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An automat ic   system  for   p lanning  safe 
t r a j e c t o r i e s   f o r  a computer c o n t r o l l e d  
manipulator  among obs tac les  i s  a key component 
o f   r o b o t  assembly  operations. 
This paper  describes an a lgor i thm  t rans forming  
C a r t e s i a n   o b s t a c l e s   i n t o   o b s t a c l e s   i n   t h e  space 
o f   t h e   f i r s t   t h r e e   j o i n t s   o f  a man ipu la to r   w i th  
s i x   r e v o l u t e   j o i n t s  (e.g. a ACMA-CRIBIER V80), 
and g i v i n g  a h i e r a r c h i c a l   d e s c r i p t i o n   o f   t h e  
f r e e  space  by mean o f  an oct ree.  
Such a d e s c r i p t i o n   i s   v e r y   u s e f u l   i n   t e s t i n g   f o r  
c o l l i s i o n  between  the arm o f   t he   man ipu la to r  and 
obs tac les   s ince  it i s  represented by a p o i n t  i n  
t h i s  space. 

1 INTRODUCTION 

We f i r s t  d e s c r i b e   d i f f e r e n t   t y p e s   o f  
a lgor i thms  that   can  be  used i n   o b s t a c l e  
avoidance  problems and the   use fu lness   o f   t he  
r e p r e s e n t a t i o n   o f   f r e e  space we propose f o r  
solve  these  problems. 
Sect ion 2 descr ibes  the  t ransformat ion 
a lgor i thm.  
Sect ion 3 descr ibes some examples o f   a l g o r i t h m s  
u s i n g   t h i s   r e p r e s e n t a t i o n .  

Obstacle  avoidance  alqor i thms 

The s i m p l e s t   a l g o r i t h m   f o r   p l a n n i n g  
f ree   pa ths  amongst obstacles  uses  the  generate 
and t e s t  method. A s i m p l e   p a t h   f r o m   s t a r t   t o  
goa l  i s  hypothesized and i s   t e s t e d   f o r   p o t e n t i a l  
c o l l i s i o n s .  I f  a c o l l i s i o n  i s  detected, a new 
p a t h   i s  p roposed  us ing   in fo rmat ion   about   th is  
c o l l i s i o n .   T h i s  i s  repeated u n t i l  no c o l l i s i o n s  
are  detected  a long  the  path.  
I n  the  case  o f  a manipulator  such an a l g o r i t h m  
can  be  described i n  th ree   s teps  : 

1-calcu late  the  vo lume swept out  by  the 
manipulator  a long  the  proposed  path 
2-determine  the  overlap  between  the  swept 
volume  and the   obs tac les  
3-propose a new pa th  

Such an a lgo r i t hm  p resen ts   seve ra l  
d i f f i c u l t i e s  and  drawbacks. 
F i r s t ,   c a l c u l a t i n g   t h e  volume  swept ou t  by a 
m a n i p u l a t o r   w i t h   r e v o l u t e   j o i n t s  is hard. The 
output  we can  expect i s  a d e s c r i p t i o n   o f  th is  
volume w i t h  a s e t   o f  many simple  surfaces. A 
s im i l a r   desc r ip t i on   o f   t he   obs tac les   can  be 
prov ided,  and we a re   f aced   w i th   t he   p rob lem  o f  
determining  the  over lap  of   such  volumes  which i s  
known t o  be d i f f i c u l t  and time  expensive. 
Another   impor tant   problem  l ies  i n   t h e  
r e l a t i o n s h i p  between  the  second and t h e   t h i r d  
steps. The i n f o r m a t i o n  we can  expect  from  the 
second s t e p   i s   o n l y   l o c a l   ( i . e .  i t  concerns  only 
a p a r t   o f   t h e   p a t h  and a p a r t   o f   t h e  
manipulator ) .  As the   man ipu la to r   cons is ts  i n  
s e v e r a l   p a r t s   l i n k e d   t o g e t h e r ,  i t  i s  d i f f i c u l t  
t o   f i n d  good heur i s t i cs   t o   mod i f y   t he   pa ths .   Bu t  
even w i t h  good h e u r i s t i c s ,   t h e   l o c a l   c h a r a c t e r  
o f   t h i s  method makes impossible  great  changes i n  
the  path.  So the  proposed  paths  are  genera l ly  
n o t   s h o r t   r e l a t i v e   t o  some c r i t e r i a  we would 
l i k e   t o   m i n i m i z e  (e.9.   execut ion  t ime  o f   the 
path  by  the  manipulator ) .  

For  these  reasons,  another  type  of 
a l g o r i t h m  has  been  used  independently f o r  
manipulator   obstac le   avoidance by Udupa (1) and 
Lozano-Perez ( 2 - 3 ) .  
I n   t h i s  method, the   goa l  i s   t o   s i m p l i f y   t h e  
desc r ip t i on   o f   t he   mov ing   ob jec t   wh i l e  
t rans forming   the   obs tac les   such  tha t   an   over lap  
between  the new o b j e c t  and t h e  new obstac les i s  
e q u i v a l e n t   t o  an ove r lap   be tween   the   o r i g ina l  
ones. The f i r s t  two   s teps   o f   t he   a lgo r i t hm 
described above a r e   t h e n   s i m p l i f i e d .  

Udupa's  work  concerned  the  Standford 
arm. It u s e d   t h e   f a c t   t h a t   t h i s   m a n i p u l a t o r   i s  
composed o f  two  l inked  ob jec ts ,  one o f  them ( t h e  
boom) being much l a r g e r   t h a n   t h e   o t h e r   ( t h e  
forearm). 
The manipulator  i s  decomposed i n  these  two  parts 
which  are  then  approximated by c y l i n d e r s .  An 
abst ract ion  space i s  constructed  by  computing 
t h e   f o r b i d d e n   r e g i o n s   f o r   t h e  boom t i p   i n  
spher ica l   coord ina tes .  
The volume  swept  out  by  the boom i n  t h i s  space 
i s  represented  by a curve and the  above 
a lgor i thm  can be app l i ed   eas i l y .  When a 
c o l l i s i o r l   f r e e   p a t h   f o r   t h e  boom has  been  found, 
a pa th   f o r   t he   f o rea rm i s  searched  along  the 
boom t i p   l o c u s   u s i n g   h e u r i s t i c s  based  on the  
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- the  body  which  can  ro tate  about  a v e r t i c a l   a x i s  
( j o i n t  41) 
-the  upperarm  attached  to  the body by  an 
h o r i z o n t a l   a x i s   i n t e r s e c t i n g   t h e   f i r s t  one 
( j o i n t  92) 
- the  forearm  at tached  to  the  upperarm  by  an 
h o r i z o n t a l   a x i s   ( j o i n t  43) 
- t he  hand a t tached   to   t he   w r i s t   by   t h ree  
i n t e r s e c t i n g   a x i s   ( j o i n t s  q4,q5,q6) 
we c a l l  arm o f   the   man ipu la to r   the   un ion   o f   the  
body,the  upperarm  and the  forearm. 

I A' 

F iqu re  i : the  ACMA-CRIBIER V80 manipulator .  

We now def ine some notat ions  used i n   t h e  
f o l l o w i n g .  

We denote  by E the  three  d imensionnal  
Car tes ian space. 

Q=QlXQ2XQ3 i s  t h e   s e t   o f   v a l u e s   t h a t   j o i n t s  
(q19q2,q3)=q  can  take  according t o  t he  
c o n s t r u c t i o n a l   c o n s t r a i n t s  of  the  manipulator .  
Qi, i = 1 , 3   i s  an i n t e r v a l   c o n t a i n e d   i n t o  

Aldesignes  the body, A2 t h e  upperm, A3 t h e  
forem  and A=AlUA2UA3 the  arm. 

A Car tes ian   obs tac le  will be  denoted  by 0 
and i t s  corresponding  t ransformed  obstacle by 
T(0).  T(0) i s  de f i ned  as t h e   s e t   o f   p o i n t s  q o f  
Q such  that   A(q)   over laps  wi th  0. 

2-2 s i m p l i f i n q   t h e   p r o b l e m  

-pi,+pi e 

The r e a l  volumes Al,A2,A3 a r e   o f  
course  complicated.  Since we have  seen t h a t  a 
rough  approx imat ion  o f   the arm s u f f i s e s  i n  most 
o f   t h e  cases, we rep lace  them  by  bounding 
volumes made o f  a c y l i n d e r  ended by hemispheres, 
a l l   o f   t h e  same r a d i u s  R. L e t  S i ,  i=l t o  3 be, 
t h e   l i n e  segments  such t h a t  A i  i s  t h e   s e t   o f  
p o i n t s   d i s t a n t   o f  less  than R from S i  and 
s = 5 l u s z u s 3 ~  
It can  be  seen e a s i l y   t h a t  T(U) can  be  def ined 
as   t he   se t  o f  p o i n t s  q o f  Q such  tha t  S(q)  
over laps  the  grown  obstacle  G(0).  G(0) i s  
defined as t h e   s e t   o f   p o i n t s   o f  E d i s t a n t   o f  
l ess   t han  R from 0. 
Before we g i v e  an impor tant  lemma which i s  the  
b a s i s   o f   t h e   p r a c t i c a l   a l g o r i t h m ,   n o t i c e   t h a t  

t h e   r e p r e s e n t a t i o n   o f  a C a r t e s i a n   p o s i t i o n  i n  
t h e   j o i n t s  space i s   n o t  unique. I f  (q lYq2,q3)  i s  
a representat ion  then  (ql+pi ,p i -q2,-q3) i s  a l s o  
a r e p r e s e n t a t i o n   o f   t h e  same p o s i t i o n .   F o r   t h i s  
reason, we on ly   cons ider  a p a r t   o f  T ( 0 )  i n   t h e  
f o l l o w i n g  and the  other  can  be deduced  from i t  
u s i n g   t h e   r e l a t i o n  above. 
Lemma : If the  Car tes ian   obs tac le  0 i s  convex, 
the  t ransformed  obstacle  T(0)can be w r i t t e n  : 

T ( o )  = U q l m  Uq2<12(ql) q l  X q2 X 13(q19q2) 

where Ii i s  an i n t e r v a l   i n c l u d e d   i n  Qi. 

Proof  : n o t i c e   f i r s t   t h a t  segments S i  a re  
conta ined i n  a v e r t i c a l   p l a n e   d e f i n e d  by j o i n t  
q l .  So we can w r i t e   T ( 0 )  = UqlGI1 T(Uq1) , 
where Oql i s   t h e   o v e r l a p  between 0 and  such a 
plane. I1 i s  t h e   s e t   i n c l u d e d  i n  Ql such  that  
T ( 0 q l )  i s  n o t  empty, t h a t   i s   t h e r e   e x i s t s  q2 and 
q3 such  that   S(q)   over laps  wi th  G(Dq1). Pet   61 
be the  common end o f  S1  and 52, and 12 and 13 
t h e   r e s p e c t i v e   l e n g t h   o f  52 and S3.  If the  
d i s t a n c e   o f  B 1  t o  G(Oq1) i s  greater   than 12+13 , 
then T(Oq1) i s  empty. We conclude  that  I1 can  be 
de f i ned  as t h e   s e t   o f   a n g l e  ql such  tha t   the  
sphere  centered i n  61 o f   r a d i u s  R over laps with 
G(Oq1). As th is  sphere and  G(0)  are  convex, it 
can be  seen e a s i l y   t h a t  I1 i s   a l s o  convex  and SO 

i s  an i n t e r v a l .  

We now examine the   se t  T(Oq1). It i s  
c l e a r   t h a t  it can be w r i t t e n  : 
T(Oq1) = q l  X TP(Oq1) where TP i s  the  
t r a n s f o r m a t i o n   o f  a Car tes ian   obs tac le   con ta ined 
i n t o  a p l a n   c o n t a i n i n g   a x i s  z i n t o   t h e   j o i n t s  
space ( q2,q3). 
Pet B2 be the common end o f  52 and 53. If the  
d i s t a n c e   o f  82 t o  G(Oq1) i s  grea ter   than 13,  
then  the  over lap  between 53 and  G(0ql) i s  
c l e a r l y  empty  and we c a n   d e f i n e   I 2  as the  set   o f  
angles q2 such  tha t  S2 over laps with G(Oq1) or 
th is  d i s tance  i s  less  than  13.  (Figure 2). If 13 
i s  greater   than 12 t h e   F i r s t   c o n d i t i o n   i s  
i m p l i e d  by the second. 

F iqu re  2 : D e f i n i t i o n   o f   t h e   s e t  12. 
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- the  body  which  can  rotate  about a v e r t i c a l   a x i s  
( j o i n t  41) 
-the  upperarm  attached  to  the body by  an 
h o r i z o n t a l   a x i s   i n t e r s e c t i n g   t h e   f i r s t  one 
( j o i n t  92) 
- the  forearm  at tached  to  the  upperarm  by  an 
h o r i z o n t a l   a x i s   ( j o i n t  43) 
- t he  hand a t tached   to   t he   w r i s t   by   t h ree  
i n t e r s e c t i n g   a x i s   ( j o i n t s  q4,q5,q6) 
we c a l l  arm o f   t he   man ipu la to r   t he   un ion   o f   t he  
body,the  upperarm  and the  forearm. 

gk 

F iqu re  i : the  ACMA-CRIBIER V80 manipulator .  

We now d e f i n e  some notat ions  used i n   t h e  
f o l l o w i n g .  

We denote  by E the  three  d imensionnal  
Car tes ian space. 

Q=QlXQ2XQ3 i s  t h e   s e t   o f   v a l u e s   t h a t   j o i n t s  
(q l ,qZ9q3)=q  can  take  accord ing  to   the 
c o n s t r u c t i o n a l   c o n s t r a i n t s  of  the  manipulator .  
Qi, i = 1 , 3   i s  an i n t e r v a l   c o n t a i n e d   i n t o  

Aldesignes  the body, A2 t h e  upperm, A3 t h e  
forem  and A=AlUA2UA3 the  arm. 

A Car tes ian   obs tac le  will be  denoted  by 0 
and i t s  corresponding  t ransformed  obstacle by 
T(0).  T(0) i s  de f i ned  as t h e   s e t   o f   p o i n t s  q of 
Q such  that   A(q)   over laps  wi th  0. 

- p i   7 + p i  e 

2-2 s i m p l i f i n q   t h e   p r o b l e m  

The r e a l  volumes Al,A2,A3 a r e   o f  
course  complicated.  Since we have  seen t h a t  a 
rough  approximat ion  of   the arm s u f f i s e s  i n  most 
o f   t h e  cases, we rep lace  them  by  bounding 
volumes made o f  a c y l i n d e r  ended by  hemispheres, 
a l l  o f  t h e  same r a d i u s  R. L e t  S i ,  i=l t o  3 be, 
t h e   l i n e  segments  such t h a t  A i  i s  the  set   of  
p o i n t s   d i s t a n t   o f  less  than R from S i  and 
5=SluSZuS3, 
It can  be  seen eas i l y   t ha t   T (0 )   can  be de f i ned  
as   t he   se t  o f  p o i n t s  q o f  Q such  that   S(q) 
over laps  the  grown  obstac le  G ( O ) .   G ( O )  i s  
de f i ned  as t h e   s e t   o f   p o i n t s  o f  E d i s t a n t   o f  
l ess   t han  R from 0. 
Before we g i v e  an impor tant  lemma which i s  the  
b a s i s   o f   t h e   p r a c t i c a l   a l g o r i t h m ,   n o t i c e   t h a t  

t he   rep resen ta t i on  o f  a Car tes ian   pos i t i on  i n  
t h e   j o i n t s  space i s   n o t  unique. I f  (q lYq2,q3)  i s  
a representat ion  then  (q l+p i ,p i -qZ7-q3)  i s  a l so  
a r e p r e s e n t a t i o n   o f   t h e  same p o s i t i o n .  For t h i s  
reason, we on ly   cons ider  a p a r t   o f  T ( 0 )  i n   t h e  
f o l l o w i n g  and the  other  can  be deduced  from i t  
u s i n g   t h e   r e l a t i o n  above. 
Lemma : If the  Car tes ian   obs tac le  0 i s  convex, 
the  t ransformed  obstacle  T(0)can be w r i t t e n  : 

T(n )  = U q l 4 1   “ q 2 < I Z ( q l )   q l  X q2 X I 3 (q l ,q2 )  

where Ii i s  an i n t e r v a l   i n c l u d e d   i n  Qi. 

Proof  : n o t i c e   f i r s t   t h a t  segments S i  a re  
conta ined i n  a v e r t i c a l   p l a n e   d e f i n e d  by j o i n t  
q l .  So we can w r i t e   T ( 0 )  = UqlGI1 T (0q l )  , 
where Oql i s   t h e   o v e r l a p  between 0 and  such a 
plane. I1 i s   t h e   s e t   i n c l u d e d   i n  Q1 such  that  
T ( 0 q l )  i s  n o t  empty, t h a t   i s   t h e r e   e x i s t s  q2 and 
q3 such  that   S(q)   over laps  wi th   G(Dql ) .   Pet   61 
be the  common end o f  S1  and 52, and 12 and 1 3  
t h e   r e s p e c t i v e   l e n g t h   o f  52 and S3. If the  
d i s t a n c e   o f  B 1  t o  G(Oq1) i s  greater   than 12+13 , 
then T(Oq1) i s  empty. We conclude  that  I1 can b e  
de f ined  as t h e   s e t   o f   a n g l e   q l   s u c h   t h a t   t h e  
sphere  centered i n  B 1  o f  r a d i u s  R ove r laps   w i th  
G(Oq1). As th is  sphere and  G(0)  are  convex, it 
can be  seen e a s i l y   t h a t  I1 i s   a l s o  convex  and SO 

i s  an i n t e r v a l .  

We now examine the   se t  T(Oq1). It i s  
c l e a r   t h a t  it can be w r i t t e n  : 
T(Oq1) = q l  X TP(0ql) where TP i s  the  
t r a n s f o r m a t i o n   o f  a Car tes ian   obs tac le   con ta ined 
i n t o  a p l a n   c o n t a i n i n g   a x i s  z i n t o   t h e   j o i n t s  
space ( q2,q3). 
Pet B2 be the common end o f  52 and 53. If the  
d i s t a n c e   o f  82 t o  G(Oq1) i s  grea ter   than 13, 
then  the  over lap  between 53 and G(Oq1) i s  
c l e a r l y  empty  and we c a n   d e f i n e   I 2  as the  set   o f  
angles q2 such  tha t  S2 over laps with G(Oq1) or 
th is  d i s tance  i s  less   than  13 .   (F igure  2). If 13 
i s  greater   than 12 t h e   f i r s t   c o n d i t i o n   i s  
i m p l i e d  by the second. 

52 

F iqu re  2 : D e f i n i t i o n   o f   t h e   s e t  12. 
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We now show t h a t   I 2   d e f i n e d   w i t h   o n l y  
the   s econd   cond i t ion  is convex.  Pet  q21  and qZ2 
be two e l emen t s   o f   12 .   I f   t hey  are both  such 
t h a t  52 o v e r l a p s   w i t h  G(Oq1)  which is convex, i t  
is e a s y   t o  see that  any  q2  between  q21  and  q22 
is i n  12. Else t h e y   c o r r e s p o n d   t o  two p o s i t i o n s  
of 8 2 ,  821 and 822, and we s u p p o s e   t h a t   f o r   a n y  
q2 betweem  them S2 d o e s n ' t   o v e r l a p   w i t h  G(Oq1). 
( i f  no t  w e  cu t   t he   s egmen t   q21 ,q22   i n   t h ree  
p a r t s  which f a l l   i n   o n e   o f   t h e  two cases ) .   The re  
e x i s t  two p o i n t s  M 1  and M2 of  G(Oq1) s u c h   t h a t  
D(B21,Ml)  and D(B22,MZ) a r e   b o t h  less than  13 
and i t  c a n   b e   s e e n   t h a t   i n   t h o s e   c o n d i t i o n s   t h e  
d i s t a n c e   f r o m   8 2   t o   t h e   s e g m e n t  Ml,M2 
can  only  have a minimum when q 2   d e s c r i b e s   t h e  
segment   q21 ,q22   ( f igure   3 ) .  From t h e   c o n v e x i t y  
of  G(Oql), we deduce   t ha t   92  is i n  12, which is 
then   convex   and   an   i n t e rva l   con ta ined   i n  42. 

B1 
B22 

F i q u r e  3 

I f  q2 is s u c h   t h a t  52 o v e r l a p s   w i t h  
G(Oql),  it is c l e a r   t h a t   t h e   w h o l e   i n t e r v a l  43 
must  be  forbidden  and so I 3 ( q l , q 2 )  = 43. 
Else, t h e   f o r b i d d e n  s e t  f o r   q 3  is s u c h   t h a t   5 3  
o v e r l a p s  G(Dq1).  Again, i t  is e a s y   t o  see u s i n g  
t h e   c o n v e x i t y   o f  G(Oq1) t h a t  I3 is convex  and  an 
i n t e r v a l   i n c l u d e d   i n  43 ( f i g u r e  4) .  That   p roves  
t h e  lemma. 

F iqure  4 : D e f i n i t i o n   o f   t h e  set 13. 

2-3 The d e s c r i p t i o n   o f   o b s t a c l e s .  

We can now choose a d e s c r i p t i o n   o f   t h e  
o b s t a c l e s   t h a t   s i m p l i f i e s   t h e   t r a n s f o r m a t i o n .  
First, we h a v e   t o   d e s c r i b e  them as  un ions   o f  
convex sets. Then, we h a v e   s e e n   t h a t   t h e  
t r a n s f o r m a t i o n   i n v o l v e s   t h e   d e t e r m i n a t i o n   o f  
i n t e r v a l s   u s i n g   t h e   C a r t e s i a n   d i s t a n c e   f r o m  a 
p o i n t   t o   t h e  grown o b s t a c l e  or t h e   s e a r c h   o f  
t angen t   po in t s   be tween  a segment  and  the grown 
o b s t a c l e .  (we d e f i n e  M a s  a t a n g e n t   p o i n t   i f   t h e  
over lap   be tween  the   segment   and   the  grown 
o b s t a c l e  is e q u a l  t o  M and is n o t   a n   e x t r e m i t y  
of t he   s egmen t ) .  All t h e s e   o p e r a t i o n s   a r e   q u i t e  
s i m p l e   i f   t h e  grown o b s t a c l e  is a polyhedron or  
a sphere   and  we will use such   approximat ions   o f  
t h e  grown o b s t a c l e s .  

We can   expec t  two d i f F e r e n t   s o u r c e s  
f o r  t h e   d e s c r i p t i o n  o f  t he   wor ld .  We can   use  
geomet r i c   mode l s   o f   t he   ob jec t s   g iven  by a CAD 
system or  t h e   i n f o r m a t i o n   g i v e n  by a 3-D s e n s o r .  
I n   t h e  l a s t  case, the   i n fo rma t ion   can   be  
condensed   in to  a polyhedron  and  then a 
h i e r a r c h i c a l   s t r u c t u r e ,   t h e   p r i s m - t r e e   d e s c r i b e d  
by Faugeras  and  Ponce (4) ,  by means  of  prisms. 
The CAD system p r o v i d e s  a s i m i l a r   d e s c r i p t i o n ,  
b u t  uses s e v e r a l   b a s i c   o b j e c t s   a s  
c u b o i d s , c o n e s , c y l i n d e r s  or s p h e r e s .  
S u c h   b a s i c   o b j e c t s  will b e   t h e   i n p u t   o f   t h e  
g rowing   a lgo r i thm  tha t   gene ra t e s   po lyhedra   and  
s p h e r e s   a s   o u t p u t .  A b a s i c   o b j e c t  is d e f i n e d  by 
its t y p e   a n d   p a r a m e t e r s   o f   s i z e   a n d   p o s i t i o n .  A 
polyhedron by a set o f   v e r t i c e s  and a set of  
edges.   For a g i v e n   t y p e   o f   b a s i c   o b j b c t   t h e  se t  
o f   e d g e s   d e s c r i b i n g   t h e   s h a p e   o f   t h e   o u t p u t  
polyhedron is a lways   t he  same, and   on ly   t he  
c o o r d i n a t e s   o f   t h e   v e r t i c e s   d e p e n d s   o n   t h e  
p a r a m e t e r s   o f   t h i s   o b j e c t .  Of c o u r s e ,   t h e  grown 
o b s t a c l e  OF a s p h e r e   o f   r a d i u s  r is a sphe re   o f  
r a d i u s  r+R.  
SO, the   g rowing   opera t ion  is q u i t e   s i m p l e   a n d  
f a s t  . 

F i q u r e  5 : a s c e n e   d e s c r i b e d  by t h e  CAD system. 



F i q u r e  6 : a cuboid  and  the grown obstac le.  

2-4 the   t rans fo rm inq   a lqo r i t hm.  

We descr ibe  here i n  d e t a i l s   t h e  case 
o f  a polyhedron as  grown  obstacle. The case o f  a 
sphere i s   e a s i e r  and  very   s im i la r .  
We must  keep i n  mind  that   our  purpose i s  t o  
b u i l d  an oc t ree  i n  t h e   j o i n t  space o f   t h e  arm. 
An o c t r e e   i s  a t r e e   o f  degree  eight  which 
d e s c r i b e s   h i e r a r c h i c a l l y   t h e  space  contained 
i n t o  a cubo id   tha t   fo rms  the   roo t .  The sons o f  a 
node a r e   t h e   e i g h t   c u b o i d s   o b t a i n e d   i n   c u t t i n g  
t h e   f a t h e r   b y   p l a n e s   p a r a l l e l   t o   t h e   f a c e s  and 
con ta in ing  i t s  cen te r .  The nodes  can  be l a b e l l e d  
as  Full,Empty,or  Mixed  depending  on  whether  they 
a r e   e n t i r e l y  i n  an  obstac le ,   out  o f  a l l  
obstacles, or  p a r t l y   i n  an obstac le.   Only   the 
Mixed  nodes   a re   d iv ided  un t i l   the  minimum s i z e  
f o r  a cuboid i s  reached. A c u b o i d   o f  minimum 
s i z e  i s  c a l l e d  a voxel. 
I n  our case, t h e   r o o t  i s  the   se t  Q, and we 
d i v i d e  each  coord ina te   in to   64   par ts .  We o b t a i n  
a 3-D image o f   s i z e  64X64X64 t h a t  we have t o  
fill using   t he   t rans fo rm ing   a lgo r i t hm.  We denote 
dql,dq2,dq3 the  increments on the   va r ious  
angles. 
The t rans fo rm ing   a lgo r i t hm  uses   t he   resu l t s   o f  
the lemma and  can  be descr ibed  as   fo l lows : 
1-cu t   the   po lyhedron  in to   s l i ces   by   p lanes  
con ta in ing   t he  z a x i s  and a ver tex;  
2- for  a l l   t h e   s l i c e s  do : 

I f  the  distance  between B 1  and   t he   s l i ce  i s  
l e s s   t h a n  12+13 then 

Cut t h e   s l i c e   i n t o   s u b - s l i c e s   o f   t h i c k n e s s  
dql ;  
compute TP(Oq1) ;  

E l s e   n e x t   s l i c e ;  
end; 

So, the  computat ion of TP(Oq1) can  be 
descr ibed as f o l l o w s  : 
1-determine a l l   I 2 n  and t h e i r   u n i o n   I 2 ( q 2 )  and 

2-determin e the  edges  concerned with q2 = 
min IZ (q1 )  and t h e   t w o   p a r t i c u l a r  edges; 
3-compute t h e   p o i n t s  of con tac t  on t h i s  two 
edges  and the  corresponding  po ints  i n  43, q3m 
and q3M; I 3  = q3m,q3M ; 
4 - f i l l   a l l   v o x e l s   c o r r e s p o n d i n g   t o   ( q l , q Z , q 3 )  
w i t h  q3 i n  13; 
5-add  dq2 t o  q2; 

IZo(q1) ;  

I f  q2 i s  i n   I 2 0 ( q l )   t h e n  I3 = 43 go t o   s t e p  4; 
i f  the  concerned  edges  are  not changed, go t o  
s tep  3; 
i f  the   se t   o f   concerned edges i s  empty then 
r e t u r n ;  
e lse  determine  the  two new p a r t i c u l a r  edges 
and go t o   s t e p  3 ;  

end; 

2-5 B u i l d i n q   t h e   o c t r e e .  

When t h e   f i l l i n g   o f   t h e   b a s i c  3-0 
image i s   f i n i s h e d ,  we have t o   b u i l d  up  the 
oct ree.  As we want t o  use  the  neighbor 
i n f o r m a t i o n  i n  t h e   f o l l o w i n g  we choose t o  number 
t h e  nodes  as i f  the   oc t ree  was f u l l  up. A t  each 
l e v e l  1, the   voxe ls   a re   de f ined  by   th ree   in teger  

coordinates  nl,n2,n3  between 0 and  2l-1. The 
corresponding node i n   t h e   o c t r e e  will be  denoted 
( l ,nl ,n2,n3). H is  f a t h e r   i s   t h e n   g i v e n   b y  
(l-l,nl/Z,nZ/Z,n3/2)  and h i s   e i g h t  sons  by 
( 1 + l , n ' l 9 n ' 2 , n ' 3 )   w i t h  n ' i  = 2 n i  or  2n i+ l .  
With t h i s   r e p r e s e n t a t i o n ,   o n l y   t w o   b i t s   a r e  
necessary  for   each  cel l .   Their   meaning i s  the  
f o l l o w i n g  : 

1 1 = the  node i s  e n t i r e l y  f u l l .  
1 0 the  node i s  mixed. 
0 1 = t h e  node i s  empty  and i s  a l e a f   ( i . e .  

0 0 = t h e   c e l l  i s  empty b u t  i s  n o t  i n  the  
i T s   f a t h e r   i s   n o t  empty) 

oct ree.  (it i s  a descendant o f  an  empty  node. 

Value  

01 

1 
10 

be  computed  as t h e   u n i o n   o f   t h e  same s e t  
each  edqe  denoted  I2n. Fo r  a o i ven  02 i n  12. 

/ / 

13(ql,qS) i s  t h e   u n i o n   o f   t h e  >same set   denote 
I 3 n   f o r   t h e  edges n such  tha t  q2 i s  i n  I2n.  
N o t i c e   t h a t   t h e   e x t r e m i t i e s   o f   I 3  (when i t  i s  
d i f f e r e n t   f r o m  43) co r respond   to   po in ts  on two 
o f   these edges tha t   remain  on these  edges u n t i l  
t h e   s e t   o f  edges n concerned with q2  changes. 
The p a r t   o f   I 2 ( q l )  i n  which 52 over laps G(Oq1) 
( t h a t  i s  I 3  43)  can  be  eas i ly  computed  and i s  
denoted  by  IZo(q1). 

/ 
00 

F i q u r e  7 : b a b e l s   o f   t h e  nodes i n   t h e   o c t r e e  
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t h e   b u i l d i n g   a l g o r i t h m   i s   t h e n  : 
f o r  1 = 5 t o  0 do 

f o r  n l  = 0 t o   2 l - 1  do 

f o r  n2 = 0 t o  2 -1 do 1 

f o r  n3 0 t o  2 -1 do 1 

I f  the  8 sons o f  node ( l ,nl ,n2,n3) 
a r e   f u l l ,   s e t  i t  t o  1 1; 
if the  8 sons o f  node ( l ,nl ,n2,n3) 
are empty, s e t  it t o  0 0; 
e l s e   s e t  i t  t o  1 0 and i t s  empty  sons 
t o  0 1; 

end; 
end; 

end; 
end. 

Of  course, t h i s  a l g o r i t h m  i s  n o t  
op t ima l  as tha t   desc r ibed   by  Samet (5-6) f o r  
quad t rees   bu t   f i nd ing   t he   ne ighbors   o f  a node i n  
t h e   o c t r e e  i s  much f a s t e r  with our  coding.  (see 
sect ion  3-2).  

3-AUGORITHMS USING T H I S  REPRESENTATION. 

We descr ibe  here  two  a lgor i thms  us ing 
t h i s  rep resen ta t i on   o f   t he   man ipu la to r  
environment. The f i r s t  one t e s t s   f o r   o v e r l a p  
between  the arm and obstacles  a long a Car tes ian 
p a t h   f o r   t h e  wr ist .  The second  one  searches f o r  
a s h o r t   p a t h   f o r   t h e  arm i n   t h e  graph o f   t h e  
n e i g h b o r s   o f   t h e   o c t r e e   r e l a t i v e   t o  a 
p r e - s p e c i f i e d   c r i t e r i o n .  

3-1 t e s t i n q  a Car tes ian  path.  

Such  an algor i thm  can  be  used i n  t h e  
f i r s t  s t e p   o f   t h e   f i n d   p a t h   p r o b l e m  when t h e  
search i s  l e d   b y   t h e   c o n f i g u r a t i o n   o f   o b s t a c l e s  
around  the end e f f e c t o r .  
The f i r s t  s tep  i s   t o   f i n d  an   approx imat ion   o f  
t he   Car tes ian   pa th  made o f   s u c c e s s i v e   l i n e  
segment motions i n  t h e   j o i n t s  space o f   t h e  arm. 
Then we t e s t  i f  each o f   t h e s e  segments i s  
conta ined i n  the  f ree  space  descr ibed  by  the 
o c t r e e .   L e t   q i  and q f  b e   t h e   e x t r e m i t i e s   o f   s u c h  
a segment. S t a r t i n g  with t h e   r o o t   o f   t h e   o c t r e e ,  
we f i r s t   f o l l o w  a branch u n t i l  we f i n d  a f u l l  or 
an  empty  node c o n t a i n i n g   q i  or q f .   Pe t  N i  and N f  
be  these  nodes. If one o f  them i s  f u l l  we r e t u r n  
False. If N i  i s  e q u a l   t o  N f  we r e t u r n  True. 
E lse,  we compute t h e   i n t e r s e c t i o n s   q i '  and q f '  
between  the segment  and t h e   s u r f a c e   o f  nodes N i  
and N f  and we c a l l   r e c u r s i v e l y   f o r   t h e   t e s t   o f  
segment ( q i ' , q f ' ) .   I n   o r d e r   t o   i n s u r e   t h e  new 
po in ts   won ' t   be  i n  the  same c e l l s  as t h e   o l d  
ones, these  are  grown  by a smal l   d is tance.  
This a l g o r i t h m  i s  v e r y   e f f i c i e n t   t o   t e s t   f o r  
c o l l i s i o n  between  the  whole arm o f  ' t he  
manipulator  and obstac les.  

3-2 search inq a s h o r t   p a t h   f o r   t h e  arm. 

Such  an algori thm  can  be  used i n  t h e  
second  step o f  a f i n d i n g   f r e e   p a t h   p r o b l e m  when 
l o o k i n g   f o r   l a r g e   m o t i o n   o f   t h e  arm t h a t  
minimizes a p r e - s p e c i f i e d   c r i t e r i a .  It uses  the 
graph o f   n e i g b o r s   o f   t h e   o c t r e e  and i s  d e r i v e d  
f rom  the   we l l  known A* a lgo r i t hm.  This a l g o r i t h m  
a l l o w s   t h e   u s e   o f   h e u r i s t i c   i n f o r m a t i o n .  
I n i t i a l l y ,   t h e   s t a r t  node i s  p laced on a l i s t  o f  
candidate  nodes  for   examinat ion  ( the OPEN l i s t ) .  
A t  each  s tep   o f   the   a lgor i thm  , the  node with 
minimum t o t a l   p a t h   c o s t   e s t i m a t e   ( i . e .   a c t u a l  
cos t   o f   reach ing   t he  node f r o m   t h e   s t a r t   p l u s  an 
e s t i m a t e   o f   t h e   c o s t   t o   t r a v e l   f r o m   t h e  node t o  
the  goal   node) i s  moved onto a CL'OSE l i s t  and 
i t s  neigbors  are  p laced on t h e  OPEN l i s t .  The 
search  ends when t h e   g o a l  node i s  moved on to   the  
CLOSE l i s t .  The a l g o r i t h m   f i n d s   a n   o p t i m a l   p a t h  
when t h e   e s t i m a t e   c o s t  i s  a lower  bound o f   t h e  
t r u e   c o s t .  

We f i r s t  cons ide r   t he   ne ighbor - f i nd ing  
a lgor i thm.  
Let  ( l ,n l ,n2,n3) be a node o f   t h e   o c t r e e .  We 
want t o   f i n d   a l l  i t s  empty  neighbors i n  t h e  
oct ree.  The n e i g h b o r s   o f  a node  are  the  nodes 
tha t   sha re  a face with i t .  A t  l e v e l  1, t h e r e  
e x i s t   s i x   c e l l s   n e i g h b o r i n g  th is  node, bu t   t hey  
may n o t  be i n  the  octree.  Consider one o f   t h e s e  
c e l l s .  If i t  i s  f u l l  there  cannot  be  neighbors 
i n  t h i s  d i r e c t i o n .  I f  it i s  empty  and a l e a f  
( t y p e  O l ) ,  i t  i s  the   on ly   ne ighbor  i n  th is  
d i r e c t i o n .  If i t  i s  empty  and n o t  a l e a f   ( t y p e  
O O ) ,  one o f   i t s   a n c e s t o r s  i s  the   on ly   ne ighbor  
i n  this d i r e c t i o n .   F i n a l y ,  i f  i t  i s  mixed, we 
c a l l   r e c u r s i v e l y   f o r   t h e   n e i g h b o r s   o f   i t s   f o u r  
sons  sharing  the  concerned  face i n   t h i s  
d i r e c t i o n .  

We now examine d i f f e r e n t   c h o i c e s   o f  
c r i t e r i a .  
The c r i t e r i o n  we want to   m in im ize  i s  the  
execu t ion   t ime   o f   t he   pa th   by   t he   man ipu la to r .  
As we work i n   t h e   j o i n t s  space o f   t h e  arm t h e  
pa th  will be  de f ined  by  a s u c c e s s i o n   o f   l i n e  
segments i n  th is  space. The t ime   fo r   such  a pa th  
includes  two  terms : one f o r   t h e   m o t i o n   a t  
constant  speed and  one f o r   t h e  changes o f  speed. 
For a segment,' t h e  f i r s t  one i s  p r o p o r t i o n a l   t o  
t h e  maximum a n g l e   o f   r o t a t i o n   o n   t h e   d i f f e r e n t  
axis  and  the  second one t o   t h e  maximum change o f  
r o t a t i o n  speed  on t h e   d i f f e r e n t   a x i s .  This 
second  term i s  d i f f i c u l t   t o  compute  because we 
don ' t   on ly   need  the  current   node but a l s o   t h e  
p rev ious  one. If we on ly   t ake   i n to   accoun t   t he  
f i r s t  te rm,   t he   resu l t s   a re   no t   ve ry  good, 
b e c a u s e   t h e   c r i t e r i o n  i s  constant  on cuboids  and 
the  choice  between  the  nodes i n  the  same faces 
of   such  surfaces i s  q u i t e   a r b i t r a r y .  I n  o r d e r   t o  
take  in to   account   the  changes i n  t h e   d i r e c t i o n  
of  speed, i t  i s  i n  f a c t   b e t t e r   t o  choose  the 
C a r t e s i a n   d i s t a n c e   w i c h   g i v e s   r e s u l t s   s i m i l a r   t o  
t h e   c o m p l e t e   c r i t e r i o n  but i s  much e a s i e r   t o  
compute. 
Another  problem i s  t h e   c h o i c e   o f  end p o i n t s   f o r  
segments. The s imp les t  i s  t o  choose  the  centers 
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o f   t h e   c e l l s ,   b u t  one  can  see t h a t   l a r g e   c e l l s  
are  then  disadvantaged. A b e t t e r   s o l u t i o n   i s   t o  
choose   t he   po in t   o f   t he   ce l l   t ha t   m in im ize   t he  
C a r t e s i a n   d i s t a n c e   t o   t h e   a c t u a l   p o i n t  and the  
goa l ,   bu t   o f   cou rse  i t  i s  much longer.   Another 
s o l u t i o n  i s  t o   c o r r e c t   t h e   s i m p l e   c r i t e r i o n   b y  
adding a cost  depending on t h e   s i z e   o f   t h e   c e l l .  
When an  opt imal  l i s t  o f   c e l l s  has  been  found, 
i n t e r m e d i a t e   p o i n t s   a r e   s e a r c h e d   i n   t h e i r   u n i o n  
s u c h   t h a t   t h e   t o t a l   d i s t a n c e  i s  minimized. These 
p o i n t s   a r e   v e r t i c e s  or on  edges o f   t h e   c e l l s .  

U n t i l  now  we have  searched f o r  an 
op t ima l   pa th   f o r   t he  arm only .  The f o l l o w i n g  
s tep  i s  t o   f i n d  a c o r r e c t   o r i e n t a t i o n   f o r   t h e  
hand a l o n g   t h e   p a t h   f o r   t h e   w r i s t .   T h i s   i s   o f  
course  easier i f  t h e   w r i s t  i s  n o t   t o o   c l o s e   t o  
the   obs tac les .  So, we had b e t t e r   t o   s e a r c h   f o r  a 
pa th   fa r   f rom  obs tac les   than a s h o r t e r  one c lose  
t o   o b s t a c l e s   f o r   t h e  arm. I n   o r d e r   t o  do t h a t  we 
can  inc rease  the   add i t ionna l   cos t  on t h e   s i z e   o f  
t h e   c e l l s .   F i g u r e s  8 and 9 shows two 
t r a j e c t o r i e s   w i t h   t h e  same s t a r t  and goa l  
p o s i t i o n s .  The f i r s t  one has  been  found  with a 
low  cos t  one s i z e   o f   c e l l s  and  the second wi th 
a heavy  cost. 

Speedinq  up  the  search. 

One easy way t o  speed  the  search i s   t o  
use a h e u r i s t i c .  I n  the  case we use  the 
Car tes ian   d i s tance  i n  j o i n t s  space  as c r i t e r i a ,  
a lower  bound o f   t h e   c o s t   o f   t h e   r e m a i n i n g   p a t h  
f rom  the   cur ren t  node t o   t h e   g o a l   i s   o f   c o u r s e  
the  Car tes ian  d is tance  between  these  two  po ints  
and we will use t h i s   h e u r i s t i c .  
But   even  wi th  a h e u r i s t i c ,   t h e   s e a r c h  may remain 
long. To reduce  the  t ime we can now use  the 
h i e r a r c h y   o f   t h e   o c t r e e .   I n s t e a d   o f   g i v i n g  a 
heavy   cos t   t o   sma l l   ce l l s ,   t he   i dea  i s  s imply  
n o t   t o   c o n s i d e r  them i n  the   search .   Le t  1s and 
1 G  b e   t h e   l e v e l   o f   c e l l s   c o n t a i n i n g   t h e   s t a r t  
and g o a l   p o i n t s  and 1 t h e  maximum l e v e l   a t   w h i c h  
we want t o   s e a r c h   f o r  a path.  The r e a l   l e v e l  
used i n   t h e   s e a r c h  i s  max(l, lS, lG) and i s  
incremented  by 1 i f  no path  can  be  found. The 
t i m e   o f   t h e   s e a r c h  i s  about   ten  t imes  smal ler  
f o r  1 = 4 t h a n   f o r  1 = 6. 
The problem i n  t h i s  method i s   t h a t   t h e   l e v e l  i s  
l i m i t e d   b y  1s and 1 G .  A s o l u t i o n   i s   t o  use a 
m o d i f i e d   v e r s i o n   o f   t h e  A* a l g o r i t h m  i n  which 
the  search i s  done f r o m   b o t h   t h e   s t a r t  and goa l  
nodes a t   t h e  same time. I n  t h i s  case, we use  an 
OPEN and a CPOSE l i s t  for both  s ides.  When a 
node i s  i n   b o t h  CLOSE l i s t s  the  search  ends and 
the   op t ima l   pa th  i s  t h e   u n i o n   o f   t h e   o p t i m a l  
pa ths   reach ing   t he   s ta r t   ( resp .   t he   goa l )  node 
t o  th is  node. We can  then  s ta r t   the   search   a t  
l e v e l  1s (resp. 1 G )  a t   s t a r t   ( r e s p .   g o a l )   s i d e .  
As soon  as a node o f   s m a l l e r   l e v e l  i s  moved t o  
the  CLOSE l i s t  we can limit the  sea rch   t o  t h i s  
l e v e l ,  i f  it i s   g r e a t e r   t h a n  1 and t o  1 
otherwise. If no path  can  be  found 1 i s  
incremented  by 1 and  the  search done again. 

CONCVUSION. 

By t rans forming  the   Car tes ian  
o b s t a c l e s   i n t o  a h i e r a r c h i c a l   s t r u c t u r e   i n   t h e  
j o i n t s  space o f   t h e  arm o f  a man ipu la to r   w i th  
r e v o l u t e   j o i n t s  we a r e   a b l e   t o   t e s t  and search 
f o r   p a t h s   i n  a c lut tered  environment  very 
qu i ck l y .   Th i s  method i s   u s e f u l  when  many motions 
have t o  be  done i n  t h e  same environment. The 
c o n s t r u c t i o n   o f   t h e   r e p r e s e n t a t i o n  o f  f r e e  space 
i s  done i n   l e s s   t h a n  15  seconds  on a 
mini-computer  Perkin-Elmer 3244 f o r   t h e  
env i ronment   o f   f igures  8 and  9. ( the  computat ion 
o f  a t ransformed  obstac le  i s  about   propor t ional  
t o   t h e   s o l i d   a n g l e   o f   t h e   C a r t e s i a n   o b s t a c l e  
seen  f rom  po int   61) .   Col l is ion- f ree  paths  are 
found i n  about 5 seconds  using  the  whole  octree 
and less   t han  a second when l i m i t i n g   t h e   l e v e l  
o f  search. 
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Figure 8 : A path w i t h  a low cos t  on small c e l l s .  
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Figure 9 : A pa th  w i t h  a heavy cost on small ce l l  s .  
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