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1 Introduction 

In a 1962 paper Oka [Ok] proved that given a family of varieties in an open 
set E2 C ~2 the set G C (2 where the family is normal is pseudoconvex in ~. 
The proof is based on the following remarkable inequality. 

Let 

H = {(Izl < 1,1wl < r )  U ( r t  < Izl < 1,1wl < 1)r~,r < 1} 

and 

Ap = {I< < ; ,  Iwt < p } .  

If  V is a closed complex curve in A l, then for any p < 1 there exists C; such 
that 

vol(V n Ap) < Cpvol(V n i l ) .  (*) 

Here Cp is independent of V. 
The result was generalized to varieties of codimension 1 in E2 C ~" by 

Fujita [Fu]. Riemenschneider [Ri] proved the analogue of inequality (*) for 
varieties of dimension p in Q C ~n, in which case the standard Hartogs figure 
has to be replaced by the right analogue. It turns out that the domain G where 
a family of  analytic varieties of dimension p, has locally bounded mass is 
p-pseudoconvex (see below for a precise definition) in ~2. This notion was 
introduced by Rothstein [Ro], see also [Siu2], and developed by Andreotti and 
Grauert [A-G]. Observe that when a sequence of analytic varieties has bounded 
volume, then any limit in the Hausdorff metric is an analytic variety, as follows 
from Bishop's theorem [Bi]. 

The second author has given in [Si] some estimates on currents from which 
it is easy to deduce an inequality generalizing (*) to closed positive currents of 
bidimension (p, p). The purpose in [Si] was to extend the domain of definition 
of the Monge Ampere operator (ddC) k to some unbounded plurisubharmonic 
functions. It was not realized there that the given condition for defining (ddCu) k 



400 J.E. Fom~ess, N. Sibony 

was that the set where u is locally unbounded is in the n -  k pseudoconvex 
envelope of  its complement. 

We start here by proving a version o f  Oka's  inequality for currents o f  the 
form uT, where T is a positive closed current of  bidimension (p, p )  in f2 
and u is a negative plurisubharmonic function in f2. It follows from this in- 
equality that G :=  {z E (2; uT has bounded mass in a neighborhood of  z} is 
p-pseudoconvex in f2 (usual pseudoconvexity coincides with n - 1 pseudocon- 
vexity). I f  the current (uT)  has locally bounded mass in f2 one can define 
ddCu A T :=  ddC(uT). 

We then prove a convergence result for the operator (ul . . . .  , Uq) ~ ddCul A 
.. .  A ddCuq A T. The main idea is that if  we control the mass or convergence 
on an open set, then we have the same type of  control in the envelope of  
/-pseudoconvexity for the right l. When the (uj) are bounded, this operator 
was studied by Chem, Levine and Nirenberg [CLN] and Bedford and Taylor 
[BT]. The case where the (uj) are unbounded has been considered in Griffiths 
[Gr], Siu [Siul], Sibony [Si] and more recently by Demailly [De]. 

Under pseudoconvexity assumptions we can define T A R1 A ...  A Rq where 
T is a current o f  bidegree (n - p, n - p )  and Rj are currents of  bidegree (1, 1 ). 
When the currents are in lP k we prove a Bezout type theorem i.e. express the 
mass of  T A ...  A Rq in terms of  the mass of  the factors. 

Let T be a positive closed current in IP k o f  bidegree (1, 1). So locally T 
can be written as ddCu. Assuming that u is continuous, we show that support 
T 1 is connected, provided 2l < k. 

In the last paragraph we apply the results on currents to holomorphic dy- 
namics in IP k. This was the main motivation to try to develop some tools 
in order to understand closed currents which are not analytic varieties. To a 
holomorphic surjective map f "  IPk ~--~ IP k of  degree d > 1, one associates a 
positive closed current T of  bidegree (1, 1). The support of  T / :-- T A ...  A T 
(l factors) are of  dynamical interest. In particular the support of  T coincides 
with the Julia set J0 o f  f :  the sequence ( f n )  is equicontinuous precisely on 
lPk\J0. In this context we show that if 21 < k, then support T l is connected. 

2 0 k a ' s  inequafity 

We first define the notion o f  k-pseudoconvexity, see [Ri]. Let 0 < r '  l < r '  and 
0 < r l  < r .  

Definition 2.1 An (n -- k, k)  Har togs  figure H is defined as 

H --{(z,w);z c Ck,llzll < 1, tlwll < r} 

U { ( z , w ) ; z G f f g " - k , w E C k , r l  < Ilzll < 1,[Iwl] < 1} 

where 0 < r l , r  < 1. We set 

I21= { ( z , w ) ; z E C n - k , w E l l ~ k ,  llzll < 1, llw[] < 1} = A " .  

Here 1141 = max ]zj], Ilw[[ = max Iw/]. 
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Definition 2.2 (k-pseudoconvexity) Let  (2o C / 2  be open subsets o f  ~n,0  < 
k < n. Then (2o is k-pseudoeonvex in (2 (f  it satisfies the Kontinuitdtssat: 
with respect to (n - k)  polydiscs. More precisely, whenever H is an (n - k ,k )  
Hartogs figure, �9 : 121 ~-~ Q is a 1 - 1 holomorphic map and ~b(H) C Qo, then 
�9 ( f l )  c no. 

Usual pseudoconvexity is the same as ( n -  l)  pseudoconvexity. 
For p > 0, Ap will denote the polydisc o f  radius p. 

Theorem 2.3 [Ri] Let  X be a pure k-dimensional closed complex analytic 
subvariety o f  the unit polydisc A C C n,O < k < n. Then ( f  0 < p < 1, and 
H is an (n - k ,k )  Hartogsf igure,  vol(X N A;)  < Covol(X A H ) f o r  Cp inde- 
pendent o f  X. 

It follows that if (2(/) is a family of  closed analytic varieties of  pure dimension 
k in s"2 c ~",  then i f /2 '  :=  {z; 36 > 0; sup, vol(X, N B(z; 6)) < c~} then Q/ is 
k-pseudoconvex in /2. 

We want to prove a version of  the previous theorem for positive closed 
currents or even for currents of  the form uT where T is a positive closed 
current and u is a plurisubharmonic function. 

For the fundamental results on currents we refer to [de Rh], [Lel] or [LG]. 
We recall a few facts. 

Let /2 be an open set in ~ ' .  Denote by DP'q(Q) the space of  smooth 
differential forms of  bidegree ( p , q )  with compact support in O,. The space o f  
currents o f  bidimension (p ,q ) ,  hence of  bidegree (n - p ,n  - q) is the dual 
space ofDP'q(Q).  A current T of  bidimension (p, p )  and bidegree ( n -  p ,n  - 
p)  is positive if for all 0q, . . . ,  C~p C D I ' ~  the current T A i~l A ~ll A . . .  A 

iO~p/~ ~Tp is a positive distribution. A current U is negative if - U  is positive. 
I f  c~ is a k- covector in ~n _~ IR2,, let [~z I denote the usual Hilbertian norm 

of  ~z. I f  T is a current of  bidimension (p, p )  o f  order zero, i.e. with measure 
coefficients, we define the measure My[T] on Q as follows. If  V is open in /2, 
let Mv[T] = sup{lT(,/,)l,,/, c DP'v(V),Ieb(x)I < l ,x c v}. This is called the 
mass norm of  T. 

Let d c :=  (i /2~z)(~- 3), then dd e = (i/~)?~. Let fl :=  ddC[zl 2. If  T is a 
positive current of  bidimension (p,  p), then the trace measure ~r is defined as 
a r  :=  T A tiP/p!. It is easy to show that there exists a constant C, depending 
only on n and p such that for every open set V c ~, 

( l / C ) a r ( v )  < My[r] < ~r(V). 

An upper semicontinuous function u �9 s9 H [ - o %  oo) is plurisubharmonic 
if and only if u C Lloc(Q) and ddCu > O, for short we will say that u is p.s.h. 

Theorem 2.4 Let  H be an (n - l, l) Hartogs figure. Assume 121 = A. For eveo'  
p < 1, there exists a constant Cp such that for  every negative current U in 
a neighborhood o f  fJ, o f  bMimension (l, l), .such that ddCU > 0 we have 

+ M & [ d d  U] < CpMH[U] . M~, , [U]  ~ : 
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Proof Let ~2 be an open set in C ". Assume co ~ 05 ~ f2, and that co = {z;z C 
oS, tp(z) < 0, ~7tPl~?co:#0 } for some smooth function ~b defined on 05. Let M be 
a closed subset in g?. Let x E M A co and let ~b E C~( I2 )  such that 
(i) qS(x) > 0 

(ii) ~b -= 0 on a neighborhood V of  3o) N M. 
Let h be a smooth function in (2, 0 =< h =< 1, h = 1 in a neighborhood of  

co. 

We will need the following lemma. See also Lemma 4.1 in [Si]. 

Lemma 2.5 Let co, Q, O, h be as defined above. Let S and U be currents 
with smooth coefficients in 12. Assume S is closed of  bidegree (p, p) and U 
is of  bidegree (q,q) with p + q = n - 1. Then we have 

(1) re(1 - h ) d d c U A S + f ( - U ) A d d C O A S = f ( - U ) A d d C ( O h ) A S .  
O) O) O) 

I f  U < O, dd c U > 0 then relation (1) holds without smoothness assumption 
on U. 

Proof When Z is a smooth function with compact support then since S is 
closed 

fzddCU A S = fddCT. /~ U A S .  

So we just apply the above formula with 7. = ~b(1 - h) which is o f  compact 
support since h -- 1 near &o. 

I f  U is not smooth, let U~ be regularized currents, U~ is just convolution 
o f  U with an approximation of  identity. Relation (1) holds for U~. We can just 
let e ~ 0. 

The formula o f  integration by part is written in the form (1) to emphasize 
that if h = 0 near x and if ddCr A S is positive then it is posible to control 
the mass o f  ddCU near x and of  ( - U )  A ddCO A S by what happens near the 
support of  ddC(c~h). 

We continue the proof of  the Theorem. Let f2 be a neighborhood of  z] 
where U is defined. Recall that H = {(z,w),z  E ~ " - I , w  E 112 t, I]zi] < 1, I[w[[ < 
rl}U{r~ < ]]z]l < 1,]]w[] < 1}. Let M = A \ H .  Let Mi be the set o f  points 
in Ap~ \H  for some p < Pl < 1, such that exactly one o f  the w-coordinates is 
> O. Let x E Ml. For simplicity assume that ]xn-/+l] = [wll > rl and [x,-l+21 
--]w2l < rl . . . . .  ] x , [= tw l [  < rl. Let 4~= 1/[wl[ 2. Let Hi be the ( n - / , 1 )  
Hartogs figure obtained by fixing the coordinates w2 = x,-1+2 . . . . .  wl = x~, with 

' We can construct an open set col in 112 n-l+1 such that the same numbers r l , r  1 . 

c~(x) > maxe,,,in[~r~\H1] 4). Fatten col to obtain an open set co in IU" and extend 
~b to ~l such that ~ l (x )  > max~,,,n[t?\H l 4h, by adding to the trivial extension 
a function 0 o f  wz , . . . ,w ,  only. 

Let ~2 :=  cbl + 6](z, w)] 2. For 6 > 0 small enough, 452(x) > supe,,,n g ~2 
: = c .  But also ddCq~2A(ddCiw'12)t-I > 0 where w' =(w2 . . . . .  wt). This is 
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because the negativity in ddC4~2 introduced by the function O(w') is cancelled 
by (ddClw'[2) l-t .  

Let )+ be a smooth increasing convex function on [0, o c ) ,  vanishing on 
a neighborhood of  [0, c] and then strictly increasing, we can assume that 
2(@2(x)) > 0. Let q) = )+ o 42. We apply Lemma 2.5 with S = (ddC[w'[2) l-I 
and 4) = q~ and h a function vanishing near x, h has value 1 near ~o ,  but 
M N support h is contained in (4) -- 0). 

Relation (1) in Lemma 2.5 gives an estimate of  ddCU A (ddClw'[2) t-l and 

o f  ( - U )  A ddC4) A S near x in terms of  the mass of  U on a compact  set of  H.  
I f  we apply the same argument to suitable perturbations of  the coordinates w, 
we finally get an estimate of  the mass o f  ( - U )  and dd~U near x in terms of  
quantities supported in a compact set of  H.  We have proved the theorem for 
Mt instead of  Ap. Let /14: be the set o f  points in A, j \H  such that exactly j 
of  the w-coordinates are _> rl where we have chosen 1 > Pl > " "  > Pt = P. 
We will prove the theorem by induction in j .  For simplicity of  notation we 
prove it for j = 2. Let x E M2. We can assume that [xn-t+t] = [wll > rl and 
[xn-t+2[ = Iw21 > rt while [w31 < rl . . . . .  Iwl] < q .  

Let 4)2 = l/[w212. We can construct an open set (o2 in 112 n- i+l  such that 

4)2(x) > maxc-o~2n[,qz\H2] 4). We fatten 0)2 to obtain an open set oJ in ~U" and 
proceed as above. We will obtain an estimate o f  the mass of  U and dd~U 
near x in term of  the mass in H O Mt which in turn is controlled by the mass 
in H.  So by induction we get the estimate in the theorem. 

Corol la ry  2.6 Let (U,) be a sequence of negative currents of  bidimension 
(p, p) in a complex manifold f2. Assume for all i, ddCU, > O. Then the 
domain f2o on which the family has locally bounded mass is p-pseudo- 
convex. In particular, if  U is a negative current of  bidimension (p, p) in Q, 
such that ddCU >= O, then s"2\(supp U) is p-pseudoconvex in (2. I f  T is a 
positive closed current of  bidimension ( p , p )  on (2, then f 2 \ s u p p T  is p- 
pseudoconvex. 

Proof Let H be an (n - p, p )  Hartogs figure and f : /~  ~ ~ be an injective 
holomorphic map. I f  f ( H )  C f20, Theorem 2.4 shows that f ( H )  C (20. The 
estimate in the theorem is just given with f = Id. So f20 is p-pseudoconvex 
in f2. To show that f2\supp U is p-pseudoconvex we just apply the first part 
of  the corollary to the sequence of  currents Uk = kU, k E N.  I f  T is positive 
and closed, we apply the previous result to U = - T .  

Let T be a positive closed current of  bidimension (p ,  p )  in f~. Let u be a 
plurisubharmonic function on f2. We consider the closed set M(T, u) = {q; q E 
(2,uT is not of  finite mass in any neighborhood of  q}. For simplicity, since 
the results are of  semi local nature (in neighborhoods of  compacts)  we will 
assume that u < 0. 

Proposition 2.7 Let T, u, ~ be as above. Then f2\M(T,u) is p-pseudoconvex. 
And on (2\M(T,u) the current uT is negative and satisfies dd'(uT) > O. 
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Proof. Let H be an (n - p, p )  Hartogs figure, assume H = A r f2. Let uj "N u 
be a decreasing sequence of  smooth plurisubharmonic functions in a neighbor- 
hood of  z]. I f  Uj :=  ujT we clearly have Ui < 0 for large j and ddCUs > O. 
Theorem 2.4 implies that 

fluj[~T < cpflu, l~r <-_ cpfiul~r.  
Ap H H 

Here a r  denotes the trace measure for the current T. Hence if fm lul av < ec 
we get that 

f lul '~r < q, flul'TT, 
Ap H 

by Lebesgue's dominated convergence theorem. The p-pseudoconvexity of  
f2\M(T, u) follows easily from the above estimate. Since locally in f2\M(T, u), 
ujT ~ uT in the sense of  currents and since ddC(ujT) = ddCuj A T > 0 we 
get that ddC(uT) > O. 

3 The operator ( u b . . . ,  Uq) ~ ddCul A . . .  A dd"uq A T 

It is very useful, in many questions in Algebraic Geometry and Complex Anal- 
ysis, to define an expression such that ddCu A T where T is a closed ( p , p )  
current and u is an unbounded plurisubharmonic function. The case where u is 
bounded is studied in [BY]. 

Here we want to extend the approach in [Si] to define 

ddC ul A . . . A ddC uk A T 

under quite general assumptions on u t , . . . ,uk  and T. 
Let f2 be an open subset in Gn. If  u is a plurisubharmonic function in fL 

define M(u) :=  {q; q c f2,u is unbounded in any neighborhood of  q}. Recall 
that if T is a positive closed ( p , p )  current we define M ( T , u ) : =  {z;z C f l u  
is not aT integrable in a neighborhood of  q}. In f2\M(T,u) we will define 
ddCu A T :=  ddC(uT). 

If  X is a closed set in f2, we say that X is in the envelope of  p-  
pseudoconvexity of  f2 \X with respect to f2 if all points in X can be reached 
by pushing polydiscs o f  dimension ( n -  p )  using biholomorphic images of  
(n - p, p)  Hartogs figures with hulls in ~2. So we use the same procedure as 
for obtaining the envelope of  holomorphy by pushing one dimensional discs. 

Proposition 3.1 Let u be a plurisubharmonic function in f2. And let T be a 
positive closed bidimension (p, p) current on f2. I f  M(u)  A supp T :=  X is in 
the envelope of  p-pseudoconvexity of  f2\X with respect to f2, then u is locally 
ar integrable. 

Proof Without loss o f  generality we can assume u < 0 on f2. It is clear that 
M(T,u)  C M ( u ) N s u p p T .  Since as proved in Proposition 2.7 f2\M(T,u)  is 
p-pseudoconvex it follows that M(T, u) is empty. 
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Proposition 3.2 Let uj, u be nonpositive plurisubharmonic .functions in f2. Let  
Ti, T be positive closed currents o f  bidimension (p,  p )  in (2. Assume 

(1) Tj ~ T, 
(2) (ujT/)  has uniformly bounded mass on every compact, 
(3) uj ~ u in L~o ~. 

I f  L is any weak limit o f  u jT  i, then L < uT. I f  uj > u and Tj < T, then 
ujTj ~ uT. 

Proo f  Let 7 > 0 be a smooth form with compact support X C f2 o f  bidegree 
(p, p). Let f be a continuous function on X such that f > u on X. By Hartogs 
lemma, see [H], 

l i m s u p ( u j -  f )  < s u p ( u -  f )  < 0 .  
J X X 

Hence given e > 0, there is a j0 so that for j > jo ,u j  < f + e. Since 7 > 0 
and Tj ~ 0 we have 

ujTj A 7 < ( f  + s)T/ A y . 

Hence 

L A y  =< ( f + e ) T A T .  

Since e and f are arbitrary we get that L <= uT. I f  Ul > u and T/ _-< T. we 
can assume using again Hartogs lemma that u / __< 0 on support ),, we have 

fuTA7 < f u j T A 7  < f u ,  T I A y ~ - ~ L A , / .  

So L = uT. 

Corollary 3.3 Let  un < 0 be plurisubharmonic in f2 and assume that u,, ~ u 
in L~o c and that un > u. Then for  any positive closed current o f  bidimension 
(p,  p) ,  we have in Y2\M(T,u)  that unT ~-~ uT and that dd~u, A T ~-, ddCu A T. 

Proqf. Since u, <= O, lujl <= lul so given a compact K in f2 \M(T ,u) ,  

flujld T <= fluld T. 
K K 

Hence we can apply Proposition 3.2. 

Let A s denote the Hausdorff measure o f  dimension c~. We have the follow- 
ing convergence result. 

Corollary 3.4 Let  (ul) be a sequence o f  plurisubharmonic functions in O. 
Assume uj H u in L~o c and uj > u. Let T be a positive, closed current o f  
bidimension (p, ,p)  in fL I f  A2p(M(u)  N supp T) = 0, then ulT ~ uT in Q. 

Proo f  We just have to check that M ( T , u )  is empty. It is clear that M ( T , u )  C 
M ( u )  f q S u p p T : = E .  The idea is to show that E is in the p envelope of  
the complement. By the results of  Federer [Fe], for almost all n - p  planes 
say parallel to a given one the intersection with E is empty, hence we can 
construct Hartogs figures o f  the right type. More precisely, fix x E E. Since 
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A z P ( E \ { x } )  = 0, almost every n - p complex plane through x does not inter- 

sect E \ { x } .  Assume that x = 0 and let L = {wl . . . .  Wp = 0} be such a plane. 
Let (Zl . . . . .  Zn-p) be the coordinates in L. Fix a polydisc A n-p ~ f2 centered at 
the origin. Since OA n-p N E  = ~ ,  we can find a polydisc A p in the orthogonal 
complement L • centered at the origin such that (OA n-p • A p)  G E = ~Z~. We 
can then complete the Hartogs figure H C Q \ E  such that 0 E H.  

Theorem 3.5 Let  T be a closed positive current o f  bidimension ( p , p )  in 
~, 0 < p < n. Let  ul . . . . .  Uq be plurisubharmonic < 0 functions in f2. I f  for  
all j l  . . . . .  jm, M(uj~ ) N .. . n M(ujm) N supp T is in the p - m + 1 envelope o f  
pseudoconvexity o f  the complement, then ulddCu2 A ...  A ddCuq A T has lo- 
cally bounded mass in (2 and similarly for  ddCul /~ ... A ddCuq A T. Moreover 
the mass on a compact set o f  f2 is majorized by the mass on a compact 
where all the uj are bounded. We also have u fldl CUzJ A . . .  A ddCuJq A T ~-~ 

uLddCu2 A ...  /X ddCuq /~ T provided u~ ~ uk in Llo c and u~ > uk, moreover 

ddCu{ A ...  A ddCuJq A r converge weakly to ddCu, A ... A ddCuq A r. 

Proo f  Case q = 1. We assume M ( u ) N  supp T is in the p-convex  envelope 
of  the complement  relative to f2. Then uT is well  defined in f2 and i f  L is a 
compact in O, Theorem 2.4 shows that 

f t u l d a r  <= c f l u l d a r  
L K 

where K is a compact of  f2\M(u) .  Let 7. be a nonnegative test function with 
value 1 in a neighborhood of  L. I f  fl = ddClz] 2, then 

ML[ddCu A T] <_ f zddCu A T A fls = f u T  A fl" A ddCz .  

So we also get that ML[ddCu A T] < c'MK,[uT ]. For q = 1 the convergence 
result is just  Corollary 3.3. 

So assume the theorem has been proved for ( q -  1) functions (vj). Let 
S = ddCu2 A ...  A ddCuq A T which is, by induction, a well defined current on 

of  bidimension ( p -  q +  1 , p - q  + 1). We want to show that O \ M ( u l , S )  
contains the complement  of  M(ul  ) G .. . N M(uq)  f3 supp T. Since f 2 \M(u I ,S )  
is p - q + 1 pseudoconvex, the hypotheses of  the theorem imply that m(ul, S) 
is empty. 

Fix zo q~ M(uL) • . . .  N M(uq)  n supp T. I f  Ul is bounded near Zo we are 
done. Assume zo = 0 and that u2 is bounded on a neighborhood of /}  : = / } ( 0 , r ) .  
Replacing uz by max(u(z),A(Iz[ 2 -  r2))  we can assume that u2 is unchanged 
on Bl = B(O,r/4), and is equal to A([zl 2 - r 2) in a neighborhood of  3B. Let 
T ~ = ddCu3 A ...  A ddCuq A T. We will show that 

f - ulddCu2 A T' A fls ( . )  
B 

is bounded by the mass of  ul T ~ on B. 
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Let h be a smooth function supported near 0B with value 1 near ~?B. Let 
v~ ~ ul, v~ smooth plurisubharmonic functions. We can apply Lemma 2.5 with 

U = v~dd~u2 A T' and S = ti~-l (in this case co = B, q~ = ]z] 2 and M is empty).  
We have 

fB4'(1 - h)ddCVJll A ddCu2 A T' A t i ' -!  

- fvJddCc~ A ddCu2 A T' A tis-, 
B 

= - fv{ddC(dph)  A ddCu2 A T' A tis-I . 
B 

Observe that -v~  > 0 and - A ' f l  < dd~(q)h) <= A'fl and that on the support 
of  h, ddCu2 = Aft. So the last integral is smaller in absolute value than 

- A A t f v { T '  A tis+l . 
B 

Using Fatou ' s  lemma and the induction hypothesis we get 

f lu , ldd%b A ddCu2 A T' A tis-I <= AA , f l u , IT ,  A ti'+' . 
B B 

Hence we have shown (*). As  a consequence, also the mass of  ddCu~ A 
ddCu2 A T' on Bi is bounded by the mass of  u lT  t on B. 

We now turn to the convergence question. Let u~ > ul,...,U~q > Uq. We 

know that i f  R is any limit point of  U:lddCu~ A ... A T then R < uldd~u2 A 
. . .  A T (by Proposition 3.2). In order to prove equality, it is enough to prove 
that for any x0 there exists an open set co ~ s c co, a smooth function 
4, in a neighborhood of  o5, a positive closed form 7 such that ddCd~ A 7 is 
strictly positive in a neighborhood of  x0 and f,,, utddCu2.. .  A T A 7 A ddC~b < 

l im / f,,, uJidd~uJ 2 A . . . A T A 7 A ddC O. 
I f  x0 ~ supp T this is clear. Assume xo q~ M ( u l )  N . . .  A M(uq). Then there 

exists a ball B such that (u~) is a bounded sequence in a neighborhood o f /~  
for some 1 < l < q. Let B = {~k < 0}, ~ plurisubharmonic. Since the result 
we want is local we can assume that on a neighborhood col o f  8B, u~ - - A ~  
where A is a large constant. Let h be a function in C~(o)l  ) with value 1 in 
a neighborhood of  ~?B. We are going to use repeatedly the identity of  Lemma 
2.5 with q5 = [z] 2 and M empty. 

Assume that all the u~'s are smooth. 
Let T t denote T A tiP-q, we have 

fulddCu2 A . . .  A T' A ddC~b 
B 

< f  dd% A... A r '  A ddW) 
B 

= f 4 ( l  - h ) d d ~ u ~  A d d %  A . . .  A T '  

+ fu{dd(4,h)  A rid% A. . .  A r'  
B 
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= f u 2 d f ~  A ddCu{ A . . .  A T' 
B 

- f.2dd (Oh) A ddC.i  A.  A T' 
B 

+ fu{ddC(~h)  A dd"u2 A .  A T' 
B 

B 

- fu2dd~(~h)  A ddCu~ A . .  A r '  
B 

+ fu{ddC(c~h) A ddCu2 A . . .  A T' . . . .  
B 

(where we do not write terms containing ddC(c~h)) 

= f~b(1 - h)ddCu{ A ddCu~ A ddCu3 A . . .  
B 

+ fu12ddC(~bh) A ddCu~ A . . .  r '  + . . .  
B 

: fu~ddCuJ 2 A ddCu3 A . . .  A T' A ddC* 
B 

- fu~ddC(~h)  A ddCuJ 2 A . . .  A T' 
B 

+ fuJ2dd(c~h) A ddCu~ A . . .  A T' 
B 

- fu2ddC(~bh) A dd%~ A . . .  A r '  
B 

+ fu~dd~(4~h) A ddCu2 A . . .  A T' 
B 

<= fu~dd~uJ 2 A . . .  A ddCuJq A T A ddCc~+ 
B 

sum of  integrals involving ddC(4)h). 
Recall that i f  positive measures Itk ~-~ P weakly on an open s set then 

l i m k ~ i t k ( K )  G It(K) for each compact  K C f2 and I t(V) <= l imitk(V) for 
each open set. Hence, i f  V is an open set such that Itk(3V) = It(~?V) = 0 for 
all k, then I t ( V ) =  limkItk(V). We can assume that all the measures, which are 
coefficients of  the currents we work with, have no mass on ~?B. 

On support o f  ddC(4)h), u~ = A~b, so we have only q -  1 nonconstant se- 

quences (UJm) SO for every integral involving ddC(c~h) we have convergence, 
but as it is shown from the above development the limit of  the sum of  in- 
tegrals involving ddC((ph) is zero, (observe that the manipulations are purely 
algebraic) so 

�9 j c j .. ddCu~A AddC(~ fulddCu2 A . . .  A T' AddC(~ < l a m j u l d d  u 2 A .  A T' . 

Now assume x E M(ut  ) r] . . .  r] M(uq)  r] supp T :=  M. Since this set is in the 
envelope of  p - q + 1 pseudoconvexity of  the complement  we can construct 
finitely many Hartogs figures to absorb successively all of  M. Given a Hartogs 
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figure H and x E / q  N M, we can construct a smoothly bounded neighborhood 
o) ~ /4 of  x and smooth functions (q~i)i__<s vanishing in a neighborhood of  
& o N M  such that ddCO, AT, > 0 and ~ddr  A?,, > 0 in a neighborhood 
of  x, where the ~'Is are closed forms of  bidegree ( p -  q, p -  q). We compute 
the integrals in the same way as above, where now T' denotes T A y,. Since 
the support of  ~bh is contained in the set where we have already proved con- 
vergence, the sum of  integrals involving dd~(dph) is going to converge to zero 
as j ~-~ oc, and then we add up with respect to 1 _< i < s. Hence, 

fu,ddCu2 A . . .  A 7, AddC4) <= l imfu{dd~uJ 2 A . . .  A,/, A d d 4 ) .  

This finishes the convergence proof for general q. The last part follows 
immediately. 

Corollary 3.6 Let  f2, T, ul . . . . .  Uq and UJ > uk be as in theorem. Assume that 
AZ(P-m+I)(M(ujl ) N . . .  FI M(ujm ) A supp T) = 0 f o r  all j l  . . . . .  jm < q. Then 

u,ddCu2 A ...  A dd~uq A V ],as locally bounded mass and u',dd" uJ2 A ... A ddCuJq 
A T H ulddCu2 A ... A ddCuq A T in O. 

Proo f  The assumption on the Hausdorff dimension of  X :=  M ( u j ~ ) ~ . . .  r~ 
M(Ulm) N supp T, implies that X is in the envelope of  p - m + 1 pseudocon- 
vexity of  (2\X, as in the proof of  Corollary 3.4 so the result follows from 
Theorem 3.5. 

A weaker form of  the corollary was proved recently by Demailly [De]. He 
requires that A 2p-2m+l ( m ( u j l )  g3 ... N m(ujm ) CI supp T) = 0. The case when 
M(U/) is empty, 1 < j < q is due to Bedford and Taylor [BT]. 

Remark  3.7 Theorem 3.5 gives a Thullen type extension for currents of  type 
uT. More precisely, let T be a positive closed current in Q, o f  bidimension 
(p, p). Let u be a plurisubharmonic function in s and V an analytic subvariety 
of  dimension p in O. If  M ( T , u )  is contained in V and (2 \M(T ,u )  intersects 
every irreducible branch of  V then M ( T , u ) =  ~ .  The example of  Shiffman- 
Taylor in [Siu] is a case where V is of  codimension 1 in 112 2 and uddCu has 
locally bounded mass in II~2\V and M ( T , u )  = V. 

A natural question about the operator (ddC) k is the following: Let (u/) be a 
sequence of  plurisubharmonic functions in ~2. Find the right notion of  conver- 
gence such that uj ~ u implies (ddCul) k ~-~ (dd"u) k in the sense of  currents. 
Cegrell ICe] and Lelong [Le] observed that the convergence o f  (uj)  to u in 
LPc, p < oc, is not enough. We start with a refinement of  their example. 

Proposition 3.8 There exists a uniformly bounded sequence (Vp) o f  plurisub- 
harmonic functions in the unit bidisc A C 112 2 such that: 
(i) vp(z) ~-+ v(z) ./'o1" every z E A except on a set o f  Hausdorff  dimension 2. 

More precisely, given any e > 0 and ~ > O, there are balls B(x,,ri) with 
~r2+~: i < cc such that for  p > p(e) ,vp  > v - e  on B\UB(x , , r i ) .  
(ii) (ddCvp) 2 does not converge to (ddCv) 2. 
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Proof Let Vp(Z, w) : =  Iz 2p + w2plI/(2P) and v(z, w) = max(lzl ,  Iwl). Clearly 0 __< 

Vp < 21/Pv. Let co := {]z] #:tw[}. We have uniform convergence on compact 
subsets of  o~. Since through every point q in C 2 there exists a disc Aq on which 
Vp is harmonic, it follows that (ddCvp)2= 0, see [FS1, Lemma 6.9]. On the 
other hand one computes easily that (ddCv) 2 4=0 since v - -  1 on the boundary 
of  the unit polydisc but we do not have that 1 __< v as should be the case by 
maximum principle i f  (dd~v) 2 = 0, see [BT]. 

We now study for which points w = zei~ does not converge to 
v(z, w). We have Vp(Z, d~ = [z]]l + e2~p~ = 21/2p]z[[ cos pO[l/(2P). 

Let E =  {e'~ I /p< 1}. Let ~k = 1 -  1/k. Then E C  

U k A N U p > N { I C O S p O [  < g,;} =; UEk . The set { I cosp0 ]  < eP} is contained 

in a union of  2 p  intervals o f  length at most 3~P/p for p > p(k).  Given 
= = C  P:~ > 0 we have A~(E) < ~kA~(Ek) ,  and A~(Ek) < ~-]p>NP(r = O(1) as 

N ~ cxD so for every k,A~(Ek)= 0. Hence A ~ ( E ) =  0. It follows easily that 
Vp(Z, w) ~ v(z, w) except on a set of  Hausdorff dimension 2. Indeed, given any 

> 0 and ~ > 0, there are balls B(x,,r,) with ~-]r~ +~ < e and such that for 
p > p(e),Vp >-- V--g on B\U,(B(x,,r, ). 

The previous example is quite sharp as the following result * shows. 

Theorem 3.9 Let Tj be a sequence of  positive closed currents o f  bid_imension 
(p ,  p)  in an open set ~2 in C n. Let A be a subset in (2 with A2p(A) = O. Let 
(uj) be a bounded sequence of  plurisubharmonic functions and u a plurisub- 
harmonic function in (2, whose restriction to (2\A is continuous. Assume 

(i)  T~ H T as currents. 
(ii) u~ ~ u in L~o c. 

(ii i)  For every compact K C ~2\A and E > 0 there exists j (K )  such that for 
j >--_ j (K)uj  >= u - &  
Then ujTj  ~'~ uT and ddCu/ A T~ ~ ddCu A T. 

Proof  Observe that we do not assume that A is closed. 
Let S be a limit point of  the bounded sequence of  currents u/Tj. By Propo- 

sition 3.2 we know that S <= uT. Let 7' be a positive form with compact  support 
in ~o ~ oJl ~ Q. Since (uj) is bounded, we can assume that 0 __< uj < M. We 
have to show that f u T  A 7 < lim inf f ujTj  A ~t'. 

Since the mass of  (T/) is bounded by a constant C on oa,  for every ball 
B(x,r) C e)l, we have [Eel]  

txl-lB(x,r ) <= Cr 2p . (1)  

Fix g > 0 and let B(xj, rj) be a sequence of  balls such that A C UB(xi, ri) and 

~ f 2 p  < e. It follows from (1) that there exists an open set U D A f3 co such 
that arj(U) < ~ independently o f j .  Let K = supp7 n ( Q \ U ) .  Since ujT i > 0, 

*Note. We thank Russakovski for pointing out that a weaker version o f  
Theorem 3.9 has been proved by Ronkin [Ro]. 
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we have for j > j (K)  

fujLA~,'= f (u,-u)TjAy+ / uLA~,,+fuJ, n~, 
o~\U o~\U U 

>= -c~ + f uriAh;. 
,,\ U 

Let fi be a continuous extension of  u from s u p p T \ U  to suppT,0 < ff < M. 
Since for all j ,  a r j ( U )  < e, the last integral is close to f,,ftTi A)'  which con- 

verges to f uT A 7. We have then proved that 

ruT  A 7 < lim fujTj  A '/ 
J 

which is what we wanted to show. 

4 Bezout theorem for currents in ]ek 

Let co be the standard Kahler form on IP k, normalized such that f ~  co ~ = 1. 

I f  r~ : I17 k+x H IW is the canonical projection, then re*o)= ddClog flzll where 
z = (z0,zl . . . . .  zk) and t] II is the Euclidean norm in I12 ~+1. Given a positive 
closed current T of  bidimension (p ,  p )  we define Ilrl[ :-- f r A o)P. When T 
corresponds to integration on an analytic manifold V, then llrll is just  the 2p-  
volume of  V. We will need the following standard result. 

Proposition 4.1 Let R be a closed positive (1, 1) current on IP ~. 
( i)  There exists a plurisubharmonic function v on It. k+l such that 7r*R = 

ddCv, v(Zz) = c log  121 + v(z) for 2 c 112,z E I1; ~. 
(ii)  I f  v is a plurisubharmonic function on I~ ~+l, satisfying the previous ho- 
mogeneity condition, then there is a decreasing sequence (v,:) of plurisub- 
harmonic .functions on 112 ~+l satisfying the homogeneity condition, such that 
v~, E C~( l I Jk+ l \{0})  and v,: "% v. 

Proof A proof  o f  (i) can be found in Theorem 4.1 of  [FS1], see also [LG]. 
For simplicity assume c = 1. If  ~ is an approximation of  the identity in 

112 k+l depending only on Ilzll, we define 

1 F ( z -  w~ d2(w)= f v ( z -  Ilzllw)~:(w)d2(w) Vr,,(Z) ][zllf(k+'i~v(w)~':\ Ilzll / 

where ). denotes Lebesgue measure. The proof  is then the same as in Theorem 
7.6 of  Lelong and Gruman [LG]. 

Proposition 4.2 Let R be a positive closed current of bidegree (1, 1 ) on IP ~. 
Let v be a plurisubharmonic function on ~k+l satisfying: 
(i)  rc*R = ddCv 

(ii)  v(2z) = c log  121 + v(z) ,2 6 ~7. 

Then IIRl[ = c .  
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Proof  We can assume c = 1. Let (v~) be the sequence of  plurisubhar- 
monic functions constructed in Proposition 4.1. Consider the positive closed 
current on IPk,(R~.), defined by the relation n*R~ = ddCv~. Let u~[zo : . . .  :zk] = 

v,:(z0 . . . . .  z k ) -  log lIz]l. The function u~ is smooth and well defined on IP ~. 
Moreover R,: - co = dd~u,:. Since v~ ~ v in L~o c, then R~ ~ R in the sense of  
currents. Using Stoke 's  theorem we get: 

tIRI[ = f R  A co k - '  = lim fR,: A ~o k - '  
~--~0 

= lim fee k + ddCu~ A o9 k-1 = fo9 k = 1 . 

Remark 4.3 Let P be a homogeneous polynomial  of  degree d in I/2 k+l. Let 
V = {z E IPk,P(z) = 0} and [V] the current of  integration on V. Since 7z*[V] = 

dd~logle l ,  we get vol (V)  = IIvII = f [ v ]  Aco k-~ = d. 

Let T be a positive closed current o f  bidimension (p,  p)  in IP k. Let Rl . . . . .  Rq 
be closed positive currents o f  bidegree (1, 1). Locally in IP k each R I can be 
written as ddCui where uj is a plurisubharmonic function. We will say that 
( T ,  R1 . . . . .  Rq) admit a wedge product if  for every x c IP k, there exists an open 
set co containing x, and plurisubharmonic functions (ul . . . . .  Uq) on co such that 
for every j ,  1 < j < q,R/ = dd~uj, and moreover for all il . . . . .  im C [1,q], the 
set 

X :=  Supp T A M(u,~ ) f3. . .  f3 M(U,m ) N 09 

is in the envelope of  p - m + 1 pseudoconvexity of  co\X. 
Under this assumption and using Theorem 3.5 we can define the wedge 

product T A R I A . . .  A Rq. 

Theorem 4.4 Let  T be a positive closed current o f  bidimension (p ,  p)  on IP k. 
Let  R1 . . . . .  Rq be positive closed currents o f  bidegree (1, 1) on IW. Assume 
that (T, RI . . . . .  Rq) admit a wedge product. Then 

lIT ARI . . .  ARq[[ ---- IITII[IRII] . . .  [[Rql[ . 

In particular T A RI A .. .  A Rq is nonzero and supp T f] supp (Rl )  r ] . .  r] 
supp (Rq) =[= ~J. 

Proof  Without loss o f  generality we can assume that IITII : [[Rlll : .  = 
IIRq[I -- 1. Assume rc*Rq = dd%,v(Zz)  = log 121 + v(z). Then as in the proof  
of  Proposition 4.2, Rq = lim,:~0 Rq where rc*Rq = ddCv~. The assumption that 
(T,R I . . . . .  Rq) admit a wedge product and Theorem 3.5 imply that T ARI  A 
. . .  A R q  ---- lim,:~0 T A RI A . . .  A Rq-1 A Rq. (Indeed convergence of  currents 

has to be checked locally, and v~. "~ v in a given chart in lPk.) 
We can also assume that p + q = k. Hence using Stokes theorem we get 

i f  u~:[z] = v ~ ( z )  - log  Izl 
f T A R t  A . . . A R q  = lim f T A Ri A . . .  A Rq_ i A Rq 

g ~ 0  

lim f T  A R1 A . . .  A Rq-i A (fo q- ddCu~) 
~--~0 

f T A R ~  A . . .  ARq_I Aco .  
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Repeating the procedure we then show that 

f T  A R I  A . . .  ARq = f T  Ar q = 1.  

Remark  4.5 Let P1 . . . .  ,Pq be homogeneous polynomials of  degree dl . . . . .  dq in 
(lfi +l. Let Vj = {z C IPk;Pj(z) = 0}. Assume codim(Vjl N . . .  V/V/,,) = m. Then 
the currents ([Vl] . . . .  , [Vq]) admit a wedge product. Indeed if Ul is such that on 
a given chart on l W , d d % j  = [Vii, then M ( u i i ) N . . . ~ M ( u , , , )  has dimension 
k - m, so is in the k - m + 1 envelope o f  the complement. So Theorem 4.4 
and Remark 4.3 gives in this case Bezout 's  theorem. See Demailly [De] who 
shows that [Vl] A ... A [Vq] is the current of  integration of  the intersection with 
multiplicity. 

Theorem 4.6 Let  T be a nonzero, positive closed current o f  bidegree (p,  p )  in 
pk. Le t  X = supp T. For any algebraic variety V = {hi . . . . .  hi = 0},X N 
V + (~j provided p + l < k and provided V is a geometric complete inter- 
section. 

P r o o f  Let ~o be the Kahler form on IP k. Replacing T by T A (0 k- (p+l)  w e  can 
assume that p § l -- k. We assume that X N V = ffS. 

Define 

11412, 
u[zo " . . .  z k ]  = log [hll2 + . . .  + ihll 2 

where we have assumed that the polynomials hj are homogenous o f  degree s. 
The function u is smooth in IPk\V. Let S be the current in IP k defined by 

the relation: 
rc*S = (dd c log(lhl 12 + . . .  Ihtl2)) 1-1 . 

We show at first that in IPk\V, we have 

ddC u A S = 2s~o A S .  

In local coordinates 

ddCu A S = dd c log Ilzl[ 2s A S - (dd c log Ilhll2) ' 

and the last term is zero outside V. Indeed, if for example hi +O, log I[hl[2 = 

( log ]h, ]2 + log 1 + ~  + . . . + ~  . I f  we consider the variety = c  re, 

we see that dale log Ilhl] 2 has at least k -  t + 1  zero eigenvalues, the result 
follows. 

Let 0 be a nonnegative test function with support in lPk\V and with value 
1 in a neighborhood of  X. Since S is smooth and closed in a neighborhood of  
supp T, the current T A S is well defined and 

(T A S, OddCu) = (T A S, ddC(uO)) = (ddCT A S, uO) = 0 

and hence T A S A r = O. We can vary slightly the h}s to obtain varieties V, 
close to V and still not intersecting X .  We obtain for the corresponding forms 
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St, that T A Si A co = 0. It is clear that i f  we take enough perturbations of  V, 
this implies that T = 0, a contradiction. 

Theorem 4.7 Let  T be a positive, closed (1, 1 ) current on IP k. Assume 7t*T = 
ddCv with v plurisubharmonic and continuous on t12 k+l \{0}.  Let  Xl = supp iN. 
Then fo r  21 <= k, Xi is connected. 

P r o o f  We first observe that a positive closed current S o f  bidegree ( / , l )  is 
a limit o f  smooth positive closed currents. Indeed it is enough to take an 
approximation o f  identity in Aut(IP k) and average the current S with respect 
to the approximation o f  identity. Let P~(g) be an approximation o f  identity on 
the group U(k)  which acts transitively on IW. Let It be the Haar measure for 
U(k) .  For a positive (l ,  l)  current S define S~ by 

S~ = f p~(g)(g.S)d#(g). 
u(~) 

I f  p~ > 0, S~. is positive, closed and smooth [deRh]. The previous formula has 
to be understood as follows: I f  4) is a test form, 

(S~, 4)) = f p~.(g)(S, g* 4))dlt(g) . 

It is also known, Dold [Do] or de Rham [deRh], that there exists a constant 
c such that S - co) l = ddCH where H has integrable coefficients. Observe that 
since S > 0 then c > 0. 

Since T has locally a continuous potential u, i.e. ddCu = T, we can define 
T t for any l < k. Assume there exists two disjoint open sets Ul, U2 each one 
intersecting X / =  supp T / and such that Xt n #Ut = Xi n t3U2 = ~ .  Let S l ~--- 

T~IU1 and $2 = Tt[U2. Clearly S1 is a positive closed current. Let (S~) be a 
sequence of  smooth positive closed currents S[' ~ SI. Let B be a ball where 
T = ddCu. Since all the currents are positive, hence with measure coefficients, 
we have uS'~ ~ uSl, on B hence ddCu A S'~ ~ ddCu A $1. Inductively we get 
(dd~u) I A S~ ~ (ddCu) I A S~, hence T / A S~ H T t A St. Since T 1 has no mass 

on ~U2 we also have $2 A S~ ~ $2 A S1. 
Let s = k - 2l and let $2 = c2co I + ddCH2 . We have 

f S2 A St A cos = lim f S2 A S~ A cos 
n 

= lim fc2S~ A col+s + fddCH2 A S~ A cos. 
n 

Since S~' are smooth, the last integral is zero. Hence 

f S2 A $1 A co s = cz f co I+s A Sl �9 

But $2 :~ 0 implies c2 4=0 and Sl + 0 implies that $1 A col+s + 0. Consequently 
the previous relation shows that SI A $2 4: 0, contradicting the assumption that 

supp Si N supp $2 = ~ .  
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5 Examples from holomorphic dynamics in IP k 

For background on this section we refer to [FSI],  [FS2] and [HP]. 
Let f be a holomorphic surjective map on IP k. Let F = [F0 : . . .  :F~] be a 

lifting of  f to ~k+l. Let d be the common degree of  the polynomials Fj.  The 
fact that f is holomorphic implies that F - I ( 0 )  = (0) and hence, there exists a 
constant c > 0 such that 1/cllzl] a <-_ jlF(z)ll < cl[zll a. Hence out of  0 we have 

and the function 

]l/d "+1 log ]IF "+111 - 1/d" log II F"  Ill < c, /d" 

G(z)  := lim 1/d n log IIF"(z)ll 

is continuous on II~k+l\{0} since the convergence is uniform. Clearly we have: 
(i) G(2z)  = log[21 + G(z) ,2  E 

(ii) G is plurisubharmonic in C k+~ 
(iii) G ( ( f ( z ) )  = dG(z) .  

Definition 5.1 Let  f :  IP k ~-~ IP k be m the space Hd o f  holomorphic se l f  maps 
on IP k 9iven by polynomials o f  degree d. For 0 <_ l <_ k - 1, a point p C IW 
belonos to the Fatou set Ft i f  there exists a neighborhood U ( p )  such that fi~r 
every q E U ( p )  there exists a complex variety Xq o f  codimension l such that 
{ f"[Xq}  is equicontinuous. Observe that Fo is the largest open set where f "  
is equicontinuous. We call Fo the Fatou set. We have Fo C Fl C .. .  C Fh- l .  

Le t  Jl := Ipk \FI,  we call Jl the Julia set o f  order l. 

Let T be the (1, 1) positive closed current defined on IP k by the relation n*T = 
ddCG. Since G is continuous on ~ k + l \ { 0 } , T  has a continuous potential on 
any chart in IP k, for example if zo t -O,T  = ddCG(1,zl . . . . .  zk). Hence we can 
define the closed positive currents of  bidegree (I, l) by the relation n*(T r = 
(dd~G) j for any 1 _< l _< k. We define J/-1 = supp T/, 1 <_ l <_ k, and F~_j = 

lPk\J/_l.  

Theorem 5.2 Let  f :IPk~--~ IP ~ be a surjective holomorphic map o f  degree 
d > 2 on IP k. Let  T be the positive closed (1, 1) current associated to f .  
Then 

(i) J~_, is nonempty and f o r  every 0 < l < k , f ( J [ )  = f - ' ( J / )  = J[. More-  
over J[ C Jr for  0 <-_ 1 < k. 
(ii) Support  T = J~ = Jo and Fo is a domain o f  holomorphy. For 0 <= l < 

k,F[ is (k - l - l )  pseudoconvex. 
(iii) J[-i  is connected i f  2l <= k. 
(iv) I f  X is an algebraic variety o f  dimension r, which is a complete inter- 
section, then T" A IX] is a positive measure o f  total mass vol(X).  Moreover 
X intersects every component o f  supp T". 

Proq[. It follows from Proposition 4.2 that ][T][ = 1 since G() - , )=  log 121 + 
G(z). Theorem 4.4 implies that for every 1 < l _< ~llTlll = 1, in particular T ~ 
is a probability measure, hence J~_l = supp T k is nonempty. 
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Let Gn :=  1/d ~ log [[Fn[[ and observe that G,, are smooth and converge uni- 
formly to G on ~k+l \{0}.  If  (ddCG,)l~-~O, then ( d d ~ G n o F ) l =  
(ddC(G,+ld)) l ~-4 O, hence F: and J: are totally invariant. 

We prove now that J: C Jl,O < l < k. We have to show that if p C FI 
then T z+l vanishes in a neighborhood of  p. Let U be a neighborhood of  
p,q E U, and let Xq be an analytic variety of  codimension l through q such 
that f "  IXq is equicontinuous. Let fn, IX q ~ h. This means that we can find non 

zero holomorphic functions 2n, on Xq such that F, ~' converge to a holomorphic 
An t 

function H. We can write 

G,, = l/d ~' log IIF~'/)~,, II + 1/d"' log I:.n, I. 

The first sequence converges uniformly to zero on 7z-l(Xq) and the sequence 
1/dnlogl).,,I is harmonic on any analytic disc in Tc-l(Xq). So G is har- 
monic on any analytic disc in ~-l(Xv).  Hence if Gi is a local section of  
G in U, Gl is harmonic on any analytic disc contained in Xq. Assume 
that U is a polydisc A k - l - I  x A ~+l. For every a E d k-t-1 and every q in 
a x At+1,Xq :=  a x d 1+I NXq is at least of  dimension one, and Gl is har- 
monic on any analytic disc contained in Xq. Therefore Lemma 6.9 in [FS2] 

implies that (ddCGl(a,w)) t+l = 0 in a x A t+l. Since a was arbitrary, standard 
results in slicing theory applied to the current T/+1 [HS] or [Fe], imply that 
T t+l is zero on U. 

(ii) We show that supp T = J0. We have that supp T C J0, in this case no 
slicing is needed since the first part o f  the proof shows that G is pluriharmonic 
on 7z-l(F0). Let U be an open set disjoint from suppT.  We want to prove 
that U C F0. We can assume U is a ball. We know that G is pluriharmonic 
on rc- l (U) ,  hence G = log thl where h is holomorphic on ~ - t ( U ) .  Since 

IG - G.[ ~ c/d" 

we get 

e-C < IIF"ll  < e c 

= t h " " l  = " 

So the family ( f n )  is normal on U. 
The fact that F0 = lPk\J0 is pseudoconvex follows from Corollary 2.6. Since 

the Levi problem has a positive solution for domains in if, k, it follows that F0 is 
a domain of  holomorphy. Corollary 2.6 also implies that F~_ t, the complement 

o f  supp T t is (k - / ) -pseudoconvex .  
(iii) Theorem 4.7 shows that J:-l  is connected if l < 2k. 
(iv) Since T has locally a continuous potential, T r and [X] admit a wedge 

product. The current [X] is given locally as ddC log IPl[ A . . . /x dd C log IPk-,-[ 
where (Pl)  are homogeneous polynomials. So we can apply Theorem 4.4 and 
we get that ItT" A [X]t I = I][X]] l. Let Y be a component of  suppT". Assume 
Y A X  = ~3". Let U be a neighborhood of  Y such that U A X  = ~ .  Let S -- 
TrlU, S is a positive closed current of  bidegree (r,r)  to which we can apply 
Theorem 4.6, hence supp S intersects X,  a contradiction. 
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We next show that f cannot be hyperbolic on J[  for 1 < k - 1. Let f E 
Ha, f :  IP k H IW. We define first hyperbolicity,  see Ruelle [Ru]. Let K C 1P k 
be a compact  set. We assume that K is surjectively forward invariant, that is 
f ( K )  K. The space /s K ~ of  orbits 0 = = {xn} . . . . .  f (x, , )  = X n +  1 is compact  

in the product topology. By the tangentbundle Tk of  /s we mean the space 
of  (x,~)  where x = {x,} E/(" and ~ E Tw2(xo) is a tangent vector. We give 
this tangentbundle the obvious topology. Then f lifts to a homeomorphism 
]~ : /~  ~ / ~  and f f  lifts to a map f '  on Tk in the obvious way. 

Definition 5.3 Let K c IP k be a compact surjectively forward invariant set. 
Then f is hyperbolic on K if  there exists a continuous splitting E" O E s o f  

the tangent space bundle o f  Is such that f '  preserves the splitting and for 
some constants C,c > 0,). > 1,~ < 1 depending on the choice of  a Hermitian 
metric on IP 2, 

[Dj~"(~)I > d " l ~  I, ~ E E" 

[D]" (g) l  < Cd ' l r  c E s, n = 1,2 . . . .  

Theorem 5.4 Let f :  IP k ~ IPk,f  E Hd. l f supp /~  = J[-I is hyperbolic, then the 
unstable dimension of  Jk-I is equal to k. 

Proof Suppose the stable dimension is equal to l > 1. Then through every 
point x E J~_ t there is an analytic disc Ax o11 which the family ( f n )  is equicon- 

tinuous. Hence i f  Gi is a local potential for IL, i.e. (ddCGi)k = lt, then Gi is 
harmonic on Ax. The theorem will then be a consequence of  the following 
lemma. 

Lemma 5.5 Let u be a continuous plur&ubharmonic function in a ball B C IU ~. 
Let (ddCu) ~ = v. Assume that through every point x olr X :=  suppv there is 
an analytic disc Ax such that ulAx is harmonic, then v = O. 

Proof. We are going to prove that u is maximal and hence v = 0. get  v be a 
continuous function on/~  which is plurisubharmonic on B, with v < u on 3B. 
Let M :=  supsv  - u, assume M > 0. Let K = {z;z E B,(v - u)(z) = M}.  Let 
p be a peak point for a function h E C(K) which is a uniform limit of  K of  
holomorphic polynomials,  i.e., h(p) = 1 and [h I < 1 on K \ { p } .  If  p E X,  then 
since v < u + M and u[Ap is harmonic then v - u = M on  Ap, hence Ap C K, 
contradicting that p is a peak point for h. So p E B\X .  Let B(p,r )  ~ B be a 
ball such that B ( p , r ) N X  = ~ .  Since (ddCu) k = 0 on B(p,r) ,  it follows from 
[GS] that given any z E B(p, r), there exists a probabili ty measure az supported 
on 3B(p, r) such that u(z) = f udaz, and moreover for any continuous function 
on / ~ ( p ,  r) ,  plurisubharmonic on B(p, r) 

r < f O d ~ .  
Since M = v(p) - u(p) <= f ( u  - v)dap < M, we have that support ap is con- 
tained in K,  and p cannot be a peak point for h, since h(p) = f hdap, hence 

K is empty and v = O. 
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Theorem 5.6 Let f: IP ~ ~-~ IW be a holomorphic map o f  degree d <= 2. Then 
f cannot be hyperbolic on IP ~ nor on J[ f o r  l < k - 1. 

Proo f  Assume f is hyperbolic on IW. Since the critical set is nonempty the 
fibre dimension of  E" is < k - 1. I f  d i m E  s -- k then all periodic orbits are 
attractive. Pick one, p, with immediate basin of  attraction O. Since f is surjec- 
tive, DO is a non empty, compact, forward invariant subset o f  lP k. Hyperbolicity 
implies that orbits of  points q C f2 close to Dr2 converge to Of 2 contradicting 
that they are in the attractive basin o f  p. Hence 1 < d i m E  s < k -  1. Let 
dim U = l. Then we have a foliation of  IP k by stable manifolds of  dimension 
l, and on each manifold the family ( f " )  is equicontinuous, so I P k c  Fk-t .  
Since Fk-t  C Fk - l ,  we get Jk- l  ---- ~ which is a contradiction. 

Let l < k -  1 and assume J ;  is hyperbolic. Theorem 5.2(iv) shows that 
every component of  J[ intersects C, the critical set. Hence the fibre dimension 
of  E ~' < k -  1, so d imE s > l. This implies that through every point p in 
J ;  D suppp there exists an analytic disc Ap on which Gi is harmonic, G1 is 
a local solution of  ddCGl = T. 

So Lemma 5.6 applies and p = 0, a contradiction. 

Acknowledgement. We thank G. Henkin and R. Narasimhan for attracting our attention to 
Oka's paper. 

References 

[AG] 

[BT] 

[Bi] 

[Ce] 

[CLN] 

[De] 

[de Rh] 
[Do] 

[Ve] 

[FS l] 

[FS2] 
[Fu] 

[~s] 

Andreotti, A., Grauert, H; Theoremes de finitude pour la cohomologie des espaces 
complexes. Bull. Soc. Math. Fr. 90 (1962), 193-259 
Bedford, E., Taylor, B.A; A new capacity for plurisubharmonic functions. Acta 
Math. 149 (1982), 1-39 
Bishop, E; Conditions for analyticity of certain analytic sets. Mich. Math. J. 11 
(1964), 289 304 
Cegrell, U; Discontinuite de l'operateur de Monge Ampere complexe, C.R.A.S. Paris, 
Serie I, Math. 296 (1983), 869-871 
Chem, S.S., Levine, H., Nirenberg, L; Intrinsic norms on a complex manifold. Global 
Analysis (Papers in Honour of K. Kodaira), Univ. Tokyo Press (1969) 
Demailly, J.P; Monge Ampere operators, Lelong numbers and intersection theory. 
Prepubl. Inst. Fourier 173 
de Rham, G; Varietes differentiables. Paris, Hermann (1955) 
Dold, A; Lectures on algebraic topology. Springer, Berlin Heidelberg New York 
(1972) 
Federer, H; Geometric Measure Theory. Springer, Berlin Heidelberg New York 
(1969) 
Forna:ss, J.E., Sibony, N; Complex Dynamics in higher Dimension I. Asterisque (to 
appear) 
Forn~ess, J.E., Sibony, N; Complex Dynamics in higher Dimension II. Preprint 
Fujita, O; Sur les families d'ensembles analytiques. J. Math. Soc. Japan I (1964), 
379-405 
Gamelin, T.W., Sibony, N; Subharmonicity for Uniform Algebras. J. Funct. Anal. 
35 (1980), 64-108 



Oka's inequality for currents and applications 419 

[Gr] 

[HP] 
[HS] 

[H] 

[Lel] 

[Le2] 

[LG] 

[Ok] 

[Ri] 

[Ro] 

[Ru] 

[Ro] 

[si] 

[Siul] 

[Siu2] 

Griffiths, Ph; Two theorems on extension of holomorphic mappings, Invent. Math. 
14 (1971), 27 62 
Hubbard, J., Papadopol P; Superattractive fixed points in C". Preprint 
Harvey, R., Shiffman, B; A characterization of holomorphic chains. Ann. Math. 99 
(1974), 553-587 
H6rmander, L; The analysis of linear partial differential operators 1. Springer, Berlin 
Heidelberg New York (1983) 
Lelong, P; Fonctions plurisousharmoniques et formes differentielles positives. 
Gordon and Breach, Dunod, Paris (1968) 
Lelong, P; Discontinuite et annulation de l'operateur de Monge Ampere com- 
plexe. In: Lecture Notes Math. Springer, Berlin Heidelberg New York 1028 (1983), 
217-224 
Lelong, P., Gruman, L; Entire Functions of several variables. Grundlehren Math. 
Wiss. Springer, Berlin Heidelberg New York 282 (1986) 
Oka, K; Sur les fonctions analytiques de plusieurs variables, IX. Une Mode Nouvelle 
engeandrant les Domaines Pseudoconvexes. Jap. J. Math. 32 (1962), 1 12 
Riemenschneider, O; Uber den Flacheneinhalt analytischen Mengen und die Erzeu- 
gung k-pseudokonvexe Gebiete. Invent. Math. 2 (1967), 307 331 
Ronkin, L.I; Weak convergence of the currents (dd~u) 2 and asymptotics of order 
functions for holomorphic mappings of regular growth. Sib. Math. Zh. 25 (146) 
(1984) 645 650 
Ruelle, D; Elements of differentiable Dynamics and bifurcation theory. Acad. Press 
(1989) 
Rothstein, W; Ein neuer Beweis das Hartogschen Hauptsatzes und seine Ausdehnung 
auf meromorphe Funktionen. Math. Z. 53 (1950) 84~95 
Sibony, N; Quelques problems de prolongement de courants en Analyse complexe. 
Duke Math. J. 52 (1985), 157 197 
Siu, Y.T; Extension of meromorphic maps into Kahler manifolds. Ann. Math. 102 
(1975) 421-462 
Siu, Y.T; Techniques of extension of analytic objects. Marcel Dekker, New York 
(1974) 


