includes both the formulation based on the interpolation of incremental rotations due
to Cardona & Géradin (1988) and the formulation based on the interpolation of iter-
ative rotations due to Simo & Vu-Quoc (1986)), we take the data from Appendix C a
and apply the rotations ψ1, and ψ2 in two different steps via ψ1 = ϑ1 + θ1, and
ψ2 = ϑ2 + θ2 with particular values,

ϑ1 =

 0.775
−0.3875
0.19375

 , θ1 =

 0.225
−0.1125
0.05625

 , ϑ2 =

−0.16
0.28
0.04

 , θ2 =

−0.24
0.42
0.06

 ,

which in the first step gives the following interpolations to the centre of element

ϑa =

 0.3075
−0.05375
0.116875

 and
1
L
ϑd =

 −0.935
0.6675
−0.15375

 ,

with

Λh(ϑ1,ϑ2,
1
2L) = exp ϑ̂a =

 0.9830 −0.1309 0.1288
0.1640 0.9413 −0.2951
−0.0826 0.3111 0.9468


Proc. R. Soc. Lond. A (1999)
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and

κh(ϑ1,ϑ2,
1
2L) =

−0.9006
0.6890
−0.2343

 .

In the second step, we have

θa =

−0.0075
0.15375
0.058125

 and
1
L
θd =

−0.465
0.5325
0.00375

 .

The vector of final rotational strains follows from the incremental form of (4.5), which
reads (Jelenić & Saje 1995; Ibrahimbegović et al . 1995)

κh(ϑ1,ϑ2,θ1,θ2,
1
2L) = κh(ϑ1,ϑ2,

1
2L)

+Λht(ϑ1,ϑ2,
1
2L)

1
L

[
1
θ2

a

(
1− sin θa

θa

)
θaθ

t
a +

sin θa

θa
I +

1− cos θa

θ2
a

θ̂a

]
θd

as

κh(ϑ1,ϑ2,θ1,θ2,
1
2L) =

−1.2887
1.2518
−0.4128

 ,

which is different from κh(ψ1,ψ2,
1
2L), obtained in Appendix C a using a different

deformation history.

(c) Proposed implementation: a demonstration of objectivity

We repeat the example from Appendix C a using the new formulation. Due to

Λt
1Λ2 = exp ψ̂t

1 exp ψ̂t
R exp ψ̂R exp ψ̂2 = exp ψ̂t

1 exp ψ̂2 = Λt
1Λ2,

equations (4.6) and (4.9) result in

κh(Λ1,Λ2, s) = κh(Λ1,Λ2, s) =

−1.263 825 266 688 60
1.271 015 367 499 35
−0.422 941 202 531 96

 ,

so that the rotational strain measures at any value of the arc-length parameter s are
objective.

Appendix D. Objectivity of general isoparametric formulations

(a) Objectivity of formulation based on interpolation of total local rotations

By superposing a constant motion (rR,ΛR) at s = si; i = 1, . . . , N via

ri = ΛR(rR + ri)

the validity of (5.4) for all s ∈ [0, L] is immediately seen through

rh = Iiri = Ii[ΛR(rR + ri)] = ΛR(rR + Iiri) = ΛR(rR + rh).

By superposing a constant rotation ΛR at s = si; i = 1, . . . , N via Λi = ΛRΛi, Λh

on the left-hand side of (5.5) is expanded using (5.6) and (5.8)1 as

Λh = Λr exp Ψ̂ lh = ΛI exp(cφ̂
IJ

) exp Ψ̂ lh. (D 1)
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Following the same arguments as in § 4 c, we conclude that φ
IJ

= φIJ , so that with
the aid of (5.8)1 equation (D 1) becomes

Λh = ΛI exp(cφ̂IJ) exp Ψ̂ lh = ΛRΛI exp(cφ̂IJ) exp Ψ̂ lh = ΛRΛr exp Ψ̂ lh. (D 2)

The last factor in (D 2) will be equal to exp Ψ̂ lh if Ψ lh = Ψ lh (i.e. if Ψ l
i = Ψ l

i ;
i = 1, . . . , N), so following earlier arguments on the limitations of the extraction of
rotational vectors from rotation matrices (see footnote in § 4 c), the above is implied
by the requirement exp Ψ̂ l

i = exp Ψ̂ l
i ; i = 1, . . . , N . Hence, following (5.8)3 and (5.8)1

we obtain
exp Ψ̂ l

i = Λt
rΛi = exp(cφ̂

IJ
)tΛt

IΛi

= exp(cφ̂IJ)tΛt
IΛ

t
RΛRΛi = [ΛI exp(cφ̂IJ)]tΛi = Λt

rΛi = exp Ψ̂ l
i .

Consequently, Ψ l
i = Ψ l

i ; i = 1, . . . , N and hence Ψ lh = Ψ lh, so (D 2) becomes

Λh = ΛRΛr exp Ψ̂ lh = ΛRΛ
h,

which shows that the new formulation maintains equation (5.5).
Since equations (5.4) and (5.5) are maintained, it follows from proposition 5.1

that the general isoparametric formulation based on the interpolation of total local
rotations provides the required objective approximated strain measures.

(b) Objectivity of formulation based on interpolation of incremental local rotations

We prove the objectivity of the incremental formulation in the sense
Λh
n+1 = ΛR,n+1Λ

h
n+1, (D 3)

where ΛR,n+1 is the share of the total rigid rotation ΛR to be applied, that has
been accumulated in n+ 1 increments and not the incremental amount of the total
rigid rotation applied between configurations n and n + 1. Note that the initial
configuration is constant so Λh

0 = Λh
0 and ΛR,0 = I. As before, we assume that (D 3)

is valid at nodes, i.e.
Λn+1,i = ΛR,n+1Λn+1,i; i = 1, . . . , N. (D 4)

Expressing the left-hand side of (D 3) in terms of definition (5.10),

Λh
n+1 = Λr,n+1 exp Θ̂

lh
Λt

r,nΛ
h
n,

and using (5.8)1 at increments n and n+ 1 gives

Λh
n+1 = ΛI,n+1 exp(cφ̂

IJ,n+1
) exp Θ̂

lh
exp(cφ̂

IJ,n
)tΛt

I,nΛ
h
n.

By following the same arguments as in § 4 c we prove φ
IJ

= φIJ at both increments
n and n+ 1, so by using (D 4) and (5.8)1, the previous equation turns into

Λh
n+1 = ΛR,n+1Λr,n+1 exp Θ̂

lh
Λt

r,nΛ
t
R,nΛ

h
n. (D 5)

Next, we concentrate on the third factor in the right-hand side of (D 5) and note
from (5.11) that φ

IJ
= φIJ implies Θl

i = Θl
i; i = 1, . . . , N , hence using the adopted

interpolation (5.9) we have Θlh = Θlh, which transforms (D 5) into

Λh
n+1 = ΛR,n+1Λr,n+1 exp Θ̂lhΛt

r,nΛ
t
R,nΛ

h
n. (D 6)

The rest of the proof of objectivity of the incremental formulation is based on the
mathematical induction:
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(i) If (D 3) is proved to be valid for n = 0 and

(ii) is assumed to be valid for n = k − 1 and

(iii) is proved to be valid for n = k under the assumption (ii),

then (D 3) is valid for any n ∈ N .

(i) Equation (D 6) for n = 0 reads (use has been made of the finite-element approx-
imation for incremental formulation (5.10) and of ΛR,0 = I and Λh

0 = Λh
0)

Λh
1 = ΛR,1Λr,1 exp Θ̂lhΛt

r,0Λ
t
R,0Λ

h
0 = ΛR,1Λr,1 exp Θ̂lhΛt

r,0Λ
h
0 = ΛR,1Λ

h
1 ,

which proves the objectivity requirement (D 3) for n = 0.

(ii) Equation (D 3) is assumed to be valid for n = k − 1, i.e. Λh
k = ΛR,kΛ

h
k.

(iii) Equation (D 6) for n = k, and under assumption (ii) for the finite-element
approximation (5.10), reads

Λh
k+1 = ΛR,k+1Λr,k+1 exp Θ̂lhΛt

r,kΛ
t
R,kΛR,kΛ

h
k

= ΛR,k+1Λr,k+1 exp Θ̂lhΛt
r,kΛ

h
k = ΛR,k+1Λ

h
k+1,

which proves the objectivity requirement for increment k+1 if the same require-
ment is valid for increment k. Since it has been proved that the objectivity
requirement is satisfied for the first increment, it follows that it is also satisfied
for any increment k ∈ [1, n] ⊂ N ∀ n ∈ N . Hence, further to proposition 5.1,
the incremental formulation based on the finite-element approximations (5.9)–
(5.11) and (5.8)1,2 is objective for any sequence of incremental constant rota-
tions.
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