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ON (0, 1, 2) INTERPOLATION IN UNIFORM METRIC

J. SZABADOS AND A. K. VARMA

(Communicated by R. Daniel Mauldin)

ABSTRACT. From the well known theorem of G. Faber it follows that for any
given matrix of nodes there exists a continuous function for which the Lagrange
interpolation polynomial L,[f, x], generated by the 7 th row of the matrix,
does not tend uniformly to f(x). In this paper we shall provide analogous
results for the related operator H, ;[f, x] as defined below.

Let
(1) (-1 L)x; <x, <+ < x, (1)

be an arbitrary system of nodes of interpolation (x, =x,,,k=1,...,n;n=
1,2,...), and for an arbitrary continuous function f(x) in [-1, 1] (ie.,
f e C[1,1]) and integer m > 1, consider the (0, 1, ..., m) Hermite-Fejér
interpolation of order m defined by

HY (f,x)=08, i f(x) (k=1,...,nj=0,...,m-1),

,m
Evidently, H, ,(f, x) is a uniquely determined polynomial of degree at most
mn-—1.

H, \(f, x) is the Lagrange interpolation polynomial of f(x); the classical
result of G. Faber [4] shows that this cannot be uniformly convergent for all
f € C[-1, 1] for any system of nodes (1); while another classical result of P.
Erdos and P. Turan [2] asserts that if (1) are the roots of the » th orthogonal
polynomial with respect to an arbitrary L'-integrable weight function w(x) >
0, then H, (( f, x) converges in weighted L? metric forany fe€C [-1,1].

For m = 2, the situation is different. There exist systems of nodes (1) such
that H, ,( f, x) uniformly converges for all f € C[-1, 1] (e.g., for the roots

of the Jacobi polynomials P,g"’ﬂ )(x) with —1 < a, B < 0; see G. Szegd [6],
Theorem 14.6). Hence in this case the L’ convergence follows automatically
and is of no interest.
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For m = 3 the results are less complete. R. Sakai [5] proved that for the
Chebyshev roots H, ;(f, x) cannot converge forall f € C[-1, 1] (actually he
proved this for all odd m’s), and later P. Vértesi [7, Theorem 2.7] generalized
this result for arbitrary Jacobi nodes (under some additional condition whose
validity is checked only for m < 5). Our result here is that for any system of
nodes (1), H, 3 f, x) cannot converge uniformly for all f € C[-1, 1]. This
follows from the following more quantitative result on the norm of Hn‘

Theorem. For any system of nodes (1) we have

(2) 11, 4lll > clogn.
Proof. An easy calculation shows that

(3) H, (%) =3 £ 4,(0),

where -

(4) A, (x) = {1=3L,(x)(x = x,) + [60,(x)" = 3 (x)1(x = ) M (x)°

(k=1,...,n)

with the usual notation / (x) for the k th fundamental polynomial of Lagrange
interpolation. Hence

n
NH, Slll={[D_ 14,(x)]
k=1
where || - || is the supremum norm of the corresponding function. Since 1 —

3x +4.5x% > 0 for any real x, we get from (4)

1=30, (X, ) (X=X, )+ [61,'((xk)2—%1,:'(xk)] (x—x,)° > %[l,i(xk)z—l,'('(xk)] (x—x,)%.

Here
:
L) =L (x,) = (§ — ) 3w (xk -2 ﬁ
ie., v
5) 4012 32 op @ <ksn)

(X = X4_y)

In the rest of the proof of Theorem 1 we use a modification of the idea of
proof of Theorem 1 in P. Erdos and P. Turan [3]. We distinguish two cases.

Case 1. Thereisa k;, 1 <k, < n such that

€ = I = n (& el-1, 1)),
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Then by Markov’s theorem

1
©) 2 )2 4 (=gl <55).

2n?

Thus choosing a ¢, € [-1, 1] such that [, — k0| > —:‘; I&, — &, we obtain

from (5) and (6)
31 (1\2/12\® 3
lA"o(é’”Zf'Z'(znZ) (§n> EPC

which is stronger than (2).

Case 2. ||l || < n*(k=1,2,...,n). In this case, according to a result of P.
Erdos [1], we have (with x, = cos 6, )

El—%n

6,€l

<log’n (IC[0, x)).

Thus
2 n

S i5|1|n if 1] > 42
8.l

, 1C[0,n]and n > n,.

Therefore using the harmonic-geometric-arithmetic mean inequalities we get

(7)

3
1 > Et9k€11 > (Zerl D
5 2 2 2
beet X = X _y) (ITp, (B = ‘9k))2/2("‘61l (20,101 = 8]
I
> —‘5||,|_'2”) o 107 i1 2 4% 1 (0,1,
Now let
n 1 1 / 1 1
8) w,(x)= k]:[l(x -x), 1, = [__logn ; ——logn] Ay = [‘_mogn' ’ Zlogn] ’
9) M, = max|o,(x)] = |, 7, = max |, (x)| = |, (&)| (x = cos)

According to Lemma 1 in [3], we have

1

log2 n’

oel’

n

(10) maxlw;(x)l = O0(n,nM,), where n, = max (

NE
N—

Subcase 2a. M, < M, /log> n. Then by (10)

nM,
max lw Xx)| = 5 |-
el log”n
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Choosing I = I,', in (7), we obtain from (5), (8), (9), and (7)

w,@& ] 1
> 14,8 > Z o >
0.l 4 0.l @y (X | (X = X_y)
>c logsn 5 =€y log5 n.

n ety Kk X
Subcase 2b. M, > M, /log” .. Then similarly as above,
max|w x)|=0(nM,), 4

061
and
w, (&) 1
|4, (&) > o
(11) okze:l o 20% @, (%) |§o"‘k|("k_"k—1)2
c 1

DI .
n ger 180 — Xl (X = X,e_y)

Let £, =cosf, and 0 < 6, < 5. Define

n

A=0, 1,0, | =" =m).
10log” n
Then by (7) (with I =1, )

1 “ 1
Z Zl Z 16 — 6, 1(x, — X, 1)

. 2
[0 +4/1'°g n oo+4(,1+1)'°i ”] cr

0.l €9 = X = ;) 0.€l, ;

n,

1 1
D Db i) Dl

log*n i 4 oot , = X_y)

n
> cs—5—-logn -logzn n’
n

=c¢sn”logn,
ie., by (11)

> 14,(&)] = cyeslogn.
0.l

The theorem is completely proved.

Remark. We conjecture that the statement of our theorem remains true for any
odd m.
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