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Abstract

In the interference scheduling problem, one is given a set of n communication requests described by pairs of
points from a metric space. The points correspond to devices in a wireless network. In the directed version
of the problem, each pair of points consists of a dedicated sending and a dedicated receiving device. In the
bidirectional version the devices within a pair shall be able to exchange signals in both directions. In both
versions, each pair must be assigned a power level and a color such that the pairs in each color class can
communicate simultaneously at the specified power levels. The feasibility of simultaneous communication
within a color class is defined in terms of the Signal to Interference Plus Noise Ratio (SINR) that compares
the strength of a signal at a receiver to the sum of the strengths of other signals. This is commonly referred
to as the “physical model” and is the established way of modelling interference in the engineering community.
The objective is to minimize the number of colors as this corresponds to the time needed to schedule all
requests.

We study oblivious power assignments in which the power value of a pair only depends on the distance
between the points of this pair. We prove that oblivious power assignments cannot yield approximation ratios
better than Q(n) for the directed version of the problem, which is the worst possible performance guarantee
as there is a straightforward algorithm that achieves an O(n)-approximation. For the bidirectional version,
however, we can show the existence of a universally good oblivious power assignment: For any set of n
bidirectional communication requests, the so-called “square root assignment” admits a coloring with at most
polylog(n) times the minimal number of colors. The proof for the existence of this coloring is non-constructive.
We complement it by an approximation algorithm for the coloring problem under the square root assignment.
This way, we obtain the first polynomial time algorithm with approximation ratio polylog(n) for interference
scheduling in the physical model.
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1 Introduction

Signals sent by different sources in multipoint radio networks need to be coordinated as simultaneously transmitted
signals interfere with each other. If too many signals are sent at the same time in the same region of the network
then none of them might get through because the interference is too high. Signals might get scheduled
simultaneously, however, if they are exchanged in network regions that are sufficiently far apart so that the
interference is relatively low. In order to achieve a good throughput one needs to schedule the signals carefully.
The Media Access Control (MAC) layer is responsible for this important task in today’s wireless communication
networks. It provides single-hop full-duplex communication channels in multipoint networks to higher layers of
the protocol stack. In this paper, we study the task of the MAC layer from an algorithmic point of view. We
investigate scheduling algorithms that provide a set of channels between specified pairs of nodes in a wireless
network.

Most previous theoretical work (see, e.g., [11, 14, 8]) about scheduling signals or packets in radio networks
resort to graph based vicinity models of the following flavour. Two nodes in the radio network are connected by
an edge in a communication graph if and only if they are in mutual transmission range. Interference is modelled
through independence constraints: If a node u transmits a signal to an adjacent node v, then no other node
in the vicinity of v, e.g. in the one- or two-hop neighborhood, can transmit. The problem with this modelling
approach is that it ignores that neither radio signals nor interference ends abruptly at a boundary.

Some recent theoretical studies [12, 13, 2, 3] use a more realistic model, the so-called physical model, which
is well-accepted in the engineering community. It is assumed that the strength of a signal diminishes with the
distance from its source. More specifically, let §(u, v) denote the distance between the nodes u and v. The loss
between u and v is defined as £(u,v) = §(u,v)*, where a > 1 is parameter of the model, the so-called path-loss
exponent.! A signal sent with power p by node u is received by node v at a strength of p/f(u,v). Node u can
successfully decode this signal if its strength is relatively large in comparison to the strength of other signals
received at the same time. This constraint is described in terms of the Signal to Interference plus Noise Ratio
(SINR) being defined as the ratio between the strength of the signal that shall be received and the sum of the
strengths of signals simultaneously sent by other nodes (plus ambient noise). For successfully receiving a signal,
it is required that the SINR is at least § with 8 > 0 being the second parameter of the model, the so-called gain.

In a seminal work [12], Moscibroda and Wattenhofer posted the following problem regarding the physical
model: Assume that we are given a set of directed links between pairs of nodes that indicate communication
requests. How much time is required to schedule all these requests? In this paper, we extend their question
towards bidirectional communication requests. In fact, we believe that the bidirectional variant of this problem
might be of greater practical relevance as it is the theoretical analog of providing full-duplex communication
channels on the MAC layer.

In the interference scheduling problem one is given a set of n communication requests each consisting of a pair
of points in a metric space. Each pair shall be assigned a power level and a color such that the pairs in each color
class can communicate simultaneously at the specified power. The feasibility of simultaneous communication
within a color class is described by SINR constraints. We distinguish an unidirectional and a bidirectional version
of the problem, depending on whether each pair of nodes consists of a sending and a receiving device or both
nodes shall be able to exchange signals in both directions. The exact formulation of the SINR constraints for the
undirected and the bidirectional variant can be found in Section 1.1. The objective is to minimize the number
of colors, which corresponds to minimizing the time needed to schedule all communication requests. It can be
shown via a reduction from 3-Partition that both variants of this problem are strongly NP-hard. We thus seek
approximation algorithms.

The interference scheduling problem consists of two correlated subproblems: the power assignment and the
coloring. By far the most literature about MAC layer protocols focuses on scheduling with uniform power
assignment, in which all pairs send at the same power (see, e.g., [6, 15, 9]). In other studies, a linear power
assignment is considered, in which the power level for a pair (u,v) is chosen proportional to the loss ¢(u,v).
These are examples of oblivious power assignments which means the power level assigned to a pair is defined as a
function of the loss (or the distance) between the nodes of a pair. The advantage of oblivious power assignments
is their simplicity which allows for an immediate implementation in a distributed setting.

1.1 Formal description of the interference scheduling problem

Let the path loss exponent o > 1 and the gain 8 > 0 be fixed. Let V' be a set of nodes from a metric space. Let
0(u,v) denote the distance between two nodes u and v. The loss between u and v is defined as £(u,v) = §(u, v)*.

IDepending on the environment, it is usually assumed that o has a value between 2 and 5. Our analysis holds for any constant
a>1.



One is given a set of n requests consisting of pairs (u;,v;) € V2. For every i € [n] := {1,...,n}, one needs to
specify a power level p; > 0 and a color ¢; € [k] := {1, ..., k} such that the number of colors, k, is minimized and
the pairs in each color class satisfy the following SINR constraints that depend on the specific variant of the
problem.

In the directed variant, for every ¢ € [n], it must hold that
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where v > 0 expresses ambient noise. In words, for every receiver v; the strength of the signal received from the
corresponding sender u; needs to be at least as large as 3 times the sum of the strengths of the signals received
from all other senders of the same color plus the noise.
In the bidirectional variant of the problem, for every i € [n] and w € {u;,v;}, it must hold that
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In words, for each of the two nodes from a request (u;,v;) the strength of the signal received from the
communication partner needs to be as least as large as § times the sum of the strengths of the signals sent
between other communication partners plus the noise.

Note that this definition implicitly assumes that the communication within a pair follows some unknown
protocol ensuring that the signals within a pair do not overlap, as only one end-point of a pair contributes to the
interference at another node. Alternatively, one can assume that signals within a pair might overlap. This would
increase the interference at other nodes at most by a factor of two. Our results are robust against changes of the
interference by constant factors. The relevance of this model in comparison to the directed variant is discussed in
Section 6.

The above definition of the problem is derived from modelling interferences via SINR constraints which is the
established approach within the engineering community. For our analysis we neglect the ambient noise in the
above model, that is, we assume v = 0 and satisfy the SINR constraints with “>” rather than “>”. Observe that,
under this assumption, any feasible schedule remains feasible when all power levels are multiplied by the same
positive factor. Moreover, one can transform a schedule that is feasible under this assumption into a schedule
that is feasible for any v > 0 by multiplying all power levels by a sufficiently large factor. Of course, this might
cause problems in practice as it might lead to a high energy requirement. However, this aspect is beyond our
analysis.

Finally, let us formally define that a power assignment is called oblivious if there is a function f: Rsg — Rsg
such that, for every i € [n], p; = f(£(u;,v;)).

1.2 Our contribution

The question that we study is whether oblivious power assignments are not only easy to implement but also
efficient with respect to the number of colors (time steps) that they require in comparison to an optimal schedule.
Our answer to this question is different depending on whether one considers the directed or bidirectional version
of the problem:

e For any oblivious power assignment p, there exists an instance with n directed communication requests
needing Q(n) colors when using p, but only one color when using a different power assignment. That is,
oblivious power assignments cannot yield approximation ratios better than n for the directed interference
scheduling problem, which corresponds to the worst possible performance guarantee.

e In contrast, there exists a universally good oblivious power assignment for the bidirectional version of the
problem: The square root power assignment sets the power level for a pair (u,v) equal to \/£(u,v). We
prove that this assignment admits a coloring with at most polylog(n) times the minimal number of colors,
for any set of n bidirectional communication requests.

The negative result for the directed variant is shown by specifying family of request pairs on the line. That is, this
result holds already for one-dimensional Euclidean space. In contrast, the positive result about the bidirectional
variant holds for request pairs from every metric space.



Let us try to give some intuition about what is the secret behind the square root power assignment. Consider
n bidirectional communication requests on the line with u; = —2° and v; = 2°. It is not difficult to see that
the uniform assignment allows to execute only O(1) of these nested requests simultaneously as the signals sent
between outer pairs are drowned by the signals sent between inner pairs. (The exact number of requests that can
be scheduled at the same time depends on the choices for @ and §.) Similarly, also the linear assignment allows
to schedule only O(1) requests simultaneously since now outer pairs disturb inner pairs. The same is true for any
superlinear power assignment, too. The square root assignment, however, allows to schedule a constant fraction
of the requests simultaneously as it balances the interference in the right way. Our analysis shows that this kind
of balancing effect does not only exist for the line but it is present in any metric space.

The proof for the existence of the coloring in the bidirectional case relies on simulating general metrics by
tree metrics and then, as a next step, decomposing tree metrics into star metrics in an hierarchical manner.
This existence proof is non-constructive. We make our result constructive by additionally giving an efficient
approximation algorithm for the coloring problem under the square root assignment. This way, we obtain the
first polynomial time algorithm with approximation ratio polylog(n) for interference scheduling in the physical
model.

1.3 Related Work

The first theoretical studies about interference scheduling in the physical model focus on topologies generated by
placing nodes randomly in two-dimensional Euclidean space, see, e.g., [7, 1, 10].

The study of interference scheduling with respect to arbitrary topologies has been initiated by Moscibroda
and Wattenhofer [12]. They present the first analysis of the directed interference scheduling problem. However,
they cannot handle general request sets but only specific kinds of sets. In particular, they study the question of
how many time slots (colors) are needed to schedule a set of communication requests ensuring strong connectivity
among n points placed arbitrarily in two-dimenisonal Euclidean space. On the one hand, they prove that there
are configurations requiring 2(n) colors when using either uniform or linear power assignments. On the other
hand, they show that O(log4 n) colors are sufficient to ensure strong connectivity when choosing the right power
assignment. This assignment is quite involved and non-oblivious.

The first study for general request sets is presented by Moscibroda et al. in [13]. They prove that every
set of n directed requests can be scheduled using O(I;, - log;2 n) colors, where I, is a certain static interference
measure depending on the instance. This result enables them to improve the bound for strong connectivity from
O(log4 n) to O(log3 n). However, it does not give any approximation guarantee for general request sets since I,
can deviate by a factor that is as large as Q(n) from the optimal number of colors.

Chafekar et al. [2, 3] study a multi-hop version of the interference scheduling problem on two-dimensional
Euclidean instances, that is, they additionally consider the aspect of routing on top of the tasks power assignment
and coloring. The considered power assignment is restricted, that is, it is assumed that power levels must be
chosen from a specified interval [pmin, Pmax]. The objective in [2] is to minimize the end-to-end latency, while
[3] aims at maximizing throughput. When breaking down the approach in [2] to the directed version of the
single-hop interference problem, it yields a schedule using O(opt’ - polylog(n, A, T')) colors where opt’ denotes the
minimal number of colors needed for a schedule with slightly smaller power range [pmin, (1 — €)Pmax], I’ denotes
the ratio between ppax and pmin, and A denotes the aspect ratio, i.e., the ratio between maximum and minimum
distance over all pairs of nodes. In a recent work, Fanghénel et al. [4] improve on this result and achieve an
approximation factor of order O(lognlog A). Let us remark that the dependence on the aspect ratio cannot be
avoided by both of these approaches as the presented algorithms employ the linear power assignment which,
without taking into account other parameters than n, cannot achieve an approximation ratio better than Q(n).

2 Oblivious Power Assignments under Directed Constraints

We already stated in the unidirectional case any oblivious power assignment can have bad performance when
compared to an optimal scheme. To prove this we construct a family of instances for a given function f such
that using f requires at least Q(n) colors or schedule steps while an optimum power assignment needs only O(1)
rounds.

Theorem 1. Let f: Ryg — Ry be any oblivious power assignment function. For the unidirectional model there
exists a family of instances on a line that requires Q(n) colors when scheduling with the powers defined by f
whereas an optimal schedule has constant length.



Proof (sketch). We distinguish three cases. In the first case, we assume that f is asymptotically unbounded, that
is, for every ¢ > 0 and every zy > 0 there exists a value z > zo with f(z) > c.

We consider the following family of instances as illustrated in Figure 1. They consist n pairs (u;, v;), with
distances x; between two nodes of a pair and yy; between neighboring pairs. Depending on 3, we choose x as a
suitable constant that is large enough to get along with different values of 3.

Formally, this kind of instance can be defined by uy,v1,...,u,, v, € R such that

0 ifi=1
U; = . and V; = U + x;.
v;—1 + xy; otherwise

We now define the distances x; and y; between the nodes recursively depending on the function f:

Y = 2(zi—1 + yiz1)-

Given x1,...,x;_1 and y;, we choose x; such that x; > y; and
[z o
flzi) > y?% for all j < i.
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This is always possible since f is asymptotically unbounded. By this construction it is ensured that a pair k is
exposed to high interference by pairs with larger indices. To show this, let S C [n] be a set of indices of pairs

that can be scheduled together in one step; K = min S.
For i € S\ {k} it holds that
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Since all pairs in S can be scheduled in one step the SINR condition is satisfied for pair k:
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Putting these facts together:
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This implies |S| < % + 1, which means there are at least (4)0%
pi = f((si,di)).

On the other hand for these instances there is a power assignment, p; = V2, such that there is a coloring
using a constant number of colors. This is caused by the fact that for all instances described it holds that y; < x;
and y;+1 > 2x;. Thus for any link k£ the interference by the ones with higher index as well as the ones with lower
index form a geometric series. This means a constant fraction of all links may have the same color and therefore
there is a coloring using a constant number of colors.

In the second case, we assume that f is asymptotically bounded from above by some value ¢ > 0 but does not
converge to 0. In this case, there exists a value b € (0, ¢] such that for every xg > 0 there exists a value x > xg
with f(z) € [b,2b]. Let x > 1 be a suitable constant. We choose n numbers z1, ..., z, satisfying the properties
a) f(xz;) € [b,20], for 1 <i<n,and b) x; > xa;_1, for 2 < i < n. We set u; = —x;/2 and v; = 2;/2. Observe
that this yields a sequence of nested pairs on the line, similar to the one described in Section 1.2. The power
assignment defined by f essentially corresponds to the uniform power assignment so that only a constant number
of requests can be scheduled simultaneously. In contrast, if x is chosen sufficiently large then the square root
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Figure 1: A visualization of the instances of asymptotically unbounded f. x; and y; are chosen depending on f.

n = Q(n) colors needed when using




power assignment can schedule all these requests simultaneously. Due to space limitations we skip the simple
calculations showing these properties.

Finally, in the third case, lim f(z) = 0, we again construct a sequence of nested pairs analogously to second
case but replacing condition a) by the condition f(z;) < f(x;—1). Analogously to the second case, the power
assignment defined by f allows only for scheduling a constant number of pairs simultaneously while the square
root assignment can schedule all pairs simultaneously. O

For bounded, linear and superlinear functions f this proof can be adapted to the bidirectional model. For
sublinear functions, however, such an adaptation is not possible. In fact, we will show in the next section that
there exists a sublinear function, namely the square-root function, which allows to minimize the number of colors
up to a polylogarithmic factor for bidirectional communication.

3 Existence of a Good Coloring for the Square Root Assignment

In this section we consider the bidirectional version of the interference scheduling problem. Recall that the square
root power assignment sets the power level for a pair (u,v) equal to \/¢(u,v) where £(u,v) = §(u,v)® denotes
the loss between u and v. In the following, this power assignment is denoted by p. We prove the following main
theorem.

Theorem 2. Let (u1,v1),..., (un,v,) be a set of request pairs from a metric space for which there is a power
assignment p1, ..., p, satisfying the bidirectional SINR constraints with only one color. Then, for p, there exists
a coloring with (’)(log3‘5+o‘ n) colors satisfying the bidirectional SINR constraints.

Before starting the actual proof we present two main techniques. Section 3.1 shows, that if we are given a
valid coloring for gain 3, scaling the gain by a constant factor changes the number of colors needed only by a
logarithmic factor. In Section 3.2 we simplify our problem by splitting the communication pairs into single nodes.
A so called loss parameter is used to keep track of the loss between the communication partners.

The proof of the main theorem consists of three parts: In Section 3.3 we show how to break the problem for
general metrics down to tree metrics. Section 3.4 then reduces the problem from tree metrics to star metrics. In
Section 4 we present our analysis for stars, finishing the proof of the theorem.

3.1 Scaling the gain

Consider an instance of the interference scheduling problem in the directed or bidirectional variant with n
requests. Suppose both the coloring ¢ and the power assignment p are fixed such that the SINR constraints are
satisfied with gain 3. We show the existence of a coloring ¢’ that for the same power assignment p satisfies the
SINR constraints with a more restrictive gain 3 > 3 and uses only O(8'/g logn) times the number of colors in c.
Our analysis focuses on the bidirectional variant. The analysis for the directed variant is analogous.

We present an existence proof based on the randomized rounding technique. It can be derandomized by
the method of pairwise independence. The difficulty in applying this technique to the interference scheduling
problem is the non-convex domain of this problem. We circumvent this difficulty by considering the requests from
a fixed color class of ¢ for given power assignment p. We say that a set of requests satisfies the SINR constraints
if it satisfies them using only one color.

Proposition 3. Let S denote a set of requests with power assignment p satisfying the SINR constraints with
gain 8. Then there exists a subset S’ of S with |S'| > 8/8p'|S| satisfying the SINR constraints with gain 3’ > 3
for the same power assignment.

Proof. Suppose every request from S is chosen with probability 8/4s’. To simplify notation, we identify requests
(u;, v;) with their index i. For i € S, let X; be a random variable such that X; = 1 if request ¢ is chosen and 0,
otherwise. We assume that the X,’s are pairwise independent. Let S = {i € S| X; = 1}.

Consider a request ¢ = (u;, v;). It holds Pr [X; = 1] = 8/4g’. Let us have a closer look at the interference at
u; conditioning on X; = 1. For j # i, let

T min{l(uj, u;), L(vj, u) } Di

)

that is, w; is the normalized strength of the signals from (u;, v;) received at u;. As S satisfies the SINR constraints
with gain (3, it holds Zjes\{i} wj < B71. Let the normalized interference at u; under S” be defined by

jes”\{i}



By linearity of expectation,

EWw) | X;=1= > wB[X;|X;=1]
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Observe that E[X; | X; =1]=Pr[X; =1| X, =1] = 4%, because of pairwise independence. Consequently,
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Now applying the Markov inequality gives
1
Pr [W(uw)>p""X;=1] < 1

The same is true for W (v;). Thus, the probability that request i violates the SINR constraint with gain 3 is at
most

Pr [W(u)>pB"'VIW(y) > X;=1] < % :

Now let S’ be the set of those requests from S” that satisfy the SINR constraints with gain §’. Our analysis
above shows that the probability that a request 7 from S is contained in S" is Pr[X; = 1] -Pr[i € 5’| X; = 1] >
B/ap' - 1/2 = B/sp’. Hence, by linearity of expectation, the expected cardinality of S’ is at least 8/8p’|S)|. O

Let us remark that the randomized existence proof above can be made constructive by applying the
derandomization technique of pairwise independence. This yields a deterministic polynomial time algorithm for
computing a set of requests |S’| of cardinality, say, 8/98'|S| instead of 8/8s'|S|.

We are now ready to prove the following

Proposition 4. Let S denote a set of requests with power assignment p satisfying the SINR constraints with
gain B. Then there exists a coloring ¢ for S with O(8/g" log|S|) colors such that ¢’ together with p satisfy the
SINR constraints with gain 3’ > f3.

Proof. Choose a subset S’ from S with |S’| > |S|8/88 and assign the first color to the requests in S’. The
remaining subset of size at most |S| - (1 — 8/8p’) is colored recursively. This yields a coloring with at most
—log |S|/log(1 —B/8s") +1 = O(8/p’ log|S|) colors. O

3.2 Splitting pairs

For our analysis of the interference scheduling problem we use a slightly modified variant, the node-loss scheduling
problem. One is given a set of nodes [n] and each node i is associated with a loss parameter ¢;. For every
i € [n] :={1,...,n}, one needs to specify a power level p; > 0 and a color ¢; € [k] :== {1,...,k} such that the
number of colors, k, is minimized and the pairs in each color class satisfy the following SINR constraints.
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In words, for each node the ratio between the power p; and the loss ¢; needs to be at least 3 times larger than
the sum of the strengths of the signals sent by other nodes plus the noise. Again we neglect the ambient noise in
the model, i.e., v = 0 and fulfil the SINR constraints with “>" rather than “>".
A power assignment specifies a power level for each node. The square root power assignment p sets the power

level for node i € [n] equal to v/¢;. For a power assignment p = py,...,p, and a set of nodes U C [n], let
. i
L(i|U)= ) 7 -
e (i, )
JEU\{i}

denote the interference at node i € [n] induced by elements of U. We say that U is [-feasible for a power
assignment p if 5 > BI,(i | U), for every i € U.

On any given instance, feasible schedule steps for the interference scheduling and the node-loss scheduling
problem are related as follows: First, if we have a feasible schedule step S for the node-loss scheduling that



schedules a fraction greater than one half of the nodes, we can give a feasible schedule step for a constant fraction
of the nodes in the interference scheduling setting by scheduling the pairs with both nodes in S.

Second, if we have a set of pairs U that we can schedule in the interference scheduling setting with gain 3, the
set of all nodes from pairs in U is 8/2+p-feasible for the node-loss scenario, as we show in the following. For a
node i let I'(i) denote the interference at this node in the interference scheduling problem, and I(i) denote the
interference at this node in the node-loss scheduling problem. If now all nodes from pairs in U transmit, the
interference at a single node 4 is at most twice the interference from the interference scheduling problem plus the
interference from the other node of this pair, i.e., Pi/e,, so

S
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as I'(i) < pi/pe;. As the results from Section 3.1 can be proven analogeously for the node-loss scheduling problem,
we can compute a schedule for the node-loss scheduling problem from a schedule for the interference scheduling
problem, that is longer by at most a logarithmic factor.

In Section 4 we prove for the node-loss scheduling problem the following result.

Lemma 5. Let 8’ > > 0. Suppose S([n],d,£) is a star for which there exists a power assignment p such that
[n] is B'-feasible under p. Then there is a subset U C [n] with |U| > (1 — O((g)%)))n that is B-feasible under
the square root assignment p.

There a star S([n],d, £) is defined by a set [n] of nodes placed around a center ¢, the distances of the nodes §
and their loss parameters ¢ (see Section 4 for details). Using this lemma we now turn to the proof for Theorem 2.

3.3 From general metrics to trees

For this part we utilize the following lemma, which is suitably adapted from a lemma in [5].

Lemma 6. Given a finite metric space ([n],d) there exist r = O(logn) edge-weighted trees Ty, ..., T, with
node-set [n] such that the following holds

1. For every pair (u,v) € [n]? and for every tree T;: §(u,v) < o7, (u,v) where 51, denotes the shortest path
metric induced by tree T;.

2. For every node v € [n] there exists a subset T, C {T, ..., T} with |T,| > s5r such that the pairwise distances
involving v are only stretched by a logarithmic factor, i.e., YT € T, : Yu € [n] : o7 (u,v) < O(logn) - 6(u,v).

For a tree T; in the above lemma we call the set of nodes whose distances are at most stretched by the logarithmic
factor the core of T;, and denote it with C;. Suppose that we are given an instance of the node-loss scheduling
problem in a metric space ([n],d). With every tree T; from the decomposition of Lemma 6 we associate a
corresponding node-loss scheduling instance that only includes nodes in the core of T; (the loss parameters stay
the same).

Proposition 7. Suppose there exists a (' -feasible set U C [n] for the node-loss scheduling problem on ([n],d).
Then there exists a tree T; with a 3'-feasible set of size at least 3 - |U| in its core C;.

Proof. Since the distances in a tree increase, any set that is (3’-feasible w.r.t. the original metric is still feasible in
a tree. Let j* := argmax; |U N C;| and define U’ := U N Cj-. Note that >, |[UNC;| > |U|r as every node in
U is in the core of at least s5r trees. Hence, |U’| > %|U| and T}« is the desired tree. O

Lemma 8. Suppose there is a [3'-feasible subset U of core nodes for the node-loss scheduling instance in a
tree T; (for some power assignment p). Then, this set U is 3" -feasible with respect to the original metric for

8" = Q)

Proof. For nodes in the core the distances to other nodes decrease by at most a logarithmic factor f = O(logn),
when going from the tree distance to the original distance. This in turn can only increase the interference
at a node by a factor of f*. This means that for every node i € U, the inequality ri/e; > 'I,(i | U) implies

pife; > f—;[z’,(i | U), where I,(i | U) and I,(i | U) denote the interference in the tree metric and the original

metric, respectively. O



3.4 From trees to stars

In this section we extend Lemma 5 to tree metrics.

Lemma 9. Suppose we are given an instance T([n],d,€) of the node-loss scheduling problem on a tree metric for
which there exists a power assignment p such that a subset U C [n] is 3'-feasible under p. Then, there exists a

subset U' C U with |U'| > $5|U| that is 3-feasible under p for 3 = Q(ﬂil)

log?®n

Proof. In order to show the result we repeatedly make use of Lemma 5, and remove nodes from the set U that
cannot be scheduled by the square root power assignment in one round. In the end we show that we did not
remove too many nodes from U. For the first round we choose a node c¢ in the tree such that the removal of ¢
partitions the tree into disjoint sub-trees with size at most 7/2. Such a node can be found in any tree. Now we
consider the node-loss scheduling problem on the star metric obtained by selecting ¢ as center and setting the
distance d, of a node v to the center as the tree-distance §(v, c). Note that distances in this star-metric are not
smaller than distances in the original tree and that therefore the set U is 3'-feasible in this metric.

When applying Lemma 5 with a suitable parameter 5" = 8/0(10g*? n) we obtain a subset U C U, |Uj| >
(1- m)w | that is §”-feasible for the square-root power assignment p. Here the constant 10 comes from
suitably balancing the hidden constant in the O-notation of Lemma 5 and the hidden constant in the O-notation
of 8”. Of course, this subset may not be feasible for the square root power assignment in the original tree metric
([n], §), because some nodes of Uj are closer in ([n],d) and hence induce more interference between each other.
In order to compensate for this we re-run the algorithm on the forest obtained after splitting the graph at ¢, i.e.,
we delete all but one edge incident to c¢. In each of the trees of this forest we run the above algorithm recursively.
For each level i of the recursion, the algorithm returns a set U/, |U/| > (1 — mﬂw that is §”-feasible in the
corresponding forest. There are at most logn recursion levels as the size of a tree reduces by at least a factor of
2 in each iteration. Let U’ := (), U;. Then we have |U’| > IUl/10.

Note that a pair (u,v) € U’ x U’ has the correct distance in at least one of the recursions. Therefore, the total
interference induced at a node w € U’ (from all the other nodes of U’) when using the square-root assignment
in the tree metric ([n],d) is at most the sum of the interferences generated at u in all iterations which is at

most logn - ﬁ, since u is 3”-feasible in each iteration. This means that the set U’ is § = loﬁg”n = Q(loggi;n)—

feasible. O

3.5 Putting the pieces together

In this section we prove Theorem 2.

o We are given a set S of request pairs from a metric space ([n],d) for which there is a power assignment that
satisfies the bidirectional SINR constraints with only one color. Let U denote the set of terminal nodes
of pairs from S. Following the discussion in Section 3.2 this set is §’-feasible for the node-loss scheduling

B

problem with ' > 3275 (on the same metric ([n], d)).

« We apply Proposition 7 to this set U, and obtain a subset U’ C U, |U’| > &|U| that is #'-feasible and is
contained in the core C; of a tree T;.

o We apply Lemma 9 to this set and obtain a subset U”, |U"| > %|U’| that is 3"-feasible for the square-root
assignment p, where 8" = Q(8'/10g>* n).

o Lemma 8 gives that this set is also 3"’-feasible for p in the original metric, where 3" = Q(8" /log™ n).

« Note that the subset U” contains at least = - % |U| > &|U| nodes. This means that for at least a -fraction
of pairs from the original set S, both end-points are contained in U”. Let S’ C S denote a set that contains
only these pairs. The pairs in S’ fulfill the bidirectional SINR constraints with gain 5" for the power

assignment p.

¢ Rescaling the gain with Proposition 3, we obtain a subset S” with |S”| > 8"/sg that fulfills the SINR
constraints with gain .

o Observe that the size of S” is Q(1/810g>3* n)|S|. Coloring the requests from S” with a single color and
repeating the process for the remaining request gives that we only need O(log®>™ n) colors to color all
requests.

This completes the proof of the theorem.



4 Analysis for star metrics

In this Section, we prove Lemma 5. Let 8’ > 3 > 0. We are given a set {(1,41),...,(n,£,)} of node-loss pairs
(requests) being (3'-feasible under some power assignment p. The nodes 1,...,n form a star centered around
an additional node c. The distance between ¢ and ¢ is denoted by ;. Let d; = 6%, that is, d; corresponds to
the loss between ¢ and i. In the following, this parameter is called decay in order to distinguish it from the loss
parameter ¢;. W.l.o.g., we assume dy < dg < --- < d,,. Let a; = ¢i/d;,. We have to show that there exists a subset
U C [n] with |[U| > (1 — O((g)%)))n being (-feasible under the square root power assignment p.

We will first prove some helpful properties. These properties will show that the lemma follows relatively easy
for the special case in which the loss parameter is relatively large in comparison to the decay, i.e., a; > 2°""/g,
for every i € [n]. We then turn our attention to the case in which the loss parameter is relatively small, i.e.,
a; <27 /g, for every i € [n]. Finally, we will combine the results for these special cases in order to prove the
lemma for stars with both small and large loss parameters.

4.1 Helpful properties

Consider two nodes ¢ and ' with 7' < . As there exists a power scheme p with a [3’-feasible schedule, it holds
that

/z (5+5) and *>5(5+5)
Multiplying these equations we obtain (§; + d;/)%* > 32 - £; - ;. As i’ < i we have (25;)%% > (§; + 6;7)?* and thus
/2
&2 =52 > 5 il (1)
It follows

/2

di > a;- ia by (2)
/2

di 2 (7T % dz’ ) (3)

/2
b; > a; - % by (4)

4.2 Stars with large loss parameters

In this section, we assume a; > 2°7'/g’, for every i € [n]. We apply Equation 4 with £;; = ¢;_; and repeat this
for 7 — j times deriving the following lower bound relating ¢; to ¢;, for ¢ > j,

. ) ) . ﬂ/ 2(i—j)
i Z az'...-aj+1~j o

2a+1 2(i—j—1) ﬁl 2(i—j)
(7))
8N, e
. <2a+1> 42 (i3 (5)

Now we solve the equation above for ¢; and exchange the indices 7 and j. This way, for 7 < j,

S

<o

<o

o (201 ? 2(i—j
b < a;?- (ﬂ’) -2 (i-3) (6)
These inequalities enable us to prove the following result for stars with large loss parameters.

Lemma 10. Suppose a; > 2°7'/g', for every i € [n]. If there exists a power scheme p such that [n] is 3 -feasible
under p then [n] is (3-feasible under the square root power assignment p with 3 < B'/2o+2,

Proof. At node j the received interference is




Now applying Equation 6 and Equation 5 gives

I,(j) _ \/gj . 2a+1 Ji:l o 1 2a+1 z”: 2j7i ) 2a+1
p

27— ——— . < —_
adi B S NV i=j+1 VG 8
The SINR constraint at j is satisfied if I5(j) < 1/sv. For § < #'/22+2 this condition is satisfied. O

4.3 Stars with small loss parameters

Now we assume that all loss paramters are relatively large in comparison to the decay. In this case, given a
(3 -feasible power assignment p, we can ensure that the square root power assignment is (3-fasible for any 8 < /3’
if a small fraction of the nodes that depends on the ratio between 3 and 3’ can be dropped.

Lemma 11. Suppose a; < 2°™/g', for every i € [n]. If there exists a power scheme p such that [n] is [3'-feasible

under p then there exists a subset U C [n] that is 5-feasible under p with |U| = (1 — (9((%)2/3))11.

Proof. We partition the nodes into classes depending on their distance/decay to the center c. W.l.o.g., assume

dy > 1, for every u € [n]. Let D; = {u|2~! < d, <27},|D;| = k; and let m denote the largest index for which

D,, is not empty.

Claim 12. Let 0 < pu < 1. For a (1 — p)-fraction of the nodes in class Dj, the loss parameter £, fulfils
gatj+2

ly < LT

Proof. In the given power assignment p, a node v from class D; induces an interference on node u € D; of

Py > Do _ Py
(0w +00)° = (2- 27>y 2095

The interference at node u is upper-bounded by r«/g’¢, because p satisfies the SINR, constraint. Thus, it follows

) Do Pu
< < :
Z ga+j — Z Lu,v) — B4,
veD;\{u} ve[n]\{u}

For nodes u that fulfil p,, < ZveDj\{u} Dy, We thus get

90+j Du ga+j+1 Pu
veD;\{u} Pv veD; Pv

For the other nodes,
_ Pu
/8/ - ﬂ/ ZUGD]' Pov

since py > D, ¢ D\ {u} P implies 2p, > >, ¢ D, Dv- Summing the above inequality over all nodes in the class D;
gives

2(x+j+1 2a+j+2
Ku S Ay * du S <

2a+j+2

ZéugT.

ueD;

This means that, on average, a node has a loss parameter of only 2°7/**/(s'k;). Using the Markov inequality, we
get that a fraction of at most  of the nodes have a loss parameter larger than 2*%/"/(.s'k;). O

Claim 12 is based on properties of p. In the rest of the proof of Lemma 11, we will not consider other properties
of p than the one given by the claim. For the time being, let us ignore a p-fraction of the nodes such that all
remaining nodes fulfil the bound in the claim. The p-fraction dropped will be taken into account at the end of
the proof of the lemma.

When using the square root power assignment, the interference induced at a node v € D; by a node v € Dj,

1 < j is at most
/gv 1 9oti+2 1 ga+i+4
— < — = —|— .
270 =27\ Bk 27\ pfBlk;
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Summing this over all nodes in the class and then over all classes gives the following bound on the interference
generated at u by nodes from classes with lower or equal index:

2a+4 k 21
uﬁ’

Iﬁ(u | D1 U..

The interference generated by nodes from higher classes can be estimated as

2a+4 m
Ij(u| Djs1U...UDy,) < Z
'u i=j+1

We now select all nodes for which, both, the interference from classes with lower index and the interference from
classes with higher index, is no more than 1/23 times the strength of the received signal.

We first count the number of nodes that are not selected this way because the interference from classes with
lower or equal index is too high, that is, the number of nodes u € D; satisfying

1 1 1Bk,
26 VT, *2ﬂ o+

I(u| DyU...UD,) >

as the received signal strength at a node u in class Dj is \Z—r;“ > 2‘;@;’112 Together with the above bound on the

interference we obtain
2, 2/ 2
2a+46 J 2a+4ﬂ J k; 1
k; < = .
] - < Mﬂ/ ) <Z—: 2j ' M/B/ 22:; 2J_l “2j_i

LA — i ) \&V2i—i ) T\ wf ) =i
Here the third inequality uses Cauchy-Schwarz ((3- a;0;)? < 5" a? - > b?). Now the number of nodes lost because
of too much interference from classes with lower or equal index can be estimated by

2 2 2
m 2a+6ﬁ J ks 2a+6ﬁ m m 1 2a+8ﬁ m
S <X (2] Sk - (B kY e S
j: class D; j=1 o' - V2Tt pb' - o VYT ' i=1
not scheduled

Analogously the number of nodes lost because of too much interference from classes with higher index is at most

m—1 2 m m i—1 2 m
2a+66 k. 2a+65 k. 2oz+85
Shoe S(E0) 5 e (TS (M) S
j: class D; j=1 s’ i1 V2T ' 2 g1 V2 pp’ =2
not scheduled

7)2 4+ p)n nodes. Choosing y = ( )?/% gives the bound in Lemma 11. O

So in total we only lose (’)((

4.4 Stars with arbitrary combinations of loss parameters

In the following, we use the results for the special cases given in Lemma 10 and Lemma 11 to prove Lemma 5 for
stars without any restrictions on the ratio a; between ¢; and d;.

W.lo.g., assume that 3’ > 2¢o3 and choose 3 = 2¢1 3, for suitable large positive constant terms cy and c;
as specified at the end of the proof. We will show that there is a way to remove a subset of ©((8"/5)%/3)n =
O((8/p')%/3)n many nodes such that the interference at any remaining node 7 is at most (¢o/s’+c1/5")-1/v&; < /v,
that is, the set of the remaining nodes is (-feasible.

Suppose we hypothetically reduce the loss ¢;, for every i € [n] with ¢; > d; -2°7"/’, to d; - 2°7"/g’. Under this
hypothesis, all nodes have small loss parameters so that Lemma 11 shows the existence of a subset U C [n] that
is B"-feasible (wrt the hypthetical loss parameters) under p with |U| = (1 — (’)((%/,/)2/ *))n. In the following, we
will study the interference caused by the square root power assignment applied to the nodes in U with respect to
the original loss paramters.

11



Define the set L C U of large loss nodes by L := {i € [n] | a; > 2°7"/g’}. For a node i € U, we use
pred(i) := max{j € L | j < i} and succ(é) := min{j € L | j > i} to denote the predecessor and successor,
respectively, of ¢ in L. The nodes in L partition the remaining nodes into subsets as follows. For ¢ € L we define
the set S; ;= {j € U | pred(i) < j < i}.

The interference that is induced by large-loss nodes (nodes in L) onto other large-loss nodes can be handled
by applying Lemma 10. Similarly, the interference that is induced by low-loss nodes (nodes not in L) onto
other low-loss nodes can be handled by Lemma 11. In the following two lemmas we will derive bounds for the
interference that is induced by small-loss nodes onto large-loss nodes and vice versa.

Lemma 13. For every node i € L,

. 2¢

je€L\{i,succ(s)}

In words, for a node i € L, the interference generated at ¢ by the small-loss nodes in the sets S; (with
exception of S; and Sgycc(iy ), is less than 1/V/4;, the strength of the signal received at node 7, times 2%/5".

Proof. To show the lemma, we split the interference at i from classes .S; into two parts, the interference from
classes S;,j € L,j < i, and interference from classes S;,j € L,j > succ(i ) We will show that each of these terms
is upper-bounded by 2°/28" 7, which proves the lemma.

The interference at node 4 due to the classes S;,j € L,j < i can be bounded as follows. We first prove an
upper bound on the interference at node pred(:) and then we show that this bound translates to the desired
upper bound for the interference at node i. Let L<!:= {j € L | j < i}. The interference at node pred(i) from
sets Sj, j € L=< is at least

Zz(ngr(; 2226

jEL<i keS; pred(i ) JEL<i kES,

- S

Pred(l) jeL<i keS;

pred (i
For every j € U, let {; = d; - a); with a); = min{ay, 2°%1/g'} | that is, we decrease the large loss parameters so that
all loss parameters E; j € U, are small. On the one hand, due to the construction of the set U, the interference
at node pred(i) caused by the nodes from U wrt to the loss parameters £} is upper-bounded by 1/ﬂ”m
because the nodes in U are (3"-feasible wrt modified loss parameters. On the other hand, the lower bound on the
interference at pred(i) is valid also for the modified loss parameters as it only sums over the strengths of signals
received from nodes with small loss parameters. Consequently,

>y, :
JEL<i keS; adPredU ﬁ//\/giared() ”\/a{ored(i)dpred(i)

By multiplying with dpreasy2%/d;, we get

Z Z \F dpred(i) < 4« _ 2
a = g /pred B o Vaids 207G

jEL<i kES;
where we used dprea(i) < 57 m o a»apdTm (Equation 3) for the second step and the identities af,, .4, =

2" /g and a;d; = ¢; for the last one. Now observe that the left hand term of this equation is an upper bound
on the interference at node ¢ due to the classes S;j,j € L<" such that the desired bound on this interference is
shown.

Next we show that the interference at node 7 due to the classes S;,j € L,j < i can be bounded by a similar
approach studying the interference at succ(i) instead of pred(:). Let L>S”°C( )= {j € L|j>succ(i)}. The
interference at node succ(i) from sets S;, j € L>%() is

225k+5 2226222‘10&'

J€L>succ(1) k‘GS j€L>su<‘c(1) keS jeL>suc(‘(z) kES

succ() )
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Analogously to the case above, the interference at node succ(i) due to the nodes from U wrt to the loss parameters
¢ is upper-bounded by 1/s”, /&7 | *so that

ZZad 1 1

& % % )
JEL>suce(d) kES; ﬁ succ(z) 5 succ( )dsucc(z)

By multiplying with 2%, we get

2¢ 4 2¢
< = y
Z Z ’ ] ﬂ/ "/ N \/m 25//\/[1,

jEL<i keS; aSUCC(i)dsucc(z) succ(s

3247 (Equation 3) for the second step and the identities
=2"""/g" and ¥; = a;d; for the last one. Finally, observe that the left hand term of this equation is an

where we used dsuce(i) = Asuce(i) Qi 3247 > q/

!/
asucc(i)

upper bound on the interference at node ¢ due to the classes S;,j € L>suec() guch that the desired bound is
shown, which completes the proof of Lemma 13. O

succ(z) a

Next we show a bound on the interference induced by the large-loss nodes onto the small-loss nodes.

Lemma 14. For everyi € U and j € 5;,
92042
=5 \/»
Proof. The proof of this lemma is based on an approach similar to the proof of Lemma 13. We hence adopt the

notation of this proof. The interference when using p induced by the nodes from L<P**d(}) on the node pred (i)
can be estimated by

Ip(5 [ L\ {pred(i),i}) <

. a+2
Z \/ZTC < Z \/Eﬂ _ I,;(pred(i) ‘ L<pred(z)) < 2

ke L<pred(i) 2adpred(i) ke L<pred(i) (5,6 + 5pred(i))a ﬁ/ Epred(i)

The first bound follows from (dx + dpred(i))® < (2 - Opred(i))® = 2%dpred(s)- The second bound follows from
Lemma 10 since all nodes in L have a large loss parameter.
Multiplying the above equation with 2%dprea(i)/d;

I*(_j | L<Pred(i)) < Z \/E 22a+2 dpred( ) 22a+2 dpred( ) < 23a+2 22a+1
P <
ke L<pred(@) dj ﬁd \/PTd(l) ﬂd \/apT o4 apred(z)\/? \/7
where we used dpreq(i) < w%dd() (Equation 3) in the fourth step and apyeq(i) > 201 /87 in the last one.
J “pred(z

Using the same kind of arguments, we can bound the interference from nodes in L>* on node i by

\/> > 2(x+2
Z |L ) ﬂ/\/[z

keL>z
Multiplying with 2% gives

] | L>z Z \/7 220¢+2 23a+2 22a+1
k€L>t dk _ﬁl K _6/2a1\/> ﬁ\/

where we used ¢; > a; ia ¢; (Equation 4) and a; > 2°T1/3'.

Adding the bounds for I;(j | L<P*4®)) and I;(j | L>") gives the lemma. O

It remains to show how combining the Lemmas 10 to 14 gives Lemma 5.
The interference at a node j € S; for i € L can be bounded as follows. The interference caused by other nodes
with small loss parameter is at most 1/(5”/¢;) due to Lemma 11. The interference caused by nodes L\ {pred(i), i}

13



is at most 22‘”2/(6’\/27) due to Lemma 14. Finally, the interference caused by nodes i and pred(i) at node j is at

most
gpred(i) \/Z < AV pred \/> 2

+ = .
(5pred(i) + 5],)04 (5 + 5 ﬁ \V pred(z 6 V L é 6/\/67

Here, the second step follows because (§; + 6;)2* > (3"20;¢; due to Equation 1. In total the interference at j is at
most ((22272 + 2)% ﬁl,/ )— \F Hence, the nodes with small loss parameters are [-feasible if the constant terms
J

co and c; relating 3 and 3, respectively, to 3 satisfy the conditions ¢y > 22%%2 +2 and ¢; > 1.

A slightly more involved argument is required to estimate the interference at a node i € L. The interference
due to other nodes in L is at most 2‘”2/([3’\/7) by Lemma 10. The interference caused by nodes in the sets
Sj, j ¢ {i,succ(i)} is at most 2°/(5”v7) by Lemma 13. The sets S; and Spyeq(;), however, may cause large
interference at node i. We use the following trick to deal with this problem: If [S; U {i} U Sgyce(iy| > % then we

do not choose the node i for the set U in Lemma 5 We can effort this because only O(%)n = O(g)n satisfy

this condition. Now suppose |S; U {i} U Squcc(s)] < 7. Then the interference at 7 due to these nodes is bounded

by
l; l; 1
> (5{})a < v el
FESiUSeuee(sy © J jeSiUSsucc(z)
Thus, if 7 is chosen, then the interference at node 4 is at most ((24+2 + 2) + (2> + 1)ﬂ,,) Hence, the nodes

NG

with large loss parameters are 3-feasible if cg > 29+2 +2 and ¢; > 2% + 1. This completes the proof of Lemma 5.

5 A Coloring Algorithm for the Square Root Power Assignment

In the coloring problem for the square oot power assignment, we are given n bidirectional requests and we seek
for a coloring satisfying the SINR constraints with a minimal number of colors.

Theorem 15. There exists a randomized polynomial time approximation algorithm solving the coloring problem
for the square root power assignment with approzimation factor O(logn).

Let p denote the maximal number of requests that can be scheduled with the same color. We will devise
an algorithm A that computes a subset S C [n] of size Q(u) with the property that the requests in S can be
scheduled with the same color. In order to compute a coloring, algorithm A is called and the requests in the set
S are assigned to the first color class. This procedure is repeated recursively on the remaining requests until all
requests have been colored. It is easy to see that such a greedy approach yields an O(logn) approximation for
the optimal number of colors.

We now devise an algorithm 4 that has the property described above. In the following, when saying that the
SINR constraints are satisfied for a set of requests we mean that they are satisfied when all requests in the set are
assigned the same color. The algorithm partitions the set of communication pairs into disjoint classes. W.l.o.g.,
let us assume minje(, 0(uj,v;) = 1 and let k be the smallest integer such that max;ep,) 6(u;,v;) < 4*™1. For
0 <4 <k, class C; contains the pairs j € [n] with 4° < §(u;,v;) < 4", This implies that the loss in this class is
in [4%7, 40‘(”1)). For the time being, let us assume that all requests in class C; have loss 4%* so that the square
root power assignment sets the power level to 2%*. We discuss the consequences of this simplifying assumption at
the end of the proof.

The algorithm proceeds as follows. For ¢ = 0 to k, it chooses a set S; of sufficiently many (as defined
later) requests from C; taking into account interference caused by the previously selected sets So, ..., S;—1. In
particular, S; satisfies the SINR constraints with gain 8/2 on top of So,...,S;—1, i.e., the interference constraints
for every pair in S; are satisfied with gain A/2 taking into account the interference caused by the previously
inserted pairs in Sy, ..., S;_1 and the other pairs in S;. Observe that we relaxed the interference constraints
by using the gain 8/2 instead of 5. Furthermore, choosing S; might violate the interference constraints of the
previously chosen pairs in Sy, ...,S;—1. We come back to this aspect later.

Let us first take care that the algorithm chooses sufficiently many pairs. Let s} be the maximal size of a
subset of requests from C; such that the SINR constraints at the nodes from S; are satisfied with original gain (3
on top of the pairs in Sy, ..., S;_1.

Lemma 16. There is a polynomial time algorithm choosing S; such that |S;| > si/ke, for a suitable constant
ko > 1.
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Proof. Let V denote the set of all nodes of the metric. For a node w € V and a set of requests S, let

I(w]S) = Z C(ug, v;)

= min{/(u;, w), (v, w)}

be the interference at w caused by the pairs in the set S.

Let SpU...US;_1 be fixed. For simplicity of notation, we scale all distances such that the requests in class
C; have distance 1. Let V' C V denote the subset of nodes with I(w | S;U...S;_1) < /3. Let C! denote the
subset of requests from C; only using nodes from V’. S¥ can take only requests from C! as the other pairs exceed
the interference threshold. Hence, we only need to take into account nodes from V' and requests from C/

We have to choose a subset S; C C/ of cardinality at least si/k, = I57|/ko, for a suitable constant ky. We will
choose S; such that I(w | S;) < 1/8, for every node w from any pair of S;. This implies I'(w | S1U...S;—1US;) < 2/8
as required in the description of the algorithm. The following claim gives a necessary condition that S; needs to
satisfy.

Claim 17. Let T be any subset of C! satisfying the SINR constraints with gain B3, then for every node in w € V'
it holds I(w | T) < 22371

Proof. If w = ug or w = vy, for some k € T, then the condition is met directly by the definition of T". Otherwise,
let nj; be the node closest to w from (ug,vy). Now let j € argminger d(ng, w), i. e., n; is the node from T
that is closest to w. By the triangle inequality it holds that d(n;,n;) < §(n,;, w) + d(n;, w) < 2§(n;, w) so that
l(n;,nj) < 2%(n;, w). As a consequence,

1 1
< L9« - «@ —1.
Tw|T) ) gr—s <2 ;e(ni,nj) <28

€T
O

The interference constraints from the claim can be described by an ILP with binary variables x; € {0, 1}, for
j € Cj, and a linear SINR constraint for every node w € V'. The objective is to maximize [T'| =3, - ;. We
relax the integrality requirement and obtain an LP with variables z; € [0,1]. This LP is solved to optimélity. Let
' be the optimal fractional solution and opt’ its value. The claim above yields that opt’ is an upper bound on s;.

Now we show how to compute a feasible set S; from z’ of cardinality Q(opt’). We use the randomized rounding
technique similar to Proposition 3. Each request j € C; is chosen with probability =j/4.2>. We assume that the
probabilities to be chosen are independent for every pair of distinct requests, that is, the corresponding events
are pairwise independent.

Let S’ denote the set of chosen requests. This way, for every node w € V', the expected value of I(w | S7) is
at most 1/43. Applying the Markov inequality, we observe that w violates the SINR constraint with probability
at most 1/4. Hence, the probability that one of the two nodes of a request from S’ violates its SINR, constraint is
at most 1/2.

Next we drop those pairs from S’ that violate an SINR constraint. S; is defined to contain the remaining
requests. By linearity of expectation, the expected cardinality of S; is at least opt'/s.2>. Hence, the existence of a
set S; of cardinality opt'/s.2> satisfying the SINR constraints is shown.

Analogous to Proposition 3, this existence proof can be derandomized using the method of pairwise indepen-
dence, which yields a polynomial time algorithm for computing a set S; with the properties described in the
lemma. O

The following lemma shows that we have selected Q(u) requests.

k
Us:

=0

s M

Lemma 18. Z et

Proof. In the following let S* denote a maximum feasible set of requests, that is, |S*| = p. Let S} denote the set
of those requests in S* that belong to class C;. Let Ss; = S;11 U...U Sk and similar indices analogous. Further,
for a given subset of pairs S’, let S%, | S’ denote a maximum subset of C>; being feasible on top of S’. We claim

55011 | S<ira| > 8341 [ S<i| = 2184 (7)

The claim can be shown by considering the following process. Initially, let S’ = 8% | Sci and S = S.;. One
after the other, we add the pairs from S; to S, each time removing pairs from S’ in order to keep the invariant
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that S’ is feasible on top of S. We will show that it is sufficient to remove at most two pairs from S’ for every
added pair from S;. The resulting set S’ has thus cardinality at least [S%; | | S<i| —2[S;|. It is feasible on top
of S¢; US; = Sc;41 such that the claim follows.

Consider adding any pair from S; to S. We add the two nodes of this pair one after the other and show that
the addition of each of them can be compensated by removing at most one pair from S’. Let u be any of the two
nodes from the considered pair. Let v be the node from a pair in S’ that is closest to u. Then, for every w € ',
it holds d(v,w) < §(v,u) + 6(u, w) < 2§(u,w) so that £(v,w) < 2%¢(u,w). As a consequence,

V4a(i+1) V4o(i+1) o
I; > = =1I; .
plw]v) 2 Lv,w) ~ 2% u,w) Llu,w) plw]w)

(W.lo.g., we assumed £(v, w) > 0 and, hence, ¢(u,w) > 0. Observe that (v, w) = 0 would imply that S is not
feasible on top of S, which contradicts our invariant.) Hence, when adding v and removing v the interference at
any node w from S’ does not increase. Consequently, the addition of a pair can be compensated by removing at
most two pairs, one for each node of the pair. This proves Equation 7.

With the help of this equation, we will now prove the following claim. For 0 < ¢ < k, it holds

1 *
|S>i| > Fot2 ’521' | S<i’ . (8)

Observe that this claim yields the lemma when setting 7 = 0.
The claim is shown by a downward induction. For i = k its correctness follows from Lemma 16. Now assume
the claim holds for 7 + 1. Then

1
ko +2
Applying Equation 7 gives

‘S>z| > |S | + (’S>z+l | S<z’ 2|S |) ko + (‘S>z+1 | S<z‘ + ko |S |)

Finally, applying Lemma 16 gives

|S>i] > (|S* | S<il + |S>1+1 | S<1|) {S>z | S<z|

ko + ko +2

Thus Equation 8 is shown, which completes the proof of Lemma 18. O

Notice, when the algorithm computes S;, it ensures that the interference constraints for S; on top of
So, .., Si—1 are satisfied with gain 8/2. The algorithm does not explicitly take care for the additional interference
caused by adding the pairs in S; at the pairs from Sp,...,S5;—_1. The following lemma, however, shows that this
increase is bounded by a constant factor.

Lemma 19. There is constant k1 > 1 such that Uf:o S; satisfies the SINR constraints with gain at most B/k,.

Proof. Let us first make the following useful observation: The distance between a node wu of a pair from set S;
and a node v of a pair from set S, j > ¢, is at least 20(i+7)=13 as, otherwise, the strength the signals received by
v from u would be larger than the interference threshold (2%9~13)~! that the algorithm enforces for the pairs in
S;.

W.l.o.g., let us consider a node ug of a request from the set Sy. The proof for other classes is analogous. We
need to show that the sum of the signals due to the requests in S; U... S} received by wg is at most k5.

Fix i € {1,...,k}. Let (u1,v1),..., (us, ve) denote the requests in S;. For the ease of notation, let u; be the
node located closer to ug, for each pair (u;,v;). Let, furthermore, ¢(u1, up) < £(ugz,ug) < --- < £(uy, up). From the
triangle inequality we can conclude (u;, u1) < d(uj, uo) + 6(uo, ur) < 28(uj, ug) so that €(u;, u1) < 2%¢(u;,up).
Hence, the sum of the signals received by ug from the pairs in S; \ {(u1,v1)} can be bounded from above by

t
Z@u

Jj=

t -
g0 goi 9oty

> < — < —
]7“0 = E(U’jvul) 27&2[3 2716

where the second inequality follows from the fact that the interference threshold at u; is 2=**1/3. Summing
the above bound over all sets S, ..., Sy gives an upper bound of O(37!) on the interference caused by those
pairs not being the closest pair to ug in their class.
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It remains to take care for the interference caused by those pairs from each class that are closest to ug. Let
(u1,v1) € S1,. .., (ug,vr) € Sk denote pairs such that u; is the closest node to ug over all nodes from pairs in S;.
We need to show that the sum of signals received from these nodes at ug is bounded by O(371) as well. Let

(1) = i (ug, u;)
i) argie{rﬂlnr-lk (o, us)
i(2) = ar min Uo, Ui)
@ gie{i(l),i.., k} o, wi)
i(3) = ar min g, U;)
3) gie{i(2),..., k} Hluo, i)

and so on until one reaches an index i(q) with i(q) = k. To extend our notation, let i(0) = 0.
By our observation from above, for 1 < r < g, it holds £(u;i—1), ui¢r)) > 20(i(N+i(r=1))=13  Tet v =
2-1-1/apgl/a Then

S(Uir—1)s igr)) = L(Ui(r—1ys igry) /@ > 28I FH=IHL > gilr)tr

since i(r — 1) > 7 — 1. From this lower bound for ¢(u;(,—1), u(ry), we derive now a lower bound for d(u;), uo)-
For the purpose of a contradiction, assume 6 (u;(,), uo) < 721+ =1 for some 1 < r < q. Then, as the distance
from w;(,—1) to ug is not larger than the distance from w;(,, it follows d(u;(,—1),uo) < 72i ) +7=1 to0. As a
consequence,

8(Uiry> o) = 8(Wirys Wigr—1)) — O(Wi(r—1y, up) = y2' T — 42U =L > poi(rtr=1

This way, the strength of the signals received at uy can be bounded from above by

q i(r) 9aj q i(r) oo q ()41
g E e o —a —ay 1
5(“1(7") uO = Z Z 2a(i(7')+7'_1)7 Z ga(i (r)+7—1)ry - 0(7 ) - O(ﬂ ) )
r=1j=i(r—1)+ r=1j=i(r—1)+1 r=1
which completes the proof of Lemma 19. 0

Lemma 16 and 18 show that the algorithm chooses Q(u) requests. However, these requests might violate the
interference constraints with gain 8 because of the following reasons: a) We assumed that the loss in class C; is
exactly 4% rather than from the interval [4%¢, 40‘(”1)). b) The pairs in each set .S; are chosen with respect to a
relaxed gain 8/2 instead of 3. ¢) The SINR constraints for the sets in Sy, ..., S;_1 are not explicitly considered
when choosing S;. (a) and (b) obviously increase the interference at most by a constant factor. Lemma 19 shows
that the same is true for (c). Hence, the SINR constraints are violated at most by a constant factor so that they
can be thinned out by applying Proposition 3. This way, one obtains a feasible set S of cardinality Q(u). Thus,
Theorem 15 is shown.

6 Discussion and Open Problems

Oblivious power assignments allow for an immediate implementation in a distributed setting. We have investigated
the efficiency of this approach and obtained different results depending on the model. On the one hand, we have
shown that oblivious power assignments cannot achieve sub-linear approximations when using directed SINR
constraints. On the other hand, the square root power assignment achieves polylogarithmic approximation ratios
for bidirectional SINR, constraints.

One should remark that the bidirectional model can be simulated by the directed one using twice the number
of steps (colors). Our analysis, hence, reveals that solutions with oblivious power assignments cannot compete
with solutions using possibly different power levels and colors within a pair. However, they are capable of
achieving nearly the same performance as solutions restricted to symmetric power assignments and colorings.
Observe that oblivious power assignments use symmetric power assignments by definition. It is thus an interesting
question that is left open by our analysis how they compare with solutions using symmetric power levels but
asymmetric colorings.

In our analysis, we neglected some aspects that leave room for future research. For example, the presented
coloring algorithm for the square root power assignment is centralized. It is an open question, whether there is a
distributed coloring procedure that achieves the same kind of performance guarantee.

Another aspect that we did not take into account in this manuscript is energy efficiency. In comparison to
the linear power assignment, the square root power assignment uses increased power levels for pairs of nodes of
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small distance with the objective to increase the performance. In [4], we study linear and, hence, energy efficient
power assignments. We prove upper and lower bounds showing that linear power assignments lose a factor that
is logarithmic in the aspect ratio but linear in n against optimal power assignments. A study of the tradeoff
between performance and energy efficiency is left for future work.
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