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Abstract

We relate vascular network structure to hemodynamics after vessel obstructions. We con-

sider tree-like networks with a viscoelastic fluid with the rheological characteristics of blood.

We analyze the network hemodynamic response, which is a function of the frequencies in-

volved in the driving, and a measurement of the resistance to flow. This response function

allows the study of the hemodynamics of the system, without the knowledge of a particular

pressure gradient. We find analytical expressions for the network response, which explicitly

show the roles played by the network structure, the degree of obstruction, and the geometri-

cal place in which obstructions occur. Notably, we find that the sequence of resistances of

the network without occlusions strongly determines the tendencies that the response func-

tion has with the anatomical place where obstructions are located. We identify anatomical

sites in a network that are critical for its overall capacity to supply blood to a tissue after ob-

structions. We demonstrate that relatively small obstructions in such critical sites are able to

cause a much larger decrease on flow than larger obstructions placed in non-critical sites.

Our results indicate that, to a large extent, the response of the network is determined locally.

That is, it depends on the structure that the vasculature has around the place where occlu-

sions are found. This result is manifest in a network that follows Murray’s law, which is in

reasonable agreement with several mammalian vasculatures. For this one, occlusions in

early generation vessels have a radically different effect than occlusions in late generation

vessels occluding the same percentage of area available to flow. This locality implies that

whenever there is a tissue irrigated by a tree-like in vivo vasculature, our model is able to in-

terpret how important obstructions are for the irrigation of such tissue.
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Introduction

Occlusion of tubes has always represented a problem. From engines and filters to arteries and

bronchia, we can find countless systems where a reduction of the fluid flow in a particular site

due to the presence of an obstacle, results in the partial or total failure of a process. Occlusion

of bio-tubes in the human body represent an important issue in many diseases, and the circula-

tory vascular network is particularly vulnerable to obstructions. For instance, after an occlusion

in the arteries, blood flow decreases, and, in critical cases, is effectively suppressed downstream.

Such decrease of flow may have serious consequences at different levels, affecting oxygen and

nutrient delivery to a tissue, or implying an increase in the stress over the heart muscle [1].

One dramatic example of the pathological effect of vascular obstructions is a retinal artery oc-

clusion. Such an occlusion by a blood clot withdraws the nutrient and oxygen supply from the

retinal cells and may render an individual blind from an eye within a few hours [2, 3]. In this

scenario is of the utmost importance to identify specific sites in a vasculature where a partial

obstruction can dramatically affect blood supply.

Various simulations of flow around partial obstructions in vessels exist in the literature

[4–12]. Such analyses aim at describing in detail the flow patterns around occlusions, such as

the velocity at different points inside a vessel, the existence of vortices, or the values of wall

shear stress at different locations [5–7, 9–12]. Depending on the interest of each particular

study, they may account for 3-dimensionality, elasticity or viscoelasticity of the vessels, inclu-

sion of non-linear convective terms, and the effects on flow of bifurcations, to name a few.

The enormous amount of work involved in such computations is necessary when one wants

to describe specific zones of a vasculature, and to answer detailed questions regarding flow pro-

files around obstacles, stenosis, bypasses, bifurcations, or flow in the aortic arch. These complex

computations are able to predict how the waveforms of pressure and flow change in certain

vessels due to obstructions, stenosis or vessel suppression at particular sites [4, 8, 13]. Sophisti-

cated models are also very interesting from a theoretical and computational point of view.

However, they involve too many variables to allow for the derivation of analytical expressions

when one is interested in knowing the effect that obstructions have on the overall flow through-

out an entire network. Analytical expressions might be very powerful and are potentially useful

clinically, where a reduced number of parameters is often appreciated.

Knowledge about the structure of vascular networks, is key to predict the flow after alter-

ations in the vasculature, e.g. after the growth or introduction of new vessels [14, 15] or after

the partial occlusion of vessels in the system [8, 11, 12, 16]. The correspondence between local

structural network information and global flow through a network after vascular alteration,

was put forward in the work of Flores et al [14]; the simplicity of the model allowed for analyti-

cal expressions that in turn lead to conclusions not attainable otherwise. For instance, it was

demonstrated that the increase of flow in the network after the growth of new vessels in the

form of anastomosis, is determined by the morphology of the vasculature in a small neighbor-

hood around the place where the new vessels are included. Other processes that regulate vessel

width, such as the myogenic effect, were shown to have a very small qualitative effect in how

the increase in response depends on the localization of the anastomoses.

The purpose of the present study is to relate the basic, generic characteristics of an arterial

vasculature with the flow that goes through it after anatomical variations caused by obstruc-

tions or vessel suppression occur. We deliberately keep a reductionist approach in order to ob-

tain analytical expressions for the system response in which the roles played by the network

structure, the degree of obstruction, and the geometrical place where obstructions occur, can

be clearly identified.
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We study flow in three types of networks: one constituted by identical vessels, a second one

in which radii are given by Murray’s law, and a third case in which large changes in resistance

exist within the network. We show how the underlying network can lead to radically different

behaviors of the hemodynamic response and identify structural features present in tree-like

vasculatures that are critical for the overall capacity of the network to supply blood after ob-

structions. We demonstrate that our results are local in the sense that they depend on the net-

work structure around the place where obstructions occur. This implies that whenever there is

a tree-like network in an in-vivo vasculature, our model is able to interpret the effect that an

obstruction has on flow.

Background

Recently, a model has been introduced in order to study viscoelastic flow in a network of tubes

[17]. This model consists of a tree-like network in which rigid vessels bifurcate always into

identical vessels giving rise to identical branches of the network. At each bifurcation step, the

possibility of changes in the cross sectional area and the length of the vessels is allowed. Each

level (or generation) of the network is constituted by vessels with the same length and cross sec-

tion. Segments belonging to the same level are labeled with the same index. Outer levels of the

network are the ones that are closer to the main branch, inner levels are the ones that are the re-

sult of several successive bifurcations.

The model considers a linear viscoelastic fluid with the rheological characteristics of blood

[18] in a range of shear rates where there is no shear thinning, and analyzes the network hemo-

dynamic response to a time-dependent periodic pressure gradient. A Maxwell fluid [19] is used

for this study, but the formalism can be easily generalized to consider any linear viscoelastic

fluid [20]. By considering mass conservation, and assuming that the total pressure drop is the

sum of individual pressure drops, the dynamic response of the network, χ(ω), is written in

terms of the dynamic permeability of individual vessels Ki(ω) as

1

w
¼

1

L

X

N

i¼1

li
2
i�1AiKi

ð1Þ

The sum is over the network levels, Ai and li are respectively the cross sectional area and the

length of the vessels at the i-th level, L and N are the total length of the network and the total

number of levels, respectively. The dynamic permeability for a vessel of radius ri is Ki ¼

iZ

or
1� 2J1ðbriÞ

briJ0ðbriÞ

h i

where J0 and J1 are Bessel functions of order zero and one, respectively, and

b
2 ¼ r

Z
tro

2 þ ioð Þ, where ρ, tr, and η are the density, relaxation time and the fluid viscosity re-

spectively. In order to apply Eq (1) to a particular network of vessels, the network geometrical

characteristics, namely, the number of levels -that determine the number of vessels-, lengths

and radii, are required.

The network hemodynamic response relates viscoelastic flow and pressure drop in frequen-

cy domain [14, 17]. In order to have it explicitly in time domain one needs to specify a time de-

pendent pressure gradient. As the equations are linear, we can obtain the fluid response to any

time-dependent pressure gradient as a linear superposition of sinusoidal modes. For a single-

mode time-dependent pressure drop Δp = Δp0 cos(ω0t), the volumetric flow as a function of

time is given by

QðtÞ ¼ �
1

Z
Re½wðo

0
Þ� cos ðo

0
tÞ þ Im½wðo

0
Þ� sin ðo

0
tÞ½ �
Dp

0

L
ð2Þ
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where the real and the imaginary parts of the response function χ (Eq (1)) give the flow in-

phase and out-of-phase with the pressure gradient, respectively [21]. Eq (2) puts forward the

importance of the dynamic response as a measurement of the resistance to flow. For systems

driven at biologically relevant frequencies like the ones imposed by the heart, the imaginary

part of the response is often negligible compared to its real part and the real part of the re-

sponse gives one the proportionality factor between pressure gradient and flow in time domain.

The response function allows one to study the hemodynamics of the system, without the re-

quirement of considering a particular pressure gradient. Our results are presented at 1.5 Hz,

which is the resting heart rate of the dog [22]. At such low frequencies the network response is

almost indistinguishable from the steady-state regime where the response is real. However, we

keep the formalism as general as possible to make it applicable when external frequencies are

imposed [21]. We use parameters for normal dog blood [23], ρ = 1050 kg/m3, η = 1.5 × 10−2

kg/(m s) and assume that the relaxation time is similar to the one reported for human blood: tr
= 1 × 10−3 s. This one, might vary several orders of magnitude, depending on confinement and

dynamic conditions [18]. However, for the studies presented in this paper, the dynamic re-

sponse is almost independent on the choice of this quantity since we work at low frequencies.

Model for obstructions in a tree-like network

The vascular system of mammals has a complex topology. However, there are several places in

the body in which tree-like networks at different scales irrigate certain regions or tissues, from

the tree-like networks resulting from successive bifurcations of large arteries that irrigate the

limbs, to the tree-like networks characteristic of the microvasculature that irrigates the eyes.

We use an electrical analogy in which the resistance of each vessel is given by Ri ¼
li

AiKi
. Med-

ical and biological literature frequently report the fraction, f, of the total cross sectional area

that has been obstructed. Accordingly, we consider the area of an obstructed vessel,

Aobs
i ¼ ð1� f ÞAi. The radius of the obstructed vessel, r

obs
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� f Þ
p

ri, modifies its perme-

ability and its corresponding resistance. We consider that obstructions occur in half of the

branches of the same tree level as illustrated in Fig 1A. Although such an obstruction pattern

does not correspond generically to physiological conditions, it helps to highlight the impact of

vessel geometry for equivalent obstructions, that is, those which block the same percentage of

cross sectional area regardless of the level in which they occur.

The total resistance for an N-level network obstructed at level n is given by

L

w
¼
X

n�1

i¼1

Ri

2
i�1

þ
1

2
n�2

R2

int þ RintðR
obs
n þ RnÞ þ Robs

n Rn

2Rint þ Robs
n þ Rn

ð3Þ

where Rint ¼
PN

i¼nþ1

Ri
2i�n and R

obs
n ¼ ln

ð1�f ÞAn Kobs
n
, where Kobs

n is the permeability of an obstructed

vessel; Fig 1B shows the electric analogy for a segment of a network with obstructions at level n.

Although we will focus on the overall behavior of the network, the analytical approach can

predict the local flow at each of the network vessels. We will characterize the impact of vessel

obstruction on tree-like networks by focusing on two different types of paths. We will consider

unobstructed paths, those which cross the network without moving along any obstructed vessel,

and obstructed paths, when an obstructed vessel is crossed at some point in the network.

Obstructions in a network with equal vessels

We first treat the case of a network in which all vessels have approximately the same radius,

which is the case of several networks at the arteriole level, and approximate it with a bifurcating

network of equal vessels with resistance R1. We find that in this case, the effect caused by

Obstructions in Vascular Networks: Critical Sites for Blood Supply
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Fig 1. Model for obstructions in a tree-like network. A: Illustration of a network with obstructions at level n,
indicated by crosses. B: Electrical analogy for aN-level network with occlusions at level n.

doi:10.1371/journal.pone.0128111.g001
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occlusions is relatively small when it happens in the inner vessels, and it is relatively large when

it happens in the outer vessels. The network response increases monotonically with the level

number n in which occlusions occur (see Fig 2).

Physically, this implies that for a healthy tissue irrigated by a tree-like network, occlusions

are more dangerous when they occur in vessels of early generations since blood supply is dra-

matically decreased, as illustrated in Fig 3.

A mathematical analysis similar to the one presented in [14] for anastomosis, allows us to

have an analytical approximated expression for the dynamic response of a network of equal

vessels, χ, obstructed by a fraction of area f at level n,

ln ðwun � wÞ � ln 4
R
1
w2

un

L

� �

þ ln
2f � f 2

4� 6f þ 3f 2

� �

þ n ln
1

2

� �

ð4Þ

In this expression χun is the response of the unobstructed network. The last term in Eq (4) is re-

lated to the anatomical place, n, where the obstructions occur and lnð1
2
Þ is due to the bifurcation

nature of the tree. The constant terms on the right hand side of Eq (4), are independent of n

and depend only on the unobstructed network features and on the fraction of the occluded

area f. Fig 4 displays the remarkable good agreement between the numerical exact results and

the analytical approximation for the dynamic response of a 20-level network, regardless of the

level where the obstruction takes place.

Fig 2. Dynamic response for obstructed networks with equal vessels.Dynamic response for an 11-level
network as a function of the level n in which obstructions occur. It is important to note that each point in this
figure corresponds to a different network since we obstruct only one level at a time. The normalization is done
with the network response without occlusions. The effect of the obstruction is more dramatic in the outer
levels of the network. In this calculation, the vessels have the typical dimension of the dog arterioles
(r = 1 × 10−5m and l = 2 × 10−3 m).

doi:10.1371/journal.pone.0128111.g002
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Fig 3. Time-dependent flow for obstructed networks with equal vessels. Blood flow for an 11-level
network with obstructions of 90% at levels 3, 8 and with no obstruction (reference). The sharp decrease in
flow after obstructions at the outer level is clear. The network used was the same as in Fig 2. The total
pressure drop was set to 110 Pa.

doi:10.1371/journal.pone.0128111.g003

Fig 4. Analytical approximation and numerical solution of the response for obstructed networks with equal vessels. Analytical approximation and
numerical solution of the quantity ln(Re[χun−χ]) for 20-level networks obstructed at level n as described in the text. The vessels have the typical dimension of
the dog arterioles (r = 1 × 10−5m and l = 2 × 10−3m).

doi:10.1371/journal.pone.0128111.g004
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The theoretical prediction provides insight in the impact that the degree of obstruction and

its location inside the network has in its global response; in particular the expression derived

clearly shows that the change in the network’s response due to the presence of obstructions is

highly determined by the structure of the unobstructed network.

It is very important to keep in mind that a global decrease of the total flow in a network,

does not imply that all vessels have a smaller flow than in the absence of obstructions. For in-

stance, Fig 5 shows the local flow through the unobstructed and obstructed paths when ob-

structions that occlude 60% of the vessel section are placed in half of the vessels at level n = 3 of

an 11-level network. The figure quantifies the relative increase (decrease) of the local flow

through the unobstructed (obstructed) path. Because of flow conservation, the slopes in the

log-linear plot in Fig 5 for the flow through obstructed and unobstructed paths are identical. It

is worth pointing out that at level i+1, there are twice the number of vessels than at level i and

the flow is halved. Flow in the outer levels of the obstructed network is smaller than the refer-

ence curve, because the total flow (equal to flow at level 1) is smaller for an obstructed network

than for an unobstructed one.

Obstructions in a network with vessel radii that follow Murray’s law

Real vascular networks are composed of vessels of different radii and lengths; accordingly, they

are characterized by changes in resistance from one level to the next one. For animal tree-like

vasculatures, this normally implies an increase in resistance from one bifurcation level to the

next one, because inner levels have smaller radii.

Fig 5. Flow in single vessels of an obstructed network with equal vessels. Flow in single vessels in
logarithmic scale as a function of the level they belong to for a network constituted by 11 levels and with
obstructions of 60% in area at level 3. The curves shown are: the flow in the unobstructed path, the flow in the
obstructed path and a reference curve for the flow in a path of an unobstructed network. For language
clarification see Fig 1. Even though the total flow decreases with the obstructions, the flow in the non-
obstructed vessels increases. The network used was the same as in Fig 2. The pressure drop was set to 110
Pa.

doi:10.1371/journal.pone.0128111.g005

Obstructions in Vascular Networks: Critical Sites for Blood Supply

PLOS ONE | DOI:10.1371/journal.pone.0128111 June 18, 2015 8 / 17



Assuming that the vascular system evolved to minimize the power required to maintain and

circulate blood [24], Murray derived, in 1926, the relationship known as Murray’s law. This

one relates the parent radius, rp, and the two daughters vessels radii, rd1, rd2, before and after a

bifurcation, as

r3p ¼ r3d1 þ r3d2 ð5Þ

According to an extensive study on the validity of Murray’s law [25] and a review on vascu-

lar flow of reference [26], physiological studies showed that, barring some anomalies, a large

part of the mammalian vasculatures have reasonable agreement with Eq (5). According to [26],

there is also a considerable mass of literature comparing physiological studies in animals other

than mammals, and even in plants [27–30], that show good agreement with Murray’s law.

We therefore consider Murray’s law as an example of physiological relevance, in which our

analytical results illustrate how to explain the different tendencies in the dynamic response in

different sections of the network.

For our studies, we consider symmetrical branching, so in this case, radii of subsequent lev-

els are given by

ri ¼
1

2

� �

1

3
ri�1

ð6Þ

For lengths, we consider a power law decay with parameters that match the actual length of the

aorta and the length of the capillaries of the dog circulatory system.

Figs 6B left and 6B right, show the real and imaginary parts of the ratio of two sequential re-

sistances of the underlying network, ai ¼
Ri

Ri�1

, where Ri ¼
li

AiKi
. The complex character of ai is

due to the fact that we are not working in a steady state, but at the frequency of the heart rate of

the dog at rest. As for any realistic vasculature, the value of a changes along the network ac-

cording to the lengths and radii of the vessels that compose it. A decrease in radii between sub-

sequent levels produces an increase in resistance, on the other hand a decrease in length

between subsequent levels, produces a decrease in resistance. It is therefore the interplay be-

tween this two quantities which will determine the value of a. It turns out that for a bifurcating

network, the response will be qualitatively different whenever a is smaller or larger than 2, as

we will see below.

Figs 6A left and 6A right, show the real and imaginary parts of the response as a function of

the level n in which obstructions occur. As we can see from Fig 6A left for large arteries, the

real part of the response as a function of the level n in which obstructions occur, increases with

increasing n. On the other hand, for the section of smaller vessels, the real part of the response

as a function of the level n in which obstructions occur decreases with increasing n.

In order to gain insight into these results, we present analytical approximations for networks

in which the ratio of subsequent resistances is less than two or larger than two. These ones

agree well with numerical results whenever the real part of a is considerably larger than its

imaginary part. They are given by:

ln ðwun � wÞ � ln 4
R
1
w2un
L

� �

þ ln
2f � f 2

a½4þ ð2þ aÞðf 2 � 2f Þ�

� �

þ n ln
a

2

� �

ð7Þ
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for a< 2, which reduces to Eq (4) when a = 1, and

ln ðwun � wÞ � ln 4
R
1
w2un
L

� �

þ ln
2f � f 2

4að1� f Þ
2

 !

þ n ln
a

2

� �

ð8Þ

for a> 2.

The strongest influence of the underlying network without obstructions, on the network re-

sponse when obstructions are present, comes from the term n ln a
2

� �

which gives a qualitatively

different trend for a< 2 and for a> 2. In the first case a< 2, the response increases with in-

creasing n. On the other hand, when a> 2, the response decreases with increasing n.

As we can see from Fig 6A left for the outer levels, the response increases with increasing n,

and as Fig 6B left shows a< 2 on the same range. Likewise, for the inner vessels, the response

Fig 6. Dynamic response for a network with vessel radii that followMurray’s law. A: Real and imaginary parts of the response of the network (inm
4) as

a function of the level n at which obstructions occur. B: Real and imaginary parts of the ratio of two sequential resistances a
i
¼ Ri

Ri�1

as a function of the level i of

the underlying network. Note that we use the subindex i, whenever we refer to a property of the underlying network, we use the subindex nwhenever we refer
to the response of the whole network when obstructions occur at level n.

doi:10.1371/journal.pone.0128111.g006
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decreases with increasing n and a> 2 on the same range. For values of a< 2, just as in the case

of equal vessels (that has a = 1) presented in the previous section, occlusions are more danger-

ous when they occur in vessels of early generations since blood supply is dramatically de-

creased. On the other hand, when a> 2, occlusions are more dangerous when they occur in

vessels of late generations since blood supply is smaller than for instance at vessels around the

middle of the network.

For the network presented here, that follows Murray’s law for radii and a power law for ves-

sel lengths, two radically different behaviors are observed, one for external levels, and one for

inner vessels. Our analytical results help us to build an intuition for the interpretation of the

different behaviors of the response function in occluded vascular networks. Such behaviors are

strongly dependent on the structure of the underlying network.

Obstructions in a network with a jump in resistance

Finally, we consider a network for which vessels have a sudden jump in resistance. This corre-

sponds to physiological conditions in cases where vessels of small radii branch from vessels of

large radii. In particular, we consider a network for which we have a resistance R1 for i� k and

a resistance R2 for i> k, where k is a level close to the middle of the network. Therefore, the

network has a jump in resistance a � R2
R1
between levels k and k+1. We obtain analytical approx-

imations for real a that could be useful when one analyzes jumps in resistance in the arterial

tree of mammals. The first case holds in the limit when ða� 1Þ 1

2

� �k�n
<< 1 for n� k, and for a

given a it is better the farther away from the jump obstructions are. In this case, we find that

the network response is given by

ln ðwun � wÞ � ln 4
R
1
w2

un

L

� �

þ ln
2f � f 2

4� 6f þ 3f 2

� �

þ n ln
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� �

for n � k ð9Þ

and

ln ðwun � wÞ � ln 4
R
2
w2un
L

� �

þ ln
2f � f 2

4� 6f þ 3f 2

� �

þ n ln
1

2

� �

for n > k ð10Þ

The right hand side of these expressions clearly highlights that the geometry of the underlying

network, the fraction of obstructed vessels, and the geometrical place, n, where the obstruction

is located contribute additively to the change in the network response. As examples of physio-

logical relevance for which these analytical expressions could be useful, we find typical resis-

tance jumps of the dog circulatory system [14] between main arterial branches and terminal

branches, and between arterioles and capillaries. For the former example, the analytical ap-

proximation is good for degrees of obstruction up to 90%. For the later example, the analytical

approximation is reasonably good for obstruction degrees up to 40%, Fig 7A shows the exact

and approximated values for the difference of the response for an obstruction degree of 40%.

We have generalized these results for the case when a vasculature has several jumps, the ap-

proximated analytical expression is given by

ln ðwun � wÞ � ln 4
R
1
w2un
L

� �

þ ln
2f � f 2

4� 6f þ 3f 2

� �

þ n ln
1

2

� �

þ
X

n

i¼2

ln ðaiÞ 8 n ð11Þ

Here, n represents the level in which obstructions occur, and ai is the ratio of two sequential re-

sistances, ai ¼
Ri

Ri�1

. It is clear that whenever ai = 1 there is no contribution to the sum in the last

term of Eq (11), and that for a network in which there are no jumps in resistance, Eq (11) re-

duces to Eq (4) with a = 1. This expression holds for jumps with small values of ai. The non-
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locality in this expression, given by the sum in the last term, does not prevent us from the possi-

bility of interpreting locally the effect of obstructions. That is, in a local network, we may not

know which is the precise value of the response -determined by jumps in resistances more ex-

ternal to the place where obstructions are present-, but relative to this value, we can quantify

(through the term n ln 1

2
) how, when there are no jumps in resistance, the response changes

with the level n in which obstructions are. Also, we can identify (through the terms ln ai) the

change in the response when obstructions are found in regions where the resistance has jumps.

We have worked out analytical expressions in the limit of larger resistance jumps, to be pre-

cise in the limit where, ða� 1Þ 1

2

� �k�n
>>

4�6fþ3f 2

ð1�f Þ2
. The network response can then be expressed

as

ln ðwun � wÞ � ln
R
1
w2un
L

� �

þ ln
2f � f 2

ð1� f Þ
2

 !

þ n ln
1

2

� �

for n � k ð12Þ

and

ln ðwun � wÞ � ln 4
R
2
w2un
L

� �

þ ln
2f � f 2

4� 6f þ 3f 2

� �

þ n ln
1

2

� �

for n > k ð13Þ

These expressions again show that the geometry of the unobstructed network, the fraction of

vessel occluded area and the geometrical location of the obstruction in the network contribute

additively to the change in the network response. As an example of physiological relevance, we

show that these analytical expressions are useful for typical resistance jumps of the dog circula-

tory system [14] between terminal branches and arterioles for obstructions up to 60% as can be

appreciated in Fig 7B. The comparison between the numerical results and the theoretical ap-

proximation show again a very good agreement; for a given ratio in the jump in resistance, a,

the analytic approximation is better the closer to the jump the obstructions are. Although it is

possible to generalize the analytic expression for the network response for a series of jumps for

which a is large, we have found no example in which this might be physiologically relevant.

Fig 7. Analytical approximation and numerical solution of the response for obstructed networks with a resistance’s jump. Analytical approximation
and numerical solution of the quantity ln(Re[χun−χ]) for 20-level networks with a jump in resistance between levels 10−11 obstructed at level n as described in
the text. A: The vessels have the typical dimensions of the dog arterioles for n� k and of capillaries for n > k. B: The vessels have the typical dimensions of
the dog terminal branches for n� k and of arterioles for n > k.

doi:10.1371/journal.pone.0128111.g007
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The theoretical predictions for the jump between terminal branches and arterioles of Fig 7B,

are shown in a linear scale in Fig 8, normalized by the response of the corresponding unob-

structed network, for different degrees of obstruction, in order to better appreciate differences

in response. The results show that obstructions occurring just after the jump in resistance di-

minish dramatically the network flow. At both sides of the geometrical place of the jump, we

observe that the outer the level in which the obstruction takes place, the smaller the network re-

sponse. We have checked that these features are generically true for any degree of obstruction.

In order to illustrate how such variations in response, have a direct impact on flow we compare

the network flow for obstructions that block 90% of the area at level 3 and obstructions that

block only 45% of the area at level 11, as displayed in Fig 9 where we also plot the flow for an

unobstructed network as a reference. The figure clearly illustrates that relatively small obstruc-

tions in critical topological sites cause a much larger decrease on flow than larger obstructions

in non-critical sites.

Despite the tendency shown in Fig 8A that seems to imply that the larger the obstruction,

the larger the jump Δχ, this does not hold for very large degrees of obstruction, i.e. when f� 1,

Δχ� 0, a regime that may be physiologically relevant only for vessel suppression. As illustrated

in Fig 8B, in this regime the network response changes dramatically with respect to its unob-

structed network counterpart, independently of the position of the obstruction relative to the

resistance jump. It is worth noticing that, as depicted in Fig 8A, a minimum in the response

can be observed when occlusions take place at the same position that the resistance jump.

Fig 8. Dynamic response for the obstructed networks with a jump in resistance.Network response as a function of the level n in which occlusions
occur. In this calculation we used a network with 20 levels, with an alteration in vessel radii and length between level 10 and level 11. We observe that
obstructions at specific sites of network may result in a dramatic reduction of the response. The vessels of levels 1 to 10 have the typical dimension of the dog
terminal branches (r = 3 × 10−4m and l = 1 × 10−2m) and the vessels of levels 11 to 20 have the typical dimension of the dog arterioles (r = 1 × 10−5 m and
l = 2 × 10−3m). A: Behavior dominated by the levels after the jump in resistance. B: Behavior for very large obstructions, dominated by the levels before the
jump in resistance.

doi:10.1371/journal.pone.0128111.g008
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Conclusions

In this work we relate network structure to hemodynamics after occlusions. We study tree-like

networks and find that when vessels are equal, the drop in the dynamic response, after obstruc-

tions on half of its vessels at a given bifurcation level, increases monotonically with the bifurca-

tion level in which they occur. The outer the level where the obstructions are included, the

larger the drop in the dynamical response of the network.

For vessels that follow Murray’s law for the sequence of radii, and a power law for the se-

quence of lengths, two radically different behaviors are observed for the response function: one

for large arteries, in which the response increases as a function of the level n in which obstruc-

tions are located, and one for smaller vessels, in which the response decreases as a function of

the level n in which obstructions are placed. This example shows the non-trivial effect of vascu-

lar obstructions and puts forward the importance of analytic equations in the interpretation of

the numerical results.

For networks in which jumps in resistance between subsequent levels exist, we have identi-

fied the sites of the jumps as critical for the overall capacity of the network to supply blood to a

tissue. We have also demonstrated that relatively small obstructions in these critical topological

sites, cause a much larger decrease on flow than larger obstructions in non-critical sites. By

simple observation of the structure of a vascular network, these key sites could be readily iden-

tified and monitored in vivo.

We have derived analytical expressions for the dynamic response of the network that pro-

vide insight into the relevant mechanisms that control flow across a tree-like network in the

Fig 9. Time-dependent flow for obstructed networks with a jump in resistance. Time-dependent flow for a network obstructed by 90% in area at level 3,
for a network obstructed by 45% in area at level 11 and for a network without obstructions as reference. The network used was the same as in Fig 8. The total
pressure drop was set to 600 Pa.

doi:10.1371/journal.pone.0128111.g009
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presence of vessel occlusions. Moreover, we are able to find approximations for cases that

might be physiologically relevant in which the roles played by the network structure, the degree

of obstruction and the geometrical place in which obstructions take place can be clearly identi-

fied. We demonstrate that our results are local in the sense that they depend on the network

structure around the place where obstructions are. This implies that whenever there is a tree-

like network in an in-vivo vasculature, our model is able to interpret the effect that an obstruc-

tion has on flow.

Our results demonstrate that the effect of occlusions on flow is somehow opposite to the ef-

fect of the addition of anastomotic vessels [14]. When in the former case occlusions cause a de-

crease on flow, in the latter, anastomosis causes an increase on flow. However they are similar

in the sense that whenever vascular alterations to a network occur (either in the form of occlu-

sions or in the form of addition of vessels), the impact on flow has similar tendencies. Namely,

for vascular networks with a< 2 (a> 2), the outer (inner) the vascular alterations are placed,

the larger the impact on flow. Also, sites presenting a large jump in resistance are critical for

the overall capacity of the network to supply blood. In the case of obstructions situated on

those critical sites, a large decrease in network response (and flow) might compromise the sur-

vival of the tissue. While new vessels in the form of anastomosis added (naturally or artificially)

at those critical sites, result in an extremely large increase in the network response and flow.

For our model, we have considered that vessels are rigid. However, real vessels are elastic

tubes. Important insight could be gained from the inclusion of elastic effects in the model, espe-

cially for large arteries, where elastic effects are very important. Regional tissue metabolism,

such as the myogenic effect in arteries, can be considered, as was done in reference [14], where

it was shown that the impact that is has on flow is large, but tendencies with the geometrical

place where anatomical variations occur, are qualitatively unaltered.

A validation of our model with an in-vivo biological system is currently not possible, since it

would require data of flow measurements after a systematic variation of the anatomical place

where obstructions are located. Such information does not exist in literature. One possibility to

validate the model, at least at certain length scales, in an experimental situation, would be to

use artificial vessel networks, such as networks etched in microfluidic devices, where local vari-

ations could be systematically done.

Vascular alterations might affect or help a patient depending on the medical condition, in

the case of ischemic conditions affecting the irrigation of vital tissues, the presence of occlu-

sions is negative and the presence of anastomosis is positive for tissue irrigation. On the con-

trary, for a vasculature irrigating a tumor, anastomosis might be good for the tumor and bad

for the patient and occlusions would have the opposite effect. Our results can help to decide

the anatomical sites where selective suppression of vessels, might help to decrease blood flow

towards the tumor, decreasing its oxygen supply. The study of the effect on flow of other vascu-

lature alterations, such as the presence of aneurisms, is desirable.

Our results put forward the importance of relating vasculature structure with hemodynam-

ics. Recent progresses on high resolution microscopy allows the visualization of the characteris-

tics of an individual vasculature [31]. Hence, the concurrence of sophisticated image-tracking

systems and mathematical models such as the one presented here, provides a new perspective

and relevant tools in the determination of blood supply to a tissue.
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