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This paper addresses the problems of robust fault estimation and fault-tolerant control for Takagi–Sugeno (T–S) fuzzy
systems with time delays and unknown sensor faults. A fuzzy augmented state and fault observer is designed to achieve the
system state and sensor fault estimates simultaneously. Furthermore, based on the information of on-line fault estimates,
an observer-based dynamic output feedback fault-tolerant controller is developed to compensate for the effect of faults
by stabilizing the resulting closed-loop system. Sufficient conditions for the existence of both a state observer and a
fault-tolerant controller are given in terms of linear matrix inequalities. A simulation example is given to illustrate the
effectiveness of the proposed approach.
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1. Introduction

During the past years, the Takagi–Sugeno (T–S) fuzzy
model has attracted a lot of attention since it is a universal
approximation of any smooth nonlinear system (Takagi et
al., 1985; Boukezzoula et al., 2007). A common prac-
tice is as follows: First, this fuzzy model is described by
a family of fuzzy IF-THEN rules which represent local
linear input-output relations of a nonlinear system. The
overall fuzzy model of the system is achieved by smoothly
blending these local linear models together through mem-
bership functions. Based on the T–S fuzzy models and
by taking full advantage of modern linear theory, exten-
sive results have been presented for investigating uncer-
tain nonlinear systems (Zhou et al., 2002; Tanaka et al.,
1992; 2001; 1998; Miguel et al., 2005; Dong et al., 2008)
or uncertain nonlinear systems with time delays (Liu et
al., 2003; Cao et al., 2000; 2001; Lin et al., 2006; Chen et
al., 2005).

Although great developments have been observed for
fuzzy controller design based on fuzzy models, the above-
mentioned control approaches all assume that all compo-
nents are in good operating conditions. As we know, some
actuator or sensor faults often occur in the real process,
which can degrade the control performances and even re-
sult in the instability of control systems. It is thus impor-

tant to develop a reliable control scheme against actuator
or sensor failures.

To handle the problem of fuzzy systems with actua-
tor faults, several robust reliable fuzzy control design ap-
proaches have been developed (Wu et al., 2007; Gassara
et al., 2008; Chen et al., 2004). The actuator faults ad-
dressed in these approaches are assumed to be bounded
and without fault detection or estimation. Based on the
passive FTC idea, fuzzy fault-tolerant controllers against
actuator faults are proposed by Wu et al. (2004; 2010) and
Tong et al. (2008). However, the issues of fault detection
and estimation are not involved either.

Recently, dynamic output feedback fault-tolerant
controllers have been developed by Shi et al. (2009), Gao
et al. (2010) and Zhang et al. (2010) for T–S fuzzy sys-
tems with actuator faults in which a fuzzy augmented fault
observer is proposed to yield fault estimates and, based
on the information of on-line fault estimates, observer-
based output feedback fault-tolerant controllers are de-
signed. However, the proposed fuzzy fault-tolerant con-
trol approaches do not consider fuzzy systems with sensor
faults, and with a restrictive assumption on the faults, i.e.,
f(t) ∈ L2[0.∞). Mao et al. (2007), Gao et al. (2008) and
Nguang et al. (2007) investigate the problem of sensor
fault estimation for T–S fuzzy models via designing a de-
scriptor augmented state observer. The design approaches
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discuss only sensor fault estimation or detection without
considering the problem of fault-tolerant controller design
or time delays. It should be mentioned that time delays
often exist in real engineering systems, such as chemical
reactors, recycled storage tanks, wind tunnels, cold rolling
mills, robotic systems, etc. A time delay may destroy the
stability of a control system or degrade its performance,
and therefore stability analysis and robust control design
for fuzzy systems with time delays are important in theory
and applications.

Based on the above works, this paper further inves-
tigates the issues of fault estimation and fault-tolerant
controllers for T–S fuzzy time-delay systems with un-
bounded sensor faults or output disturbances. A fuzzy
augmented state and fault estimation observer is designed
to achieve state and fault estimates simultaneously. Fur-
thermore, based on the information of on-line fault esti-
mates, an observer-based dynamic output feedback fault-
tolerant controller is developed to compensate for the ef-
fect of faults by stabilizing the closed-loop system. More-
over, sufficient conditions for the existence of both a state
observer and a fault tolerant controller are given in terms
of Linear Matrix Inequalities (LMIs), and the stability of
the resulting control system is proved by the Lyapunov
function method.

2. Problem statement

The T–S fuzzy model is described by the following fuzzy
IF-THEN rules, which can characterize a class of the
nonlinear systems. The i-th rule of the T–S fuzzy model
is of the following form:

Plant Rule i:

IF z1(t) is Mi1 and z2(t) is Mi2 and · · · and zq(t) is
Miq , THEN

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t) =
r∑

i=1

hi(z(t))
[
Aix(t)

+ A1ix(t − τ) + Biu(t)
]
,

y(t) =
r∑

i=1

hi(z(t))[Cix(t) + w(t)],

(1)

where τ is a constant time-delay, z(t) = [z1(t) · · · zq(t)]
is a premise variable vector, x(t) ∈ R

n is the state vector,
u(t) ∈ R

m is the control input vector, y(t) ∈ R
p is the

measurement output vector, w(t) ∈ R
p is the sensor fault

vector (it may be unbounded). Here φ(t) ∈ R
n is the

initial state vector with t ∈ [−τ, 0] . Ai , Bi and Ci are
matrices of appropriate dimensions r is the number of IF-
THEN rules and Mij are fuzzy sets.

Assumption 1. Suppose that (Ai, Bi) is locally control-
lable and (Ai, Ci) is locally observable. The overall fuzzy

model achieved by fuzzy blending of each individual plant
rule (local model) is given by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t) =
r∑

i=1

hi(z(t))
[
Aix(t)

+ A1ix(t − τ) + Biu(t)
]
,

y(t) =
r∑

i=1

hi(z(t))[Cix(t) + w(t)],

(2)

where

hi(z(t)) =
wi(z(t))

r∑

i=1

wi(z(t))
,

wi(z(t)) =
q∏

j=1

Mij(zj(t)).

(3)

It is assumed that

hi(z(t)) ≥ 0,

r∑

i=1

hi(z(t)) = 1. (4)

3. Observer design and sensor
fault estimation

This paper assumes that the state vector x(t) is unavail-
able for measurement, and the sensor fault vector w(t) is
unknown. This section will construct a state and fault ob-
server. Write (2) in the following modified form:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t) =
r∑

i=1

hi(z(t))
[
Aix(t)

+ A1ix(t − τ) + Biu(t)
]
,

y(t) = Cx(t)

+
r∑

i=1

hi(z(t))(Ci − C)x(t) + w(t),

(5)

where C is any output matrix chosen from among
C1, C2, . . . , Cr.

By letting

w0 =
r∑

i=1

hi(z(t))(Ci − C)x(t) + w(t), (6)

(5) can be expressed as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẋ(t) =
r∑

i=1

hi(z(t))
[
Aix(t)

+ A1ix(t − τ) + Biu(t)
]
,

y(t) = Cx(t) + w0(t),

(7)
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Construct the fuzzy augmented descriptor system as
follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Ē ˙̄x0(t) =
r∑

i=1

hi(z)
[
Āix̄0(t)

+ Ā1ix̄0(t − τ) + B̄iu(t) + N̄w0(t)
]
,

y(t) = C̄x̄0(t) = C0x̄0(t) + w0(t),
(8)

where

x̄0(t) =
(

x(t)
w0(t)

)

, Ē =
(

In 0
0 0

)

,

Āi =
(

Ai 0
0 −Ip

)

, Ā1i =
(

A1i 0
0 0

)

,

B̄i =
(

Bi

0

)

, N̄ =
(

0
Ip

)

, (9)

C̄ =
(

C Ip

)
, C0 =

(
C 0

)
.

The state and fault observer is designed as follows:

Enξ̇ =
r∑

i=1

hi(z(t))
[
Aniξ(t)

+ A1niξ(t − τ) + B̄iu(t)
]
, (10)

ˆ̄x0 = ξ(t) + Kny, (11)
[

x̂(t)
ŵ(t)

]

=
[

In 0
Δ(t) Ip

]−1

ˆ̄x0(t), (12)

where ξ(t) ∈ R
n+p is an auxiliary state vector, and

ˆ̄x0(t) ∈ R
n+p is the estimate of

x̄0(t) =
[

x(t)
w0(t)

]

∈ R
n+p,

En, Ani ∈ R
(n+p)×(n+p) and Kn ∈ R

(n+p)×p are design

matrices, and Δ(t) =
r∑

i=1

hi(t)(Ci − C).

By substituting ξ(t) = ˆ̄x0(t) −Kny(t) into (10), we
obtain

En
˙̄̂x0(t) − EnKnC̄ ˙̄x0(t)

=
r∑

i=1

h(z(t))
{
Ani[ˆ̄x0(t) − KnC̄x̄0(t) − Knw(t)]

}

+
r∑

i=1

h(z(t))
{
A1ni[ˆ̄x0(t − τ)

− KnC̄x̄0(t − τ)] + B̄iu(t)
}
.

(13)

Subtracting (13) from (8) yields

(Ē + EnKnC̄) ˙̄x0(t) − En
˙̄̂x0(t)

=
r∑

i=1

h(z(t))
[
Āi + AniKnC0)x̄0(t)

− Anix̄0(t)
]

+
r∑

i=1

h(z(t))
[
Ā1i + A1niKnC̄)x̄0(t − τ)

− Ā1nix̄0(t − τ)
]

+
r∑

i=1

h(z(t))
[
N̄w(t)+AniKnw(t)

]
.

(14)

Let ē(t) = x̄0(t) − ˆ̄x0(t), and suppose that
⎧
⎪⎪⎨

⎪⎪⎩

Ai + AniKnC0 = Ani,
N̄ = −AniKn,
Ē + EnKnC̄ = En,

A1i + A1niKnC̄ = A1ni.

(15)

From (15), we get the error dynamics

En ˙̄e(t) =
r∑

i=1

hi(z(t))
[
Aniē(t) + A1niē(t − τ)

]
. (16)

From (15), we conclude that

Ani =
(

Ai 0
−C −Ip

)

, A1ni =
(

A1i 0
FC F

)

,

Kn =
(

0
Ip

)

, En =
(

I 0
MC M

)

,

(17)

where F is a full-rank matrix.
By using (17), the error dynamics (16) can be written

as

˙̄e(t) =
r∑

i=1

hi(z(t))
[
E−1

n Aniē(t) + E−1
n A1niē(t − τ)

]

=
r∑

i=1

hi(z(t))
[
Ai∗ē(t) + A1i∗ē(t − τ)

]
,

(18)
where

Ai∗ =
(

Ai 0
−CAi − M−1C −M−1

)

,

A1i∗ =
(

A1i 0
−CA1i + M−1FC M−1F

)

.

(19)

Theorem 1. If there exist matrices P > 0 and R > 0 ,
such that

Γ =
[

AT
i∗P + PAi∗ + R PA1i∗

∗ −R

]

< 0, (20)

then the state observer in the form of (10)–(12) can
asymptotically estimate the states and sensor faults.
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Proof. Consider the Lyapunov function candidate as

V (ē(t)) = ēT (t)P ē(t) +
∫ t

t−τ

ēT (σ)Rē(σ) dσ. (21)

The time derivative of V (ē(t)) along the trajectory of (18)
is

V̇ (ē(t)) =
r∑

i=1

h(z(t))[ēT (t)(AT
i∗P + RAi∗)ē(t)

+ 2ēT (t)PA1i∗ē(t − τ)

+
r∑

i=1

h(z(t))[ēT (t)Rē(t)

− ēT (t − τ)Rē(t − τ)

=
r∑

i=1

h(z(t))ξT (t)Γξ(t),

(22)

where

ξT (t) =
[
ēT (t) ēT (t − τ)

]T
,

Γ =
[

AT
i∗P + PAi∗ + R PA1i∗

∗ −R

]

.

�

Based on Theorem 1, if Γ < 0, we see that V̇ (ē(t)) <
0. Therefore, there exists a fuzzy state observer in the
form of (10)–(12) to estimate the state and sensor faults
asymptotically. On the other hand, we can obtain simulta-
neous estimates of x(t), w0(t) and

lim
t→∞

([
x(t)
w0(t)

]

− ˆ̄x0(t)
)

= 0.

Since (4) indicates that hi(z(t)) is bounded for i =
1, . . . , r, it follows that

lim
t→∞

[
I 0

Δ(t) I

]−1([
x(t)
w0(t)

]

− ˆ̄x0(t)
)

= 0 (23)

By using (6) and the third equation of (12), we deduce that

[
x(t)
w(t)

]

−
[

x̂(t)
ŵ(t)

]

=
[

x(t)
w(t)

]

−
[

I 0
Δ(t) I

]−1

ˆ̄x0(t)

=
[

I 0
Δ(t) I

]−1 [
I 0

Δ(t) I

] [
x(t)
w(t)

]

−
[

I 0
Δ(t) I

]−1

ˆ̄x0(t)

=
[

I 0
Δ(t) I

]−1{[
x(t)
w(t)

]

− ˆ̄x0(t)
}

.

(24)

By using (23) and (24), we immediately get

lim
t→∞

([
x(t)
w(t)

]

−
[

x̂(t)
ŵ(t)

])

= lim
t→∞[x̄(t) − ˆ̄x(t)] = 0, (25)

i.e., the proposed state and fault observer (10)–(12) can
asymptotically estimate the states and sensor faults simul-
taneously. In the sequel, as an application, the state ob-
server (10)–(12) is applied to fault estimation.

Case 1: Sensor fault estimation.

Consider the following fuzzy system with sensor faults:
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t) =
r∑

i=1

hi(z)[Aix(t)

+ A1ix(t − τ) + Biu(t)],

y(t) =
r∑

i=1

hi(z)Cix(t) + Dsfs(t),

(26)

where fs(t) ∈ R
k is the sensor fault, Ds ∈ R

p×k is a
full column matrix, and the other symbols are defined as
before. By letting

w(t) = Dsfs(t), (27)

using the state observer (10)–(12), we can obtain the es-
timate of w(t). Furthermore, the estimate of fs(t) can be
obtained as follows:

f̂s(t) = (DT
s Ds)−1DT

s

[
0p×n Ip

]

×
[

I 0
−Δ(t) I

]

ˆ̄x0(t),
(28)

where ˆ̄x0(t) is the augmented state estimate vector defined
in (10).

Case 2: Sensor disturbance and fault estimation.

Consider the following fuzzy system both with sensor
faults and sensor disturbances:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t) =
r∑

i=1

hi(z(t))
[
Aix(t)

+ A1ix(t − τ) + Biu(t)
]
,

y(t) =
r∑

i=1

hi(z(t))Cix(t)

+ Ddd(t) + Dsfs(t),

(29)

where fs(t) ∈ R
k is the measurement fault, d(t) ∈ R

l is
the measurement noise, and the other symbols are defined



Observer-based fault-tolerant control against sensor failures for fuzzy systems with time delays 621

as before. By letting

w(t) = Ddd(t) + Dsfs(t)

=
[

Dd Ds

]
[

d(t)
fs(t)

]

,
(30)

if Dds =
[

Dd Ds

] ∈ R
p×(k+l) is full column, the

estimate of the sensor fault w(t) via the observer (10) can
be obtained as follows:

f̂s(t) =
[

0l×k Ik

]
(DT

dsDs)−1DT
ds

× [
0p×n Ip

]
[

I 0
−Δ(t) I

]

ˆ̄x0(t),
(31)

where ˆ̄x0(t) is the augmented state estimate defined by
(11). In the same way, the estimate of the sensor distur-
bance d(t) via the state observer (10)–(12) can be obtained
as

d̂(t) =
[

Il 0l×k

]
(DT

dsDs)−1DT
ds

× [
0p×n Ip

]
[

I 0
−Δ(t) I

]

ˆ̄x0(t).
(32)

4. Observer-based fault-tolerant controller
design

In this section, a fault-tolerant fuzzy output feedback
control design will be developed by using the state and
fault observer (10)–(12), and sufficient conditions to
guarantee the stability of the resulting closed-loop system
will be given in the form of LMIs. Based on the Parallel
Distributed Compensation (PDC) (Zhou et al., 2002;
Tanaka et al., 1992), a fuzzy output feedback controller
based on the state observer is designed as follows:

Control Rule i:

IF z1(t) is Mi1 and z2(t) is Mi2 and · · · and zq(t) is Miq,
THEN

u(t) = K̄i ˆ̄x(t). (33)

The overall fuzzy controller is represented by

u(t) =
r∑

i=1

hi(z(t))K̄i ˆ̄x(t), (34)

where K̄i = [Ki 0].
By using (33) and (34), (11) and (13) can be ex-

pressed as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Ēẋ(t) =
r∑

i=1

hi(z(t))
[
Ãix̄(t)

+ Ā1ix(t − τ) + B̄iu(t)
]
,

y(t) = C̄x̄(t) = C0x̄(t) + w(t),

(35)

where

Ãi =
(

Ai 0
0 0

)

.

Substituting (34) into (35), we conclude that

ẋ(t) =
r∑

i=1

r∑

j=1

hi(z(t))hj(z(t))[Gijx(t)

+ A1ix(t − τ) − BiK̄j ē(t)]

(36)

where Gij = Ai + BiKj .

Theorem 2. Assume that there exist common matrices

X > 0, X1 > 0, R̃ > 0, ¯̃R1 > 0, ¯̃R2 > 0

and some matrices Mi , i = 1, 2, . . . , r such that.

Ω1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

Θ̃ii A1iX −BiMi

XAT
1i −R̃ 0

−MT
i BT

i 0 XAT
i + AiX +˜̄R1

0 0 −C(Ai + I)X
0 0 XAT

1i

0 0 0

0 0 0
0 0 0

−X(Ai + I)T CT A1iX 0
−2X1 + ˜̄R2 −C(A1i − I)X X1

−X(A1i − I)T
CT − ˜̄R1 0

X1 0 − ˜̄R2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

(37)

Ω2 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

Θ̃ij +Θ̃ji (A1i+A1j)X −(BiMj+BjMi)
∗ −2R̃ 0
∗ ∗ Ω̃2

33

∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗

0 0 0
0 0 0

Ω̃2
34 (A1i + A1j)X 0

−4X1 + 2 ˜̄R2 Ω̃2
45 2X1

∗ −2R̄1 0
∗ ∗ −2 ˜̄R2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

(38)

where

Θ̃ij = XAT
i + AiX + MT

j BT
i + BiMj + R̃,

Ω̃2
33 = X(Ai + Aj)T + (Ai + Aj)X + 2 ˜̄R1,

Ω̃2
34 = −X(Ai + Aj + 2I)T CT ,

Ω̃2
45 = −C(A1i + A1j − 2I)X,

X = P−1, X1 = P−1
1 , Mi = KiX, R̃ = XRX,

˜̄R1 = XR̄1X, ˜̄R2 = X1R̄2X1.

Then the fuzzy system (36) is asymptotically stable.
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Proof. Consider the Lyapunov function as

V = xT Px +
∫ t

t−τ

xT Rxdσ + ēT P̄ ē

+
∫ t

t−τ

ēT R̄ēdσ.

(39)

The time derivative of V along the trajectories (35) and
(36) is

V̇ =
r∑

i=1

r∑

j=1

hi(z(t))hj(z(t))[xT (t)

× (GT
ijP + PGij)x(t) + 2xT (t)PA1ix(t − τ)

− 2xT (t)PBiK̄j ē(t)

+ xT Rx − xT (t − τ)Rx(t − τ)

+ ēT (t)(Ai∗P̄ + P̄Ai∗)ē(t)

+ 2ēT (t)P̄A1i∗ē(t − τ)

+ ēT (t)R̄ē(t) − ēT (t − τ)R̄ē(t − τ)]

=
r∑

i=1

h2
i (z(t))ηT Γ1η

+
r∑

i=1,i<j

hi(z(t))hj(z(t))ηT Γ2η,

(40)

where

η = [xT (t) xT (t − τ) ēT (t) ēT (t − τ)]T ,

and

Γ1 =

⎛

⎜
⎜
⎝

Θii PA1i −PBiK̄i 0
∗ −R 0 0
∗ ∗ Ψi P̄A1i∗
∗ ∗ ∗ −R̄

⎞

⎟
⎟
⎠ , (41)

Γ2 =

⎛

⎜
⎜
⎝

Θij + Θji P (A1i + A1j)
∗ −2R
∗ ∗
∗ ∗

−P (BiK̄j + BjK̄i) 0
0 0

Ψi + Ψj P̄ (A1i∗ + A1j∗)
∗ −2R̄

⎞

⎟
⎟
⎠ , (42)

with

Θij = (Ai + BiKj)T P + P (Ai + BiKj) + R,

Ψi = AT
i∗P̄ + P̄Ai∗ + R̄.

�

Suppose that

P̄ =
(

P
P1

)

, R̄ =
(

R̄1

R̄2

)

.

By substituting P̄ , R̄ , Ai∗ and A1i∗ into (41), (42), re-
spectively, Γ1 and Γ2 can be expressed as

Γ1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

Θii PA1i −PBiKi

∗ −R 0
∗ ∗ AT

i P + PAi + R̄1

∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗

0 0 0
0 0 0

−(Ai + I)T CT P1 PA1i 0
−2P1 + R̄2 −P1C(A1i − I) P1

∗ −R̄1 0
∗ ∗ −R̄2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

(43)

Γ2 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

Θij +Θji P (A1i+A1j) −P (BiKj+BjKi)
∗ −2R 0
∗ ∗ Ω2

33

∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗

(44)

0 0 0
0 0 0

Ω2
34 P (A1i + A1j) 0

−4P1 + 2R̄2 Ω2
45 2P1

∗ −2R̄1 0
∗ ∗ −2R̄2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

where

Θij = (Ai + BiKj)T P + P (Ai + BiKj) + R,

Ω2
33 = (Ai + Aj)T P + P (Ai + Aj) + 2R̄1,

Ω2
34 = −(Ai + Aj + 2I)T CT P1,

Ω2
45 = −P1C(A1i + A1j − 2I).

If we suppose that

Γ1 < 0, Γ2 < 0, (45)

the conditions (45) sufficiently ensure that V̇ (x̄(t)) < 0.
Therefore, we can conclude that the fuzzy system (36) is
asymptotically stable. Note that since the matrix in equal-
ities Γ1 < 0 and Γ2 < 0 are not LMIs, from (45) we
cannot find common stable matrices X > 0, X1 > 0,
R̃ > 0, R̃1 > 0, R̃2 > 0 and control gain matrices Ki.
Therefore, pre and post-multiplying Γ1 < 0 and Γ2 < 0
by diag

{
P−1 P−1 P−1 P−1

1 P−1 P−1
1

}
, re-

spectively, and using the Schur complement, we can ob-
tain the LMIs (37) and (38) in Theorem 2, which are
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equivalent to Γ1 < 0 and Γ2 < 0, respectively. Therefore,
by solving (37) and (38), we can obtain common matrices
X > 0, X1 > 0, R̃ > 0, R̃1 > 0, R̃2 > 0 and control
gain matrices Ki.

5. Simulation example

Consider a nonlinear system characterized by the follow-
ing T–S fuzzy system:

Rule 1: If y2
1(t) is M1 (small), then

⎧
⎪⎨

⎪⎩

ẋ(t) = aA1x(t) + (1 − a)A11x(t − τ)
+ B1u(t),

y(t) = C1x(t) + w.

(46)

Rule 2: If y2
1(t) is M2 (big), then

⎧
⎪⎨

⎪⎩

ẋ(t) = aA2x(t) + (1 − a)A12x(t − τ)
+ B2u(t),

y(t) = C2x(t) + w.

(47)

In the afore-mentioned equations, y1(t) ∈ [0, 1], and
a ∈ [0, 1],

x(t) =

⎡

⎣
x1(t)
x2(t)
x3(t)

⎤

⎦ , y(t) =

⎡

⎣
y1(t)
y2(t)
y3(t)

⎤

⎦ ,

A1 =

⎡

⎣
−a −2a 0
2a −a 0
a 0 −3a

⎤

⎦ ,

B1 =

⎡

⎣
1
0
0

⎤

⎦ , B2 =

⎡

⎣
0
1
0

⎤

⎦ ,

A11 =

⎡

⎣
−(1 − a) −2(1 − a) 0
2(1 − a) −(1 − a) 0
1 − a 0 −3(1 − a)

⎤

⎦ ,

A2 =

⎡

⎣
−2a a 0
0 −0.5a −a
a 0 −a

⎤

⎦ ,

A12 =

⎡

⎣
−2(1 − a) 1 − a 0

0 −0.5(1 − a) −(1 − a)
1 − a 0 −(1 − a)

⎤

⎦ ,

C1 =

⎡

⎣
1 0 0
−1 1 0
0 0 1

⎤

⎦ , C2 =

⎡

⎣
1 0 0
1 0 1
0 1 0

⎤

⎦ .

According to Gao et al. (2008) and from the maximal
and minimal values, y2

1(t) can be represented by

y2
1(t) = M1 × 0 + M2 × 1,

where the membership functions M1 and M2 satisfy M1+
M2 = 1. As a result, we have M1 = 1 − y2

1(t) and

M2 = y2
1(t). From (3), we get

h1 =
w1(t)
2∑

i=1

wi(t)
= 1 − y2

1(t),

h2 =
w2(t)
2∑

i=1

wi(t)
= y2

1(t).

The final fuzzy system is then inferred as follows:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t) =
2∑

i=1

hi

[
Aix(t) + A1ix(t − τ)

+ Biu(t)
]
,

y(t) =
2∑

i=1

hiCix(t) + w(t),

(48)

where w(t) represents the sensor faults.
Note that if a = 1 in (48), the fuzzy system (48) be-

comes the fuzzy system discussed by Zhang et al. (2010).

Case 1: State and sensor fault estimation.

Given input u(t) = sin(t) and sensor faults as follows:

w(t) = [ fs1(t) fs2(t) fs3(t) ]T ,

in which
fs1(t) = sin t,

fs2(t) =

{
0.1 sin[5(t − 3)], t ≥ 3,

0, t < 3,

fs3(t) =

{
0.01(t− 4) + 0.2, t ≥ 4,

0, t < 4,

and choosing M = I and F = I , construct the state
observer (10)–(12) to estimate the state vector x(t) and
the sensor fault vector w(t). In the simulation, choosing
a = 0.8 and τ = 0.5, the initial values of the state x(t)
and ξ(t) are respectively chosen as

x(0) =
[

1 1 1
]T

and
ξ(0) =

[
1 1 1 −1 0 −1

]T
.

The simulation results are shown in Figs.1–4, where
Fig. 1 displays the trajectories of the observer errors e1 =
x1 − x̂1 , e2 = x2 − x̂2 and e3 = x3 − x̂3, while Figs. 2–
4 show the trajectories of the sensor faults fs1, fs2, fs3

and their estimates f̂s1, f̂s2 and f̂s3, respectively. The
simulation results in Figs. 1–4 clearly demonstrate that
the accurate estimates of the state and sensor fault signals
are achieved via the proposed state observer. The afore-
mentioned accurate nonzero fault estimates automatically
imply fault detection and diagnosis.
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Fig. 1. State observer errors e1 = x1 − x̂1 , e2 = x2 − x̂2

and e3 = x3 − x̂3.
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Fig. 2. Trajectories of the fault fs1 and its estimate f̂s1.

Case 2: Fault-tolerant control based on state observer.

According to Theorem 2 and by solving the LMIs (37)
and (38), the common stable and control gain matrices are
obtained as follows:

X =

⎡

⎣
0.1634 0.0368 0.0799
0.0368 0.6322 0.1129
0.0799 0.1129 0.4610

⎤

⎦ ,

X1 =

⎡

⎣
7.3110 −0.1949 −0.1112
−0.1949 9.9525 −0.2355
−0.1112 −0.2355 4.4435

⎤

⎦ ,

R̃ =

⎡

⎣
0.7044 0.5367 0.0395
0.5367 0.8470 0.1951
0.0395 0.1951 0.8415

⎤

⎦ ,

˜̄R1 =

⎡

⎣
0.0163 −0.0129 0.0077
−0.0129 0.0345 0.0351
0.0077 0.0351 0.1302

⎤

⎦ ,

˜̄R2 =

⎡

⎣
7.3110 −0.1949 −0.1112
−0.1949 9.9525 −0.2355
−0.1112 −0.2355 4.4435

⎤

⎦ ,
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Fig. 3. Trajectories of the fault fs2 and its estimate f̂s2.
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Fig. 4. Trajectories of the fault fs3 and its estimate f̂s3.

K1 =
[ −13.0403 −3.6426 2.5770

]
,

K2 =
[ −13.1169 −3.6225 2.5894

]
.

Choose the sensor faults and the initial values of the
states x(t) and xi(t) the same as in Case 1. The simulation
results are shown in Figs. 5–9, where Fig. 5 displays the
trajectories of the states x1, x2 and x3, and Fig. 6 shows
the state observer errors e1 = x1 − x̂1 , e2 = x2 − x̂2 and
e3 = x3 − x̂3. Figures 7–9 display the trajectories of the
sensor faults fs1 , fs2 , fs3 and their estimates, and Fig. 10
shows the control u.

The simulation results show that the proposed
observer-based fault-tolerant control approach can guar-
antee that the closed-loop system is asymptotically stable
and the observer errors asymptotically converge to zero
even though in the controlled fuzzy system there exist sen-
sor faults and time delays.

6. Conclusions

In this paper, a robust fault-tolerant control method for
T–S fuzzy systems with time delays and unknown sen-
sor faults was given. First, a fuzzy augmented state and
fault estimation observer was designed to produce system
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state and sensor fault estimates simultaneously. Further-
more, utilizing the information of on-line fault estimates,
an observer-based dynamic output feedback fault tolerant
controller was developed to compensate for the effect of
faults by stabilizing the closed-loop system. Sufficient
conditions for the existence of both a state observer and a
fault tolerant controller were given in terms of linear ma-
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Fig. 5. Trajectories of the states x1 , x2 and x3.
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Fig. 6. Trajectories of the observer errors e1 = x1 − x̂1 , e2 =
x2 − x̂2 and e3 = x3 − x̂3.
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Fig. 7. Trajectories of the fault fs1 and its estimate f̂s1.
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Fig. 8. Trajectories of the fault fs2 and its estimate f̂s2.
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Fig. 9. Trajectories of the fault fs3 and its estimate f̂s3.
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Fig. 10. Control u.

trix inequalities. A simulation example was presented to
illustrate the effectiveness of the proposed approach.
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