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ABSTRACT. This work is devoted to the development of the octonion linear canonical
transform (OLCT) theory proposed by Gao and Li in 2021 that has been designated
as an emerging tool in the scenario of signal processing. The purpose of this work is
to introduce octonion linear canonical transform of real-valued functions. Further more
keeping in mind the varying frequencies, we used the proposed transform to generate
a new transform called short-time octonion linear canonical transform (STOLCT). The
results of this article focus on the properties like linearity, reconstruction formula and
relation with 3D-short-time linear canonical transform (3D-STLCT). The crux of this
paper lie in establishing well known uncertainty inequalities and convolution theorem for
the proposed transform.’
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1. Introduction

The generalized integral transform called the linear canonical transform (LCT) has
been designated as an emerging tool in the scenario of signal, image and video processing
recently. The LCT provides a unified treatment of the generalized Fourier transforms in
the sense that it is an embodiment of several well-known integral transforms including
the Fourier transform, fractional Fourier transform, Fresnel transform. However, LCT
has a drawback. Due to its global kernel it is not suitable for processing the signals
with varying frequency content. The short-time linear canonical transform (STLCT) [1§]
with a local window function overcome this drawback. For nonstationary signals STLCT
has been used widely and successfully in signal separation and linear time frequency
representation.

The hyper-complex Fourier transform(FT) is of the great interest in the present era. It
treats multi-channel signals as an algebraic whole without losing the spectral relations.
Presently, many hyper-complex FTs exists in literature which are defined by different ap-
proaches, see [I], 2]. The developing interest in hyper-complex FTs including applications
in watermarking, color image processing, image filtering, pattern recognition and edge de-
tection [3]-[8]. Among the various hyper-complex FTs, the most basic ones are the quater-
nion Fourier transforms(QFTs). QFTs are most widely studied in recent years because
of its wide applications in optics and signal processing. Various properties and applica-
tions of the QFT were established in [10]-[13]. The generalization of quaternion Fourier
transform (QFT)is quaternion linear canonical transform (QLCT'), which is more effective
signal processing tool than QFT due to its extra parameters, see[14], 15, [16] 17, 19, 20} 22].
Later, the quaternion linear canonical transform (QLCT) with four parameters has been
generalized to short-time quaternion linear canonical transform (STQLCT) [29]. It is
useful in quaternion valued signals and is an alternative to 2D complex STLCT. Hence
has found wide applications in image and signal processing, see [23] 24}, 25] 27].

On the other hand the Cayley-Dickson algebra of order 8 is known as octonion algebra
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which deserve special attention in the hyper-complex signal processing. The octonion
Fourier transform (OFT) was proposed by Hahn and Snopek in 2011[28]. From then
OFT is becoming the hot area of research in modern signal processing. Some proper-
ties and uncertainty relations and applications associated with OFT have been studied,
see[30], B1l, 32, 33]. In 2021 Gao and Li [34] proposed octonion linear canonical trans-
form (OLCT) as a generalization of OFT by substituting the Fourier kernel with the
LCT kernel. They established some vital properties like inversion formula, isometry,
Riemann-Lebesgue lemma and proved Heisenberg’s and Donoho-Stark’s uncertainty prin-
ciples. Furthermore they [35] introduced octonion short-time Fourier transform, where
they established classical properties besides establishing Pitt’s, Lieb’s and uncertainty
inequalities. The generalization of OFT to other transforms is still in its infancy.

So motivated and inspired by this, we shall propose the novel octonion linear canonical
transform of real-valued functions. Further more keeping in mind that the OLCT takes
signals from time domain to the frequency domain but is unable to perform time-frequency
localization simultaneously due to its global kernel. So to overcome this drawback, we
used the proposed transform to generate a new transform called short-time octonion linear
canonical transform (STOLCT). The results of this article focus on the properties like lin-
earity, reconstruction formula and relation with 3D-short-time linear canonical transform
(3D-STLCT). The crux of this paper lie in establishing well known uncertainty inequali-
ties and convolution theorem for the proposed transform..

The highlights of the paper are pointed out below:

e To introduce a novel integral transform coined as the octonion linear canonical
transform (OLCT) for real-valued functions.

e To introduce short-time octonion linear canonical transform and decompose it in
to components of different parity.

e To study the properties like linearity and reconstruction formula.

e To study and establish the relationship between short-time octonion linear canon-
ical transform and 3D short-time linear canonical transform.

e To formulate several classes of uncertainty inequalities, such as the Hausdorft-
Young inequality, Lieb’s inequality and logarithmic uncertainty inequality.

e On the basis of classical convolution operation, we establish convolution theorem
for the proposed transform.

The rest of the paper is organized as follows: In Section 2, some general definitions and
basic properties of octonions are summarized. The definition and the properties of the
OLCT are studied in Section 3. The concept of STOLCT and its associated properties are
established in Section 4. In section 5, we develop a series of uncertainty inequalities such
as the Hausdorff-Young inequality, Leibs inequality and logarithmic uncertainty inequality
associated with the STOLCT. Also the convolution theorem for the STOLCT is obtained
in this section. The potential applications of the STOLCT are presented in Section 5. In
section 6, the conclusions of the proposed work are drawn.



2. Preliminaries

In this section, we collect some basic facts on the octonion algebra and the offset linear
canonical transform(OLCT), which will be needed throughout the paper.

2.1. Octonion algebra.

The octonion algebra denoted by O, [36] is generated by the eighth-order Cayley-Dickson
construction. According to His construction, a hypercomplex number o € O is an ordered
pair of quaternions qq, ¢; € H

o = (q,q)
= ((20,21), (22, 23))
= o+ qi-Ha
= (204 21.p2) + (22 + 23.412) - J14
(2.1)
which has equivalent form
7
0= S, + Z Silb; = So + S141 + Softe + S3uuz + Safta + Ssis + Sele 1+ Sty (22)
i=1
that is o is a hypercomplex number defined by eight real numbers s;,7 = 0,1,...,7 and
seven imaginary units p; where ¢ = 1,2,...,7. The octonion algebra is non-commutative

and non-associative algebra. The multiplication of imaginary units in the Cayley-Dickson
algebra of octonions are presented in Table I .[31]

Table 1
Multiplication Rules in Octonion Algebra.

L | po | ps | fa | ps | He | fi7
L1 | o | o | s | pa | s | e | M7
pa || =1 ps | —pe | ps | —pa | —H7 | Me
po | po | —p3 | =1 | w1 | pe | Hr | —Ha | —ps
P || M2 | —p | —1 | pir | —pe | Hs | —fa
Pa | foa | =5 | —pe | —p7 | —1 | pn | pe | ps
P | s | Ha | —pr | He | —pa | —1 | —p3 | po
Mo | fe | M7 | pa | —ps | —H2 | p3 | —1 | —m
Pr | pr | —pe | M5 | pa | —H3 | —p2| 1 | —1
The conjugate of an octonion is defined as

0 = S0 — S1fl1 — Saflo — S3f43 — Safls — Ssjls — Selle — S7llT (2.3)
Therefore norm is defined by |o| = v/0o and |o|* = ZLO si. Also |0109| = |o1]|02|, Vo1, 09 €
0.

From (2.1)) it is evident that every o € O can be represented in quaternion form as
0=a+ by (2.4)

where a = sg + S1pt1 + Sopto + S3puz and b = s4 + s5pu1 + Sgle + S7its are both quaternions.
By direct verification we have following lemma.
Lemma 2.1. [31] Let a,b € H, then
(1) paa = apy; (2)  palaps) = —a; (3) (apa)pa = —a;
(4) albps) = (ba)pa; — (5) (apa)b = (ab)ps; — (6) (apa)(bpa) = —ba.



It is clear from above Lemma that, for an octonion a + buy, a,b € H, we have

and
la + buy|* = |a|® + [b]>. (2.6)
Lemma 2.2. Let 6,6 € Q. Then €°.e° = e®*° iff 6.0 = 6.6.
An octonion-valued function f : R?® — O has following explicit form
f(@) = fo+ fil@) + fa(@)pa + f3(2)ps + fa(@)pa + fs(x)ps + fo(z)pe + fr(z)pr
= fo+ fu + (fo+ fapn)pa + [fa + fspn + (fo + frpn) papa
= g(x)+ h(x)py (2.7)

where each f;(z) is a real valued functions, g, h € H are as in(2.1) and = = (21, 29, x3) €
R3.
For each real-valued function f(z) over R*¥ and 1 < p < oo, the LP—norm of f is defined

by
sty = ( [ r0Par)” 28)

where x = (21, 29, ..., ;) € R? And for p = oo, then the L>®-norm is defined by

1 flleo = esssupgere| f()]- (2.9)
For any functions f(z), g(z) over R¥, the innear product is given by
() = [ F(@ig@ds (2.10)
RE

Let f,g € L*(R¥), the classic convolution operation is defined as
(fxg)(x) = ) f(y)g(x —y)dy. (2.11)
R
2.2. Octonion Linear Canonical Transform of Octonion-valued Functions.

In 2021 Gao,W.B and Li,B.Z [34] introduced linear canonical transform in octonion
setting they called it the octonion linear canonical transform (OLCT) and defined it as
follows:

For f € L'(R3 Q), then the one dimensional OLCT with respect to the uni-modular
matrix A = (a,b, ¢, d) is given by

£A () (w) = / F(@) K (2, w)da, (2.12)
R
where .
K'Y (z,w) = 0% [“x2_2m“’_+dw2_%} , b#0
27|

with the inversion formula
f@) = [ EAN @K @ w)de, (2.13)
R

where K ;" (z,w) = K*,(w,z) and A~! = (d, —b, —c, a).



And for octonion valued function f € L'(R3 Q)N L*(R? 0), the three dimensional
OLCT with respect to the matrix parameter Ay = (ag, by, ¢k, dy), satisfying det(Ay) =
1, k=1,2,3is defined as

Lol A Hw) =/ f(@) Ky, (w1, wa) K3 (0, wo) Ky (23, ws)d (2.14)
R3

where x = (x1, z9, x3), w = (w1, wy, w3), and multiplication in above integral is done from
left to right and

K (z1,w1) = \/ﬁefTll [a1$%—2x1w1+d1w%—%]’ by #0
K2 (9, w5) —— 1 62"722 [agx%—2x2w2+d2w%—g] by # 0
A, (T2, W2 7% ;2
and
i) = et 0
with the inversion formula
f(x) = /RS Eﬁj,ﬁﬁ3{f}(w)Kzzl(w3,xg)KZle(wg,xQ)KZ?l(wl,xl)dx, (2.15)

where A, ' = (dy,, —by, —cp, ay) € R?2 for k= 1,2,3.

3. Octonion Linear Canonical Transform of Real-valued Functions

According to the octonion Fourier transform(OFT)[30] of a real-valued functions of three
variables and octonion linear canonical transform for octonion valued functions[34] we
can obtain the definition of the octonion linear canonical transform(OLCT) of real valued
function f(z) in three variables as follows:

Definition 3.1. The 3D-OLCT of real-valued function f : R®> — R can be defined as
Ll U0 = [ @R @) K o) K (@, wade. (1)

where x = (z1, x9, x3), w = (w1, wsy, w3), and kernel signals

1 Pl gi22—221w, wsi—2
Ky (21, wy) = /27 |b |€2"11 [oret—2orwirarut 2], by #0 (3.2)
1
1 k2 [a x2—2x0wao+d wz—ﬁ}
KZ2($2’w2) == 2 25 2w2+d2wy—5 , b2 7&0 (3‘3)
\/27T|bg|
and
14 1 ;T4 [a3x§—2x3w3+d3w§—%]
Kl (23, w3) = —=——=¢%s by # 0. (3.4)

\/27T|b3| ’

Since the octonion algebra is non-associative it should be noted that the multiplication
in the above integrals is done from left to right. Also we assume that the above signal
f is continuous and both signal and its OLCT are integrable(in Lebesgue sense) in this

paper.



Theorem 3.1 (Inversion). Let f : R® — R be a continuous and square-integrable function
(in Lebesgue sense). Then the OLCT of f is an invertible, and its inverse if given by

flo) = {Laiiy ™ (s A @)
= [ ) K, ) K (i, ) K (), (35)
where A" = (dy, —bg, —ck, ar) € R¥2, for k =1,2,3.
Proof. Consider the octonion-valued function f : R?* — Q, i.e.

f(x) = fo+ fil@)p + fa(@)pa + fs(x)ps + fa(x)pa + fs(x) s + fo(z) e + fr(z)pr,
where f; : R* - R, i=0,1,2,3,4,5,6,7. we have by (2.I5)

f(z) :/ ﬁ,’i‘f,ffﬁ{f}(w)f(j‘il(ws,xs)KA 1(w2,I2)KA 1 (w1, 21)d,
R3 3

Thus for the special case f : R3> — R result follows.
Note the result also follows by using the procedure of Theorem 3.1[30]. O

Further, we can expand the kernel of the OLCT in the form
1

271'\/ 27T|blbgb3|

1
C1 + W1S1)(C2 + paSs)(cs + LaS
o 27r\blb2bg\( 1T M1 1)( 2 T 2 2)( 3 T 4 3)

1
= (cicacs + s1Cac3pty + C152C3 112

271'\/ 27T‘b1b2()3‘

+ 51823/ + C1CaS3 g + S1C2S3 s + C1S2S36 + S152S347),
(3.6)

6M1€1 6M2€2 6M4€3

K, (0, wn) K (9, we) K (03, ws)

where &, = i laxz} — 2zpwy, + dywi — 2], cx = cos§y and s, =siné,, k=1,2,3.

Now using ([B.6) OLCT of a real-valued function £/1:42:431 £1 () of three variables can

1,142 4
be expressed as octonion sum of components of different parity ([3], 28]):

‘Cﬁll /ﬁzuiJ{f}(w) = Leee + Loee,ul + Leoe,u2 + Looe,ui’) + Leeo,u4
+Loeo,u5 + Leoo,u(i + Looo,“?

where
1

27T\/27T|b1b263| R3

1

27T\/27T|blb263|
eoe LL’ Uu
27'('\/277"()1()2[)3 R3 f

1
Loe(w) = fooe() sin &y sin & cos Ezd,

27‘('\/ 27T|blbgbg| R3

1

27T\/27T|b1b2b3| R3

Leee(w) -

feee(T) cos & cos &, cos Egd,

Loee (’LU) -

foee() sin&; cos & cos Ezd,

Leoe(w)

) cos &; sin &5 cos Ezd,

Leeo(w) =

feeo() cOS &1 cOs & sin E3d,



1

Loeo(w) = veo(T) sin &7 cos &y sin &sdx,
(w) 27/ 27 b1 babs] Raf (i) sin &y cos & sin &
Leoo(w) ! feoo() cOs & cos &g sin E3d.
€eoo w) = €00 1 :I;,
27T\/27T|b1b2[?3| R3 ' ’ ’
1
Looo(w) fooo(x) sin & sin & sin E3d.

a 27T\/27T|blbgbg| R3

Where fin(z,u),l,m,n € {e,o} are eight terms of different parity with relation to
x1, 22 and x3. In the above notation, we use subscripts e and o to indicate that a function
is either even (e) or odd (o) with respect to an appropriate variable, i.e. fe.,(z) is even
with respect to x; and x5 and odd with respect to xs.

Before moving forward we introduce the 3D-LCT.

Definition 3.2. [34] The 3D-LCT is defined by

(x)6“1516“1526“153d$. (3.8)

£A17A2,A3 {f} (w)

1
2/ 2albibba] Jeo
Lemma 3.1. The relation between OLCT and 3-D LCT is that
ER ) = 1 (Eaana L FY0) + Ly s i (1)1~ i)
H(Lay,ay a0 Hw) + Lay ay ar, {1 fHw)) (1 + 1is) }
L, (7Y 0) — £yt i (P} ) (L~ )
+(Lay,ap, 4, Y (w) = Lay ag ar {fHw)) (1 + ps) } s (3.9)
where A} = (ax, —b, —cx, di), k=1,2.
Proof. The proof is similar to the Theorem 6[34]. O

3.1. Quaternion Short-Time Linear Canonical Transform.
The Quaternion Short-Time Linear Canonical Transform(QSTLCT) was introduced by
Zhu and Zheng, which is a generalization of the Short-Time Linear Canonical Trans-
form(STLCT) in the quaternion algebra setting[29]. Let pq, po and u3 (or equivalently
i,j,k) denote the three imaginary units in quaternion algebra.

For A; = (a;, bs, ¢;, d;) € R**? be a matrix parameter satisfying det(A;) = 1, fori = 1, 2.
Let ¢ € L*(R? H) be a non-zero quaternion window function. Then (QSTLCT) of a signal
f € L*(R? H) can be defined as

6 flw.w) = [ F@)la =K () Ko wde, (310

where z = (21,22) € R?, w = (w1, wz) € R* u = (uy,uz) € R?* and K (w1, w1),
K¢ (22, ws) are given by equations (£2) and (&3) respectively.

4. Short-Time Octonion Linear Canonical Transform

In this section, we define the novel short-time octonion linear cananical transform
(STOLCT) of real valued function of three variables and discuss several basic proper-
ties of the STOLCT. These properties play important roles in signal representation.



Definition 4.1. Let A; = (a;, b;, ¢;, d;) € R**? be a matriz parameter satisfying det(A;) =
1, for i = 1,2,3. Let ¢ € L*(R3) be a non-zero real-valued window function. Then
STOLCT of a real-valued signal f € L*(R3) can be defined as

g(fl,A%AS{f}(w,u) — /R3 f@)o(r —uw) KL (21, wi) KA2 (20, wo) K (23, ws)dx, — (4.1)

where © = (21, T2, 13) € R3, w = (wy, wo, w3) € R3, and u = (uy, uz, uz) € R3 and

1 L\ g122 22w wi—2
K (1, wy) = T |€2b11 @102 221 w1 +dyw? 2}’ b # 0 (4.2)
1
1 k2 [a x2—2x0wa+d w2—ﬁ}
Kfé(xg,wg) __ B e A L 1 I N (4.3)
\/27T|bg|
and
14 1 574 |:a3:c§—2:c3w3+d3w§—g}
KAS (Ig, U)3) = €="3 b3 §£ 0. (44)

\/27’("()3‘ ’

are kernel signals. w and u represent frequency and time respectively. Since ¢ is real-
valued so complex conjugate ¢ = ¢. On the basis of classical convolution STOLCT defined
in (A1) can be rewritten as

g:;l’AZAS{f}(w, u) — (f(u)Kﬁll (5517 w1>KZz (x27w2>KZ§(x37w3)) * <¢(_u)> .

Remark 4.1. It should be noted that the multiplication in the above integrals is performed
from left to right, as the octonion algebra is non-associative.

Remark 4.2. With the help of quaternion and octonion algebra the formula (4.1]) can be
re written as

Gy > 1w, u) = {f, Paon),
where @, = ¢(z — u) K’} (23, ws) (K' (22, wa) KU (21, w1)) is the kernel of the STOLCT.

Moreover Definition [4.1] can be expressed as

G fHw,u) = Lz f(x)d(e — u)}(w)
= Lot {h}(w),
(4.5)
where h(z,u) = f(z)p(x — u).

It is clear from (£3) that STOLCT of a signal is a two step process. In first step signal
is multiplied by a window function and then in second step we obtain OLCT of multiplied
signal. Thus all the results for OLCT can be extended to the novel STOLCT, and vice
versa.

4.1. Decomposition of STOLCT in to components of different parity. The STOLCT
of a real-valued function ggl’A”AS {f}(w, ) of three variables can be expressed (using (3.0))
and (37)) as octonion sum of components of different parity :

g:;l’AZAS{f} = Gfee + Gfee:ul + Gi)oe:UQ + Gfoe:u3 + G?eo:u’4
_'_Gfeo:uf) + Gfoo:uﬁ + Gfoo:u7



where

G? / cee (T, u) cos &y cos &y cos Ezdz, 4.7
eee( ) or /I | bl bgbg - gl £2 £3 ( )
G? / oee (T, u) sin & cos & cos E3d, 4.8
oee ( ) o /o | bl bg bg - 51 52 £3 ( )
G? / coe (T, 1) cos & sin & cos E3d, 4.9
eoe ( ) o /o | bl bg bg - 51 52 £3 ( )
G? (w,u / ooe (T, 1) sin & sin &, cos E3dx, 4.10
( ) 27T 27'("()1 bgb3 R3 51 £2 53 ( )
G? (w,u / ceo(T, u) cos & cos & sin E3dx, 4.11
(w,u) = o 27T|blbgb3 - §1 cos §p8in &3 (4.11)
G? (w,u / oeo (T, 1) sin & cos & sin E3dx, 4.12
(w,u) = o 27r|b1b263 . §1 cos §y8in &3 (4.12)

G? (w,u) = / coo(T, u) cos & cos & sin Egdx, (4.13)

27T\/27T|blbgb3 R3

G¢ (w,u / o00 (T, 1) sin &7 sin &, sin Ezdx. 4.14
( ) 27'(' 27T|b1()2b3 R3 51 52 £3 ( )

Where h(z,u) = f(z)¢(x —u) is a real valued function and it can be expressed as sum
eight terms:

h(l‘, u) = heee(xv U) + heeo(xa U) + heoe(xa U) + heoo(xu U)
Fhoee (5 U) + Poco (5 U) + Pooe (T, U) + oo (T, 1),
(4.15)

where hyn(z,u),l,m,n € {e,o0} are eight terms of different parity with relation to 1, x2
and z3. Again using subscripts e and o to indicate that a function is either even (e) or
odd (o) with respect to an appropriate variable, i.e. hee,(7) is even with respect to x;
and xo and odd with respect to x3.

Now, we discuss several basic properties of the ST-QOLCT given by (3.1). These prop-
erties play important roles in signal representation.

Theorem 4.3 (Linearity). Let f,g € L*(R3) be two real-valued signals and ¢ be a real-
valued non-zero window function in L*(R®). Then for «, 3 € R, we have

Gy af + B} = oG R} + 5G, {g) (4.16)
Proof. This follows directly from the linearity of the product and the integration involved
in Definition [4.1] O

Lemma 4.1. Let ¢ € LP(R3), f € L' (R3). Then we have

1
gAl,Az,Ag w, w)| sy <
L o= T

1Nl 22 ®3)- ||| acrs)- (4.17)



Proof. By the virtue of Minkowski’s inequality , we have

||g$1’A2’A3{f}(w>u)HLP(R3) < / (/
R3 R3

x K (w3, w3) |’ du) Py

f(@)p(z — u) Ky (21, w1) K5 (22, w2)

1 P 1/p
= x)p(r —u)| du dx.
27T\/27T|b1b263| /RS (/RS f( )¢( ) )
On setting  — u = 2z in the above inequality, we obtain
1 P 1/p
GlrAzAs w,u)| e < / 2)o(2)| dz dx
19 7wy ilesy < 5 | ([5G d2)

1 —p 1/17
- — Wlbgbg‘(ww¢<z>|dz) [ Jswlas

1
- L(R3)- (R3)-
27/ 27| by bobs| [f 121 @)@l Lagms)

Which completes the proof. O

The next theorem guarantees the reconstruction of the input signal from the corre-
sponding STOLCT.

Theorem 4.4 (Reconstruction formula). Let ¢ € L*(R?) be a non-zero window function,
then every real-valued signal f € L*(R®) can be fully reconstructed by the formula

1

fla) - L gt ) K5 s, ) K22 )

XKZ?l(wl,xl)qb(x — u)dwdu. (4.18)

ToTZ )

Proof. From (4.5]),we have
G fYw,u) = LA ()9 — w)}(w). (4.19)
Applying Theorem Bl to (ATI9), we get
f@ole—u) = {Lhmmi) (g AS{f}) (z)
=[G ) () () K )k 20)
On multiplying both sides of (£.20]) from right by ¢(x — u), we get

f(x)p(x —u)p(x—u) = /RS g(?l,A%AS{f}(w, u)KZ‘;,l(wg, Zlfg)Kzz,l('wg, :)sg)KZ}l(wl, x1)P(x—u)dw.

(4.21)
Now integrating both sides of (£22]) with respect du and using Fubini’s theorem, we
obtain

@) [ Moo —wltae = [ [ gty o) K (0, )
x KM (wy, x1)¢(:c — u)dwdu. (4.22)



Hence
Pl = [ [ G2 ) (i ) (o)
XKZ;l(wl’ x1)¢(3: — u)dwdu. (4.23)
Which completes the proof. O

Prior to the next theorem we define the 3D-STLCT corresponding to the 3D-STFT[?]
as

Definition 4.2. Let f,¢ € L*(R3) be a real-valued function, where ¢ is non-zero window
function. Then 3D-STLCT is defined by

Vi) = f(@)o(e = e eremeeneidn,  (424)

1
27T\/27T|blbgb3| R3
Now, we shall show that the STOLCT is related to 3D-STLCT.
Theorem 4.5. Let f,¢ € L*(R3?) be a real-valued function, where ¢ is non-zero window

function. Let V(fl’AQ’AS{f}(w, u) be the 3D-STLCT of function f with respect to ¢. Then
the following equation is satisfied

1

Gy = {7 Y w.0) + Lay a0, ) (1= pa)

F Y, 0) + VS, 0) (1 )|

o { VS w,0) = VIS Y, 0)) (1 - )

VY ) = VS 0, 0) (U ) s
(4.25)

where A% = (ak, —bk, —Ck, dk), k= 2, 3.
Proof. From Definition 4.2 we have

Vo w,u) = fa)dle —u)enSien e s, (4.20)

1
27T\/27T|blbgb3| R3

Now for A/2 = (CLQ, —bg, —Ca, dg), then

VIR w,u) = [(@)ola —weSie S Sdr,  (4.27)

1
27’(‘\/ 27T|blb2b3| R3

By equivalent definition of sine and cosine functions, we obtain

5 (VA Y ) 4 VS ()

1 .
= 2)o(x — u)eM e cos Exet B .
or il Jes (z)o( ) &

(4.28)



And

(“A%ﬂwm VA w,u) )

f(x)p(x — u)e! S (—py sin &) e dir.

N —

- 27T\/27T|blbgbg| R3

(4.29)

On multiplying (£29)) from right by p3 and using multiplication rules from Table 211, we
have

L (VY ) VI )

f(x)o(x — u)e! S (g sin &) e "85 dr.

1
B 27‘('\/ 27T|b1b263| R3

(4.30)
Adding (4.28)) and (4.30), we get
1 1,42 A1A JAs
5 (VA hw,w) + v Y w,w)
1 1,45, 1,A2,
5 (VU w,w) = v Y w,w) )
1 -
— 2ol — u)etréer282 o= 1183 ] o
271'\/ 277"()1()263‘ R3 f( >¢( )
(4.31)
To simplify we introduce the following notation:
Vi) = o (VAR ) £V )
1 1,49, 1,42,
@OﬁA@ﬂwm—%A“Umwom
(4.32)

Now for Aé = (0,3, —bg, —Cs, dg), then
A1, Ag, AL 1 /..41,45,4 Ay, AL, A
Vi) = o (V) + v, )

; <VA1A AL w, ) — V(fl,Az,Ag{f}(w,u)> ps. (4.33)

— f(@)p(x — u)etrrer2erstsdy,.  (4.34)

27/ 27T|blbgbg| R3

By following similar steps as before we get

—}-[\3

1 1,42, Aq,A0,A,
zWi?ﬂﬁww+v%Mﬂﬁww)

oz — u)ete el cos Eada.
271'\/27T|b1b2b3 /]R3 ) ’

(4.35)



And

(Vi ﬁz{f}w u) = VA Y (w, )

f@)(a — u)e S e (—py sin &) de

|~

- 27T\/27T|blbgbg| R3

(4.36)

On multiplying (4.36]) from right by us and using multiplication rules from Table 211 we
have

(Vi ij{f}%w W) = VI 0, w) s

N —

oz — u)er S el (1, sin &) da

27‘('\/ 27T|blbgb3 /RS f

(4.37)
Adding (435)) and ([£37), we get
1 1,A2,A3 A1,A2,A
2 (VA o) + VA )
1 1,42, A1 Ag Al
+5 (VA A Y, w) = VA F Y w,w)) s
1 -
= o — u)etrét eh28z ghads g
2T 27T|b1b2b3| R3 f( )¢( )
(4.38)
On substituting (4.32)) and (£.33) in (£.38)), we get the desired result. 0

5. Uncertainty Inequalities for the STOLCT

We know that in signal processing there are different types of uncertainty principles in
the QFT, QLCT and QOLCT domains. In [34]26] authors investigate Heisenberg’s uncer-
tainty principle and Donoho-Stark’s uncertainty principle, Pitt’s inequality, logarithmic
uncertainty inequality, Hausdorff-Young inequality and local uncertainty inequality for
the octonion linear canonical transform and octonion offset linear canonical transform.
Recently in [35] authors establish Pitt’s inequality, Lieb’s inequality and logarithmic un-
certainty principle for the STOFT. Considering that the STOLCT is a generalized version
of the OLCT, it is natural and interesting to study uncertainty principles of a real-valued
function and its STOLCT. So in this section we shall investigate some uncertainty in-
equalities for the STOLCT.

Lemma 5.1. Let f € LP(R?), ¢ € L1 (R?) and % + % =1, we have

1

A1,A2,A3 w, u
5 (Y )] £ e

£l 2o (r3)- 1|1l La(ws) (5.1)



Proof. By the virtue of Holders inequality , we have

o Y w )l = | | FO8( — WK (@1, w0) K (@2, wo) K3 (s, ws)de

= (L

1
B 27T\/27T|b1b2b3|(R3
1 P / ) /4
dt ‘ t—u "t
27T\/27T|b1b2b3|( |f | ) ( ¢

1
= o 27r|blbgb3|Hf”LP(Rﬂ‘HQﬁHLq(R'%)'
Which completes the proof. )

Theorem 5.1. Let 2 be a measurable set C R® x R3 and suppose that ¢, f € L*(R3) be
two signals with || f||Lrrs) = 1 = ||¢|| La(rs), with € >0 and

// \g(fl’A%AS{f}(w,u)Pdwdu >1—e (5.2)
Q
We have 2m/27|b1by1bs|(1 — €) < m(2), where m(2) is Lebesgue measure of €.

Proof. From Lemma 5], we have

1G5 L Hw, )| sy <

ft)o(x — U)Kfﬁ(!)ﬁl, wl)Kfé(!L"m 7~U2)K51§(933, ws)‘ dif)

(0ot~ ) do

1

27’(‘\/ 27T|b1b2l)3|

£ 1 zr @) (@]l Loes). (5.3)
On inserting (B.3) in (B.2]), we obtain

1= < [ [ 1w P
< m(Q)G5 " fHw, u)| sy
1
< m(Q p . q
< m )27r 27| b1 b2 bs| 17 ey N llnces
_ m()
27T\/27T‘b1b2b3|
implies 2m+/27|b1b2bs|(1 — €) < m(€2). Which completes the proof. O

Theorem 5.2 (Lieb’s inequality fo the STOLCT). Let 2 < p < oo and ¢ € L*(R?) be a
non-zero real-valued window function. For every real-valued signal f € L*(R3), we have

‘ble‘%q—l—l

GArA2As fHw,w)||parsy L ————
g2 L) o Wl <

Epqll fll 2@ 9]l 2 (5.4)

1 1
where E, , = <4> ! (4) " and % + % - 1.

q p

Before proving this theorem we shall recall the following lemma.

Lemma 5.2 (Hausdorff-Young inequality for QLCT). [21] For 1 < p <2 and % + % =1,
we have

|blb2|“ ‘

IEh 2 L w)llg < 1F )l (5.5)



Lemma 5.3 (Hausdorff-Young inequality for OLCT). For 1 < p < 2 and % + % =1, we

have )
gl < L2 (56)
151425144 q — (271‘) +1|bg| 1 p- :
Proof. We omit proof as it is similar to the proof of the Theorem 4.3]26]. O

Proof of main theorem

Proof. We have Q?l’AQ’AS{f}(w, u) = Loyba2asf f(2)p(x — u) Hw), by Lemmal5.3] we have

(Lot an)” = ([ |etisiotsodE=myof ao)
R3 o

|blb2|_§ q -
<————=f T —u)llp
(27T)2q+1|b3| H ( ) ( )H

_ bl ([ esta=aras)’

(2m) 20+ by 23

then,

[ Jgs eyt

|blb2|%q
T (2m)ita by

hSAESY

e (117« 1617 (w)
where ¢(z) = ¢(—z) Thus

gy, = ([ ([ et i of dw) a)

[bybo| 3! o) )
gm%(m ) au)

|blbz|’7‘1+1
(2m)7% 2 |bs 2

1
p

FIP = lop||

k=2 1=%and 24+ 2L =1,1+4=1then++=1+%1and|f]" |g]" € L*(R®) and
by Young inequality, we have

1711087, g, < BEBNPllascas 1101 s
1N\3
where B; = ( /i) , %+§ = 1. However
2
I Plosc = ( [ |f<x>|p-pdx) 11
and

301 = ([l = P = Dol



Hence

1G24 1Y (w, )y < M P W’%
(27r)q+§|b3|§
byby] 1 )
W (BkB HfHL2 R3) ’|¢HL2(R3 )
3
|b1by| 2

1,2
- WB]:BlP||f“L2(R3)H¢HL2(R3)
3

B |blbg|%q+l
= mEp,q||fHL2(RS)||¢||L2(R3)-

Which completes the proof. O

Lemma 5.4 (Logarithmic uncertainty principle for the OLCT). Let f € S(R?), then the
following inequality is satisfied:

27 |bs| /RS In |w] }Eﬁ;;ﬁﬁ‘?{f}(w)ﬁ dw + /RS In |z|| f(z)2dz > E/RS |f(x)|*dx (5.7)

with D = n(2) + T"(1)/T(3).

Proof. We avoid proof as it follows by using the procedure of the Theorem 4.2[26]. Also
see Theorem 5[31]. O

Theorem 5.3 (Logarithmic uncertainty principle for the STOLCT). Let f,¢ € S(R3),
then the following inequality is satisfied:

2
il [ [ nfulg2 ) )| dudu+ ol [ Inlall )P

> E| fl172@s)ll0l|72 e
(5.8)

with D = In(2) + I'(3)/I'(3).

Proof. As f,¢ € S(R?) implies f(x)¢(x —u) = h(z,u) € S(R?). Thus replacing f(z) b
h(x,u) in Lemma [5.4] we obtain

27T|bg|/ 1n|w|‘£A1 Azds fp (4 } dw+/ In |z||h(z, u)|?dz > E [ |h(z,u)|*dz. (5.9)
R3

B2, 143
R3

On integrating both sides of (5.9]) with respect to du, we have

27T|b3|/ / 1n|w|\£ﬁ11g2£3{h}(w)\2dwdu+/ / In |z||h(x, w)|*drdu
R3 JR3 R3 JR3

> E/ |h(z,u) > dzdu.
R3 JR3
(5.10)



Now using (£3)) in (B.10), we get
2
27T|b3\/ / ln|w\‘9$1’A2’A3{f}(w,u)‘ dwdu+/ / In|z||f(2)]?|p(z — u)|*dzdu
R3 JR3 R3 JR3

> B / 3 / @) — u)Pdudu.

(5.11)
Which implies

il [ [l g2 )] dwdu+ [ Jota = wPdu [ nlall )P

>0 [ 1@ [ 1ot =P

(5.12)
Hence
2
ol [ [l [g0 Y| dudut 6l [ Inellf )P ds
R3 JR3 R3

> Bl fll 72wl 01172 s
(5.13)
Which completes the proof. O

5.1. Convolution Theorem for the STOLCT. The convolution has wide has wide
range of applications in various areas of Mathematics like linear algebra, numerical anal-
ysis and signal processing. So in this subsection we establish the convolution theorem for
the STOLCT on the bases of the classical convolution operator (2.11]).

Theorem 5.4 (Convolution). Let ¢,¢p € L*(R3) be two non-zero real-valued window
functions then for any real-valued functions f,g € L*(R?), we have

G f % g} (w, u)
/ Gy g} (w, m)GE,(w,u —m) + G g} (t,m) G (w, u — m)m

Gﬁl A2 (5, m)Ge(w, u — m) g + GAl A2 A3 L} (t,m) G (w, u — m) 3

—|—G21’A2’A3{g}(w, m)G2, (w,u—m)u + Gﬁl AL g (5,m) Y, (w, w0 — m)pis

+G gy (' m) Gl (w,u = m)pg + G P { g} (', m) G (w, 1w — m)pizdm,

(5.14)
where t = (w1, —ws, —w3) € R3, s = (wy,wq, —w3) € R3, #' = (—wy, wo, —ws3) € R® and
G? 1,m,n € {e, o0} are given by equations [F.7) to ([F.14).

Proof. By Definition .1l we have by classic convolution operator
GALA2A
¢*1¢ 2 xgH(w, u)

- [ ([ swste-var). [ ([ o006 =a=5:)

x K (1, wi) K2 (w2, wo) K (3, w3)

(5.15)



Setting (¢1,¢2,q3) = ¢ = x —y, (M, M2, m3) = m =u+ z — y, in (5I5), we obtain
Gl f # g} (w, )
= [ F)glaidly= T m) 0a = m K% (an + )
x K2 (g2 + y2, wo) Ky

3

- [ st == ([ i@ min i+ )

X K2 (go + ya, wo) K4 (g3 + y3,w3)dg) dydm

(g3 + y3, w3)dgdydm

(5.16)
Now,
let )
T
§ = b, largi — 2qewy, + dywy — 5}
and )
T =5 lavyp + 2akqeyi — 2y1wn], k=1,2,3
k
then

KL (1 + v, w) K2 (g2 + yo, wo) KUy (g3 + s, ws)
1

B 27’(‘\/ 27T|blb2b3|

er (E171) pu2(&2472) pra(€s+7s)

(5.17)
Now by applying multiplication rules of Table 2.1l we obtain

et (E14m) pu2(€24+72) pra(€s+7s)

= ((e"%. cos(m1))- (22, cos(72))). (€. cos(73))
(% puy sin (). (€252 cos(y2))). (€15 cos(y3)
+((e"1 cos(y1)).(€42%2. g sin (7). (€745 cos(y3)

ey sin(y1)). (€22 g sin(72))).- (€442 (cos(73))

)
(« ’
((
(e cos(m1))-("2. cos(y2))). ("% pua sin(3))
((
((
((

+ 4+ +

e sin (). (€422, cos(72))) (€150 pua sin(73))

e cos(m1))- (€22 g sin(72))) (€1 pug sin(y3))

Mo gy sin (). (2% g sin(y2))). (€15 g sin (y3))
(5.18)

On substituting (5.I8),(5.17) in (5.I6) and noting ¢ = (wy, —ws, —ws3) € R, s = (wy, we, —w3) €
R3, ¢/ = (—wy, ws, —w3) € R3, we get the desired result.

_I_
+

6. Potential Applications

As for as generalization of transformation in to octonion algebra, the OLCT transforms
a octonion 3D signal into a octonion-valued frequency domain signal, which is an effective
processing tool for signal, image and color analysis. The hypercomplex LCT that treats
the mutichannel signls as a algebraic whole without losing the spectral relations for color
image processing. But there is drawback that hypercomplex LCT canot reveal the local



information of a signal due to its global kernel. The STOLCT is a new tool for time
frequncy analysis which overcomes this drawback by using a sliding window. Another
potential application of STOLCT is that it can also reconstruct each monocomponent
mode from a multicomponent signal.

Moreover, the uncertainty principle makes a tradeoff between temporal and spectral res-
olutions unavoidable, i.e. the new uncertainty principles for the STOLCT describe the
relation of one octonion-valued signal in spatial and another octonion-valued signal in fre-
quency domain. They could further contribute to solving problems of signal processing,
optics, color image processing, quantum mechanics, electrodynamics, electromagnetism,
etc.

In addition, Lieb’s uncertainty principle for the STOLCT could analyze the non-stationary
signal and time-varying system, which has a significant application in the study of signal
local frequency spectrum.

7. CONCLUSIONS

In this paper, we introduce octonion linear canonical transform of real-valued func-
tions. Further more keeping in mind the varying frequencies, we used the proposed
transform to generate a new transform called short-time octonion linear canonical trans-
form (STOLCT). Then, the various properties of the proposed STOLCT are explored,
such as linearity, inversion formulas, decomposition into components of different parity
and relation with the 3D-STLCT. Furthermore, Lieb’s inequality, logarithmic uncertainty
inequality associated with the STOLCT are investigated. Also based on classical con-
volution operation, the convolution theorem for the STOLCT is derived. Finally, some
potential applications of the STLCT are presented.In our future works, we will discuss
the physical significance and engineering background of this paper.
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