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ABSTRACT

This paper describes a mathematical model by which
the off-design performance of turbofans can be pre-
dicted, knowing just the design point parameters. Off-
design performance has been estimated by using gas-

dynamic properties of the exhaust nozzles, which regu-
late the aerothermodynamic behaviour of the upstream
components. Approximate overall performance of a tur-
bofan at typical cruising conditions can be estimated,
making the use of compressor and turbine maps redun-
dant.

NOMENCLATURE

Ah — exit area of hot exhaust nozzle
A e	exit area of cold exhaust nozzle

a	velocity of sound
C p — specific heat at constant pressure
Ma — Mach number
m — mass flow
P t — total pressure

R — gas constant
T t — total temperature

-y — specific heat ratio
i — pressure ratio of compressor

Cf — fan pressure ratio
pf — polytropic fan efficiency
p e — polytropic compressor efficiency
p t — polytropic turbine efficiency
p n — isentropic nozzle efficiency

rl; — isentropic intake efficiency
— mechanical efficiency

Q—m TIptt

W1 
— T IT

T s T s a

Subscripts

o — ambient atmosphere; free stream
00 — Sea level conditions
a — air
d,des — design
h—hot
c — cold
t	total

Acronyms

SLS	Sea Level Static
ISA	International Standard Atmosphere
TET — Turbine Entry Temperature
FPR — Fan Pressure Ratio
BPR — Bypass Ratio
OPR	Overall Pressure Ratio

INTRODUCTION

The question arises as to why a new mathematical
model for off-design performance is needed, when a
method based on component matching (Saravanamut-
too, 1972) is already available for both turbojets and
turbofans. It is because the standard method requires

compressor and turbine characteristics, which are usu-
ally unavailable. The new model can be used for prelim-
inary performance calculations for parametric studies,
particularly for aircraft design purposes.

Off design performance prediction methods have been
investigated by NASA, Royal Aircraft Establishment
and others; they developed programs such as DYN-
GEN, SMOTE, GENENG, DIGISIM. The only prob-
lem was that all of them relied on compressor and tur-
bine performance maps.

'Craduete Student
tProfeeeor, Fellow ASME	 Presented at the International Gas Turbine and Aeroengine Congress and Exposition

Orlando, FL June 3-6, 1991

Copyright © 1991 by ASME

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
://a

s
m

e
d
ig

ita
lc

o
lle

c
tio

n
.a

s
m

e
.o

rg
/G

T
/p

ro
c
e
e
d
in

g
s
-p

d
f/G

T
1
9
9
1
/7

8
9
9
6
/V

0
0
2
T

0
2
A

0
3
4
/2

4
0
0
5
4
7
/v

0
0
2
t0

2
a
0
3
4
-9

1
-g

t-3
8
9

.p
d
f b

y
 g

u
e
s
t o

n
 2

0
 A

u
g
u
s
t 2

0
2
2

https://crossmark.crossref.org/dialog/?doi=10.1115/91-GT-389&domain=pdf&date_stamp=2015-03-10


A major contribution made by Wittenberg (1976),

basing his work on that of Saravanamuttoo (1972), showed

that gasdynamic relationships can be used for matching

of nozzles and turbines. Wittenberg's use of generalized

turbine characteristics and gasdynamic relations makes

performance maps of compressors redundant.

If the compressor maps are available, they can be

used to take into account the effect of changes of com-

pressor efficiency with engine conditions. The aim of

this paper is to develop a method based on Witten-

berg's work, which can be used to give a reasonable

prediction of typical cruise performance from a knowl-

edge of design point parameters.

DIFFICULTIES IN SIMULATION

The basic reason why is it so difficult to predict the

performance parameters, is because of the unavailability

of information. Other factors include

1. Inherent complexity of the problem.

2. Abundance of independent input parameters, and

the intricate way these factors affect each other.

3. Secondary effects.

In the case of turbofans, FPR, OPR, BPR, SLS thrust,

air mass flow and fuel flow are the only specified pa-

rameters. The turbine entry temperature at the design

point may not be known to the user, nor is any infor-

mation regarding the component efficiencies available.

Therefore the availability of information is very criti-

cal in predicting the design and off-design steady state

performance of a gas turbine.

A major task facing a gas turbine modeller is the

number of variable input and output parameters. Ac-

cording to Mattingly et al.,(1987), considering all the

intermediate and supporting parameters, there are at

least 35 such parameters, but out of these 7 parameters

form the crux of the design and off-design analysis of

an engine.

CHOICE OF DESIGN VARIABLES

The fixing of the four main thermodynamic variables,

TET, OPR, BPR and FPR defines the design cycle

completely because these four variables determine the

design parameters such as flow areas of the exhaust noz-

zle and of the turbine for a fixed geometry engine. In

the ensuing section on off-design analysis we will dis-

cuss how the nozzles regulate the aerothermodynamic

properties of the upstream components.

The rest of the design point analysis of a turbofan is

straightforward and can be found in any text such as

Gas Turbine Theory by Cohen, Rogers and Saravana-

rnuttoo (1987). Figure 1 shows a schematic view of a

twin spool turbofan with the station numbering.

SIMPLIFYING ASSUMPTIONS

1. The LP and HP compressors are assumed to have

equal polytropic efficiencies.

2. The polytropic efficiency of the turbine is assumed

to be constant for all operating conditions.

3. The high pressure and low pressure turbines have

equal polytropic efficiencies.

4. The expansion in the exhaust nozzle(s) is assumed

to be ideal, i.e. there is no under or overexpansion,

hence the area of the fixed nozzle remains constant

throughout.

5. The mass of fuel added is taken equal to the amount

of air bled for cooling of disc and bearings.

OFF-DESIGN ANALYSIS

A turbofan engine is more complicated than a tur-

bojet because it has two nozzles — one for the cold flow

and the other for the hot flow; depending on the throt-

tle settings and the flight conditions, the nozzles may be

unchoked or choked. The method of estimating the off-

design performance has thus to be based on the assump-

tion that the nozzles may be either choked or unchoked.

When studying off-design performance, the design vari-

ables are already selected and the independent variables

are basically the flight conditions and the throttle set-

tings.

Matching of turbines with exhaust nozzle

For off-design analysis it is necessary to understand

the matching procedures between the turbine and ex-

haust nozzle. In this study, the mass flow characteristics

of turbines have been approximated by nozzle charac-

teristics, i.e. a single mass flow curve with a constant

turbine efficiency is assumed. The effect of turbine ro-

tational speed on mass flow and efficiency has been as-

sumed to be of secondary nature because of the very

restricted range of the turbine when operating in front

of a nozzle (Cohen et al.,1987). To match the turbine

mass flow and hot exhaust nozzle mass flow we have the

relation,

	

me c, = me^Pts Tt,	 (1)

Py	P,, Pt, T^ 6

where mhVZ/Pt is derived from the non dimensional

mass flow term m RT/AP ; if we assume fixed areas of

cold and hot nozzles A, and Ah respectively we can get

m, /Pt, and ma T,/P,,. At the design point we

know m T,/PR at the nozzles, and since m T[R/APe

is a function of nozzle pressure ratio, A, and Ai, can be

easily calculated. The temperature ratio across the LP

turbine is given by T,/T, =
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FAN	COMBUSTION

DIFFUSER	ILPCI	HPC	CHAMBER HPT ; LPT

0	1

LP-SPOOL	 e

FIGURE 1. SCHEMATIC VIEW OF A TWIN SPOOL TURBOFAN.

hence equation (1) can be written as,

mh _ mh	Pte i n feu-^l	2
Pt	Pte Pt )	 ( )

where mh tg /Pts is the LP turbine mass flow func-

tion. The mass flow through the nozzle is a function

of pressure ratio across the nozzle, i.e. ms /Pt, =

f(Pt ,/Po), and hence by equation (2) we can find the

turbine pressure ratio for any nozzle pressure ratio Pt,/Pp.

The matching of turbines and a choked exhaust nozzle

is shown in Figure 2.

Analysis of HP Spool

The off-design performance calculations in the case

of turbofans is based on the assumption that the low

pressure turbine (LPT) is always choked. The assump-

tion of choked LPT fixes the operating point of the high

pressure turbine (HPT). Moreover it simplifies the anal-

ysis of turbofan performance, as now the behaviour of

the high pressure spool can be estimated in the same

way as for a single spool turbojet engine with a choked

nozzle flow.

When the LPT is choked, it can be seen from Figure

2 that there is a fixed HP turbine operating point, which

is independent of LPT pressure ratio. Thus the maxi-

mum pressure ratio across the HP turbine is controlled

by choking of the LPT. Due to the fixed operating point

of the HP turbine, the temperature ratio Tts /Tt, is fixed,

and is the same for both design and off-design condi-

tions. When we deal with the compatibility of work

between the various components, we know that power

supplied by the HP turbine to drive the HP compressor

is given as,

rnhCp°(TT4 — T) = 7mm6Cp u (Tts — Ti,)	(3)

Now, the compressor temperature ratio is given as

TtJTt, = el"'° - ^ 1 /e, ,, hence equation (3) can also be writ-

ten as

rnsC,°Ty (Tt /Tt, — 1 ) = 9mmsCp,Tt, ( 1 — Tts /Tts )

With further modification equation (3) becomes

Tt.	Cr, Tts	Thzt	f=7lTfC, Tt, (1 'VI (4)

The compressor temperature ratio is given as T1,/T1, _

ch- 0/'v'° and since mechanical efficiency tpm, C,,, and

C assumed constant, equation (4) can be written

as

/ Tt./Tt, — 1 __ / Tts/Tt,

1Tt,IT,>)d — I	\TtslTq)d

because Tt,/Tt, is fixed, due to the fixed operating point

of the HP turbine.

The above equation can be further modified to give

_ 1 _ Tts/Tt,

( Ec )I
11)llvle94	f	(Tta/TtJd

The compressor pressure ratio at a new throttle setting

(Tt,/Tt,) becomes

mTtI 7

m ✓ 1f	/Pt .. m^/Pt
7

i,	a I

rL• ^i a r	
m 6 / Pt6 ^ '

Ei

^ $	t5 E

pt	/PO

P	/ P	--^t5	tb p	/P	---	I_t6	t7 UNCHOKED	CHOKED

FIGURE 2. MATCHING OF CHOKED	TURBINES WITH THE CHOKED EXHAUST
NOZZLE	OF A	TWIN	SPOOL	TURBOFAN.
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f c = I 1 +
 ( a/ s)

(Tt5/T9)	
((ec)dT d 

— 
1))	(5)

	td
	1))

functions of the same variable Pt,/Po one can get the

equilibrium point of the LP spool. The matching of

compressor and turbine/nozzle characteristic curves is

COMPRESSOR CURVE
(DEPENDENT ON MN)

o	 A

w	 TURBINE-NOZZLE
MATCHING CURVE
(INDEPENDENT OF MN

B
UNCHOKED NO ZZLE	CHOKED NOZZLE

r	I

OVERALL PRESSURE RATIO

FIGURE 3 MATCHING OF COMPRESSOR AND TIJRBINE-
NOZZLE CHARACTERISTIC CURVES.

Programming Aspect

The basic requirement is estimation of the perfor-

mance of an aircraft at varying flight Mach numbers and

altitudes. For a given flight Mach number and turbine

entry temperature Tta , a range of Pt,/Po is assumed

which gives a range of fan pressure ratios Cf because

P 3 P 3 P 2 Pno (7a  1 ) xPo P Po Po	t(I+qi 2	. Mo)'°-' (10)

Now from the known turbine inlet temperature Tta and
Ty one can get a range of Tt,/Tt, because

Ta 	T`a T`' 	Tta

Tt x T3 T, 

_

	

es	Tq+c7	 ( 11 )

Knowing T 5 /T, it is easy to get a range of CHPC and

Mh t,/Py from equations (5) and (7). Hence the op-

erating point on the HPC working line now varies with

Pt,/Po.

For the same range of Pt,/Po one can get a range of

tna y/Pt, from the cold nozzle characteristics because

the cold nozzle exhaust area A e is assumed to be fixed.
Knowing m a /Pt, and mh v17/Pt„ a range of by-

pass ratios is calculated, with A = ^` T" /P° . A range
'nhv T,/R,

of T,,/Ty is obtained from various values of cf that have

been calculated previously, because Tt,/Tt, = e j — /^17°.

Moreover a range of overall pressure ratios Pt,/Po is
obtained because Pt,/Po = (EHPO)(Pt,/Po). Hence all

the terms of the left hand side of equation (9) can be

On satisfying the essential condition of compatibility

of flow between the turbine and compressor we get

	mn 	mh `a	Ty Pt, Pt•	(6)
Pt,	Pta	NT S 134 P,

In this expression the turbine mass flow is given by

Qs, where Qs = mn /Pna is determined by the HP
turbine operating point and is the same for both design

and off-design conditions. Both mR t,/Pt a and R5 /P,

can be assumed to be the same for both design and off-

design conditions.

Hence equation (6) can be modified to give

	'non 	t> —	( / 7T,)	C'	7
— (Q3e) ( Ty/Tt

s )d (4d( )

where Qs, _ ( mh \ T`')d.Thus by using equation (7), a

new value of compressor mass flow can be found, and

since we have already determined the new compressor

pressure ratio from equation (5), hence we can get a

working line by varying Tt,/Ty . This means that the

working line on the high pressure compressor map is

fixed and is given by the relationship

CHPC=.((rah Tt 9 /P'>>T^alT^a)

Analysis of LP Spool

Having analysed the HP spool, we can now consider

the power balance for the low-pressure spool which is

given below

(n,+mh)Cv°(Tta — Tt,)= 9,nmhC,° (Tte — Tt,)	(8 )

The assumption that the amount of bled air (for disc

cooling) is equal to the mass of fuel added is implicit in

equation (8) On further modification we get

(A+ 1 )( 1— Tt,/T,) = rl Cv - 70
 Ts Tta

But the temperature ratio Tt,/Tta is fixed, due to the

fixed working point of HPT. From equation (8a) we can
get

A+ 1 (1—Tt,/7ta) _ 	(1—Tt7/TTJ (86)
	Ades + 1\ ( 1 — (Tt,/Tt,)des)	(1 — (Tt,/Tte)des)

where V) = T TT` a , hence (8b) can be further modified
to

	

1 1 A±1	( 1 —T,,/Ta) __ ( 1 —Tt,/T,)	(9)

\_Ades + 1) 1— (Tt,/Tt,)des 	1— (Tt,/Tta )des

Now the left hand side of the equation (9) is a unique

function of cold nozzle pressure ratio P 3,/P0 for a given
flight Mach number Mo, and 0 and can be plotted
against Pt,/Po to give a compressor curve. Similarly

the right hand side of the equation (9) is a function

of hot nozzle pressure ratio Pt,/Po, and when plotted
against overall pressure ratio Pt,/Po is known as tur-

bine/nozzle characteristic curve. By estimating both

the left hand side and the right hand side of (9) as
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mhCpoTts(Tt,/T, — 1) = VrnmhCP'TtJTta/Tts — 1 )

to get Tt,. Knowing Tts /Tt, we can get the pressure ratio

across the HP turbine. Again, if the known parameters

are substituted in the LP spool power equation,

calculated as functions of Pt4 /Po and a curve drawn be-
tween the left hand side of equation (9) vs Pt,/Po for

a given flight Mach number, altitude and turbine entry
temperature Tts .

For the LPT and the hot exhaust nozzle, the mass
flow matching equation is given as (in. + me)Cvo(Ti, — Ti,) = n.^meCp,(Tea — Tt,)

	mh	mhv/7cPta Tt,	 (12)

Pt,	Pte P67 T66

Since the LPT is assumed to be choked throughout the

design and off-design conditions, the mass flow param-

eter 2̀  TB is constant. Hence
e

0

	

_ e	Pc,	c, Py
	(13)

mh^ m

B.	 Pt,	deg (PB./Pt,)de

because

	To,/Tts = (P"/P4)b-_1) /'r
	 (14)

On assuming a range of Pt,/Po we can get a range

of mhV'?/Pt, from the hot nozzle characteristics as-

suming the hot nozzle exit area At, is fixed. Then from

equation (12) it is easy to get a range of LP turbine

pressure ratios Pt,/Pt,. From (14) we can get a range
of Tt,/T,, values. Moreover a range of overall pressure
ratios Pt,/Po is obtained because

	P,.	Pt, Pt, PP, Pt ,

Po Po Pt, Pte Pt,

where Pt,/Pt, is the fixed pressure ratio of HPT, while
Pt,/Pt, is the assumed combustor pressure loss (remains

constant throughout). Hence all the terms of the right

hand side of the equation (9) are known, and a curve be-

tween the right hand side and Pt,/Po can be drawn. It

is important to note that the right hand side of equation

(9) is independent of 0, Mach number and altitude.The

equilibrium condition of the low pressure spool is deter-

mined by the intersection of the two curves represent-

ing the left hand and right hand sides of equation (9)
as functions of Pt,/Po .

At the equilibrium point, the corresponding values of

compressor pressure ratio, fan pressure ratio, bypass ra-

tio and ml,/Pt, are selected. From the fan pressure
ratio the values of Tt, and Pt, are easily determined.

Knowing the compressor pressure ratio, it is easy to
get the values of Tt, and Pt„ as Ty and Pt, are already
known. Since the turbine inlet temperature is specified

beforehand, the fuel flow can also be determined. Since

the values of mh /Pt„ Tt, and Pt, are known, it is
easy to get the value of hot (core) mass flow because

mn= mh	Pt,

Pt, ,/TJ

Knowing the value of m h , the mass flow of cold air can

also be found as m e = mn a.

All these parameters can then be substituted in the

power equation of the HP spool,

then Ty can be found as it is the only unknown. Hence

the pressure ratio across the LP turbine can also be

calculated, and if one knows Pt, then the pressure ratio

across the hot nozzle can easily be calculated.

Since Pt, and Pt, are known, the thrusts for the hot

and cold nozzle can be calculated as shown in the design

point analysis. Thus all the important performance pa-

rameters such as fuel flow, thrust and specific fuel con-

sumption can be calculated by the procedure described.

VALIDATION OF MODEL

The purpose of this analysis is to validate the math-

ematical model with published values. The overall pa-

rameters we wish to estimate are fuel flow and gross

thrust developed at various flight conditions. We can

also determine compressor pressure ratio, air flow rate,

gross thrust parameter, exhaust gas parameter etc; but

they are not of primary importance as compared to fuel

flow and net thrust.

Twin S000l Turbofans

The Garrett TFE 731-2 is a twin spool turbofan and

at its design point (ISA SLS) it develops a thrust of

15.57 KN (3500 lbf) at takeoff conditions, with an sfc

of 0.491 lb/hr-lb. It is a medium bypass ratio, two-spool

turbofan engine, incorporating a single-stage gear-driven

fan.

An important thing to be considered is that the effi-

ciencies ( whether polytropic or isentropic) of the com-

ponents are to be selected such that at the design point

the correct design thrust, fuel flow and exit nozzle ar-

eas can be matched. It is necessary to iterate until a

satisfactory solution is obtained.

When the aircraft is operating at maximum cruise

conditions, one can vary the flight Mach number at a

particular altitude and predict values of net thrust and

fuel flow from the developed computer program. Figure

4, 5 and 6 show the predicted values of thrust and fuel

flow at different altitudes as compared with the pub-

lished data (Garrett 731 brochure). It can be seen that

even when the component efficiencies (polytropic) are

assumed constant throughout, there is a good relation-

ship between the predicted and published data.

An important point noticed was that bypass ratio in-

creases as the thrust is cut back. The reason why bypass

ratio increases can be found by simple logical reasoning

as shown. Since bypass ratio is given as m,/m,, it can

be written in terms of exit nozzle mass flow parameters
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?1

0

O

a
U-
0

In

UJ
z

as
+no	mC Y Ae	AC Pez Tt,
Tne	APP,	mhT,, A5 Py T,,

Now in the cruise conditions the nozzles are choked and

so
£72, 

pT' = 0.396 and A p T' = 0.389. So bypass ratio
v

now depends only on

`-1*(A,IAn) * P`' T` '
m4	 P1, Ty

As the engine is throttled back there is more decrease

in P,, than in any other parameter, which pushes up

the term P and so the bypass ratio rises as thrust is

cut back in cruise.

GARRETT 731 - 2	 600

5,6
B 	NET THRUST

8	®	9	4.8 500_

®	9 -40- 400
® 

FUEL FLOW	--32
300 LL

i 2,4	=

ISA 30000 FT	F	200

❑ PREDICTED	zig

o PUBLISHED
00

0.8

-'0

0.3	0.4	0.5	0.6	0.7	0.E
	

Q9
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FIGURE 4. COMPARISON OF PREDICTED AND
PUBLISHED PERFORMANCE DATA.
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FIGURE 6. COMPARISON OF PREDICTED AND
PUBLISHED PERFORMANCE DATA.

Three Spool Turbofans

The IP and HP spools can be considered as a sin-

gle spool in the design and off-design conditions, if the

polytropic efficiencies of the compressors and turbines

are assumed to be equal. Hence a three-spool turbofan

becomes mechanically equivalent to a twin spool turbo-

fan using this assumption.

The added assumption that the LP turbine is choked,

makes the three-spool case exactly similar to a twin-

spool engine. The design point calculations are nearly

the same as those for the twin spool. So one can effec-

tively use the same program for three-spool and twin-

spool engines, with the only difference that the inter-

turbine and inter-compressor temperatures and pres-

sures calculated will be totally different from the actual

values.

The designation RB211 applies to a family of ad-

vanced technology three- shaft turbofans of high by-

pass ratio and high pressure ratios, with thrusts rang-

ing from 166KN (37,400 lb) to 249 KN (56,000 Ib). The

1400

I300

31200

1100

1000

LL 900

800

700

600

500

400

300

200

100z
0

_1000

in
800

0

600

°z
C

400
m

G
200

x

z
0

00

300 L

200 LL

LL
100

RB211-22B fitted to the L-1011-1 and -100 Tristar is flat

rated at 187 KN (42,000 lb) to 28.9°C . At the cruise

condition (35,000 ft and Ma=0.8), the RB211-22B pro-

3 duces 43.1 KN (9,700 Ib) thrust and gives a specific

fuel consumption (sfc)=0.618 lb/hr-lb. (Jane's All The

World Aircrafts, 1987-88).

Performance at SLS

Figure 7 shows a very good simulation of the pre-

dicted net thrust and the hot nozzle thrust with the

published data. It can be seen that as the mass flow

increases, the fan thrust increases much faster than the

hot nozzle thrust. The fuel consumption simulation in

Figure 8 is good, and the deviation between the pre-

dicted and published values is of the order of 4-5%.
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e'rom the program we can obtain non-dimensional total

mass flow m" T ' /T°° and also get the values of fan pres-

sure ratio of and bypass ratio A. These values are then

compared with the published data (AN: Performance

Report RB211-22, 1968), and the graphical representa-

tion can be seen in Figure 9.

The fan pressure ratio simulation in Figure 9 is good

but the bypass ratio does not match well with the pub-

lished data.

Performance at Cruise Conditions

The aircraft is assumed flying at 30,000 feet and at

Mach no.=0.8 and the program is run fns
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bine inlet temperatures and the predicted values are

compared with the published data. From Figure 10 one

can see the invariance of the working line of IP+HP

spool as it remains nearly the same as that found at

ISA SLS. The reason for this is that the LP turbine

always remains choked, so the IP+HP spool is shielded

from the effects of varying Mach number as well as well

asfr	
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FIGURE 9. COMPARISON OF PREDICTED AND
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CONCLUSIONS

1. Performance calculations as done for Garrett TFE

731-2 agree quite well with the published data, even

when constant fan or compressor efficiency is as-

sumed.
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2. The simulation as performed on RB211-22 shows

good agreement with published data. The values

at sea-level static condition show good agreement

down to 50% of the maximum thrust, after that the

agreement is not reasonable. For the flight condi-

tion at a typical Mach number and altitude (30000

ft, Ma=0.8) the simulation is quite good, even at

low values of thrust.

3. The aerodynamic throats formed at the propelling

nozzle(s) and at the turbine nozzles dictate the be-

haviour of components upstream of the nozzles.

4. The mass flow parameter m TT /Pt at the throat of

the HP turbine remains constant for all off-design

cruise conditions, and is the only parameter which

remains constant at a particular cruising speed.

5. It was seen that the net hot nozzle thrust for Gar-

rett 731-2 is nearly independent of the Mach num-

ber, while the net fan thrust decreases as the Mach

number is increased. In other words it means that

the effect of the Mach number is being borne by the

LP spool only, as the HP spool is shielded by the

LP spool from the downstream conditions.

6. The program may be useful for preliminary design

analysis in aircraft design offices, and may also be

used as a pedagogical aid for students interested in

understanding the complexity of off-design analysis

of gas turbines.
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